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Non-differentiability points of Cantor functions
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Let the Cantor set C in R be defined by C =
Sr

j=0 hj(C) with a disjoint union, where the hj’s are similitude
mappings with ratios 0 < aj < 1. Let µ be the self-similar Borel probability measure on C corresponding to
the probability vector (p0, p1, . . . , pr). Let S be the set of points at which the probability distribution function
F (x) of µ has no derivative, finite or infinite. For the case where pi > ai we determine the packing and box
dimensions of S and give an approach to calculate the Hausdorff dimension of S.
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1 Introduction

The Cantor set C in R is defined as the unique nonempty compact set invariant under hj’s:

C =
r⋃

j=0

hj(C), (1.1)

where hj(x) = ajx + bj , j = 0, 1, . . . , r, with 0 < aj < 1 and r ≥ 1 being a positive integer. C is also
termed as the self-similar set determined by the hj’s. Without loss of generality we shall assume that b0 = 0
and ar + br = 1. We furthermore assume that the images hj([0, 1]), j = 0, 1, . . . , r, are pairwise disjoint
(i.e., the hj’s satisfy the (strongly) open set condition) and are ordered from left to right. It is well-known that
dimH C = dimB C = dimP C = ξ and 0 < Hξ(C) < +∞ where ξ is given by (ref. [5])

r∑
j=0

aξ
j = 1. (1.2)

As usual, the elements of C in (1.1) can be encoded by digits in Ω = {0, 1, . . . , r} as follows. We write
Ωω = {σ = (σ(1), σ(2), . . . ) : σ(j) ∈ Ω} and Ω∗ =

⋃∞
k=1Ω

k with Ωk = {σ = (σ(1), σ(2), . . . , σ(k)) :
σ(j) ∈ Ω} for k ∈ N. |σ| is used to denote the length of a word σ ∈ Ω∗. For any σ, τ ∈ Ω∗ write σ ∗ τ =
(σ(1), . . . , σ(|σ|), τ(1), . . . , τ(|τ |)), and write τ ∗ σ = (τ(1), . . . , τ(|τ |), σ(1), σ(2), . . . ) for any τ ∈ Ω∗,
σ ∈ Ωω. σ|k = (σ(1), σ(2), . . . , σ(k)) for σ ∈ Ωω and k ∈ N. Denote hσ(x) = hσ(1) ◦ · · · ◦ hσ(k)(x) for
σ ∈ Ωk and x ∈ R. Then for σ ∈ Ωk, the intervals hσ∗0([0, 1]), hσ∗1([0, 1]), . . . , hσ∗r([0, 1]) are contained in
hσ([0, 1]) in this order where the left endpoint of hσ∗0([0, 1]) coincides with the left endpoint of hσ([0, 1]), and
the right endpoint of hσ∗r([0, 1]) coincides with the right endpoint of hσ([0, 1]). Moreover the length of interval
hσ([0, 1]) equals m(hσ([0, 1])) =

∏k
j=1 aσ(j) =: aσ for σ ∈ Ωk, where m(·) denotes the one-dimensional

Lebesgue measure. For j = 1, 2, . . . , we define

Cj =
⋃

σ∈Ωj

hσ([0, 1]).
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Then Cj ↓ C as j → ∞ and x ∈ C can be encoded by a unique σ ∈ Ωω satisfying {x} =
⋂∞

k=1 hσ|k([0, 1]).
We usually denote this unique code of x by x̃ and use x(k) to denote the k-th component of x̃. The endpoints of
hσ([0, 1]) for a σ ∈ Ω∗ will be called the endpoints of C. So the set of endpoints of C is countable. Obviously
any endpoint e of C lies in C and except for a finite number of terms, its coding ẽ consists of either only the
symbol 0 if e is the left endpoint of some hσ([0, 1]), or only the symbol r if e is the right endpoint of some
hσ([0, 1]).

Let µ be the self-similar Borel probability measure on C corresponding to the probability vector
(p0, p1, . . . , pr) where each pi > 0 and

∑r
i=0 pi = 1, i.e., the measure satisfying

µ(A) =
r∑

j=0

pjµ
(
h−1

j (A)
)

for any Borel set A,

and so

µ(hσ([0, 1])) =
k∏

j=1

pσ(j) =: pσ, for any σ ∈ Ωk, k ∈ N. (1.3)

Obviously, µ is atomless. Consider the distribution function of the probability measure µ, also called Cantor
function or a self-affine “devil’s staircase” function:

F (x) = µ([0, x]), x ∈ [0, 1]. (1.4)

Then F (x) is a non-decreasing continuous function with F (0) < F (1) that is constant off the support of µ. It
is easy to check that the derivative of F (x) is zero for all x ∈ [0, 1] \ C. In particular, the set S of points of
non-differentiability of F (x), that is those x where

lim
δ→0

F (x + δ) − F (x)
δ

does not exist either as a finite number or ∞, has Lebesgue measure 0. Naturally one likes to determine the
Hausdorff dimension of S. Some conclusions have been obtained about it.

