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Non-differentiability points of Cantor functions
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Let the Cantor set C' in R be defined by C' = (J]_, h;(C) with a disjoint union, where the h;’s are similitude
mappings with ratios 0 < a; < 1. Let p be the self-similar Borel probability measure on C' corresponding to
the probability vector (po, p1, ..., pr). Let S be the set of points at which the probability distribution function
F(x) of u has no derivative, finite or infinite. For the case where p; > a; we determine the packing and box
dimensions of .S and give an approach to calculate the Hausdorff dimension of S.
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1 Introduction

The Cantor set C' in R is defined as the unique nonempty compact set invariant under h;’s:

c = n;(0), (1.1)

j=0
where h;(z) = ajx +bj, j = 0,1,...,r, with 0 < a; < 1 and r > 1 being a positive integer. C is also
termed as the self-similar set determined by the h;’s. Without loss of generality we shall assume that by = 0
and a, + b, = 1. We furthermore assume that the images h;([0,1]), j = 0,1,...,r, are pairwise disjoint

(i.e., the h;’s satisfy the (strongly) open set condition) and are ordered from left to right. It is well-known that
dimg C = dimp C = dimp C = £ and 0 < HE(C') < +o00 where £ is given by (ref. [5])

T

> ab=1. (1.2)

j=0

As usual, the elements of C in (1.1) can be encoded by digits in Q@ = {0,1,...,7} as follows. We write
QY = {o = (0(1),0(2),...) : 0(j) € Q} and Q* = |J;2,Q* with Q% = {0 = (0(1),0(2),...,0(k)) :
o(j) € Q} for k € N. |o]| is used to denote the length of a word o € Q*. For any 0,7 € Q* write 0 x 7 =
(c(1),...,0(lo]),7(1), ..., 7(|7])), and write 7 * ¢ = (7(1),...,7(|7]),0(1),0(2),...) for any 7 € QF*,
o€ Q¥ ok = (0(1),0(2),...,0(k)) forc € Q“ and k € N. Denote h,(x) = hy1) 0 -+ 0 hy(x) for
o € QF and x € R. Then for o € QF, the intervals y.0([0,1]), hos1([0,1]), - . ., howr ([0, 1]) are contained in
hs([0,1]) in this order where the left endpoint of h..0([0, 1]) coincides with the left endpoint of A, ([0, 1]), and
the right endpoint of .. ([0, 1]) coincides with the right endpoint of %, ([0, 1]). Moreover the length of interval

he([0,1]) equals m(hy([0,1])) = H?Zl as(j) =: ao for o € QF, where m(-) denotes the one-dimensional
Lebesgue measure. For j = 1,2, ..., we define
¢ = he(01]).
ceQI
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Then C; | C as j — oo and & € C can be encoded by a unique o € Q~ satisfying {x} = (1, hox ([0, 1]).
We usually denote this unique code of = by  and use x(k) to denote the k-th component of Z. The endpoints of
hs([0,1]) for a o € Q* will be called the endpoints of C. So the set of endpoints of C'is countable. Obviously
any endpoint e of C lies in C' and except for a finite number of terms, its coding € consists of either only the
symbol 0 if e is the left endpoint of some h([0,1]), or only the symbol r if e is the right endpoint of some
ho ([0, 1]).

Let p be the self-similar Borel probability measure on C corresponding to the probability vector
(po,p1, .- .,pr) where each p; > 0 and E::o p; = 1, i.e., the measure satisfying

p(A)=> piu(h;'(A)) for any Borel set A,
=0
and so

k
1(he([0,1])) = Hp[,(j) =:p,, forany oceQF keN. (1.3)
j=1
Obviously, u is atomless. Consider the distribution function of the probability measure u, also called Cantor
function or a self-affine “devil’s staircase” function:

F(z) = p(]0,2]), =z €][0,1]. (1.4)

Then F'(x) is a non-decreasing continuous function with £'(0) < F'(1) that is constant off the support of y. It
is easy to check that the derivative of F'(z) is zero for all € [0,1] \ C. In particular, the set S of points of
non-differentiability of F(x), that is those = where

lim F(z+6) — F(x)
5—0 1)

does not exist either as a finite number or co, has Lebesgue measure 0. Naturally one likes to determine the
Hausdorff dimension of S. Some conclusions have been obtained about it.

