Math. Nachr. 284, No. 2-3, 298 -316 (2011) / DOI 10.1002/mana.200710104

Self-similar structure on intersection of homogeneous symmetric
Cantor sets

Wenxia Li*!, Yuanyuan Yao**2, and Yunxiu Zhang***3

! Department of Mathematics, East China Normal University, Shanghai 200241, P. R. China
2 Department of Mathematics, East China University of Science and Technology, Shanghai 200237, P. R. China
3 Department of Applied Mathematics, Nanjing Forest University, Nanjing 210037, P. R. China

Received 6 November 2007, revised 18 March 2009, accepted 25 March 2009
Published online 8 February 2011

Key words Homogeneous symmetric Cantor sets, intersection, self-similar structure, iterated function systems
MSC (2010) Primary: 28A80, Secondary: 28A78

For a homogeneous symmetric Cantor set C', we consider all real numbers ¢ such that the intersection CN(C'+t)
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1 Introduction

The classical middle-third Cantor set, denoted by C, may be simply generated by the IFS {fi(z) = z/3,
fa(x) = x/3 +2/3}, i.e., C is the unique nonempty compact set in R satisfying

1 1 2

C=-CU(=C+=

3 (3 * 3) ’
where here, and throughout this paper, A+ c:={x +c: 2z € A} andcA := {cx :z € A} force R, A CR.
In addition, A — B:={z—y:x € A,jye Bland A+ B:={x+y:x € A,y € B} for A, B C R.Itis easy
to check that

CN(C+t)#0 ifandonlyif teC—-C={z—y:z,yeC}=[-1,1].

However, C' N (C' + t) presents complicated structure. In fact, in the past two decades, intersection of Cantor sets
(not limited to the middle-third Cantor set) has been the subject of several studies (cf. [1], [6]-[17]). The context
and motivations are numerous, but mainly come from the discipline of dynamical systems.

An algebraic description for C'N (C + t) is as follows. Note that each ¢ € [—1, 1] can be represented as

> 2ty oo
t= Z E for some (£;)72, € {—1,0,1}N,
k=1
where the sequence (¢ )52 ,, called the code of ¢, is uniquely determined by ¢ except a countable number of points
in [—1, 1], each of which has just two codes of the form ¢; ...¢;_1tx1...1... and

t1... tkfl(tk -+ 1)(—1) . (—1) ... withty = —1or 0.
When ¢ € [—1, 1] has a unique code (¢;)%°, € {—1,0,1}N

oo

P
C’ﬁ(C—i—t):{Z;k:xkzlif th=1: 2, = 0if t, = —1; 2 =0 or 1if tk:O}.
k=1
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When ¢ € [—1, 1] has two codes, CN(C'+t) is a finite set with cardinality bigger than one. This representation
for C' N (C + t) enable one to determine their Hausdorff and packing dimensions (cf. [12]).

A natural question is when and how the sets C N (C +t) become self-similar sets. It is completely answered by
Deng, He, and Wen in their recent paper [2]. Let t € [—1, 1] has a unique code (¢;,)2°, € {—1,0,1}N. It induces
a sequence (1 — [t)22, € {0,1}N. For a finite sequence i € {0, 1}* (k € N),i:=1ii--- € {0,1}N denotes the
infinite repeating of i. To investigate the geometric structure of C' N (C' + t) Deng, He, and Wen define a notion
of “strong periodic” for a sequence from {0, 1}N. A sequence i € {0, 1} is said to be strong p-periodic (or
simply, strong periodic) if there exist two finite sequences u, v € {0, 1}? for some p € N such that i = uv and
u < v,whereu < vmeans u, < v,,1 <n <pforu=u;...u,and v=u;...v,. Obviously, if t € [-1,1]
has two codes, then any of its two induced codes is not strong periodic and C' N (C' + t) is not a self-similar set.
In addition, a sequence i = (i), € {0,1}Y is said to be eventually periodic if there exist two integers d,m
such that i 4 = i) for all & > m, and the integer d is called a period of i. Thus a strong periodic sequence is
eventually periodic. The following theorem gives the sufficient and necessary conditions for the set C' N (C + t)
to be a self-similar set.

Theorem A ([2, Theorem 1.1]). Let ()52, € {—1,0,1}N be a code of t € [—1,1]. Then the set C N (C +t)
is a self-similar set if and only if (1 — |ti,|)32, is strong periodic. Furthermore, if C N (C + t) is a self-similar
set with more than one point, then there exists an IFS which satisfies the strong separation condition.