(R1) Let h0(x) = 1
3 x and h1(x) = 1

3 x + 2
3 that corresponds the case where r = 1 and a0 = a1 = 1

3 . Then
C defined by (1.1) is the famous middle-third Cantor set and has the Hausdorff dimension ξ = log 2

log 3 . Taking

p0 = p1 = 1
2 =

(
1
3

)ξ
, Darst [1] showed that

dimH S =
(

log 2
log 3

)2

= (dimH C)2.

(R2) Let hj(x) = ax + (1 − a) j
r , j = 0, 1, . . . , r, with 0 < a < 1

r+1 . Then C defined by (1.1) is a
homogeneous Cantor set in which all similitude mappings hj(x) have the same scaling factor ai = a and the
gaps between the images hj([0, 1]), j = 0, 1, . . . , r, have the same length, where C has the Hausdorff dimension

ξ = − log(r+1)
log a . Taking pj = 1

r+1 = aξ, j = 0, 1, . . . , r, Darst [2] showed that

dimH S =
(
− log(r + 1)

log a

)2

= (dimH C)2.

(R3) For a general Cantor set C defined by (1.1), let ξ be the Hausdorff dimension of C which is determined
by (1.2). Taking pj = aξ

j , j = 0, 1, . . . , r, Dekking & Li [3] showed that

dimH S = ξ2 = (dimH C)2.

It is important to note that the results for all three cases above present a curious property, i.e.,

dimH S = (dimH C)2. (1.5)

In fact, dimH S depends on the choice of µ supported by C. For all three cases above the measures µ are
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constructed in the same way by choosing pi = aξ
i , i = 0, 1, . . . , r, so that the corresponding measures µ are of

ξ-Ahlfors regularity, i.e., there exist c1, c2 > 0 such that

c1δ
ξ ≤ µ(B(x, δ)) ≤ c2δ

ξ

for all x ∈ C and 0 < δ < 1, where B(x, δ) is the interval of centre x and length 2δ. The curious property shown
in (1.5) has been revealed successfully by K. J. Falconer in his recent paper [4] for a very general nonempty
compact subset E (unnecessarily restricted to Cantor sets in (1.1)) of R and the positive finite Borel d-Ahlfors
regular measures µ supported by E.

Then a natural question one is interested in is that whether or not the dimension formula shown in (1.5) still
holds if the measure µ is not of ξ-Ahlfors regularity. The following (R4) gives a negative answer.

(R4) Let r = 1. Take p0 = a0
a0+a1

and p1 = a1
a0+a1

. Then the corresponding probability measure µ defined
by (1.3) is a non-Ahlfors regular measure except for a0 = a1. Let d+ and d− be respectively determined by

log a1 − log(a0 + a1)
log a1

log
(
ad+

0 + ad+

1

)
+

(
1 − log a1 − log(a0 + a1)

log a1

)
log ad+

1 = 0,

and
log a0 − log(a0 + a1)

log a0
log

(
ad−
0 + ad−

1

)
+

(
1 − log a0 − log(a0 + a1)

log a0

)
log ad−

0 = 0.

Morris [7] proved that dimH S = max{d+, d−}.

In the present paper we focus on the Cantor sets C in (1.1) and consider a wide variety of self-similar Borel
probability measures µ in (1.3) where we only require that pi > ai, i = 0, 1, . . . , r. Thus these measures µ fail to
be Ahlfors regular for general choices of pi’s and include all above cases (R1–4) considered in [1, 2, 3, 7]. The
requirement that pi > ai, i = 0, 1, . . . , r, ensures that the upper derivative of F (x) is infinite for all x ∈ C, the
proof of which is given in the next section as Proposition 2.1. Thus S now can be characterized as

S = N+ ∪ N− ∪ {endpoints of C},
where N+ (N−) is the set of non-endpoints of C at which the lower right (left) derivative of F (x) is finite. Thus
dimH S = max{dimH N+, dimH N−}. For each δ > 0 we construct sets C∗(q1(δ)), C(q2(δ)), C∗(q3(δ)) and
C(q4(δ)), to be defined later by (2.10), (2.11), (2.16), (2.17), (2.19) and (2.20) respectively, to approximate N+

and N− by

C∗(q1(δ)) ⊆ N+ ⊆ C(q2(δ)), C∗(q3(δ)) ⊆ N− ⊆ C(q4(δ)).

Therefore,

η(q1(δ)) := dimH C∗(q1(δ)) ≤ dimH N+ ≤ η(q2(δ)) := dimH C(q2(δ)),
and

η(q3(δ)) := dimH C∗(q3(δ)) ≤ dimH N− ≤ η(q4(δ)) := dimH C(q4(δ)),

where η(q1(δ)) and η(q2(δ)) are determined by (2.23) and (2.24) respectively, and η(q3(δ)) and η(q4(δ))
are determined in the same way just to replace aδ by ãδ there. We prove that dimH N+ = limδ→+∞ η(q1(δ))
and dimH N− = limδ→+∞ η(q3(δ)) by showing that limδ→+∞ η(q1(δ)) = limδ→+∞ η(q2(δ)) and
limδ→+∞ η(q3(δ)) = limδ→+∞ η(q4(δ)). By means of monotonicity of η(·) and (2.18) we obtain

