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Abstract
Fix a positive integer N and a real number 0 < 8 < 1/(N + 1). Let I" be the homogeneous
symmetric Cantor set generated by the IFS

=5 .
{qbi(x):ﬂx—i—z N i=0,1,...,N;.
For m € Z we show that there exist infinitely many translation vectors t = (o, t1, ..., t;)
with 0 = typ < t; < --- < t, such that the union UT:O(F + t;) is a self-similar set.

Furthermore, for 0 < 8 < 1/(2N + 1), we give a finite algorithm to determine whether the
union U?:()(F + ¢;) is a self-similar set for any given vector t. Our characterization relies
on determining whether some related directed graph has no cycles, or whether some related
adjacency matrix is nilpotent.
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1 Introduction

Self-similar set is a fundamental object in the study of fractal geometry (cf. [4]). A non-empty
compact set E in a complete metric space X is called a self-similar set if there exists a finite
set of contractive similitudes F = {f1, fa, ..., fu} such that E = [ JI_, fi(E). The set F
of contractive similitudes is called an iterated function system (simply called, IFS) for the
self-similar set E (see [7]). In this paper we will study when the union of a self-similar set
with its translations is again a self-similar set.

Fix a positive integer N and a real number 0 < 8 < 1/(N + 1).LetI' =T'g (0,1,...,n} be
the self-similar set in R generated by the IFS

1—
{qbi(x):ﬂx—i—i ﬂ:i:O,l,...,N}.
N
Then I' is the unique non-empty compact set satisfying
N
r=Jeom,
i=0
and it can be written as
=B o, gkt
r={—— kBt jref0,1,..., N} Vk>1;. 1.1
v ];Jkﬁ je et ) (1.

Clearly, I' is symmetric, i.e., ' =1—T.

In the literature there is a great interest in the study of intersections of Cantor set with its
translations. When N = 1, Kraft [9] gave a complete description on when the intersection
Ig.q0,1y N (T'g 0,1y + 1) is a single point, and Li and Xiao [10] calculated the Hausdorff
and packing dimensions of the intersection. In [2] Deng, He and Wen studied the self-
similarity of the intersection of the middle-third Cantor set with its translation, and gave a
necessary and sufficient condition for which the intersection is a self-similar set. This result
was later extended by Li, Yao and Zhang in [11] to the homogeneous symmetric Cantor set
I'g0,1,...N) for0 < B < 1/(2N + 1), and by Kong, Li and Dekking [8] to I'g (0,1,..., 5} for
1/CN+1) <B <1/(N+1).

On the other hand, there are several papers about the self-similarity of a finite union of
intervals, see [5] and [12]. As for the union of the Cantor set with its translations, Deng, Liu
first investigated the self-similarity of I'g 10,1y U (I'g 0,1} + ¢) in [3, Theorem 1.1], where
B = 1/k with k € Z>3. However, we know very little about the general case of the self-
similarity of the union of I' = I'g 0,1,... 5} With its translations.

In this paper, we are interested in whether the union

m
Fe:=J@T+1) with t=(0.0..... 1) e R™
j=0

is a self-similar set, where for a set X and a, b € R we write aX + b := {ax + b : x € X}.

Note that the self-similarity is invariant under translations. In other words, if E C R is a
self-similar set, then so is its translation E 4 ¢ for any ¢ € R. Thus, without loss of generality
we assume throughout the paper that the translation vector t = (o, 1, ..., 4,) € R+l
always satisfies 0 = #o < f; < --- < t,,. Note that ' = U;N:O ¢i () = UlN:O (BT + ¢ (0)).
Then
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On the union of homogeneous symmetric Cantor... Page 3 of 20 35

= |J  (C+B "0, 0),
i1-in€f0,1,...,N}"
where ¢;,..;, = ¢i; o --- o ¢;, denotes the composition of maps. It follows that if m =
N" — 1 and the translation vector t = (fo, t1, ..., t;;) takes the values {/3_”¢i(0) i€
{0,1,...,N}" }, then the union I'y = B7"T  is a self-similar set. However, for other m € Z

can we find t € R”+! such that Iy is a self-similar set?
Our first result answers this affirmatively.

Theorem 1.1 Suppose 0 < B < 1/(N + 1). Then for any m € Z. there exist infinitely many
translation vectors t = (to, t1,...,tn) € R™ U with 0 =19 < 11 < -+ < t, such that
Iy = U’;?:O(F +t}) is a self-similar set.

Next we consider for which translation vector t = (fg, #1, . .., ) € R™! the union
'y = U';’ZO(F +1;) is a self-similar set. Observe that an IFS of I't might contain a similitude
with negative contraction ratio. This makes our characterization of self-similarity of I'y more
complicated. To describe the self-similarity of 'y we first introduce the notation of admissible
translation vectors (see Definition 1.2 below).

Set
o0 1 ﬂ n
o - =k L
7= —~ Y B k{01, N}VI<k<n
n=1 k=1
For a translation vector t = (fg, 11, ..., tn) € T™F! let 7; be the smallest integer such that

eachtj,0 < j < m, can be written as

1_
'BZt,kﬂ with 1; ¢ €{0,1,..., N}. (1.2)

Then for n > 1y we define
Q i={i1-in€{0,1,...,NY tipgy1x <N — s for 1 <k <7}, (1.3)
and its conjugate
Qf i={ir-in €0, 1, ..., N} tippig = sg for 1 <k <7}, (1.4)

where s = maxo<j<mtj for 1 < k < 7. Clearly, iyiy---i, € Qf if and only if (N —
iD(N—i2)---(N—1iy) € fz:‘.Notethatforanyi =iy---ip € Qf and 0 < j < m we have

n l_ﬂ = n— l_ﬂ . . n—
¢i<r,->=ﬁr,-+¢i(0>=T;rj,kﬁ k+Tk§zn+1_kﬁ k

—ﬁ Tt ] —ﬁ n
- Dl 1 0B+ T kB e T
k=1 k=t¢+1
Similarly, forany i =iy ...i, € Q{' and0 < j <m,
$i(—tj) = —B"t; + $i(0) = —Z(zm k= t0p"

1_'8 Z Int1- kﬁn k

k=11+1
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Let Af and A’t’ be the sets of blocks representing the sets {¢i(7;) i€ ;0 < j <m}
and {¢i(—1;) 1€ ;0 < j < m}, respectively:

Af =it in—q Gngi—g + 1) - Gnm1 +1;2)(n +11) i€ Qf, 0 < j <m},

Al =iy ip—g 1= = L) -+ ine1 — 1j.2) (i — 1;1) 11 € QF, 0 < j < m).
(1.5)

Now we define
Wy == Af U ft{’.