For a given self-similar set, an interesting (also very complicated) question is that what are all of its generating
iterated function systems? One can refer to [4] for a detailed discussion about this topic. Note that the set C' N
(C +t) is centrally symmetric, i.e., C N (C' +t) = ¢ — C N (C +t) for some ¢ € R. Thus, when C N (C' + )
is a self-similar set one can focus on its those generating iterated function systems for which all similarity ratios
are positive (cf. Lemma 2.9(III)).

Theorem B ([2, Theorem 1.2]). Let (¢.)52, € {—1,0,1}N be a code of t € [—1,1]. If (1 — |tx|)$2, is strong

p-periodic, then any IFS { f;(z) = rjz + b;, with r; > 0}, for C N (C + t) satisfies that v; = 3~% for some
positive integer q; and

i gp
bl:Z 3k7Z:1,...,N,
k=1
where all b;;, = 0 or 1. Moreover, each g; is a period of (1 — [t |)52 ;.

In the present paper, we show that the Theorems A and B still hold for general homogeneous symmetric Cantor
sets on R under some conditions. Let 7 > 2 be a positive integer and let 3 € (0, 1). For each k € Z (the set of
integers) let

or(z)=Br+k(1—-0)/(r—1), z€R. (1.1
For a finite set 2 C Z, by Cj - o we denote the self-similar set generated by the IFS {¢x(z) : k € 0}, i.e., the
set U3 .o is the unique nonempty compact satisfying
Csra = U 61 (Cp,7.0)- (1.2)
keQ

Thus
Csra= {ijﬂ“(l =B)/(r=1): (r)it: € QN} :
k=1

The sequence (j;, )5, € QN is call a Q-code of x if x = > ;2| jxB*~1(1 — 3)/(r — 1). Obviously, the set
C1/3,2,{0,1} 1s just the middle-third Cantor set.
Definition 1.1 Let 5 € (0,77"). The set Cj ; (0.1

Thus a homogeneous symmetric Cantor set can be obtained as a limit via the following construction: place T
intervals of length (3 equally spaced inside the unit interval (so that the leftmost point of the leftmost interval is 0,

,7—1} is called a homogeneous symmetric Cantor set.
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and the rightmost point of the rightmost interval is 1) and continue this construction inductively on each of the
intervals. It is known that (cf. [13, 14])

Caro,r—13 N (Corq01,...7—1y +t) #0 ifandonlyif t€ Cs 01,71} —Corf01,.r—11

and
Cr9,77{0.1,..4,7—1} CJT{Ol.“.T 1} _C}T{O +1,...,£(r=1)}-

When 3 € (0,1/(27 —1)), the IFS {¢y, : k € {0, +1,. i(T 1)}} satisfies the strong separation condition

sothateacht € Cj - (0, +1,....+(r—1)} has a unique {0, il +(7 — 1)}-code.
When 3 = 1/(27 — 1), the IFS {¢}, : k € {0,+1,. (7‘ — 1)}} satisfies the open set condition so that
eacht € Cy 7 10,41,...+(-—1)} = [—1, 1] has a unique {O j:l ., £(7 — 1) }-code except a countable number of

points in [—1, 1], each of which has just two codes of the form t1 cotpoatg(r=1)andty ..ot (B +1)(1 —7)
witht;, # 7 — 1. When ¢t € [—1, 1] has two {0, %1, ..., £(7 — 1) }-codes the set

Car01,.r—1y N (Caro1,...7—1} +1)

is a finite set containing more than one point and so it is not a self-similar set.
Therefore, for 3 € (0,1/(27 —1)]and t € Cp ; {0, +1,...,+(r—1)} if t has aunique {0, £1, ..., £(7 —1)}-code
(tr)72,, then

Cs7901,..r-13 N (Csr {0.1,....r—1} + 1)

= {ixkﬂk_l(l—ﬁ)/(T—l):xk € {0,1,...,7—1}0({0,1,...,T—l}+tk)}.
k=1

Like in [2], for a finite sequence i € {0,1,...,7 — 1}* (k € N),i:=ii--- € {0,1,...,7 — 1}~ denote
the infinite repeating of i. A sequence i € {0,1,...,7 — 1} is said to be strong p-periodic (or simply, strong
periodic) if there exist two finite sequences u,v € {0,1,...,7 — 1}? for some p € N such that i = uv and
u = v,whereu < vmeans u, <v,,1 <n <pforu=uwu;...u,and v =v;...v,. Inaddition, a sequence
i= (ip)2, € {0,1,....,7 — 1}V is said to be eventually periodic if there exist two integers d,m such that
ip+q = i for all & > m, and the integer d is called a period of i. Like in [2, Theorem 1.1], we first show a
theorem which positively answers when Cj . {0,1,.,r—1} N (Cy 8,7.{0,1,...T—1} T t) is a self-similar set.