Theorem 1.1 Suppose that pi > ai, i = 0, 1, . . . , r. Let d+(δ) and d−(δ) be respectively given by

log pr

log ar
log

∑
σ∈Ωδ

ad+(δ)
σ +

(
1 − log pr

log ar

)
log a

d+(δ)
δ = 0,

and

log pr

log ar
log

∑
σ∈Ωδ

ad−(δ)
σ +

(
1 − log pr

log ar

)
log ã

d−(δ)
δ = 0,
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where for each δ > 0, Ωδ, aδ and ãδ are defined by (2.13), (2.14) and (2.15) respectively. Then we have
[A] dimP S = dimB S = ξ, where ξ is defined in (1.2);
[B] dimH S = max{dimH N+, dimH N−}, where dimH N+ = limδ→+∞ d+(δ) and dimH N− =

limδ→+∞ d−(δ).

A very interesting and simple case occurs if pi = ai (
∑r

i=0 ai)
−1, i = 0, 1, . . . , r. In this case, all pi

ai
, i =

0, 1, . . . , r, are equal. Thus for each δ > 0, Ωδ = Ωk for some k = k(δ) by (2.13), and so aδ = ak
r and ãδ = ak

0 .
Theorem 1.1 then leads to (or alternatively from Corollary 2.3, Lemma 2.4 and Lemma 2.5 directly)

Corollary 1.2 Let pi = ai (
∑r

i=0 ai)
−1

, i = 0, 1, . . . , r. Let d+ and d− be respectively determined by

log ar − log
∑r

i=0 ai

log ar
log

∑
j∈Ω

ad+

j +
(

1 − log ar − log
∑r

i=0 ai

log ar

)
log ad+

r = 0

and
log a0 − log

∑r
i=0 ai

log a0
log

∑
j∈Ω

ad−
j +

(
1 − log a0 − log

∑r
i=0 ai

log a0

)
log ad−

0 = 0.

Then
[A] dimP S = dimB S = ξ, where ξ is defined in (1.2);
[B] dimH S = max{dimH N+, dimH N−}, where dimH N+ = d+ and dimH N− = d−.
This also was given by Morris [7] for r = 1 (see R4).

We like to remark that the case where pi = aξ
i , i = 0, 1, . . . , r, is not so simple as the case in Corollary 1.2

except all ai = a which reduces to the case considered in [2] and satisfies the conditions in Corollary 1.2. A finer
treatment in [3] shows that dimH N+ = dimH N− = limδ→+∞ d+(δ) = limδ→+∞ d−(δ) = ξ2 (see R3). The
proof of Theorem 1.1 is given in the next section.

2 Proofs

In this section, we explore the Hausdorff, packing and box dimensions of S for the case where pi > ai, i =
0, 1, . . . , r.

Proposition 2.1 Let µ and F (x) be given by (1.3) and (1.4) respectively. Let pi > ai, i = 0, 1, . . . , r. Then
the upper right derivative of F (x) at a non-right-endpoint t of C is infinite and the upper left derivative of F (x)
at a non-left-endpoint t of C is infinite. Thus the upper derivative of F (x) is infinite for all x ∈ C.

P r o o f. For any t in C, t not a right endpoint, let its code be t̃ = (t(1), t(2), . . . ). Then t̃ has infinitely
many entries lying in Ω \ {r}. Suppose t̃ has an entry from Ω \ {r} in position j. Then t lies in the interval
het|(j−1)([0, 1]) but is not equal to the right endpoint u of het|(j−1)([0, 1]), where

ũ = (t(1), . . . , t(j − 1), r, r, . . . ).

Note that u is also the right endpoint of heu|j([0, 1]) and that t /∈ heu|j([0, 1]). Thus we have that t, u ∈
het|(j−1)([0, 1]) and (t, u] ⊇ heu|j([0, 1]). Consider the slope of the line segment from the point P = (t, F (t)) on
the graph of F (x) to the point Q = (u, F (u)). We have

F (u) − F (t)
u − t

=
µ((t, u])
u − t

≥ µ
(
heu|j([0, 1])

)
m

(
het|(j−1)([0, 1])

) =
pet|(j−1)pr

aet|(j−1)

. (2.1)

Since pi > ai, i = 0, 1, . . . , r, it is directly derived from (2.1) that the upper right derivative of F (x) at a
non-right-endpoint t of C is infinite. Symmetrically the upper left derivative of F (x) at a non-left-endpoint t of
C is infinite.

From Proposition 2.1 it follows that for the case where pi > ai, i = 0, 1, . . . , r, the set S can be decomposed
into

S = N+ ∪ N− ∪ {endpoints of C}, (2.2)
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where N+ (N−) is the set of non-endpoints of C at which the lower right (left) derivative of F (x) is finite. The
following lemma characterizes the elements of N+ and N− by means of property of their codes.