By the definitions of { and Q:’ it follows that Qf = {0,1,..., N}"™™ x QI‘ and flf =
{0,1,..., N}"~% x QF*. This implies that

W =1{0,1,...,N}" " x W' Vn > 1. (1.6)

Definition 1.2 A vector t = (7, t1, ..., ty) € R"H with0 =19 < ] < --- < 1, is called
an admissible translation vector if t € T™*! and there exists £ > ¢ such that

J4
LJ 101 N Wt x {0, 1, N T =0, 1, NYE

n=tg

According to Definition 1.2 it is not easy to verify the admissibility of a translation vector t.
In the following we give a more handleable approach by constructing a directed graph.

Givent = (to, 11, ..., tn) € T™TL let Gy = (W, E¢) be the directed graph defined as
follows. Let V¢ = {0, 1, ..., N}™\W;*. For two vertices i = ijiy -+ ig.j = jijo -+ ju €
Vi, we draw a directed edge fromito jifiz---iq = ji--- jg—1. Then Ej is the collection
of all such directed edges. We say that G¢ has a cycle if there exists a directed path in G¢
starting and ending at the same vertex. For convenience, we say that the empty graph has no
cycles. For the directed graph G¢ we denote its adjacency matrix by Ag. Then Ay is a 0-1
matrix with the size #V; x #V;, and an entry 1 in A¢ corresponds to a directed edge in Gy.
We say that Ay is nilpotent if Af = 0 for some power £ € Z.

Proposition 1.3 Lett = (o, 11, ..., t;) € T™ L. The following statements are equivalent.

(1) tis admissible;
(ii) Ay is nilpotent;
>iii) Gy has no cycle.

Proof (i) = (ii). Suppose At is not nilpotent. Then for any ¢ € Z. the matrix Af # 0. This
implies that for any £ > t; there exists a path of length £ in the directed graph G¢. By the
construction of Gy it follows that for any ¢ > 7 there exists a word i of length ¢ such that
each subword of length 7¢ ini belongs to Vy = {0, 1, ..., N}™ \Wtf‘. So,

4
ic{0. ... N\ 0.1, NPT Wt x {0, 1, NYET

n=Tt¢

which implies that t is not admissible by Definition 1.2.
(ii) = (iii). This follows directly by observing that an entry in Af (say, Row i and Column
j) corresponds to the number of length ¢ paths from vertex i to vertex j.
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(iii) = (i). Suppose G¢ has no cycles. If V; = @, then Wtr‘ ={0,1,..., N}%, and by
Definition 1.2 it is clear that t is admissible. Now for V; # @ let £ = ty + #V;. Arbitrarily
takeawordi=1iy...ip € {0, 1, ..., N}Z, it suffices to prove that

inging+1 - - - ing+r—1 € W' forsome 1 <ng <€ — 71+ 1. (1.7)

Suppose on the contrary that any block of length 7¢ in i does not belong to W;*. Then
iningl .. lngyq—1 € Vyforall 1 <n < € — 7 + 1, and this gives a directed path of length
{ — ty = #V; in Gy. By the Pigeonhole Principle it follows that G contains a cycle, leading
to a contradiction with our assumption. This proves (1.7) as desired.

Remark 1.4 We point out that the characterization of admissibility in Proposition 1.3 is more
handleable. For example, by using the depth-first search we can detect the existence of cycles
in a directed graph (see [1]).

For a translation vector t = (g, t1, ..., tm) € R™ T with0 =19 <11 < -+ < t,, we
define its conjugate by t= (fo, f1, . . ., I,) where fj =ty — ty—j for 0 < j < m. Then the
elements in the vector £ are also listed in a strictly increasing order. Furthermore, t and t are
conjugate to each other, and by the symmetry of I" it follows that

m m

A+t —Te=J (A =D+ —1p) = J (T +7) =T} (1.8)

j=0 j=0

Note that I'y is a self-similar set if and only if I'; is a self-similar set. Based on the definition
of admissible translation vectors we give a necessary and sufficient condition for the union
Iy = UT:O(F + 1) to be a self-similar set.

Theorem 1.5 LetO < B < 1/2N+ 1), andt = (to, t1,...,tm) € R ywith0 =1y <11 <
- < ty. ThenT = U'}lzo(f‘ +1}) is a self-similar set if and only if either t or its conjugate

t is an admissible translation vector.

As an application, we give an explicit characterization on the self-similarity of T U (I" +1¢).
For x € R let [x] denote its integer part.

Corollary 1.6 LetO < 8 < 1/2N + 1) andt > 0. Then T' U (I" + t) is a self-similar set if
and only if

t_j(l—ﬂ)
- N

for some j € {1,2,~~~ , L%J} and k € Z.

ﬂfk

The rest of the paper is arranged as follows. In the next section we give some examples.
In Sect. 3 we describe the generating IFSs of I'y. The proofs of Theorem 1.1 and 1.5 will be
given in Sect. 4.
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2 Examples

In this section we give some examples to illustrate our main results.