Theorem 1.2 Let 0 < 3 < 1/(21 — 1) and let t € Cg; (0,41,...+(r—1)} Then Cg 101, .7—130
(Cs.7.10,1,....r—1} + t) is a self-similar set if and only if t has a unique {0, £1, ..., £(7 — 1)}-code (t.)7, €
{0,£1,..., (- )N and (1 — 1 — [tx)2, € {0,1,...,7— 1} N s strongperiodic.

To 1nvest1gate the generating iterated function systems for 03 7{0,1,...,7—1} ﬂ(C’Jg,T,{O:LM’T_l}th) we consider
its some translation instead. Let 7, = mln{x ze€{0,1,....,7=1}n ({O, 1,...,7 =1} + t;)} = max{0, ¢}
where (t;,)7° , is the unique {0, £1,...,£(7 — 1) }-code of t, and let

E = Csrq01,..r-13y N (Csrq0.1,...c—1} +1) — Zﬂk5k71(1 -B)/(t—1)
- (1.3)

= {Zxkﬁk_l(l—ﬁ)/(T—l) ), e {0, 1N <7 —1— tk|}.

When (7 — 1 — |t;])52, = 0, E = {0} is a self similar set. In this case each generating iterated function system
of E is of the form {f;(z) = mx : 0 < |r;| < 1}V .

Like in [2, Theorem 1.2], the form of generating iterated function systems for E is described as follows.

Theorem 1.3 Let 0 < 3 < 1/(27 —1). Lett € Cy 1 10, +41,....+(r—1)} have a unique {0, %1,...,£(7 —1)}-
code (t;,)%°, € {0,£1,...,4(1 — 1)}N. Let E be defined as in (1.3). If the sequence (T — 1 — |te)52, €
{0,1,...,7 = 1}N is strong p-periodic and (1 — 1 — |t;.|)32, # O, then any IFS {fi(z) = rix + b; }| with

€ (0,1) for E satisfies r; = % for some positive integers q; and

p+a;

b= b (1-p)/(r—1), i=12... N
k=1

where by, € {0,...,7 — 1 — |t|}. Moreover, each g; is a period of the sequence (T — 1 — [t} |)32 ;.
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We remark that according to Lemma 2.9 (III) one only need to investigate those generating iterated function
systems for F for which the contractive ratios are all positive.

The main idea for the proofs of Theorems 1.2 and 1.3 comes from [2]. When 7 = 2 (correspondingly
B € (0,1/3]), Cp.2,50,13 is called the middle-(1 — 2/3) Cantor set. For this case, the proofs of Theorems 1.2
and 1.3 can follow the approaches in [2]. However, when 7 > 2 substantial effort is required. For example, sup-
pose E (equivalently, Cs ; (0.1,...r—1} N (Csr.q0.1,....r—1} + 1)) is a self-similar set. Let { f; () = riz + b}
with r; € (0, 1) be a generating IFS for E. One can show

o0
o= Zaiﬂi where «; € {O,...,ml?x(r— 1-— |tk|)}

i=1
Thus for each s € N (we have assumed b; = 0 and this is reasonable)

f ((T —1-t)s - ﬁ)) -y ai(r —1—[t[)F*" (1 - )

e k.
T—1 T—1

i=1
If 7 = 2, then all o; € {0, 1} so that the right side in the above equality gives a standard representation for a
point of E by Lemma 2.9 (IV). Let m € N be such that v, = 1. This leads to 7 — 1 — |t 45| > 7 — 1 — [t,] for
all s € N immediately and so (7 — 1 — [¢x|)52, is strong periodic by Lemma 3.1. If 7 > 2 the above argument
does not work any more.

This paper is arranged as follows. In the next section, we define some notations and give some lemmas to
describe the geometric structure and properties of Cp ; o, which are used in the proofs of the main theorems.
Sections 3 and 4 are devoted to the proofs of Theorems 1.2 and 1.3, respectively.