Lemma 2.2 Suppose that pi > ai, i = 0, 1, . . . , r. Let Γ = {0, 1, . . . , r − 1}. Let t ∈ C be no endpoint of
C and let z(t, n) denote the position of the n-th occurrence of elements of Γ in t̃. Let w = mini∈Γ

pi

ai
and let

w = maxi∈Γ
pi

ai
. Then

(I) if t ∈ N+, then lim supn→∞
(

z(t,n+1)
z(t,n) − log ar

log pr
+

(
log w − log pr

ar

)
n

z(t,n) log pr

)
≥ 0;

(II) if t ∈ C satisfies lim supn→∞
(

z(t,n+1)
z(t,n) − log ar

log pr
+

(
log w − log pr

ar

)
n

z(t,n) log pr

)
> 0, then t ∈ N+.

Symmetrically if we replace Γ by {1, 2, . . . , r}, then

(I’) if t ∈ N−, then lim supn→∞
(

z(t,n+1)
z(t,n) − log a0

log p0
+

(
log w − log p0

a0

)
n

z(t,n) log p0

)
≥ 0;

(II’) if t ∈ C satisfies lim supn→∞
(

z(t,n+1)
z(t,n) − log a0

log p0
+

(
log w − log p0

a0

)
n

z(t,n) log p0

)
> 0, then t ∈ N−.

P r o o f. Since the upper derivative of F (x) is infinite for all x ∈ C by Proposition 2.1, N+ (N−) consists of
non-endpoints of C at which the lower right (left) derivative of F (x) is finite.

For the demonstration of the statement (I), it suffices to show that the lower-right derivative of F (x) is infinite
at a non-endpoint t of C when

lim sup
n→∞

(
z(t, n + 1)

z(t, n)
− log ar

log pr
+

(
log w − log

pr

ar

)
n

z(t, n) log pr

)
< 0. (2.3)

Consider such a point t with t̃ = (t(1), t(2), . . . ). By (2.3) let k be a positive integer such that

z(t, n + 1)
z(t, n)

− log ar

log pr
+

(
log w − log

pr

ar

)
n

z(t, n) log pr
< q, (2.4)

for some negative real number q whenever n ≥ k. Let u be a positive number such that u is smaller than
the distance between t and [0, 1] \ Cl with l = z(t, k). Let x be a point in the segment (t, t + u). Then
t, x ∈ het|l([0, 1]). We will see that (F (x) − F (t))/(x − t) is large relative to k, so t is not in N+. Let i denote
the level at which x /∈ het|i([0, 1]) but x ∈ het|(i−1)([0, 1]). Note that also t ∈ het|(i−1)([0, 1]). Thus x − t ≤
m

(
het|(i−1)([0, 1])

)
= aet|(i−1); also i = z(t, n) for some n > k. Put j = z(t, n + 1)− 1, and by v we denote the

right endpoint of het|j([0, 1]), which implies that ṽ = (t(1), . . . , t(j), r, r, . . . ) and (t, v] ⊇ hev|(j+1)([0, 1]). Then

we have t < v < x and F (v) − F (t) = µ((t, v]) ≥ µ
(
hev|(j+1)([0, 1])

)
= pet|jpr. Therefore, we have

F (x) − F (t)
x − t

≥ pet|jpr

aet|(i−1)

=
pr

∏z(t,n+1)−1
i=1 pt(i)∏z(t,n)−1
i=1 at(i)

= at(z(t,n))p
z(t,n+1)−z(t,n)
r

z(t,n)∏
i=1

pt(i)

at(i)

≥
(

min
0≤i≤r

ai

)⎛⎜⎝p
z(t,n+1)

z(t,n) −1
r

⎛⎝z(t,n)∏
i=1

pt(i)

at(i)

⎞⎠
1

z(t,n)
⎞⎟⎠

z(t,n)

.

(2.5)

Let
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Q = p
z(t,n+1)

z(t,n) −1
r

⎛⎝z(t,n)∏
i=1

pt(i)

at(i)

⎞⎠
1

z(t,n)

= p
z(t,n+1)

z(t,n) −1
r

(
pr

ar

) z(t,n)−n
z(t,n)

⎛⎝ z(t,n)∏
i=1,t(i) �=r

pt(i)

at(i)

⎞⎠
1

z(t,n)

≥ p
z(t,n+1)

z(t,n) −1
r

(
pr

ar

) z(t,n)−n
z(t,n)

w
n

z(t,n) .

Taking logs and by (2.4) we have

log Q ≥
(

z(t, n + 1)
z(t, n)

− log ar

log pr
+

(
log w − log

pr

ar

)
n

z(t, n) log pr

)
log pr > q log pr > 0. (2.6)

Since t is a non-endpoint, z(t, n) → ∞ as n → ∞ and the lower-right derivative of F (x) is infinite at t by (2.5)
and (2.6).

For the proof of statement (II) let t ∈ C be such that

lim sup
n→∞

(
z(t, n + 1)

z(t, n)
− log ar

log pr
+

(
log w − log

pr

ar

)
n

z(t, n) log pr

)
> 0.

