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Abstract

An equivalent definition of packing dimension is given for a set in d-dimensional Euclidean space by using its component sets
as packings. It is applied to determine the packing dimensions of a class of subsets with prescribed relative group frequencies.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

The packing dimension of a set in d-dimensional Euclidean space plays an important role in fractal geometry. We
first recall its definition. For a set E € R? and § > 0, a §-packing of E is defined as a collection of at most countable

number of disjoint balls of radii at most § with centers in E. Fixing s > 0, the s-dimensional packing measure of E is
defined by

PH(E) =inf{) Py(E) : E S UZE ¢,
i

where P (E;) = lims—o+ supY_; |B;|* and the sup is taken over all 8-packing {B;} of E;. The packing dimension
of E is then given by

dimp E = sup{s : P°(E) = oo} = inf{s : P*(E) = 0}.

Since the packings used for Pj(E;) are restricted to be disjoint balls centered at E;, this often makes inconvenient
for evaluating the packing dimension of E. Thus, it is wise and necessary to find out an alternative way to relax
the restriction on a packing but induce the same value for the packing dimension as that done above. Some results
on this topic were given by Taylor and Tricot in [7]. Since the packing dimension is o-stable, i.e., dimp [ J72, E; =
sup; dimp E;, we may assume that E is bounded. In the present paper, we confine ourselves to the so-called Moran sets
defined below as in (1). As one can see, a Moran set is a well-constructed compact set which includes the self-similar
sets satisfying open set condition and even any closed cubes. Thus each bounded set E can always be considered as a
subset of a Moran set, say F. What we like to do is to make use of the component sets of F' as packings for evaluating
the packing dimension of E. A Moran set is defined as follows.
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Denote 2 = {1,2,...,r}, where r > 2. Let 2* = [ J_, 2™ with 2" = {0 = (6(1),0(2),...,0(m)) : 0(j) €
12} for m € N U {0} (£2° consists of the empty word @) and N = {6 = (c(),002),...) : o(j) € 2}. |o] is
used to denote the length of word o € 2*. For o € 2* and t € 2* U 2V, o %  denotes their concatenation. In
particular, d *x T = 7. Foro € 2™, let C(o0) = {t € N : tim = o}, called the cylinder set with base o, where
tim = (z(1),t(2),..., t(m)).

Fix a constant 0 < ¢ < 1 and positive real numbers 0 < a; < 1, i = 1,2,...,r. Assume that a collection
(J5)g e+ of compact sets in R4 has the following features:

[A1] nested property: foro € 2* and i € {2, Jy4i € Jo;

[A2] nonoverlapping property: all J,s with o € {2 are pairwise nonoverlapping in the sense that J, N J; is of zero
d-dimensional Lebesgue measure for any distinct o, T € 2™;

[A3] regular sizes for J,s: foro € 2* andi € 12, |Jo4i| = ai|Js| > 0, where, if no confusion occurs, |J;| denotes
the diameter of J,;

[A4] regular sizes for the interior of J;s: each J,, 0 € £2* contains an open ball with diameter ¢|J, |.

The Moran set F associated with (J, ), <+ 1s defined as the nonempty compact set

F=( U - (1)

The definition of Moran sets here is close to that in [1,6] with a bit variation, but simpler than that in [9] where a more
general structure is discussed (Readers can refer to [9] and more references therein for related results on this kind
of structure). Obviously, self-similar sets satisfying open set condition are Moran sets. The latter lose the property of
similitude, but keep some typical properties exhibited by the former, e.g., they can be encoded by elements from 2%
and

dimy F = dimgF = s, 0 < H5(F) < P*(F) < o0,

where s is determined by Z;Zl aj. = 1. The compact sets J,, o € 2* are generally referred to as component sets of

F. In particular, J, is referred to as an mth-level component set of F if ¢ € £2". Define ¢: 2% — R< by
o0
(@@} = () Joim. )
m=0