2 Preliminaries

Let {fi(z) = rix + b;,i = 1,..., N} be a family of functions on R with 0 < |r;| < 1. It is well-known that
there exists a unique nonempty compact set 7' C R such that T' = U1N:1 £i(T) (cf. [3, 5]). In this case, T is
called a self-similar set generated by the iterated function system (IFS) {f;(x)}Y ;. The IFS {f;(z)}}, is said
to satisfy the strong separation condition (SSC) (open set condition (OSC)) if there exits a nonempty compact
set (nonempty open set, or equivalently nonempty bounded open set) O such that vazl fi(O) C O with disjoint
union on the left-hand side. Clearly, SSC implies OSC, but the converse is not true.

For a finite set 2 C Z, let Cj ; o be defined as in (1.2). Clearly, Cs - o, € Cp rq, if 21 C . In order to
get more detailed information about C'3 - o we need some notations. Let

Q*:UQ]" where QF = {ji...j; :j, €Q forall n=1,...,k},
k=1
and

oN ={j1jo---:dn €Q forall ne N}.

Thus, Q* is the family of all finite sequences ji ..., with entries j; from € and QN denotes the family
of all infinite sequences jij, ... with entries j; from 2. We denote by ij the concatenation of i € Q* and
jeruN eg,ij=d1...ixj1...4, fori=1i;...i; andj = j; ...7,. Forany i € Q*, |i| denotes its length
andi:=ii--- € QN the infinite repeating of i. A sequence i € QN is said to be eventually periodic if there exist
u,v € Q* such that i = uv, and |v| is called a period of i. A sequence i € QN is said to be strong p-periodic (or
simply, strong periodic) if there exist two words u, v € {2 for some p € N such that i = uv and u < v, where
u=vmeansu, <v,,1 <n < p,foru=u...u, and v = v, ...v,. Therefore, a strong p-periodic infinite
sequence is eventually periodic with period p. For j = (j;)32, € QN and a positive integer n, let j|n = ji ... j,
denote the truncation of j to the n-th place. For i,j € QN we say thati < jifi|n < jn forall n € N.

Let ¢y, k € Z be defined as in (1.1). Denote ¢5 = ¢;, o---0 ¢;, forj = ji...j, € Q. A so-called coding
map I1: QN — Cp,7.0 is defined by

() = Tim gy, (0) = lim > (1 0)/(r 1) = 35N (1 - B)/(r — 1),
k=1

n—o00
k=1
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forj= (ju)p2, € ON. The map IT is surjective, i.e., Cg r 0 = (QN) (cf. [3, 15]). Therefore,

Cora = {ij—lu —B)/(r—1): ()7 € QN} . @.1)
k=1

Definition 2.1 Let j = (j;)72, € QN and let x € Cy r . If II(j) = « then j is called a 2-code of = and
Sorey kB = B)/(t — 1) is called as a standard Q-representation of .

Note that  may have multiple 2-codes and standard Q2-representations. We add a prefix € prior to the “code”
(or “representation”) to avoid confusion when multiple Cp ; o are considered simultaneously. For example, a
code of z € Cp 101y € Cpr 01,2y consists of digits from {0,1} when z is considered as a member of
Cs.r,40,1}, from {0, 1,2} when z is considered as a member of Cs,r.10,1,2) - However, when no confusion occurs
in the context, we often omit the prefix €.

Let I C R be a compact set such that ¢ (I) C I, k € Q2 (this I always exists, cf. [3, 15]). Then, for a sequence
J € O, (&5, (1))n>1 is a decreasing sequence of compact sets and the diameters of ¢;,, (1) tend to 0. This leads
to an alternative way to define II:

G} = () dia (D), jeaN.

n=1

Therefore, each point of Cjs - o has a unique {2-code (standard {2-representation) if the IFS {¢y(z) : k € Q}
satisfies SSC.