Then there exists a sequence {nk} of positive integers such that

z(t, nk + 1)
z(t, nk)

− log ar

log pr
+

(
log w − log

pr

ar

)
nk

z(t, nk) log pr
> c (2.7)

for some positive constant c. Let xk be the left endpoint of h(et|jk)∗(t(jk+1)+1)([0, 1]), where jk = z(t, nk) − 1.
Thus we have x̃k = (t(1), . . . , t(jk), t(jk +1)+1, 0, . . . , 0, . . . ). Let uk be the right endpoint of het|(jk+1)([0, 1]).
Then ũk = (t(1), . . . , t(jk), t(jk + 1), r, r, r, . . . ). Thus (uk, xk) is the gap on the right side of het|(jk+1)([0, 1])
and m((uk, xk)) = xk − uk = aet|jk

βt(jk+1) where by βj , j = 0, 1, . . . , r − 1, we denote the length of the
gap between the images hj([0, 1]) and hj+1([0, 1]). Note that [t, xk] ⊇ [uk, xk] and µ((t, xk]) = µ((t, uk]) +
µ((uk, xk]) = µ((t, uk]) ≤ µ

(
het|(z(t,nk+1)−1)([0, 1])

)
since t̃

∣∣(z(t, nk + 1) − 1) = ũk|(z(t, nk + 1) − 1).
Therefore we have

F (xk) − F (t) = µ((t, xk]) ≤ µ
(
het|(z(t,nk+1)−1)([0, 1])

)
= pet|(z(t,nk+1)−1),

and

xk − t ≥ m([uk, xk]) = aet|(z(t,nk)−1)βt(z(t,nk)).

Denote β∗ = minj∈{0,1,...,r−1} βj and a∗ = maxj∈{0,1,...,r} aj . Then we obtain with a similar reasoning
which led to (2.5)

F (xk) − F (t)
xk − t

≤ pet|(z(t,nk+1)−1)

aet|(z(t,nk)−1)βt(z(t,nk))

=
at(z(t,nk))

βt(z(t,nk))pr
pz(t,nk+1)−z(t,nk)

r

z(t,nk)∏
i=1

pt(i)

at(i)

≤ a∗

β∗pr

⎛⎜⎝p
z(t,nk+1)

z(t,nk) −1

r

⎛⎝z(t,nk)∏
i=1

pt(i)

at(i)

⎞⎠
1

z(t,nk)
⎞⎟⎠

z(t,nk)

.

(2.8)
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Let

Q = p
z(t,nk+1)

z(t,nk) −1

r

⎛⎝z(t,nk)∏
i=1

pt(i)

at(i)

⎞⎠
1

z(t,nk)

= p
z(t,nk+1)

z(t,nk) −1

r

(
pr

ar

) z(t,nk)−nk
z(t,nk)

⎛⎝ z(t,nk)∏
i=1,t(i) �=r

pt(i)

at(i)

⎞⎠
1

z(t,nk)

≤ p
z(t,nk+1)

z(t,nk) −1

r

(
pr

ar

) z(t,nk)−nk
z(t,nk)

w
nk

z(t,nk) .

Taking logs and using (2.7) we obtain

log Q ≤
(

z(t, nk + 1)
z(t, nk)

− log ar

log pr
+

(
log w − log

pr

ar

)
nk

z(t, nk) log pr

)
log pr < c log pr < 0. (2.9)

From (2.8) and (2.9) it follows that the lower-right derivative of F (x) at t is finite by letting k → ∞. Finally the
(I’) and (II’) can be proved similarly.

In particular, when pi = ai

( ∑r
i=0 ai

)−1
, i = 0, 1, . . . , r, the sets of N+ and N− can be characterized in

a simpler way since we have now that w = w = pr

ar
= p0

a0
=

( ∑r
i=0 ai

)−1
in Lemma 2.2. Thus it gives the

following

Corollary 2.3 Take pi = ai

( ∑r
i=0 ai

)−1
, i = 0, 1, . . . , r. Let Γ = {0, 1, . . . , r − 1}. Let t ∈ C be no

endpoint of C and let z(t, n) denote the position of the n-th occurrence of elements of Γ in t̃, then
(I) if t ∈ N+, then lim supn→∞

z(t,n+1)
z(t,n) ≥ log ar

log pr
= log ar

log ar−log
Pr

i=0 ai
;

(II) if lim supn→∞
z(t,n+1)

z(t,n) > log ar

log pr
= log ar

log ar−log
P

r
i=0 ai

, then t ∈ N+.

Symmetrically if we replace Γ by {1, 2, . . . , r}, then
(I’) if t ∈ N−, then lim supn→∞

z(t,n+1)
z(t,n) ≥ log a0

log p0
= log a0

log a0−log
P

r
i=0 ai

;

(II’) if lim supn→∞
z(t,n+1)

z(t,n) > log a0
log p0

= log a0
log a0−log

P
r
i=0 ai

, then t ∈ N−.

To estimate the Hausdorff dimension of N+ (N−) we construct, in the following Lemma 2.5, two sets ap-
proximating N+ (N−) from below and above. The Hausdorff dimensions of the approximating sets can be
determined by the following Lemma 2.4 which is a special case of a result in [6].