It is easy to see that ¢(QN) = F and ¢(C(0)) = F () J, by (2). But ¢ may not be injective. Let p be the metric on
2N such that for any o, T € 2V

,0(0', ‘L') =2 min{i: rr(i);ér(i)}’

with the convention p(o,0) = 0. Let F be equipped with the Euclidean metric. Then ¢ is continuous. Thus each
x € F can be encoded via ¢: a sequence o € 2N is called a location code of x € F if ¢ (o) = x. Therefore, ¢ is also
called the coding map and 2V is called the code space (or symbolic space). As a result, F is a projection of 2V on
R? via ¢.
Let 0 < R < amin|Jy| where apmin := min;<;<, a;. A component set J, of F is termed as an R-size component set
if
IJol =R and  |Jo|(o-1)| > R.

It is easy to see that for any O < R < amin|Jgl, the set of all R-size component sets of F is a nonoverlapping finite
R-covering of F. Hence, by means of Lemma 9.2 in [3], the requirement (see [A4]) that J, contains an open ball of
diameter c|J, | implies an important fact: there exists a positive integer ¢, independent of R and x € R?, such that
any ball Bg(x) with radius R and center at x intersects at most ¥ of the R-size component sets of F'. Many analogues
of this fact appear in this paper. A direct sequel leads to an important property of ¢:

sup#{p~' (1)} < 9,

xeF
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where and throughout this paper, by #A we denote the cardinality of a finite set A. Otherwise, suppose that for some
x € F we have #{¢>‘1(x)} > 9. Take ¥ + 1 different elements o1, 02, ..., 094+ from this set. Let m € N be such
that o(|m, oz|m, ..., oy41|m differ from each other. Taking R = minj<;<y+1 |Jo;|m|, x lies in at least ¢ + 1 R-size
component sets of F', which implies that the ball B (x) intersects at least ¢ + 1 of the R-size component sets of F.
As we know, the component sets from (J;),c+ play an important role in determining the Hausdorff measures
(correspondingly, the Hausdorff dimensions) of F or its subsets. In fact, when considering the Hausdorff measures of
F or its subsets one can restrict their attention to those covers related to (J; )y e+. For n > 0 let G, be the collection
of all possible union of the nth-level component sets from (J5)se». Then for a nonempty compact subset E of F,

H(E) = M (E),

where 0 < s < oo and Hf;(E) = limg_oinf{>_|V;|* : U Vi 2 E, |V;| < J andall V; € G, for some n}.

In the following, we claim that the collection (J;),c 0+ of component sets also can be employed as packings to
evaluate the packing dimension of any subsets of the Moran set F. In other words, we like to give an equivalent
definition of packing dimension for subsets of the Moran set F' by taking the component sets from (Jy)sc+ as
packings instead of disjoint balls in its original definition. As a direct application, we determine packing dimensions
of a class of subsets with prescribed relative group frequencies (see Theorem 1.3).

Let F be a Moran set defined as in (1). Let E C F. A collection {J, : 0 € A} with A C 2* is said a J-type
8-packing of E if

|Jo] <8; and J, NE # Pforeacho € A; intJ, NintJ; =@ for any distinct o, 7 € A.
For a fixed s > 0, we define

73§(E) = sup Z |Jol® 1 {Js}oen isa J-type 8-packing of E
oeA

and
PS(E) = lim P} (E). 3)
§—0
Clearly, 55 : 2F — [0, +00] has the following properties:

@D P (Ep) < PO(EQ) if EfCE,CF,
(ID) Po(El U Ey) < Py(E1) +7DS(E2) for Ey, Ex C F;
(Il Py(E1 U Ep) = PS (E1) + PS (Ey) if Eq, E» C F are positively separated;

Then, we obtain a packing-type (outer) measure on subsets of F' from the pre-measure 55 (cf. [5, Theorem 4]) by

0 o0
PS(E) ::inf{ZPO(E) E CUXE;, E; CF} :inf{ZPO(E) E=UXE;, E;CF 4)