(R1) Let ho(z) = 1 2 and hy(z) = £ x + 2 that corresponds the case where 7 = 1 and ag = a1 = %. Then

C defined by (1.1) is the famous middle-third Cantor set and has the Hausdorff dimension £ = }ggg Taking

po=p1=73= (%)5, Darst [1] showed that

log 2

2
dimHS = ( ) = (dlmH 0)2

log 3

(R2) Let hj(z) = ax 4+ (1 —a)Z, j = 0,1,...,7, with 0 < a < T,Jlrl. Then C defined by (1.1) is a

homogeneous Cantor set in which all similitude mappings h;(x) have the same scaling factor a; = a and the

gaps between the images h; ([0, 1]), 7 = 0,1,...,r, have the same length, where C' has the Hausdorff dimension
£= —%. Taking p; = F11 =af, j=0,1,...,r, Darst [2] showed that
1 \°
dimg S = (_%) = (dimpg C)Q
oga

(R3) For a general Cantor set C' defined by (1.1), let £ be the Hausdorff dimension of C' which is determined
by (1.2). Taking p; = a3, j =0,1,...,r, Dekking & Li [3] showed that

dimg S = ¢2 = (dimy C)?.

It is important to note that the results for all three cases above present a curious property, i.e.,
dimpy S = (dimgy €)% (1.5)
In fact, dimy S depends on the choice of p supported by C. For all three cases above the measures p are
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142 Wenxia Li: Non-differentiability points of Cantor functions

constructed in the same way by choosing p; = af, 1 =0,1,...,7, so that the corresponding measures y are of
&-Ahlfors regularity, i.e., there exist ¢1, ca > 0 such that

c10° < p(B(x,0)) < ¢20°

forallz € C and 0 < 0 < 1, where B(x, 0) is the interval of centre x and length 2. The curious property shown
in (1.5) has been revealed successfully by K. J. Falconer in his recent paper [4] for a very general nonempty
compact subset E (unnecessarily restricted to Cantor sets in (1.1)) of R and the positive finite Borel d-Ahlfors
regular measures p supported by E.

Then a natural question one is interested in is that whether or not the dimension formula shown in (1.5) still
holds if the measure p is not of £&-Ahlfors regularity. The following (R4) gives a negative answer.

(R4) Letr = 1. Take pg = —22— and p; = —%—. Then the corresponding probability measure x defined

ap+ai aptai
by (1.3) is a non-Ahlfors regular measure except for ag = a;. Let d* and d~ be respectively determined by

loga; — log(ag + a1) log (ag+ n a{f) n <1 _logar — log(ag + a1)> log aiﬁ o,
log a1 log a1
and
log ag — log(ap + a1)
log ag

_ logag —log(ao +a1)
log ag

log (af +af )+ (1 ) logad = 0.

Morris [7] proved that dimy S = max{d",d~}.

In the present paper we focus on the Cantor sets C' in (1.1) and consider a wide variety of self-similar Borel
probability measures p in (1.3) where we only require that p; > a;,7 = 0,1, ..., r. Thus these measures y fail to
be Ahlfors regular for general choices of p;’s and include all above cases (R1-4) considered in [1, 2, 3, 7]. The
requirement that p; > a;, 4 = 0,1,..., 7, ensures that the upper derivative of F'(x) is infinite for all z € C, the
proof of which is given in the next section as Proposition 2.1. Thus S now can be characterized as

S = N*UN~ U{endpoints of C},

where N (N ™) is the set of non-endpoints of C' at which the lower right (left) derivative of F'(z) is finite. Thus
dimgy S = max{dimy N*,dimy N~ }. For each § > 0 we construct sets C*(q1(d)), C(q2(d)), C*(g3(d)) and
C(q4(8)), to be defined later by (2.10), (2.11), (2.16), (2.17), (2.19) and (2.20) respectively, to approximate N+
and N~ by

C*(q1(6)) C NT C Clg2(8)), C*(g3(8)) € N~ C Clqa(9)).
Therefore,

1(q1(6)) := dimp C*(q1(8)) < dimy N < 1(g2(8)) := dimp C(g2(6)),
and
n(g3(9)) == dimpy C*(g3(5)) < dimpy N~ < n(ga(0)) := dimy C(qs(9)),

where 7(q1(0)) and 7(g2(0)) are determined by (2.23) and (2.24) respectively, and 7(g3(6)) and 7(g4(6))
are determined in the same way just to replace as by as there. We prove that dimy N = limgs_, o0 7(q1(9))
and dimy N~ = lims_ 400 n(g3(d)) by showing that lims_, ;o0 7(q1(0)) = lims—yoon(g2(d)) and
lims_, 400 7(g3(0)) = lims— 4 o0 M(q4(J)). By means of monotonicity of 7)(-) and (2.18) we obtain