Lemma 2.4 Let Γ be a nonempty subset of Ω with Γc �= ∅. Let z(t, n) denote the position of the n-th
occurrence of elements of Γ in t̃. For given 0 < q ≤ 1, let

C(q) =
{

t ∈ C \ {endpoints of C} : lim sup
n→∞

z(t, n + 1)
z(t, n)

≥ q−1

}
. (2.10)

Let η = η(q) be such that

q log
∑
j∈Ω

aη
j + (1 − q) log

∑
j∈Γc

aη
j = 0.

Then we have dimH C(q) = η and dimP C(q) = dimB C(q) = dimH C = ξ where ξ is defined in (1.2).

It is easy to verify that η(q) is strictly increasing and continuous in q and that η(0+) < η(q) ≤ η(1) = ξ. We
also consider for 0 < q ≤ 1 and with the same Γ

C∗(q) =
{

t ∈ C \ {endpoints of C} : lim sup
n→∞

z(t, n + 1)
z(t, n)

> q−1

}
. (2.11)

Directly from Lemma 2.4 it follows that

dimP C∗(q) = dimB C∗(q) = dimH C = ξ and dimH C∗(q) = η(q). (2.12)

To see that the last equality follows from Lemma 2.4, approximate C∗(q) by a union of C(qk)’s, where qk ↑ q.
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Lemma 2.5 Suppose that pi > ai, i = 0, 1, . . . , r. Let Γ = {0, 1, . . . , r − 1}. Let w = mini∈Γ
pi

ai
and let

w = maxi∈Γ
pi

ai
. Let

q−1
1 = max

{
log ar

log pr
,

log ar

log pr
−

(
log w − log

pr

ar

)
1

log pr

}
,

and

q−1
2 = min

{
log ar

log pr
,

log ar

log pr
−

(
log w − log

pr

ar

)
1

log pr

}
.

Then C∗(q1) ⊆ N+ ⊆ C(q2) and η(q1) ≤ dimH N+ ≤ η(q2).
Symmetrically if we replace Γ by {1, 2, . . . , r}, then C∗(q3) ⊆ N− ⊆ C(q4) and η(q3) ≤ dimH N− ≤ η(q4)

where

q−1
3 = max

{
log a0

log p0
,

log a0

log p0
−

(
log w − log

p0

a0

)
1

log p0

}
,

and

q−1
4 = min

{
log a0

log p0
,

log a0

log p0
−

(
log w − log

p0

a0

)
1

log p0

}
.

P r o o f. We only prove the result on N+ since the other result on N− can be obtained in the same way. Thus
it suffices to prove C∗(q1) ⊆ N+ ⊆ C(q2). Let t ∈ N+. By Lemma 2.2 (I) we have

lim sup
n→∞

(
z(t, n + 1)

z(t, n)
− log ar

log pr
+

(
log w − log

pr

ar

)
n

z(t, n) log pr

)
≥ 0.

Now if w ≥ pr

ar
, then lim supn→∞

z(t,n+1)
z(t,n) ≥ log ar

log pr
. If not, we use that n

z(t,n) ≤ 1 and so lim supn→∞
z(t,n+1)

z(t,n) ≥
log ar

log pr
−

(
log w − log pr

ar

)
1

log pr
. So we find that

lim sup
n→∞

z(t, n + 1)
z(t, n)

≥ q−1
2 ,

i.e., t ∈ C(q2). On the other hand, t ∈ C∗(q1) implies in a similar way that t ∈ N+.

Note that for the special case where pi = ai

(∑r
i=0 ai

)−1
, i = 0, 1, . . . , r, we have w = w = pr

ar
= p0

a0
=( ∑r

i=0 ai

)−1
so that q1 = q2 = log pr

log ar
and q3 = q4 = log p0

log a0
. Thus Lemma 2.5 gives the exact Hausdorff

dimensions of N+ and N−. But for general cases we have q1 �= q2 and q3 �= q4. So Lemma 2.5 fails to
determine the exact Hausdorff dimensions of N+ and N−. On the other hand, note that both |q1 − q2| and

|q3 − q4| will be very small if
(
log maxi∈Ω

pi

ai
− log mini∈Ω

pi

ai

)
/ min{| log p0|, log pr|} is small enough, so

that η(q1) and η(q3) will be close to η(q2) and η(q4), respectively, since η(q) is continuous in q. To realize this
idea we review C as the invariant set under a class of similitude mappings each of which is a composition of
certain hj’s, so that Lemma 2.5 could give η(q1) and η(q2) (η(q3) and η(q4)) as close as expected.