Example 2.1 Fix a positive integer N and a real number 0 < 8 < 1/(2N + 1). Form € Z.,

lett = (t9,t1, - ,ty) € R™*1 where to = 0 and for 1 < j<m,
-8,
i = — .
J N Z'B
k=1
Clearly, t € Tm+l By calculation, we have 7y = m, Q' = {0,1,..., N — 1}, and

Q" ={1,2,..., N} It follows that
m
r=Jo L N =2, N
k=0

and

m
iy =2 Ny R0 1L N = 1R
k=0

Note that W{" = A{" U A’t" and Vy = {0, 1, ..., N}"\W{". The discussion is split into two
cases.

Case (i): m € {1, 2}. It is easy to check that W{" = {0, 1,..., N}". This implies that
Gy is an empty graph. By Proposition 1.3 and Theorem 1.5, we conclude that the set 'y is a
self-similar set.

Case (ii):m > 3.Letm’ = |m/2].If misodd, we have (ON)™ 0, N(ON)™ ¢ W, and the
cycle (ON)™'0 — N(ON)™ — (ON)™ 0 is in Gg; if m is even, we have (ON)™, (NO)™ ¢
Wy, and the cycle (ON)’"/ — (NO)’"/ — (ON)’"/ isin G¢. Note that the conjugatef e 7l
We can check that W) = W{" and thus, G; = Ghasacycle. By Proposition 1.3 and Theorem
1.5, we conclude that I'y is not a self-similar set for all m > 3.

Example2.2 Let N = 1and 0 < 8 < 1/3. Take t = (10, 11, 12, 13) € R* where 7y = 0, and
n=0-PB '+, b=0-PB '+, n=0-pHE "' +p.

Clearly, t € T*. By calculation, we have 7y = 4, Qf = {0000}, and Qf = {1111}. It follows
that

Af = {0000, 0011,0101, 1001}, Af = {1111, 1100, 1010, 0110}.
Note that Wy = A{ U A¢, and
Ve = {0, 1}* \ W = {0001, 0010, 0100, 0111, 1000, 1011, 1101, 1110}.
The directed graph
0001 — 0010  OI11 1110
o T
1000 0100 1011 __ 1101

has two cycles. Note that t ¢ 7. By Proposition 1.3 and Theorem 1.5, the set I'¢ is not a
self-similar set.
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3 Generating IFSs of the union I'y

Given a self-similar set E C R, any IFS { f; (x) = rix + b;}i_, withO < |r;| < 1andb; € R
satisfying E = (J!_, f; (E) is called a generating IFS of E (cf. [6]). Clearly, a self-similar
set has infinitely many generating IFSs. In this section we describe the generating IFSs of

I't.

Proposition3.1 Ler 0 < 8 < 1/2N + 1), and let Ty = UT:()(F + t}) be a self-similar
set, where t = (to, 11, ..., tm) € R with0 =19 <11 < --+ < ty. If rT¢ + b C Ty with
0 < |r| < 1, then |r| = B4 for some q € Z.

Our strategy to prove Proposition 3.1 is as follows: first we prove that either I'y or I'; =
141, — I" has a generating IFS which contains a similitude g(x) = rx with0 < r < 1, see
Lemma 3.2; next we show that » = B4 for some ¢ € Z, and either t € T+ lort e Tmtl
see Lemmas 3.5 and 3.6; finally we give a complete characterization of all generating IFSs
of I't, see Lemmas 3.7, 3.8 and 3.9.

Lemma3.2 Let0 < B < 1/(N + 1), and let t = (t, t1, ..., tw) € R™ with0 = 1y <
t <+ < ty. If Ut is a self-similar set, then either I'y or I'; has a generating IF'S containing
a similitude g(x) = rx with0 <r < L.

Proof Suppose that { f; (x) = r;x + b;}!_, is a generating IFS of T'. Note that 0 e T C Ty

and 1 + 1, = max I'y € I'y. Without loss of generality we assume
Oe i) =rT¢+by and 1+1, € f,(Ty) =r [t + by. 3.1

If r; > 0, then (3.1) implies by = min f1(I't) = 0, and thus we are done by taking g(x) =
fi(x) =rix. If r; < 0, then we consider two cases: r, > 0, or r;; < 0.

Case (I):r; < Oandr, > 0.Thenby (3.1) wehave 1 +1,,, = f,(1+t,) = rp,(14+t,)+ by,
and thus

(I —=rp)(X + 1) — by = 0. (3.2)

Since I'y is a self-similar set generated by { f; (x) = rix + b;}7_,, by (1.8) it follows that

n
Ty=(l+1tn) = Te=JA +tw = bi = r;Ty)

i=1

I

(1t = T+ (= )1+ 1) — 1)

(T + (=) (1 + 1) = b))

Il

14

Then I'; is a self-similar set generated by the IFS

[0 =rx+ =m0+ - i)

Note by (3.2) that fn(x) = rax + (1 = r,)(1 + 1) — by, = ryx. Then we are done by taking
g(x) = fulx) =ryx.

Case (II): r1 < 0 and r, < 0. Then by (3.1) it follows that 0 = f1(1 +¢,) and 1 + ¢, =
fn(0). This implies that f o f,,(0) = 0, and thus f] o f;;(x) = riryx with rir, > 0. Note
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that {f, o fj(x) =rirjx +rib; + bi}lfi,jfn
done by taking g(x) = fi o f,(x) = rirpx.

is also a generating IFS of I'¢. Hence, we are

For a finite digit set D C Z let

-8 < k—1
Igpi=3—— ] jkeDVE=>1¢. 33
8,D N > B Jk > (3.3)
k=1

Then each x € I'g p can be written as x = % ZZ‘;I jkB*! with ji € D, and the infinite
sequence (jx) = jijo--- € D%+ is called a D-coding of x. In general, a point in I'g, p may
have multiple D-codings.

For the rest of this section we always assume that

1
2N +1°
The key in our proof is the following result on unique codings.

0<pB<

Lemma3.3 Eachx € I'ggo,1,...N) C g {—N,..,~1,0,1,-. 2N} has a unique {—N, --- , —1,0,
1, .-+, 2N}-coding which coincides with its {0, 1, . .., N}-coding.