Theorem 1.1 Suppose that p; > a;, i = 0,1,...,r. Let dT(0) and d=(8) be respectively given by

log pr + log pr (s
] )logZag(‘s)—i—(l—l— logaé():O,
og a, ot og a,

and

log pr- - log p,- ~d™ (6
loga,bgz ai (6)+<1_1oga log a5 ():O’
4 oeQs r
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where for each § > 0, Qs, as and as are defined by (2.13), (2.14) and (2.15) respectively. Then we have
[A] dimp S =dimp S =&, where £ is defined in (1.2);

[B] dimyg S = max{dimy N*,dimyg N~}, where dimyg N* = lims_, oo d"(d) and dimy N~ =
1im5_>+oo d~- ((S)
A very interesting and simple case occurs if p; = a; (3>.,_, ai)_l, i =0,1,...,r. In this case, all £¢,i =

0,1,...,r, are equal. Thus for each § > 0, Q5 = QF for some k = k(§) by (2.13), and so a5 = a* and G5 = af.

Theorem 1.1 then leads to (or alternatively from Corollary 2.3, Lemma 2.4 and Lemma 2.5 directly)

Corollary 1.2 Letp; = a; (}.;_, ai)fl, i=0,1,...,7. Let d™ and d~ be respectively determined by

1 1’_1 7‘"7 i 1 ’I"_l 7'; i
ogdr —108) ;04 log Y af + (1— oed ngf—oa)bga;ﬁl+ —0

log a s log a;
and
logag —log > a; log Z w4 (1o logag —log >, a; logad™ = 0.
log ag = J log ag 0
Then

[A] dimp S =dimp S =&, where £ is defined in (1.2);

[B] dimpy S = max{dimyg N, dimg N~ }, where dimyg N* = d* and dimyg N~ = d".

This also was given by Morris [7] for r = 1 (see R4).

We like to remark that the case where p; = af, 1 =0,1,...,r, is not so simple as the case in Corollary 1.2
except all a; = a which reduces to the case considered in [2] and satisfies the conditions in Corollary 1.2. A finer
treatment in [3] shows that dimy N* = dimy N~ = lims_. 4 oo d7(0) = lims_. ;oo d~(0) = &2 (see R3). The
proof of Theorem 1.1 is given in the next section.

2 Proofs

In this section, we explore the Hausdorff, packing and box dimensions of S for the case where p; > a;, i =
0,1,...,r.

Proposition 2.1 Let i and F(x) be given by (1.3) and (1.4) respectively. Let p; > a;, i = 0,1,...,7. Then
the upper right derivative of F(x) at a non-right-endpoint t of C is infinite and the upper left derivative of F(x)
at a non-left-endpoint t of C' is infinite. Thus the upper derivative of F'(x) is infinite for all x € C.

Proof. For any ¢ in C, ¢ not a right endpoint, let its code be ¢ = (#(1),#(2),...). Then ¢ has infinitely
many entries lying in Q \ {r}. Suppose ¢ has an entry from Q \ {r} in position j. Then ¢ lies in the interval
hi)(j—1) ([0, 1]) but is not equal to the right endpoint u of A ; ([0, 1]), where

T= (), t(G—1),rr,...).

Note that u is also the right endpoint of hg;([0,1]) and that ¢ ¢ hg;([0,1]). Thus we have that ¢,u €
hgj—1)([0,1]) and (¢, u] 2 hg);([0, 1]). Consider the slope of the line segment from the point P = (&, F'(t)) on
the graph of F'(z) to the point Q@ = (u, F'(u)). We have

Fu) = F) _ pltu]) o plhay((0:1) _ Prg-nPr

= > 2.1
u—t u—t m(hy_n(0,1))  aggoy

Since p; > a;,i = 0,1,...,r, it is directly derived from (2.1) that the upper right derivative of F'(z) at a

non-right-endpoint ¢ of C is infinite. Symmetrically the upper left derivative of F'(z) at a non-left-endpoint ¢ of

C is infinite. O

From Proposition 2.1 it follows that for the case where p; > a;,7 = 0,1, ..., r, the set S can be decomposed
into

S = N UN"~ U{endpoints of C}, (2.2)
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144 Wenxia Li: Non-differentiability points of Cantor functions

where N (N 7) is the set of non-endpoints of C' at which the lower right (left) derivative of F'(x) is finite. The
following lemma characterizes the elements of N+ and N~ by means of property of their codes.