Let Cs 7 10,1,....r—1} be a homogeneous symmetric Cantor set (then 3 € (0,1/7) by Definition 1.1). Obvi-
ously, eachz € Cﬁ 7.{0,1,...,r—1} has a unique {0,1,...,7 — 1}-code (standard §)-representation), and the closed
intervals ¢ ([0,1]), #1([0,1]), ..., ¢,_1([0,1]) have the same length 3 and are evenly laid in [0, 1] in this order,
i.e., the left endpoint of ¢ ([0, 1]) coincides with the left endpoint of [0, 1], the right endpoint of ¢, _1 ([0, 1])
coincides with the right endpoint of [0, 1] and the gaps between them have the same length (1 — 73)/(7 — 1). For
ani= (i,)%_, € {0,1,...,7 — 1}*, the left and right endpoints of ¢;([0, 1]) are, respectively

k
0) = Zinﬁn_l (1=-8)/(t=1)€Csrq01,..7-1}

n=1

and

k
$i(1) = i(0) + 5" ="+ 0" (1= B)/(r = 1) €Chrpon,..r1)-
n=1
The following observations, Lemmas 2.2-2.5 are direct and useful.
Lemma 2.2 Let Q)1,Qy C Z be finite sets. Then C"‘[}"T‘Ql — C{LTIVQZ = Cg 01—, and Cjy 0, C} .0
Cp.7.0,+9,- In particular, Cg - 101,...-—1y — Cpr 0,1,...r—1} = Carf0,41,...£(r—1)} and Cp 1 101
017{01 ..... -1y =Cpr 001, 2(r—1)}-

.....

Proof. Weonly prove Cs.-.0, — Cs.r0, = Cs.r.0,-0,- Letx:Zzolxkﬂk_l(l—ﬁ)/@'—l)ng7T’Ql
with (24)5°, € QN andlety = Y7y B 1 (1 — B) /(1 — 1) € Cp.r.0, with (y;)72, € Q. Then

o}

z—y=3 (o —y)B (1 B)/(r—1) € Cora,—an,

k=1

by (2.1). Conversely, let z = Y27, 2871 (1 — B) /(7 — 1) € Cp.r.0, -0, With ()5, € (1 — Q)N Let
zr = X — Y With x; € Qy and y; € 5. Then

Zzzzkﬁkil(l— T—l Zykﬂk ! 1_ )/(T_I)GCS,T,Ql _OQ,T,Qza
k=1 k=1

by (2.1). O
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Fori = (z;g),C | € {O +1,...,£(r = 1)},p € N, we denote i’ := iy ...4,_1(i, + 1) when i, < 7 — 1.
Thusi’ € {0,£1,...,+(7 — 1)}1’
Lemma 2.3
(@) When 3 € (1/(21 — 1),1), Cs.740,41,....4(r—1)} = [—1,1] and an x € [—1,1] may have multiple
{0, £1,...,£(7 — 1)-codes.

() When 3 =1/(2r — 1), Cyr qo.t1.... 2(r—1)} = =1, 1] The IFS {¢ () : k € {0, %1,...,+(r — 1)}}
satisfies the OSC and each x € [—1,1] has a unique {0,%1,..., (7 — 1)}-code except a countable
number of points of [—1,1], each of which has just two {0, £1, ..., +(7—1)}-codes of the form i(t — 1)
and i'(1 — 1) where i = (i,)k_; € {0,£1,...,£(7r — 1)}* for some k € N. One can check that
only the endpoints, except —1 and 1, of intervals ¢;([—1,1]), i € {0,£1,...,£(r — 1)}* have two
{0, £1,...,£(r —1)}-codes. In particular, —1 has a unique {0, %1, ..., +(7—1)}-code (1 — 7), 1 has
a unique {0,+1,...,+(1 — 1) }-code (T — 1).

(IIT) When 3 € (0,1/(27 — 1)), C3.7 {0,41,...,£(r—1)} is nowhere dense and each = € Cj - (0. +1,... +(r—1)}
has a unique {0, 1, ..., £(1 — 1)} code.

(V) When 3 € (1/(21 — 1),1), Csrq0.1,...2(r—1)y = [0,2] and an x € [0,2] may have multiple
{0,1,...,2(7 — 1)}-codes. But for 3 = 1/(21 — 1), the IFS {¢x(z) : k € {0,1,...,2(r — 1)}}
satisfies the OSC and each x € [0, 2] has a unique {0, 1, ..., 2(7 — 1) }-code except a countable number
of points of [0, 2], each of which has only two {0, 1,...,2(T — 1)}-codes of the form i(2T — 2) and i'0
withi € {0,1,...,2(r — 1)}* for some k € N. When 3 € (0, 1/(27’ = 1)), Cs7101,...2(r—1)} IS
nowhere dense and eachx € Cg ; (0.1,... 2(r—1)} has a unique {0,1,...,2(1 — 1)}-code.