Proof Letx € I'g (0.1,....n}-Since 0 < B < 1/(2N+1),x hasaunique {0, 1, ..., N}-coding,

say (ix). Note that x also belongs to I'g (—n,....—1,0,1,...,28}- Thenx hasa {—N,---, —1,0,
1,---,2N}-coding, say (jx). It suffices to prove that j; = ix forall k > 1.
For k > 1, we define j; := — min{ji, 0}. Then x + % ZZO:I j,iﬂk_1 can be written as
L= B gt _ L= B e
— 2+ 0BT = = G+ o (3.4)
k=1 k=1

Since i, ji € {0,1,..., N}, we have it + j; € {0,1,...,2N} for all k > 1. Note that
Jk+Ji = jkif jk = 0; ji+j; = 0if jx < 0. Thus, we also have jx + j; € {0, 1,..., 2N} for
allk > 1.Since0 < B < 1/(2N+1),eachpointinI'g (o,1,... 25} hasaunique {0, 1, ..., 2N}-
coding. Then (3.4) implies that iy + j; = jx + j; forall k > 1. So, jx = iy forall k > 1.

Lemma 3.4
O Ifx+y,2x+y,..., Nx+yeTl forsomey €T, thenx € I'g (—1,0,1}
@Gi) Ifx,2x,--- ,Nx €T, thenx € I'g.0,1)-

Proof (i) Take y € I' =I'g j0,1,...,n}- Then we can write it as

_1-#

o0
y=—y > wB ! with each yx € {0, 1,..., N} (3.5)

k=1

Sincex+y eI',wehavex e'—y CI'—=TI'=Tg(_y
as

~1,0,1,...,N}» which can be written

.....

1_ o0
x = N’gl;xk,sk—l with each x; € {—N,...,—1,0,1,..., N}. (3.6)

Note that x +y € I'g (0,1,....n} and

o0
x + _ﬂ k—1
y=—5 > o+ 0Bt
k=1
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It follows by (3.5) and (3.6) that (xx + yx)7o; isa{—N,...,—=1,0,1,...,2N}-coding of
X + y. So, by Lemma 3.3 it follows that x;x + yr € {0, 1,..., N} forall k > 1.
Next, observe that

-85 -
2xty=—r Y Qu+yB T e Tpi00 -
k=1

Since x; + yx € {0,1,..., N} for all k > 1, by (3.6) it follows that (2x; + x5, is a
{=N,...,—1,0, 1,...,2N}-coding of 2x + y. Hence, by Lemma 3.3 we conclude that
2xk +yk €{0,1,..., N} forall k > 1.

Proceeding this argument N times we conclude that Nx; + yr € {0, 1, ..., N} for all
k > 1. Note by (3.5) that yy € {0, 1,..., N}. Thus, x; € {—1,0, 1} for all k > 1. That is,
xeTlg 1,01

(ii) Taking y = 0, by (i) we obtain x € I'g(_1,0,1}- Since x also belongs to I' =
I'g.10,1,...N), by Lemma 3.3 it follows that x € I'g 10,1,...5) N I'g,(~1,0,1} = I'g,{0,1}-
Lemma3.5 Lett = (tg, 11, ....1,) € R" T withO =19 < 1] < -+ < t. If rTy C Ty with
0 <r <1, thenr = B4 for some q € Z.

Proof Note by (1.1) that j(1 — B)gK/N € I' fork > 0 and j € {1,..., N}. Take k large

enough so that (1 — 8)B* < 1. Since rI'y C Ty = U’}l:o(r +t)with0 =1 <t <
- < ty, it follows that jr(1 — B)B¥/N e I forall j € {1, ..., N}. By Lemma 3.4 (ii), we

conclude that r(1 — ,B)ﬁk/N € I'g,j0,11- Note that 0 < r < 1. By (3.3) it follows that

o
r=pg14 Y B with ji €01},
k=qg+1

where g € Z. So, it suffices to prove that jy = 0 forallk > g + 1.
Suppose on the contrary there exists ¢’ > ¢ such that

o0
r=p14p0+ Y B 3.7)
k=q'+1
Note that (1 — B)B" (B4 + p?) € T for any n > 0. Take n sufficiently large so that r(1 —
B)B" (B + B4') < t1. Then we obtain
vi=r( = BB (B + %) €T =Tp01...N)- (3.8)
On the other hand, by (3.7) it follows that

y=(1-BB"(BI + ﬂ‘f’)(ﬂ‘f +p7+ Y jkﬂ")
k=q’+1
_a-pp

o0 o
2 +q' 2q' i N gkt AT pktd
N (Nﬂ”’JrZNﬁ”’ THNBT + Y N+ DT kN ‘7>,

k=q'+1 k=q'+1

whichhasa {—N,...,—1,0,1,...,2N}-coding different from its {0, 1, ..., N}-coding by
(3.8). This leads to a contradiction with Lemma 3.3.

Recall that

oo n
1-p ek
T:U{NE:]kﬁ k:]ke{O,l,...,N}Vlfkfn}.
n=1 k

=1
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Lemma3.6 LetT'y = U?:O(F +1t;) be a self-similar set, wheret = (to, t1, ..., ty) € R+l

withO =1ty <t; < --- < ty. Then eithert € Tt orits conjugatef e T+ Furthermore,
tiz1 —tj > 1forall0 < j < m.

Proof We first assume that I'¢ has a generating IFS which contains a similitude rx with
0 < r < 1. Then by Lemma 3.5 there exists ¢ € Z such that 84Ty C I'y. Take u sufficiently
large so that 8“4 (1 + t,,) < t;. Then we obtain

BTy CT. (3.9)

Sincet; € I'+1¢; C I't foreach 0 < j < m, by (3.9) we have "9¢; € T'. This together with
(1.1) implies that

1_ o0
= T’gﬂ—“q > 1B with 17, €{0,1,.... N}, (3.10)

So, to prove ¢; € T it suffices to prove that t; x = 0 for all k > ugq.
Suppose on the contrary that ¢; ;, # O for some k; > ug. Note that

1 —
y = N’B(N—Fl—tj,k,)ﬂk‘_“q_]—l—zjel“t.