Note that each ball Br(x) with x € E contains a J, with amin|Jg|R < |J5| = |Jgla(o) < R where, and throughout
this paper, we denote a (o) = dy(1)ds2) - * " do(m) foro = (0(1),0(2),...,0(m)) € 2" If {Bg,(x) : i =1,2,...}
is a ball §-packing of E, then these J,; s are the J-type 5-packings of E. Then

2 5o
2R; § < PIE ,
Sery = () et = () P

giving P} (E) 5( 2 ,ﬂl) P(E). So

Pé(E)f( 2 )ﬁg(E) and PS(E)S( )5S(E).
Amin| Jy|

Furthermore, we have

Amin| Jpl

PS(E) > inf{nlggoﬁg(lzn) - E, CF, E, 1 E} (5)
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In fact, if E = (J72, E; with E; € F, we have E} .= J/_, E; 1 E and
Po(ER) <Y Py(E) < > Py(E),
i=1 i=1

leading to lim,_, o 735(E,’f ) < >, 735(E,~). We like to point out that the (outer) measures P$ and P° may not be
equivalent (the equivalence means there are positive constants c1, ¢3 such that ¢;P*(E) < P*(E) < 2 P*(E) for any
E C F). However, they do induce the same critical index.

Theorem 1.1. Let F be defined as in (1). Let 738 and P* be defined as in (3) and (4). Then for any E C F

dimgE = inf{s : PS(E) = 0} = sup {s : PY(E) = +00}, (6)
and

dimp E = inf {s : P*(E) = 0} = sup {5 : P*(E) = +o0}. (7)
We remark that any closed cube in R? can be considered as a self-similar set satisfying the open set condition (so it is
a Moran set). Thus the above theorem can be applied to any bounded subset of R? which, in a sense, amounts to taking
subcubes as packings (also see [7] with dyadic cubes as packings). Usually, the Hausdorff and packing dimensions of

a set can be estimated in terms of local dimensions of measures. For a finite measure 1 on R¢, the lower and upper
local dimensions of  at x € R? (also called the pointwise dimension or Holder exponent) are defined by

) .. Jdogu(Br(x))
dimyocpt (v) =l ipf == 0k
and
- log j(B
Gimioe/2 (x) = lim sup & HBRED)
R—0 log R

Proposition 2.3 in [2] describes a method to estimate the lower and upper bounds of the Hausdorff and packing
dimensions for a set in terms of the local dimensions of measures. The following proposition provides a version for
the case of Moran sets where we consider measures on 2% and replace the balls Bg(x) by the cylinder sets C (o).

Proposition 1.2. Let A C 2N be a Borel set and ¢ be defined as in (2). Let [ be a finite Borel measure on 2.

(D) If limsup,, “’ﬁ)’gﬁ# < sforallo € A, then dimp ¢(A) < s.

() If () > 0 and limsup,, , , , ELCCIM) > ¢ forall o € A, then dimp ¢ (A) > s.

loga(o|m)

(I0) if iminfy— o0 “’ﬁ,’;f% <sforallo € A, then dimy ¢(A) < s.

(IV) if (A) > 0 and liminfy,_ oo 2ACCIM) 5 ¢ forall o € A, then dimpy ¢(A) > s.

loga(o|m)

A direct application of Proposition 1.2 is to determine the packing dimensions of a class of subsets of the Moran set
F.Let2 <k <r.Fixrealnumbers ¢, j = 1,2, ..., k, such thatc; > OandZIJ‘-:1 ci=1LetI';,j=1,...,k be
disjoint nonempty subsets of {2 with Ul;zl I'; = {2. We consider sets A specified by relative frequencies:

#Hl<i<n:o(G)elj}

A:M(Fl,...,Fk):{erNzlim —Cj,lfjfk}.
n—o00 n

(8)
Let
My, ..., ) = (MY, ..., V),

i.e., the subset of the Moran set F' whose elements have their codings lying in I'; with a prescribed relative frequency
cj. We remark that M (I, ..., I';) isdense in F sinceo € M(I', ..., I})ifandonlyifi xo € M(I', ..., I}), i €
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2;and that M(I'y, ..., I}) = Ule fitM(I'y, ..., I't)) when F is the self-similar set determined by { f;};_,. Let
k

k
Z(t) = ZCJ' log Z al — ch- logc;.

j=1 iGFj j=1

It is easy to see that the function Z(#) has a unique zero in [0, s] where s is defined by Zle af = 1, since Z(¢t) is
strictly decreasing with Z(0) > 0 and Z(s) < 0.

Theorem 1.3. dimp M (I, ..., Iy) =t where t is the unique nonnegative real number such that
k k
quogq:quogZaf. €))
j=1 j=1 iel;

Proof. We define the probability vector (b1, by, ..., b,) by taking
bi = (ajc;)) Y _a} i€l

ZEFJ‘
Thus we have Ziepj bj=cj,j=1,2,...,kand Y /_, b; = 1. Construct a Borel probability measure /i on 2V by
defining for any o € 2"

a(C@) =[]bow
i=1

where, as before, C(o) = {t € N tlm = o} is the cylinder set with base o. By Birkhoff’s Ergodic Theorem
(Ref. [8]) we have for fi-a.e. o € 2N

#Hl<t<n:o)=i}

lim b;, 1<i<r,
n—oo n
and so
#l<tl<n:ocW)el;
lim T =E=nio@eE il oy
n—oo n
Therefore

WMy, ... 1) = w(M(Iy, ... T) = 1,

where p on F is the image measure of (i under ¢p. Now for each o € M (I, ..., I}) defined asin (8) and each m € N,
we have
. m k m
log i(C(o|m)) =log [| boiy = > N(o,m, I'j) |logc; —log > aé +tlog [] as i,
i=1 j=1 el i=l1
where N(o,m, I'j) :=#{1 <€ <m:0(() € I'}} foro € QN. Thus by (9)
i
. log [ | boqi)
ogi(Clmy _ . i
m—+oo  loga(o|m T m—+oo m

i=1

k
> m~IN(o,m, I'))(logc; —log 3 a!)
. j=1 Sy
= 111}_1 pm +1| =t,
m—+00
log(TT acy!/m
i=1

foreach o € A?(Fl, ..., I't). Thus we have dimp M (I, ..., I't) =t by (I) and (II) in Proposition 1.2. [
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We remark that the above proof also gives dimyg M (I, ..., I't) = t which is included in [4, Theorem 1] where
¢;’s are allowed to be zeros.
The proofs of Theorem 1.1 and Proposition 1.2 are arranged in Section 2.

2. Proofs

In this section, we give the proofs of Theorem 1.1 and Proposition 1.2.

Proof of Theorem 1.1. Note that for any given s > Oand ¢ > 0

ﬁg_'_t(E) = Sup { Z |Jc|s+l : {‘]U}O'EA isa J—type 8-packing of E]
oeA

A

8" sup { > ol : {Jo)oea is a J-type 8-packing of E}
oeA

= §'PI(E).
Thus P (E) = 0if PY(E) < oo, and that PS(E) = oo if P3(E) = oo. This verifies the second equality of (6).
Now denote B,(E) = inf {s : PS(E) = 0} = sup {s : PS(E) = +oo}. We first prove that

log M
B.(E) = limsup —2"
r—0 _logr

(10)

where, and below, M, denotes the largest number of the nonoverlapping component sets J, with J, N E # ¢ and
diameter between 5 and r.