Lemma 2.2 Suppose that p; > a;, i = 0,1,...,7. LetT' = {0,1,...,r — 1}. Let t € C be no endpoint of
C and let z(t,n) denote the position of the n-th occurrence of elements of " in t. Let w = min;er 2+ and let
W = maxX;er Z— Then

() if t € N*, thenlimsup,,_, . (Z(;‘(’Z:)l) - % + <logw — log 5—;) m) >0;

(1) if t € C satisfies limsup,,_, (Z(;(’Z::)l) - % + (logw —log 2—:) m) >0, thent € NV,

Symmetrically if we replace T" by {1,2,...,1}, then

(I) if t € N—, then limsup,,_, (Z(;(’Z::)l) - }22—;2 + (logw —log 5—3) m) > 0;

(I1) if t € C satisfies limsup,,_, . (Z(Zt(’?:)l) - igg;g + (log@ —log ’a’—g) m) >0, thent € N™.

Proof. Since the upper derivative of F'(z) is infinite for all 2 € C by Proposition 2.1, N+ (N ™) consists of
non-endpoints of C' at which the lower right (left) derivative of F'(x) is finite.

For the demonstration of the statement (I), it suffices to show that the lower-right derivative of F'(z) is infinite
at a non-endpoint ¢ of C' when

lim sup
n—oo

z(t,n+1) loga, D n
— 1 —log— | —— 0. 2.3
( z(t,n) log p,- + (ng o8 ar, ) z(t,n)logp, < 2:3)

Consider such a point ¢ with £ = (¢(1),(2),...). By (2.3) let k be a positive integer such that

z(t,n+1) loga,
z(t,n)  logpr

+ [ logw — log Pry__ < q, 2.4)
(078 Z(tv TL) IOgPr

for some negative real number ¢ whenever n > k. Let u be a positive number such that « is smaller than
the distance between ¢ and [0,1] \ C; with [ = z(¢,k). Let x be a point in the segment (¢,¢ + «). Then
t,x € hy([0,1]). We will see that (F'(z) — F'(t))/(z —t) is large relative to k, so ¢ is not in NT. Let i denote
the level at which = ¢ hg,([0,1]) but 2 € hg;_)([0,1]). Note that also t € hg;_)([0,1]). Thus z — ¢ <
m(hﬂ(iil)([O, 1])) = ag|(i—1): also i = z(t, n) for some n > k. Put j = z(¢,n+ 1) — 1, and by v we denote the
right endpoint of %7;([0, 1]), which implies that o = (¢(1), ..., ¢(j),r,7,...) and (¢, v] 2 hg)(j+1)([0,1]). Then

we have t < v <z and F(v) — F(t) = p((t,v]) > p(hgj+1)([0,1])) = pj);Pr- Therefore, we have

F(:L’) — F(t) > Py Pr
r—t g
_Pr Hfginﬂ)il Di(i)
Hfit{n)il (i)

z(t,n)
_ Pii (2.5)

CCC I | e

i1 ()

(1) z(t,n)
e 2(t,n) Z(t,n
> (min al) p,(ﬂ—t,vt)l)‘l Pt(a)
= ] i T
0<i<lr i at(i)

Let
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1
im 2(t,n) Z(t,n)
Q= pT(zt(’tiy;:—)l)f1 H De(i)
im1 )
. L z(t,n)—n 2(t,n) ﬁ
Z(z(’:,:) L1 pp\ FEW Pr(i)
=Pr . H PN
T i=1,t(0)#r )
2ntD) S
> prZ(tyn) <&) w =,
ar
Taking logs and by (2.4) we have
t 1 1
log@Q > Atntl) el + | logw — logp—r ——— | logp, > qlogp, > 0. (2.6)
z(t,n) log p,- ar ) z(t,n)logp,

Since ¢ is a non-endpoint, z(t,n) — oo as n — oo and the lower-right derivative of F'(x) is infinite at ¢ by (2.5)
and (2.6).
For the proof of statement (II) let ¢ € C be such that

t 1 1 - -
lim sup dtntl) loga + [ logw — logp— " )so
n—oo z(t,m) log p,- ar ) z(t,n)logp,