Then by (3.9) we have 8“9y € I' = T'g j0,1,..., n}- On the other hand, by (3.10) it follows that

uq _1_13 k1 —1 1-p . k—1
BUly = — N+ 1=t + == 1B
k=1

1-8 _ _

= T( Y BT (VDb ‘>,
k>1,k#k

which has a {—N,---,—1,0,1,...,2N}-coding different from its {0, 1, ..., N}-coding.

This leads to a contradiction with Lemma 3.3. So,

1_
'BZt k—ug=1 c 1 forall0 < j <m.

Take j € {0,1,...,m — 1},andletky = min {1 < k <uq : tj41 ¢ # tj}.Since tj41 >
tj,byusing 0 < B < 1/(2N + 1) it follows that t; | x, > ¢; k,. Therefore,

1-8 ko—ug—1 _ ,3 S k—ugqg—1 __ ka—uq - /3
o=t 2 — e IR =1+ g 1) > 1

k=ky+1

as desired.

Next, we assume that I'; has a generating IFS which contains a similitude rx with0 < r <
1. By the above argument, we conclude that t € 7!, and 7;+1 —7; > 1 forall0 < j < m.
Notethatfj = tiy—ty—jforallO0 < j < m.Thus,wealsohavet; | —t; = fm_j —fm_j_l > 1
forall0 < j < m.

By Lemma 3.2, either I't or I'; has a generating IFS which contains a similitude rx with
0 < r < 1. Thus, we conclude that either t € 7" or its conjugate t € 7!, In any case,
wehavetj g —t; > lforall0 < j < m.

The following lemma states that I'y = U']’-’:O(F + t;) is a self-similar set if and only if I'
can be written as a union of similar copies of I'y.
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Lemma3.7 Lett = (fo, 11, ....tm) € R" M with0 =1ty <t < -+ < ty. Then Ty is a
self-similar set if and only if there exists a finite set G of similitudes such that
Jsmo =T 3.11)
g€g

Proof The sufficiency is easier, because if (3.11) holds for some finite set G, then
m
Ule) +1:g€9)
j=0

is a generating IFS of J_(T" +1;) = T.
For the necessity suppose that I'y is a self-similar set generated by an IFS F =
{fi(x) = rix 4+ b;}}_ . By Lemma 3.6, we have

§:= min (tix1—t;i—1)= min dist(I' +¢;,T +¢;) > 0.
051‘<m(]Jrl J ) 0<ji<ja<m ( I 12)

Note that for any p > 1,

{firo fiyorrofi,(x): 1 <ir iy, ,ip <n}

is again a generating IFS of I't. Without loss of generality we may assume that all similarity
ratios are sufficiently small so that |r;| < §/(1 + t,) for all 1 < i < n. Then we have
diam(f;(T'y)) = |ri| - diam(I'y) < 8. Therefore, for each f € F there exists a unique
j €{0,1,...,m} such that f(T'y) C I' +1¢;.Set G := {f € F : f(I'y) C I'}. Then
Ugeg g([y) =T as desired.

Recall that for a translation vector t € 7"%! and n > 7 the sets Q{ and fz;’ are defined
in (1.3) and (1.4), respectively.

Lemma3.8 Lett = (to, 11, ,tm) € T" T with0 =1y <t < +++ < ty, and suppose
gx)=rx+bwith0 <r < 1.Ifg(I't) C T, then we have g(x) = ¢i(x) for some i € Qf
withn > 1.

Proof Note that rT'¢ + b C I" and O € I'y. It follows that b € T, and we write

o0
b= %Zbkﬁk—l with by € {0, 1, ..., N}. (3.12)

k=1
Note that j(1 — 8)/N e ' C I'tforall 1 < j < N and rT'y + b C I'. So we have
jr(1—=B)/N+b € I'forall1 < j < N.ByLemma3.4(i),wehaver(1-8)/N € I'g (-1,0,1}-
Note that rI'¢ +b C I'. Then 0 < r < diam(T")/diam(T’¢) = 1/(1 +t,,) < 1/2, where
the last inequality follows by Lemma 3.6. So, by using 0 < 8 < 1/(2N + 1) < 1/3 and

(3.3) it follows that

o0
r=p"+ Y np*withr e{-1,0.1}, (3.13)
k=n+1
where n € Z,. In view of (3.12) and (3.13) we will split our proof into the following three
steps: (i) we show in (3.12) that by = O for all k > n + 1, and then b = % ZZ:I b1
(ii) we show in (3.13) that ry = O for all kK > n + 1, and then we have r = " and thus
g(x) =rx + b = ¢ppy...p, (X); (iii) we show that n > ¢ and b1by - - - b, € Qf.
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Step 1. We will show in (3.12) that by = O for all k > n + 1. Fix k; > n + 1. Note that
(1—=pB)ph—"=l e cTyand rT¢ + b C T. It follows that

yi=r(l— ,B)ﬂklf"fl +bel = Ig10,1,....N}-
By (3.12) and (3.13) we have

ki—1
1-8
YEIN > b+ (N b)Y+ Z (NTn—ty +bi) !
k=1 k=ki+1

By Lemma 3.3, wehave N + by, € {0, 1, ..., N}. This implies by, = 0. Since k| is arbitrary,
we conclude that

1_ n
b=TﬂZbkﬁk_lwithbk €{0,1,...,N}. (3.14)

Step 2. We will show r = ", thatis, ry = 0 forall k > n + 1 in (3.13).