At first, we have B, (E) > limsup,_, 1_()%01‘;; since ﬁf(E) > (%)s M,.
On the other hand, without loss of generality we suppose that 8, (E) > 0 and take real numbers § and y such that

0 < B <y < Bs(E). Forevery 0 < r < 1 there is a sequence (J, =1 of nonoverlapping component sets with
Jo N E # ) and diameter < r such that Zj’;l |Jo|Y > 1.Forn > 0, let k,, be the number of elements J,; in (Jg);?ozl
with 27D < 17| <27 Then 0%, k,27"” > 1. Hence there is a positive integer N satisfying

My-n > ky > 2NP(1 = 2877,

So B < limsup,_, E"‘foﬁg/l;, implying B.«(E) < limsup,_, E’%Oﬂg/[; by the arbitrariness of S.

Denote E” = {x € R? : ||x — y|| < r for some y € E}. Note that

cr

M, (?)d L4(By-1(0)) < LYE") < M (6r)! L4 (By-1(0)),

where £¢ stands for the d-dimensional Lebesgue measure. Therefore,

log M log L4(E"
lim sup 08 _ lim sup (d — og—()) . an
r—0 _logr r—0 logr

From (10) and (11) and [3, Proposition 3.2] it follows that dimg E = B.(E).
In the following we turn to prove (7). To do it, we first show the second equality in (7) which is done in the
following (I) and (II).

() PH(E) = 0if P*(E) < oc.
Since PS(E) < oo, there exist E;,i = 1,2, ..., such that

o
> Py(E) < PUE) + 1 < o0,
i=1

Thus each ﬁg(Ei) < oo and so each 55“(&) — 0, giving that P/ (E) = 0.
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() P*(E) = 00 if P*H(E) = 00
Since P*1(E) = oo, for each choice of E;,i = 1,2, ... with E = U?il E; we have

o
D PyT(E) = 00
i=1
Without loss of generality, suppose that 58+I(E 1) = 00.So 73S(E 1) = 00, leading to Ps (E) =00
Denote f*(E) = inf {s : P*(E) =0} = sup {s : PS(E) = +00}. A well-known result shows that (cf. [3,
Proposition 3.8]) dimp £ = dimyp E where dimyp E is the modified upper box-counting dimension of E,
defined by

dimygE = 1nf{supd1mBE E = U 1 Ei}.

Thus, we only need to show

B*(E) = inf{sup B«(E;) : E = U2, E;}.

This is done by the following two steps.
Step 1 (cf. [3, Lemma 3.7]). B*(E) < B«(E). N
__ Without loss of generality, we assume that 8*(E) > 0 and take 0 < ¢ < s < B*(E). Then P*(E) = +00 and so
Py(E) = +00. Thus, for any 0 < § < 1 there exists J-type §-packing {J;},c4 of E such that ZaeA |Jo|* > 1. For
k > 0, let n; be the number of elements J,; in (Jg)‘]’.i1 with 2~ *+D |Jo] < 2% Then Z/?io nkZ_kS > 1. Hence
there is a positive integer N satisfying

Moy > ny > 2N (1 = 2179,
So B4 (E) >t by (10) and SB4(E) > B*(E) by the arbitrariness of 7.
Step 2 (cf. [3, Proposition 3.8]). *(E) = inf{sup; B«(E;) : E = U2, E;}.

At first, when E = U2 | E; we have
B*(E) = sup B*(E;) < sup B.(E;)
l l

by the o- stablhty of the index B*(E). Thus, B*(E) < inf{sup; B«(E;) : = | Ei}. On the other hand, if

s > B*(E) then Ps (E) = 0. So there exist (E;);2, with E = U; E; such that PO(E ) < oo foralli. Thus B4(E;) <s
for all 7, leading to inf{sup; B«(E;) : E = U2, E;} < s. Therefore, inf{sup; B«(E;) : E = U2, E;} < B*(E) by the
arbitrariness of s. [

Now we turn to give the proof of Proposition 1.2. We take @ on F as the image measure of f under ¢,
re., u(B) = ,&(qb_l(B)) for Borel set B C F, and make use of Proposition 2.3 in [2]. The proofs of (I), (IIT)
and (IV) are direct in a routine way. However, the proof of (II) is done by applying Theorem 1.1.