Then there exists a sequence {ny} of positive integers such that

z(t,ng+1) loga,
z(t,ng)  logpr

+ [ logw — log Pry Tk >c 2.7
ar Z(ta ’I’Lk) Ingr

for some positive constant c. Let z; be the left endpoint of 2z, ).(1(j, +1)+1) ([0, 1]), where ji = z(t,ne) — 1.
Thus we have Ty, = (¢(1), ..., t(j), t(je+1)+1,0,...,0,...). Let ug be the rightendpoint of hg;, 1([0,1]).
Then uy, = (t(1),...,t(jk), t(jk +1),7,7,7,...). Thus (uy,zy) is the gap on the right side of h;, 11)([0, 1])
and m((ug,xg)) = xp — Uk = agj, Br+1) wWhere by B, j = 0,1,...,r — 1, we denote the length of the
gap between the images /;([0,1]) and h;41([0, 1]). Note that [t, x| D [ug, zx] and p((¢, zx]) = p((t, wr]) +

nl(wrsan]) = pl(tun]) < p(hg -1 (0, 1) since ] (=(tmp + 1) — 1) = @l (=(t,m + 1) = 1).
Therefore we have

F(zy) — F(t) = p((t,z]) < M(hﬂ(z(t,nk-i-l)—l)([ov 1])) = Pil(z(t,np+1)—1)>
and
Tk =t = m([uk; Tr]) = 000, - 1) Pe(z(tnn)-

Denote 3« = minjco1,...r—1} 85 and a* = max;co1,...r} @;. Then we obtain with a similar reasoning
which led to (2.5)

Flay) —F() _ _ PhGemtn-1
T =t T a5 —1)PHE(tn)
z(t,nk)
_ Gt (2(t,mr)) pz(t,nk-l—l)—z(t,nk) H M
Bi(z(tmn))Pr PO (2.8)

1 z(t,ny)
% S(tnptl) z(t,m) =(tnp)

< a pr H 140)
Bipr e Q)
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146 Wenxia Li: Non-differentiability points of Cantor functions

Let
)
2(t,ng+1) z(t,nk) Z(Emy,
_ Tty ! Pi()
Q= pr —0
i=1 e (4)
() E o)
ztng)—ng z(t,nk) EICR
(tnp+1) - Mk ‘
_ ey L (e Pi(i)
o a o
" i=1,t()2r @)

z(t,np)—ny

zZ(tngt+l) 4 T Z(tng) ng
S prz(t,nk) (%) wz(tv"k) .
T

Taking logs and using (2.7) we obtain

t 1 1 T T
logQ < 2t me + )— oga + log@—logp— L — logp, < clogp, < 0. 2.9)
Z(tank) long Qp Z(tank) 1ngr
From (2.8) and (2.9) it follows that the lower-right derivative of F'(x) at ¢ is finite by letting k¥ — oco. Finally the
(I’) and (IT’) can be proved similarly. O
In particular, when p; = ai(z;o ai)_l, i=0,1,...,r, the sets of Nt and N~ can be characterized in
a simpler way since we have now that w = w = &= = s—g = (Z;O ai)fl in Lemma 2.2. Thus it gives the

following

Corollary 2.3 Take p; = ai(zzzoai)fl, i=0,1,...,r. Let T' = {0,1,...,7r —1}. Lett € C be no
endpoint of C and let z(t,n) denote the position of the n-th occurrence of elements of T in t, then

() if t € NT, thenlimsup,,_, ., 2tntl)  loga, log a,

z(t,n) = logp, ~ loga.—log l_qa; ;

TR z(t,n+1) loga, __ log ar +

D if limsup,,_, St > Togp = oga, —log S oa;’ thent € NT.
Symmetrically if we replace T by {1,2,...,r}, then

Y - : z(t,n+1) logap _ log ag .

T) if t € N7, then limsup,,_, SO > lospo — Togag—log ST g a;’

YR T z(t,n+1) logaog __ log ag —

r) if limsup,,_, Z(tn) = Togpo — Togas—log ST g ar’ thent € N™.

To estimate the Hausdorff dimension of N (/N ™) we construct, in the following Lemma 2.5, two sets ap-
proximating N* (N ™) from below and above. The Hausdorff dimensions of the approximating sets can be
determined by the following Lemma 2.4 which is a special case of a result in [6].