First, suppose that there exists k; > n 4 1 such thatry, = —1. Note that 1 — 8 e I C I'
and rT'y + b C I'. It follows that (1 — B) +b € I" = I'g j0,1,...,n}. On the other hand, by
(3.13) and (3.14), we have

r(1—ﬂ)+b=71 (Zb B+ NB+ Z Nrk,B>

k=n+1

which has a {—N,...,—1,0,1,...,2N}-coding different from its {0, 1, ..., N}-coding.
This leads to a contradiction with Lemma 3.3. Thus we have r, € {0, 1} forallk > n + 1.
Next, suppose that there exists k3 > n 4 1 such that

o]
r=p"+p%+ Y np‘ with r €{0,1). (3.15)
k=kz+1

Note that (1 — B)(B" + %) e T c 'y and rT¢ + b C T. It follows that z := r(1 — B)(B" +
By +bel = I'g.(0,1,....n}- On the other hand, by (3.14) and (3.15) we have

zz(l—ﬁ)(ﬂ"+ﬁk3)<ﬂ”+ﬁk3+ > rkﬁk)+b

k=k3z+1

1_
1-8 (Zbkﬂk L4 NBY £ ANBTR 4 N2
N\

o0 o0
Z Nr A + Z Nr s |,

k=k3+1 k=k3+1

which has a {—N,...,—1,0,1,...,2N}-coding different from its {0, 1, ..., N}-coding.
This leads to a contradiction with Lemma 3.3. Thus we conclude that r = g".

Step 3. By the definition of t¢, there exists 1 < j; < m such that ¢, ;, # 0. Then we
have

1-B & . 1=8
t]lzTZ[jl,kﬂ kZTﬂ .
k=1
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Note that 7;, € I'yand rT¢+b C . It follows that rt;, +b € T C [0, 1]. Thus, ‘32"~ <
rtjy <rtj; +b < 1.Byusing0 < 8 < 1/(2N + 1) this implies that n > ¢. Note that

1 _ n
gx) =p"x + Tﬂ D biB = oy, ().
k=1

It remains to show that b1b - - - b, € Qf, thatis, by < N —s; forall I <k < 7, where
Sk = Maxo<j<mtj k-
Suppose on the contrary that b, 1k, +sk, = N+1forsome ] < k4 < 7¢. By the definition
of sg,, there exists 1 < j, < m suchthattj, x, = s¢,. Thenwehave b1 g, +1j, 1, = N+1.
Note that

g(C +1;) =p"T +p"tj, +b

=p" F+J(Zb ﬂk 1+Z(bn+l k+t]2k)ﬂn k)

1 n—rtg
= B"T + ﬂ(zbﬁ"'Jr Z bk + tjy 10 B ‘)

k=n+1-1;

By Lemma 3.3, we have g(I" 4-¢;,) N T" = @. This contradicts with g(I't) C I". Therefore,
we conclude that b1by --- b, € Q{l, as desired.

Lemma3.9 Lett = (fo, 11, ,tm) € T with0 =19 <t; < -+ < t,, and suppose
gx)=—rx+bwith0 <r < 1. Ifg(l't) C T, then we have g(x) = ¢i(1 — x) for some
ieQf withn > 1.

Proof Letb’ =1 —b. Then we have g(I't) = —rI'y+b =1— (rT'¢ +0') C . Note that T
is symmetric. It follows that

rTy+b Ccl1—T=T.
By Lemma 3.8, we have
r=p", b =¢y0),

where n > tpand i’ = i{i} - i), € Qf.
Leti=ijip---i, withiy = N — i,i forall 1 <k < n. Clearly, we havei € 52:', and

gx) =—p"x+1—¢y(0)
-B" x+1—721 gr-1

B (1 — x>+—Z(N ipnp!

= p"(1 —x) + ¢i(0)
= ¢i(l —x),

as desired.
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Proof of Proposition 3.1 Suppose that It is a self-similar set. By Lemma 3.6, we have either
t e 7" ort € T™*! Furthermore, we have

§:= min (tjx; —t; —1)= min dist('++¢;,T +1¢;) > 0.
05j<m(]+1 / ) 0<ji<ja=m ( N ]2)

Write g(x) = rx + b. Then by g(I'y) C I't we have g"(I't) C I'¢ for all n > 1. Take n large
enough so that |r|"” - diam(I'¢) < §. Then there exist ji, j» € {0, 1, ..., m} such that

§" Ty cT+t;, Tyl +1,. (3.16)

Ift e 7"+ let g1(x) = r"x + g"(0) — tj, and g2(x) = r"*1x + g"*1(0) — ¢, Then by
(3.16) we have g1(I't) = g"(I'y) —tj;;, C ' and g2(I'y) = gty — tj, C I'. By Lemmas
3.8 and 3.9, we conclude that |#|” = B4 and |r|"t! = B9 for some ¢, g2 € Z.. It follows
that |r| = B4 for some g € Z.

Ift € 774! let g3 (x) = —r"x+g" (14+1y,)—t; and g4 (x) = —r" T x+g" (1 41,)—1,.
Note thatI't = 1+1,, —T;. By (3.16) we have g3(I'y) = g" (1+t,, —I'p) —tj, = g" (T —tj, C
I and g4(Tp) = " 1, — Iy —tj, =g"t(I'y) —1j, C T. By Lemmas 3.8 and 3.9,
we conclude that [r|” = A% and |r|"*! = % for some ¢3, g4 € Z.. From this we deduce
that |r| = B4 for some q € Z.

4 Proofs of Theorem 1.1 and 1.5

In this section we will prove our main theorems. First we prove Theorem 1.5. Recall from
Definition 1.2 the definition of the admissible translation vectors. In the following we add an
equivalent condition for admissible translation vectors to Proposition 1.3.