Proof of Proposition 1.2. We first prove (I) and (III). For each 0 < R < amj, and each t € A there exists a unique
positive integer, denoted by & (t, R), such that

a(tlh(o, R)|Jgl < R and a(r|(h(z, R) — 1))|Jy| > R.
Thus

aminR < a(zlh(z, R)|Jgl = [Jejne,m)| < R. (12)
Letx = ¢ (7). Then Br(x) 2 Jrjn(r,r) and w(Br(x)) > w(Jzjn(z,r)) = (C(t|h(z, R))). From (12) it follows

I log w(Br(x)) _ . log A(C(z|h(z, R)))
imsup —————— < limsup
R—0 log R R—0 log R
i log Al(C(t|h(z, R))) loga(t|h(z, R))
= limsu : =5,
loga(z|h(r, R)) log R

R—0
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and
. log u(Bg(x)) . log il(C(t|h(z, R)))
liminf —— = < liminf
R—0 log R R—0 log R
. (logil(C(z|h(z, R))) loga(z|h(t, R))
= liminf . <s.
R—0 loga(t|h(z, R)) log R

This completes the proofs of (I) and (III) by Proposition 2.3 (b) and (d) in [2].
The following is devoted to the proof of (IV). It is trivial if s = 0. Suppose s > 0. Fix 0 < € < 5. Let

log A(C(a|m)) -
loga(o|m)

Ak={oe/1: s—eforallmzk}. (13)

Then Ay + Aask — +oo,ie., A =UZ2, A Thus fi(A) = limyg o0 (Ag).
Now fix k such that fi(A;) > 0. Let fix be the restriction on A of fi. Let uy be given by

1k (A) = (¢~ (A) = 6~ (A) N Ap)

k

for any Borel set A C F. Foreach 0 < R < a_,, and each o € A there exists a positive integer (o, R) such that

aminR < a(olh(o, R)) < R. (14)

Note that (o, R) > k and write W = {o|h(o, R) : 0 € Ag}. For any fixed x € ¢(Ag) let W* = {t € W :
Jr N Br(x) # ?}. Then there exists a finite positive constant ¥ independent of the R and x such that # W* < 9 by
the Lemma 9.2 in [3](also see discussion in Section 1). So

1k (BR(x)) < i (Urews C(1)) < DY A(C(x)) <9 - RS,
TeW*

by (13) and (14). So we get

1 B
llmlnfM Z S — €.
R—0 log R

Proposition 2.3 (a) in [2] tells
dimpy ¢(A) > dimpy ¢ (Ag) > s — €,

which implies that dimg ¢ (A) > s if letting € — 0.

Finally, we prove (II). Without loss of generality, suppose s > 0. For any increasing sequence E, 1 ¢(A) let
Ay = AN ¢~ (E,). Then A4, 1 A. We fix some n such that 1(4,) > %/l(/l) and denote A* = A,,.
Fix 0 < € < s. For a fixed ng, let n(o), for each o € A*, be the smallest integer > ng such that

log 1(C(o|n(0)))
loga(o|n(o))

s—e¢€, ie., u(C(o|n(0))) <a(o|n(o))’ .

LetG = {o|n(o) : 0 € A*}. Then A* C U, g C(r) with disjoint union on the right hand. Thus

D NPT = gl Y D am) T > |l T AC(D)

1eg €@ reg

= |JpI' " A(Ureg C (1)) > [Jg|"™ (A7) > _|J(Z)|S ) > 0. (15)

Thus for any small § > 0, (Js)seg is a J-type §-packing of ¢(/1*) when ng is taken big enough. Therefore,
P3 “(p(A%) > 2|J@|S €a(A) by (15), giving Pb “(p(A%) > 2|J@|S €a(A) > 0. By means of (5) we have
Ps— €(¢(A)) > 0leading to dimp ¢p(A) > s — € by Theorem 1.1. Therefore, dimp ¢ (A) > s by lettinge — 0. [J
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