Lemma 2.4 Let T be a nonempty subset of Q with T° # (. Let z(t,n) denote the position of the n-th
occurrence of elements of T int. For given 0 < q < 1, let

C(q) = {t € C\ {endpoints of C} : limsup Abntl)

n—ooo  2(t,n)

> ql} . (2.10)
Let 1 = n(q) be such that
qlogZa? +(1—q)log Z al =0.
JEQ jere
Then we have dimy C(q) = n and dimp C(q) = dimp C(q) = dimy C = £ where £ is defined in (1.2).

It is easy to verify that n(q) is strictly increasing and continuous in ¢ and that n(0+) < n(q) < n(1) = £. We
also consider for 0 < ¢ < 1 and with the same I’

1
C*(q) = {t € C \ {endpoints of C} : limsup % > q_l} . (2.11)

Directly from Lemma 2.4 it follows that
dimp C*(q) =dimp C*(¢) =dimy C =¢ and dimyg C*(q) = n(q). (2.12)
To see that the last equality follows from Lemma 2.4, approximate C*(¢) by a union of C'(gx)’s, where g, 1 g.
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Lemma 2.5 Suppose that p; > a;,i = 0,1,...,7. LetT' = {0,1,...,7 — 1}. Let w = min;ep 2 - and let
w= maxzep— Let

loga, loga, . - 1
ql_l = max og @ s oga — logw — log p— 5
logp, " logp,

1 . loga, loga, 1 1 Pr 1
= min — — — .
QQ 1Og Dr ’ 1Og DPr Og © Og [07% 10g Pr
)-
)€

Then C*(q1) € N* C C(g2) andn(gy) < dimpyr N*+ < n(ga
Symmetrically if we replace T by {1,2,...,r}, then C*(q3

where
1 1 1
qglzmax{ oga()’ 08 0 —<1ogw log—) },
logpo ™ logpo ao

1 1 1
qu :min{ Oga()’ 080 _ (1ogw—1ogp—0> }
logpo~ logpo

N~ C C(qq) and n(gz) < dimpg N~ < n(qa)

and

Proof. We only prove the result on N since the other result on N~ can be obtained in the same way. Thus
it suffices to prove C*(q1) € NT C C(q2). Lett € NT. By Lemma 2.2 (I) we have

t 1 |
limsup<z( ont1) Ogar—i—(logw 10g—> #> > 0.
n—00 z(t,n) log p,- (t,n)logp,
Now if w > ’a’—:,then lim sup,, _, . Z(;(:”:)l) > iog“f If not, we use that ( o < landso limsup,, % >
}gi—z: — (logw —log 2—:) Toap- - S0 we find that
. z(t,n+1) 1
limsup ———= > ¢q;
n—oo  2(t,n) 2
i.e.,t € C(gz). On the other hand, ¢t € C*(qy) implies in a similar way thatt € N7, O
Note that for the special case where p; = a; (Y., ai)_l, i=0,1,...,r,wehavew = w = 2r = 20 =
(>iso ai)_l so that g1 = qo = % and g3 = qu = igg%. Thus Lemma 2.5 gives the exact Hausdorff

dimensions of N+ and N~. But for general cases we have ¢1 # g2 and g3 # ¢4. So Lemma 2.5 fails to
determine the exact Hausdorff dimensions of N7 and IN~. On the other hand, note that both |g1 — ¢2| and

lgs — qa| will be very small if (log max;cq ’a’— — log min;cq g—) / min{| logpo|,log p,-|} is small enough, so

that 1(g1) and 7(gs) will be close to 17(g2) and 1(q4), respectively, since 1(g) is continuous in g. To realize this
idea we review C' as the invariant set under a class of similitude mappings each of which is a composition of
certain h;’s, so that Lemma 2.5 could give 1(g:) and n(g2) (n(g3) and n(qg4)) as close as expected.

Letw; = 25,7 € Q, and let w = max;eq w;. Letd > w?, and let

Qs ={0€Q" :w, >Jand Wal(lo|—1) < 0}, (2.13)
where w, = Hlf;ll W,(;) for o € QF. There exist unique 0,0 € €5 with o(j) = rforj = 1,2,...,|o| and
o(j) =0forj = 1,2,...,|0| respectively. We denote these two special elements by o5 and 75 respectively.