Lemma 4.1 Suppose that0 < < 1/(N + 1). A vectort = (ty, 1, , 1) € R yith
0=1y <1t <--- <ty is an admissible translation vector if and only ift € T"!, and
there exist finite sets T} C U”Z‘ft Qf and I, C U”ZT[ Q2 such that

Uaarou s -ro=r.

ieZ; iy
Proof Suppose thatt 77+ Recall from (1.2) that for 0 < j < m, we have
tj =B "bu; 10051 (0).
Takei =iyiy---i, € Qf for n > 7¢. By the definition of Qf in (1.3), we have

102 in—g nglmg +1jg) - Gne1 +1j2)n +1j1) €{0,1,..., N}"
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for all 0 < j < m. It follows that

$i(Ty = Ja@ +1) = (BT + 81 + ¢:1(0))

j=0

~
(=]

Il
(s

(B'T + "y, .ty a1, (0) + 5(0))

.
Il
=}

I
=

(ﬂnl" + ¢ili2“'in7q(in+1—tt+tj,1t)“'(in—l+tj,2)(in+lj,1)(0))
0

~.
Il

I
s

~
Il
(=]

Birin-vinry i1 —ey 7.2 Gt +15.2) G+ .1) ()

Recall the definition of .A{ in (1.5), and so we have

U ¢t = [ éi(D.

ieQf ic Af

Similarly, fori = ijip---i, € fz;‘ with n > t¢, by the symmetry of I' we have

¢i(1—To=Ja(—T—1)=Jai@ -1

m

~
Il
o

(B"T = B"t; + $i(0))

Il
(=

j=0

<
Il

I
=

Bitig-win—rq (ins1-—tj.c)(in1~1;.2) in—17,1) (L)
0

~.
Il

Recall the definition of A{’ in (1.5), and so we obtain

U éito = [ éi(D.

i ie.ﬁf
Note that we set Wy’ = A{ U fi{’ Therefore, we conclude that for n > ¢,

U amou e -To=J s cT. (4.1)

ieQf ey iewy

For the necessity, suppose t is an admissible translation vector, and let £ > 74 be
defined as in Definition 1.2. Take Z; = |J'_, @ and o = |J'_, Q. Recall that

n=rtt n=rtt
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Wi =1{0,1,..., N x W in (1.6). By (4.1), we have

l
UaarouJsa-ro=J J am
ieZ; i€ n=tieWy

¢

U U $i(I)

n=T {eWEx{0,1,..., N}
¢

U U (D)

=T ef0,1,..., NPt xWE x{0,1,..., N}En
U &am

ic{0,1,.... N}

:F’

as desired.
Next, we prove the sufficiency. Suppose t € T+, and let Z; C Unzrt Q{ and I C

Unzr, SAZ{’ be finite sets so that (7, ¢i(T't) U Ujcz, i(1 — Ty) = I'. Let £ be the largest
length of words in Z; U Z,. Clearly, we have Z; C Ué Qf andZp C Uﬁ:n Qf It follows

that "
4
r=UarouJaa-roc U (Uarouaa-ro).
ieZ; i€ n=t  ieQf iefzf

Together with (4.1), we have
¢
r=_J ( U airou | el - n))

n=t ieQf iESAZQ’

U $i(T). (42)

tie{0,1,..., N)" Wt x{0,1,...,N}En

Il
S
1~
&

Since 0 < B < 1/(N + 1), the generating IFS of T,

1—
[¢i(x)=;8x+i b :i=0,1,...,N]
N
satisfies the strong separation condition. Therefore, the equality (4.2) implies
¢
LJ6o. 1 Ny oWt x {01, N T = {01, N
n=tg

Hence, t is an admissible translation vector. We complete the proof.
First, we prove the sufficiency in Theorem 1.5.
Lemma 4.2 Suppose that0 < B < 1/(N+1). Ift = (to,t1,...,tm) € R with0 = 1y <

t < --- <ty is an admissible translation vector, then I'y = U'}l:()(l" + ;) is a self-similar
set.
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Proof By Lemma 4.1, there exist finite sets Z; C J Qf and I C UﬂZ‘L’t fl;’ such that

n>tt
JaaroulJga-—Tn=r.
ieZ; i€l
Set fi(x) := ¢i(x) fori € 71, and set gj(x) := ¢i(1 — x) fori € Z,. Then we have
U Aacou | amn =T.
iEI] iEIz
This implies that I'y = U’}’ZO(F + t;) is a self-similar set generated by the IFS
{fi)+1j:i€eT;, 0<j<m}U{gx)+1j: i€y, 0<;<m}
The proof is completed.

Proof of Theorem 1.5 Note that T'¢ is a self-similar set if and only if I'; is a self-similar set.
The sufficiency follows from Lemma 4.2. In the following we prove the necessity.

Suppose that I'y is a self-similar set. Then by Lemma 3.6 we have either t € 7! or its
conjugate t € 7!, Without loss of generality we may assume t € 7! By Lemma 3.7
there exists a finite set G of similitudes such that

Usro=r.

geg
By Lemmas 3.8 and 3.9, for each g € G we have g(x) = ¢j(x) for some i € U:o - Q,
or g(x) = ¢i(1 — x) for some i € Uzo - Q” SetZ; = {i : g(x) = ¢i(x) € G} and

= {i: g(x) = ¢i(1 — x) € G}. Then Z; and Z, are finite subsets of Uoo Q{ and
U°° Q" respectively. Furthermore, we have

r=Je@=Jawroulaa-ro.

geg ieZ; i€,

By Lemma 4.1, t = (fo, t1, . . ., t;,) is an admissible translation vector.
Next we prove Theorem 1.1.

Lemma 4.3 Suppose that 0 < < 1/(N + 1), and let t = (t9,t1, - ,tm) € T4 \pith
0=ty <t] < <ty If Bt € T for some q € Ly, then t is an admissible translation
vector if and only if B9t is an admissible translation vector.