Lemma 2.4 If each point of Cg ; o has a unique §)-code and Q0 C ), then each point of C3 - q, has a unique
Q1 -code which is identical to its Q2-code.

Proof. Let (x)72, € ON be a Q;-code of x € Cjs.,.q,. Then (xr)2, € QN is also a Q-code of . The
desired result is then obtained by the uniqueness of 2-code. O

The following lemma is important in the proofs of the main theorems. It shows that each point

956037{0 ..... m}CCﬁT{ m,...,2m}

has identical {0,...,m} and {—m, ..., 2m}-codes.

Lemma 2.5 Let0 < 8 < 1/(27 —1). Let m < 7 — 1 be a positive integer. Suppose x € Cy 1+ (_p, . 2m} With
acode (x1,)7°, € {—m,....2m}N. Then x ¢ Cj ; (0, ...m1 if there exists some ), ¢ {0,...,m}.

Proof. At first, let us notice the fact that each pointin Cg - y_p, . .} has a unique {=m,...,m}-code by

Lemmas 2.3 (III) and 2.4. Suppose x € Cj - o,
code, say (y;)22, € {0,...,m}N. Then

,m}- By Lemmas 2. 3 (IM) and 2.4, z has a unique {0, ..., m}-

=Y yf T 1-p)/(r 1) Zazkﬁk L(1—=B)/(r - 1).
k=1

LetZ = {kEN m + 1 < xp < 2m}. Then T # (). Otherwise, x € Cjy » (.

m? and so x has two distinct

{=m,...,m}-codes (z1)32, and (yz )32 ,. Now we have
=Y wS A=)/ =)+ (e —m)BF (1= 8)/(7 - 1)
keTe k kez N 2.2)
=Y o =p)/(r = 1)+ (e —m)BTI (1 - B)/(r = 1).
keze kez
It turns out that z € Cs ; {_, ..} has two distinct {—m, ..., m}-codes since, for k € Z, z, —m € {1,...,m}
and y, —m € {—-m,...,0}. O
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The following lemma is an analog of the previous lemma for the case 5 = 1/(27 — 1). It shows that each
non-endpoint z € Cs - 10....m} C Cp.r {—m.....2m} has identical {0,...,m} and {—m, ..., 2m}-codes.

Lemma 2.6 Let 3 = 1/(27 — 1). Let m < 7 — 1 be a positive integer. Suppose & € C’; 7 {—m
code (z,)%2, € {—m,...,2m}N. We have

(I) if there exists some x), ¢ {0,...,m}andm <7 —1,thenx & Cp 1 10,...m}/

2m) Witha

.....

() if m = 7 — 1 and there exists some x; ¢ {0,...,7 — 1}, then either v ¢ Cp; 10,.. -1} OF
x € Cg.7 40,....r—1} is an endpoint of interval ¢;([0, 1])f0r someie€ {0,1,...,7—1}*

Proof. Part (I) can be proved by the same argument as in Lemma 2.5 since each pointin Cs - (..} has
a unique {—m, ..., m}-code when m < 7 — 1.
In the following we prove part (II). Suppose that 2 € Cj ; 1o, -1} and (yx)32; € {0,...,7 — 1}N is

the unique {0,...,7 — 1}-code of z. It suffices to show that (yk) °L =it —1)or (g2, = — 10 for some
ie {0,...,771}* LetZ={keN:7<uz, <2(r—1)}

Case 1. Z # (. Thenz € Cy ;7 f0,41,,...,+(- 1)} defined by (2.2) has two distinct {0, &1, , ..., £(7—1)}-codes
(51)52 s (tr)52, € {0, £1,,...,+(7 — 1)} where
sp=yr—(r—1) e{-(r—1),...,0} and tx=a,—(r—1)e{l,...,7—1}fork e,
sk=yr €4{0,...,7—=1} and ¢ =z €{0,£1,,...,£(r—1)} for keI