Note that o plays the same role in Qs as r in €, in the sense that h,; ([0, 1]) is the most right interval in [0, 1]
of the intervals (h, ([0, 1])),, <, while 75 plays the same role in €25 as 0 in {2, in the sense that hg, ([0, 1]) is the
most left interval in [0, 1] of the intervals (14 ([0,1])),cq, - Let

los|

p
U5 = Qs \ {05} D5 = Doy =Pl ws = w5, = T06|’
al

and
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k
as = gy = a\”!  where |o5| = min {k eN: <&) > 6} . (2.14)
ar
Symmetrically let
~ . 5]
s =05\ {Gs}: Do i=ps, =y s = 1wz, = A
Ao

and

k
a5 = ags = a(‘)‘”l where |o5| = min {k; eN: <@) > (5} i (2.15)

We denote ws = minger, Wy, Ws = MaXserl'; Wo, and set
1 1 1 -1
q1(0) = (max{IOgaé, logaa - (logm; —log p—é) 1 })
o 0 a 0
g Ds gDs 5 gDs (2.16)
1

loga, loga, _ s -t
= | max , — [ logws — log — ,
logp, logp, as ) logps

. Jlogas logas Ps
q2(0) = | min , — | logws — log —
logps " logps as

. loga, loga,
= ( min , -
logp,’ logp,

since 19845 — logar 14 4q eagy to check that
log ps log pr

and

>1
(2.17)

log p,-
01 (6) < 1025 < ¢ (6). (2.18)

Symmetrically we denote ws = min, ¢ Wo, Ws = max_ efs Wos and set

logas logas ~ D 1
()= ( X{loipa’ loipa - (logw(; s ~_) 0g Ps }>
) ) _ ) = (2.19)
= | max 084y 08A0 logws — log g— =
logpo” logpo as ) logps
and
. [logas logas ~ Ds 1 -t
0) = —, — — |1 —log =— —
u(0) (mm { logps logps  \ o0 %G ) logps
B 1 (2.20)
B < i {logao log ag ( _ pg) 1 })
= | min , — | logws — log = — ,
logpo” logpo as ) logps
since igg gﬁ = igg—;g. Also we have ¢3(8) < % < q4(8). Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemmas 2.4 and 2.5, [A] is trivial since we have dimp N* = dimp Nt =
dimg N~ = dimp N~ = dimy C = £. Since S = N [JN~ |J{the endpoints of C'} in our case, we have
dimy S = max{dimyg N*,dimy N~}. In the following we only determine the Hausdorff dimension of N *

because of the symmetry between N and N .
Note that for each o € Q25 we have § < w, < wd. Thus for any o, 7 € (s

log o < log ws < logw + log d
logw +logd — logw, — log d

?
and
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|log wy — logw,| < logw. (2.21)

Now let Hs = {h, : 0 € Qs}. Note that h, is a similitude mapping with ratio 0 < a, < 1 for each o € Hs,
that the family H;s of similitude mappings still satisfies the (strongly) open set condition, and that the unique
self-similar set determined by H;s equals C:

C= ] h(C)

o€Hs

We also have that £ defined in (1.2) satisfies ZUGQS a$ = 1. If we denote /15 the self-similar probability measure
on C' corresponding to the probability vector (p, : o € §s), then pus = p since ps(hr([0,1])) = p(h,([0,1]))
forany 7 € Q’g and k € N. Hence for the corresponding sets Ngr and Ny of non-differentiability points we have
N;’ = Nt and Ny = N~ forall § > 0. Then by Lemmas 2.4 and 2.5 with Q2 replaced by Q5, I by I's, a, by

as, pr by ps, w by ws, W by Ws, and g1, g2 by ¢1(0), g2(J) respectively, we have
n(q1(9)) < dimy Nj7 = dimy NT < n(g2(9)), (2.22)

where by means of (2.11), (2.12) and Lemma 2.4 7(q1(0)) and 7(g2(0)) are given by

@ () log > al @@ 1 (1 g1(8)) logal @ =0 (2.23)
g€Ns
and
q2(9) log Z a(®20) (1 — g(3)) log ag(qg(é)) =0. (2.24)
oeQs

From the analysis above it is expected that lims_, o0 7(g1(8)) = lims— 400 7(g2(0)) = dimy N, since

. — Ps . Ps 1
lim [ logws — log — = lim |{logws —log— =0,
§—+oo as ) logps  6—+o0 as ) logps

by (2.21), leading to

log p,-
— o8P € (0,1).