Let wi = pi

ai
, i ∈ Ω, and let w = maxi∈Ω wi. Let δ > w2, and let

Ωδ = {σ ∈ Ω∗ : wσ ≥ δ and wσ|(|σ|−1) < δ}, (2.13)

where wσ =
∏|σ|

j=1 wσ(j) for σ ∈ Ω∗. There exist unique σ, σ̃ ∈ Ωδ with σ(j) = r for j = 1, 2, . . . , |σ| and
σ̃(j) = 0 for j = 1, 2, . . . , |σ̃| respectively. We denote these two special elements by σδ and σ̃δ respectively.
Note that σδ plays the same role in Ωδ as r in Ω, in the sense that hσδ

([0, 1]) is the most right interval in [0, 1]
of the intervals (hσ([0, 1]))σ∈Ωδ

, while σ̃δ plays the same role in Ωδ as 0 in Ω, in the sense that heσδ
([0, 1]) is the

most left interval in [0, 1] of the intervals (hσ([0, 1]))σ∈Ωδ
. Let

Γδ := Ωδ \ {σδ}; pδ := pσδ
= p|σδ|

r ; wδ := wσδ
=

p
|σδ|
r

a
|σδ|
r

,

and
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aδ := aσδ
= a|σδ|

r where |σδ| = min

{
k ∈ N :

(
pr

ar

)k

≥ δ

}
. (2.14)

Symmetrically let

Γ̃δ := Ωδ \ {σ̃δ}; p̃δ := peσδ
= p

|eσδ|
0 ; w̃δ := weσδ

=
p
|eσδ|
0

a
|eσδ|
0

and

ãδ := aeσδ
= a

|eσδ|
0 where |σδ| = min

{
k ∈ N :

(
p0

a0

)k

≥ δ

}
. (2.15)

We denote wδ = minσ∈Γδ
wσ , wδ = maxσ∈Γδ

wσ , and set

q1(δ) =
(

max
{

log aδ

log pδ
,

log aδ

log pδ
−

(
log wδ − log

pδ

aδ

)
1

log pδ

})−1

=
(

max
{

log ar

log pr
,

log ar

log pr
−

(
log wδ − log

pδ

aδ

)
1

log pδ

})−1

,

(2.16)

and

q2(δ) =
(

min
{

log aδ

log pδ
,

log aδ

log pδ
−

(
log wδ − log

pδ

aδ

)
1

log pδ

})−1

=
(

min
{

log ar

log pr
,

log ar

log pr
−

(
log wδ − log

pδ

aδ

)
1

log pδ

})−1

,

(2.17)

since log aδ

log pδ
= log ar

log pr
. It is easy to check that

q1(δ) ≤ log pr

log ar
≤ q2(δ). (2.18)

Symmetrically we denote w̃δ = minσ∈eΓδ
wσ , w̃δ = maxσ∈eΓδ

wσ , and set

q3(δ) =
(

max
{

log ãδ

log p̃δ
,

log ãδ

log p̃δ
−

(
log w̃δ − log

p̃δ

ãδ

)
1

log p̃δ

})−1

=
(

max
{

log a0

log p0
,

log a0

log p0
−

(
log w̃δ − log

p̃δ

ãδ

)
1

log p̃δ

})−1

.

(2.19)

and

q4(δ) =
(

min
{

log ãδ

log p̃δ
,

log ãδ

log p̃δ
−

(
log w̃δ − log

p̃δ

ãδ

)
1

log p̃δ

})−1

=
(

min
{

log a0

log p0
,

log a0

log p0
−

(
log w̃δ − log

p̃δ

ãδ

)
1

log p̃δ

})−1

,

(2.20)

since log eaδ

log epδ
= log a0

log p0
. Also we have q3(δ) ≤ log pr

log ar
≤ q4(δ). Now we are ready to prove Theorem 1.1.

P r o o f o f T h e o r e m 1.1. By Lemmas 2.4 and 2.5, [A] is trivial since we have dimB N+ = dimP N+ =
dimB N− = dimP N− = dimH C = ξ. Since S = N+

⋃
N− ⋃{the endpoints of C} in our case, we have

dimH S = max{dimH N+, dimH N−}. In the following we only determine the Hausdorff dimension of N+

because of the symmetry between N+ and N−.
Note that for each σ ∈ Ωδ we have δ ≤ wσ < wδ. Thus for any σ, τ ∈ Ωδ

log δ

log w + log δ
≤ log wσ

logwτ
≤ log w + log δ

log δ
,

and
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| log wσ − log wτ | ≤ log w. (2.21)

Now let Hδ = {hσ : σ ∈ Ωδ}. Note that hσ is a similitude mapping with ratio 0 < aσ < 1 for each σ ∈ Hδ ,
that the family Hδ of similitude mappings still satisfies the (strongly) open set condition, and that the unique
self-similar set determined by Hδ equals C:

C =
⋃

σ∈Hδ

hσ(C).