Proof Write t' = B9, that is, t = ,B_qt’ Note that t, t’' € T”'+1 We have t¢ = ¢ + ¢. It’s

easy to check that Q' = T," x{0,1,..., N}¥, and QT‘ = T,‘ x {0,1,..., N}4. Then we
also have A{* = T," x {0, 1, }q and A¢t = A7 x {0, 1, }‘7 Lt follows that
Wt =W, x{0,1,..., N},

Therefore, for £ > 1 the following three equalities are equivalent:

J4
o JO 1 NPT W X {0, 1, N T = {0, 1 NYY

n=tt

Jwr....~ NPT X W x {0, 1, .., NYE" =10, 1, ..., N}

n’:rt/
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LJ 0.1 NPT W x 0,1, N =0, 1, N

n'=ty

We conclude that t is an admissible translation vector if and only if ' = 7t is an admissible
translation vector.

Proof of Theorem 1.1 By Lemma 4.2, it suffices to show that for m € Z there exist infinitely
many admissible translation vectors t = (o, t1, ..., ty) € R withO=1t9 <t < --- <
tn. By Lemma 4.3, if t € R™*! is an admissible translation vector, then ,B_kt e Rt g
also an admissible translation vector for all k > 1. Thus, we only need to show that for
m € Z there exists an admissible translation vectors t = (to, 1, ..., %) € R+ with
O=t<t; < - <ty

Form = 1, take t = (0, Nﬁ) eT? andthenwehavel"t = FU(F+ ) It’s easy to
calculate that 7y = 1 and QTt {0,1,..., N — 1}. Then we have

U sto= (ﬂr+il;’3)u(ﬂr+(i+1)1;’3):qus,-(r):r.

. T . T ] —|
ieQ! ieQ! i=0

By Lemma4.1,t € T2 is an admissible translation vector.

Form > 2, thereexists £ € Z such that2¢ < m < 2+ Notethat2¢4+1 < m+1 < 2¢+1,
We can find a subset § C {0, 1}**! with #S = m + 1 such that 0°T!, 1°*! € §, and for any
itip---ig41 € {0, 1}“‘1 we have eitheriiz - - -ig41 € Sor (1 —ip)(1—iz)--- (1 —ip41) € S.
Lett = (t0,11,...,tn) WithO =19 < t; < --- < t,,, taking the values

l— {+1
{ Zlkﬂ i1i2--~i[+1€S}.

Clearly, we have t € T™+!. Note that 1‘*! € S. We have 7 = £+ 1and s, = 1 forall
1 <k <41 Itfollows that @t = {0,1,..., N — }** 1 and Q' = (1,2, ..., N}HL.
Thus, we have

AT ={Gh +ieg) - Ge+ i) e +i0) 2 jijae - jert € Q4T ivin - iggr € S},
and
AT =G — i) - Ge = i) Gewr — 1) 2 jija- - jewr € QT ivin - igyr € S}

Take riry - - -reqq € {0, 1,..., N}*1. Then there exist ji jo - - - jeq1 € {0,1,..., N —1}¢H!
and iyis - - -igy1 € {0, 1! such that

riry st = (i + i) - (e +2) (e +101)-

Ifitiy---igy1 € S, thenwehave riry - repq € AT (1= i) (1 —i2) -~ (1 —igq1) € S,
theniyiy---ipy1 = (1 —ip)(1 —i5)--- (1 — iy, ) for some ijiy---iy, ; € S, and we have

rirycrepr = G+ L =i ) Ge+ 1= i) Gesr + 1 — i) € A

Thus we conclude that Wf“ = Af“ Uﬁf“ ={0,1,..., N}“‘l. This implies that G¢ is an
empty graph, which has no cycles. By Proposition 1.3, t € R”*! is an admissible translation
vector. We complete the proof.

Finally we prove Corollary 1.6.
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Proof of Corollary 1.6 Lett = (#y,t;) with 0 = 7y < f;. Note that £ = t. By Theorem 1.5,
't =T U (T + 1) is a self-similar set if and only if t is an admissible translation vector. We
assume ¢ € T and write

l— T
f = Nﬁ];skﬂk with s € {0, 1,..., N},

where © € Z4 and s; # 0. By calculation, we have 1y = 7, and

WE = {itiz- iz €{0,1,... N} tirp1k <N — s for 1 <k <t}
Ufitia- iz €{0,1, ... N} tizqig = spfor1 <k <t}
The discussion whether t is an admissible translation vector is split into three cases.
Case I: T = 1. Then we have W = {0,1,..., N —s;} U {s1,s1 + 1,---, N}. In this
case, G¢ has no cycles if and only if V\/tr = {0, 1, ..., N}. Thus, by Proposition 1.3, t is an
admissible translation vector if and only if s; € {1,..., [25]}.

CaseIl: 7 >2,and sy =0forall1 <k <t — 1. Note that 87!y = #srﬂ—l eT.
By Lemma 4.3, t is an admissible translation vector if and only if 87~ 't is. It follows from
Case I that t is an admissible translation vector if and only if s; € {1, R LNTHJ }

Case III: 7 > 2, and there exists | < k < v — 1 such that s # 0. Let ¢ = min{l <k <
T — 1 : s¢ # 0}. Note that

q—1, __ 1-8 g q—k—1
Bl 'H = N Zsk,B eT.
k=q

By Lemma 4.3, t is an admissible translation vector if and only if 897!t is. Thus we can
assume that s1 # 0.

Foriyip---i; € Wi, we have either iy < N —s¢,i; < N — sy, 0ri1 > S¢, iy > 1. 1t
follows that eitheriy, i; < N—1,oriy, iy > 1.Thus,if (i1,i;) = (0, N),or (i1, i;) = (N, 0),
then we have ijiy---i; ¢ W{. Note that Vi = {0, 1,..., N}*"\W} in the directed graph
Gt = (W, Et). The following cycle

0""'N > 0" N> > ... > ON" ' > N0 > N"20 > ... > NOT ' > 07N

is in G¢. By Proposition 1.3, t is not an admissible translation vector.
Therefore, we conclude that I' U (I" 4 ¢) with ¢ > 0 is a self-similar set if and only if

_ =B
N
where j € {1,2,~~ , L%J}andkeZJr.
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