(SEI-EOO 0 (9) = 622100 02(9) = log a, (2.25)
Now we rewrite (2.23) and (2.24) as
(q1(9))
q1 (5) log ZUEQ(; Clg
= . 2.2
n(a1(9)) ¢1(0) — 1 los|log a, (2.26)
and
(g2(9))
q2(5) IOg ZG’GQ G,Z
§)) = . 2 2.27
MO =00 17 Joslloga 227

Suppose that lims_, 1 (7(g2(6)) — 1(q1(8))) = 0 doesn’t hold. Then there exist a positive real number ¢
and a sequence of positive real numbers J; T +oo such that

n(q2(6:)) — n(q1(6:)) > eo. (2.28)
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Note that
log 3 0 n(qz(é ) log 0 n(ql(é ))
o€, oclls,
|O-6'i | log Qr |O-6'i | log (€28
04
1 Deen, ol

~ Jos, (@1(5:))
|051|loga, Z cos, e

1 E o all n(q1(3:)) n(q2(5 ))—n(q1(8:))
oclls,

og »
|05 log a, > eq, aB )

(2.29)

log(maxseq,, o)

|05i | IOg Qr

€0 logmax,cq 5; o

log as,
Hence by (2.26), (2.27), (2.28) and (2.29) we have
€0 <1(q2(0:)) —n(q1(d))

di di
- 0(6) IOgZaeﬂg n(qz( i) 0 (6:) IOgZaem n(ql( i)
2(0) -1 (e -1 los, | log ay
) 10%20695 G1(a2(00) 108 T,en, Qs (52)
g2(0;) — 1 los, | log a,

log EO’EQ,; ag(q1(6 i)

( a206) a(d) )
@(0:) =1 q(6;)—1

n(th (64))

qe (57) €o log maXseQs, Ao log ZUEQ(S

( 200) () )
@(0:) -1  q(6)—1

T () —1 log as,
__@(d)  cologmaxseq; ao L Ma1(0:))(@ (%) —1) ( 200:) @) )
q2(0;) — 1 log as, q1(0) q2(6:) =1 qu(di) — 1

Note that in the last line above the first term is negative and the second term tends to zero when ¢ is large
enough by (2.25), yielding a contradiction! Therefore we have lims_, o (17(g2(0)) — n(q1(6))) = 0. Thus
lims— 400 (7(q2(8)) = lims—yoon(qi(0))) = dimg N; = dimg NT by (2.22). Symmetrically we have
lims— 400 (7(q3(6)) = dimpy Ny = dimg N~. Finally, by means of monotonicity of 7)(-) we have 7)(q1(5)) <
n (}%) — dt(8) < 1(q2(8)) by (2.18). This gives dimy N* = lims_ o0 d*(5), and dimy N~ =
lims_, 4 oo d™ (9) in the same way. O

Acknowledgements The author would like to thank the anonymous referees for their valuable comments and suggestions
that lead to the improvement of the manuscript. This project is supported by the National Science Foundation of China
#10371043 and Shanghai Priority Academic Discipline.

References

[1] R. Darst, The Hausdorff dimension of the non-differentiability set of the Cantor function is [In(2)/In(3)]?, Proc. Amer.
Math. Soc. 119, 105-108 (1993).
[2] R. Darst, Hausdorff dimension of sets of non-differentiability points of Cantor functions, Math. Proc. Camb. Phi. Soc.

117, 185-191 (1995).

[3] F. M. Dekking and W. X. Li, How smooth is a devil’s staircase?, Fractals 11, 101-107 (2003).

[4] K.J.Falconer, One-sided multifractal analysis and points of non-differentiability of devil’s staircases, Math. Proc. Camb.
Phi. Soc. 136, 167-174 (2004).

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 280, No. 1-2 (2007) 151

[5] J. E. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30, 713-747 (1981).

[6] W.X.Li,D. M. Xiao, and F. M. Dekking, Non-differentiability of devil’s staircases and dimensions of subsets of Moran
fractals, Math. Proc. Camb. Phi. Soc. 133, 345-355 (2002).

[71 J. Morris, The Hausdorff dimension of the non-differentiability set of a non-symmetric Cantor function, Rocky Mountain
J. Math. 32, 357-370 (2002).

www.mn-journal.com © 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