We also have that ξ defined in (1.2) satisfies
∑

σ∈Ωδ
aξ

σ = 1. If we denote µδ the self-similar probability measure
on C corresponding to the probability vector (pσ : σ ∈ Ωδ), then µδ = µ since µδ(hτ ([0, 1])) = µ(hτ ([0, 1]))
for any τ ∈ Ωk

δ and k ∈ N. Hence for the corresponding sets N+
δ and N−

δ of non-differentiability points we have
N+

δ = N+ and N−
δ = N− for all δ > 0. Then by Lemmas 2.4 and 2.5 with Ω replaced by Ωδ , Γ by Γδ, ar by

aδ , pr by pδ , w by wδ, w by wδ, and q1, q2 by q1(δ), q2(δ) respectively, we have

η(q1(δ)) ≤ dimH N+
δ = dimH N+ ≤ η(q2(δ)), (2.22)

where by means of (2.11), (2.12) and Lemma 2.4 η(q1(δ)) and η(q2(δ)) are given by

q1(δ) log
∑

σ∈Ωδ

aη(q1(δ))
σ + (1 − q1(δ)) log a

η(q1(δ))
δ = 0 (2.23)

and

q2(δ) log
∑

σ∈Ωδ

aη(q2(δ))
σ + (1 − q2(δ)) log a

η(q2(δ))
δ = 0. (2.24)

From the analysis above it is expected that limδ→+∞ η(q1(δ)) = limδ→+∞ η(q2(δ)) = dimH N+
δ since

lim
δ→+∞

(
log wδ − log

pδ

aδ

)
1

log pδ
= lim

δ→+∞

(
log wδ − log

pδ

aδ

)
1

log pδ
= 0,

by (2.21), leading to

lim
δ→+∞

q1(δ) = lim
δ→+∞

q2(δ) =
log pr

log ar
∈ (0, 1). (2.25)

Now we rewrite (2.23) and (2.24) as

η(q1(δ)) =
q1(δ)

q1(δ) − 1
· log

∑
σ∈Ωδ

a
η(q1(δ))
σ

|σδ| log ar
(2.26)

and

η(q2(δ)) =
q2(δ)

q2(δ) − 1
· log

∑
σ∈Ωδ

a
η(q2(δ))
σ

|σδ| log ar
. (2.27)

Suppose that limδ→+∞(η(q2(δ)) − η(q1(δ))) = 0 doesn’t hold. Then there exist a positive real number ε0
and a sequence of positive real numbers δi ↑ +∞ such that

η(q2(δi)) − η(q1(δi)) > ε0. (2.28)
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Note that

log
∑

σ∈Ωδi
a

η(q2(δi))
σ

|σδi | log ar
−

log
∑

σ∈Ωδi
a

η(q1(δi))
σ

|σδi | log ar

=
1

|σδi | log ar
log

∑
σ∈Ωδi

a
η(q2(δi))
σ∑

σ∈Ωδi
a

η(q1(δi))
σ

=
1

|σδi | log ar
log

∑
σ∈Ωδi

a
η(q1(δi))
σ a

η(q2(δi))−η(q1(δi))
σ∑

σ∈Ωδi
a

η(q1(δi))
σ

≥ log(maxσ∈Ωδi
aσ)ε0

|σδi | log ar

=
ε0 log maxσ∈Ωδi

aσ

log aδi

.

(2.29)

Hence by (2.26), (2.27), (2.28) and (2.29) we have

ε0 < η(q2(δi)) − η(q1(δi))

=
q2(δi)

q2(δi) − 1
·
log

∑
σ∈Ωδi

a
η(q2(δi))
σ

|σδi | log ar
− q1(δi)

q1(δi) − 1
·
log

∑
σ∈Ωδi

a
η(q1(δi))
σ

|σδi | log ar

=
q2(δi)

q2(δi) − 1

⎛⎝ log
∑

σ∈Ωδi
a

η(q2(δi))
σ

|σδi | log ar
−

log
∑

σ∈Ωδi
a

η(q1(δi))
σ

|σδi | log ar

⎞⎠
+

log
∑

σ∈Ωδi
a

η(q1(δi))
σ

|σδi | log ar

(
q2(δi)

q2(δi) − 1
− q1(δi)

q1(δi) − 1

)

≤ q2(δi)
q2(δi) − 1

· ε0 log maxσ∈Ωδi
aσ

log aδi

+
log

∑
σ∈Ωδi

a
η(q1(δi))
σ

|σδi | log ar

(
q2(δi)

q2(δi) − 1
− q1(δi)

q1(δi) − 1

)
=

q2(δi)
q2(δi) − 1

· ε0 log maxσ∈Ωδi
aσ

log aδi

+
η(q1(δi))(q1(δi) − 1)

q1(δi)

(
q2(δi)

q2(δi) − 1
− q1(δi)

q1(δi) − 1

)
.

Note that in the last line above the first term is negative and the second term tends to zero when i is large
enough by (2.25), yielding a contradiction! Therefore we have limδ→+∞(η(q2(δ)) − η(q1(δ))) = 0. Thus
limδ→+∞(η(q2(δ)) = limδ→+∞ η(q1(δ))) = dimH N+

δ = dimH N+ by (2.22). Symmetrically we have
limδ→+∞(η(q3(δ)) = dimH N−

δ = dimH N−. Finally, by means of monotonicity of η(·) we have η(q1(δ)) ≤
η

(
log pr

log ar

)
= d+(δ) ≤ η(q2(δ)) by (2.18). This gives dimH N+ = limδ→+∞ d+(δ), and dimH N− =

limδ→+∞ d−(δ) in the same way.
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