By Lemma 2.3 (II), we have that (51»)1311 = i(r—1)and (t)2, = (1 —7), or (s;)72, = i'(1 —7) and
(tr)5e, =i (7 —1)forsomeie {0,£1,--- £ (7 —1)}*. For a set A we denote by |A] its cardinality.
When (s;)72, =i (7 — 1) and ()2, = '(1 — 7), it must be |Z¢| = oo and |Z| < co. More precisely,
(s

ke —JO(T —1) and (tx)52, =j1(1 —-7), joe{o,1,...,7—1}",
and so
)iz, =i(r =D —1) and (2)7%; =jr(1—7), joe{0,1,....7 —1}"
When (s1,)5%, = i'(1 — 7) and ()5, = i(1 — 1), it must be |Z¢| < oo and |Z| = co. More precisely,
(s1)i2 =J@+ DA —7) and ()72, =ji(r = 1), JGi+1)€{01,...,7 =1},
and so
()2, =j(i+1)0 and (24)52, =ji(2r — 2), ji+1)€{0,1,...,7 —1}"
Case 2. Z = (). In this case, ()7, and (yi )72, are two distinct {0, £1,...,£(7 — 1)}-codes of z. So
(ye)iZy =i(r —1) and (2)i2, =i'(1 1)
forsomei € {0,...,7 — 1}*. O
From Lemma 2.2 it follows that

Cir40,1,r=13 N (Corg0.1,r—13 +1) #0 ifandonlyif ¢ € Cy 0,41, +(r—1)}-
Lemma 2.7 (Cf. [13, Lemma 3.3]) Let 7 > 2 be a positive integer and let 3 € (0,1). Then for each t €

t

where the union is taken over all {0, +1, . .., +(7—1)}-codes t of t, and for an appointed {0, +1, ..., +(1—1)}-
code t = (t,)2°, of t

o T k—1 1—
Comtonr iyl = {ZM con € {01, T =10 ({0, 1,..., 7 — 1} +tk)}.

T
k=1
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Proof. Let (t;)52, bea {0,%1,...,+(7 — 1)}-code of t. Let (x} )72 ; be such that
zp €{0,1,....,7=1}n{({0,1,...,7 — 1} + tx).

Then Y7, @ 3" 1 (1 — B8)/(r = 1) € Cs401,..7—1}- Note that 7, € ({0,1,...,7 — 1} + #;) implies
xp —tp €4{0,1,...,7 — 1}. Thus

Zxkﬁl‘ 'A-p i zy — b)) B 1(1—5)+§:tkﬂk_1(1—5)

T—1 T—1 T—1
k=1 k=1 k=1

€Csrq01,.,7—1) Tt

On the other hand, for any © € Cs - 0.1,....7—1}3 N (Cprq0.1,...r—1} + ) there exist (zz)72,, (Yx)72, €
{0,1,...,7 = 1}N such thatz = > 72 | 8571 (1 — B3)/(r — 1) and

t:ixkﬂkll— Zykﬁ"ll— ixk_ykﬁk 1(1—5)_

T—1 T—1 T—1

k=1 k=1

Then (z), — y)52, € {0,£1,...,£(7 — 1)}Nisa {0,£1,...,+(r — 1)}- code of ¢. Therefore,
Tk = Yk +(£L’k _yk) € {Oalv'“aT_1}m({0717'“77—_1}+1’k _yk)v
leading to v € C3 7 f0.1.....7—1}7 with £ = (21, — yr)52,. O

From Lemmas 2.3 (I) and 2.7 it follows that for 3 € (1/(27 — 1),1) the set Cy; (0.1,....7—1}1
(Cs.7.40,1,....r—1} + t) is very complicated. However, when (3 € (0,1/(27 — 1)] we have the following corollary
by Lemmas 2.3 (IT)(IT) and 2.7.

Corollary 2.8 Let 7 > 2 be a positive integer. If 3 € (0,1/(27 — 1)), then for eacht € Cj + (0. +1,... +(r—1)}
Csr101,..r—13 N (Csrq0.1,....r—1} + 1)

{iw;xke{o,L...,T1}m({o,1,...,71}+tk)},

T—1
k=1

(2.3)

where ()82, € {0,£1,..., (7 — 1)}N is the unique {0, £1,. .., +(1 — 1)}-000’6 of t.

Let 3 = 1/(27 — 1) Ift € Cg.7 (0, 41,...+(r—1)} has a unique {0,%1,... ,£(7 — 1)}-code, then the set
Corq01,..r—1}y N (Csrq01,...7—1} + 1) can be represented as (2.3). Ift € Chr{0,41,..k(-—1)} has two
{0,£1,...,£(r — 1)}-codes, then the set Csr101,..7—13 N (Cor 01,7 =1} T 1) is aﬁmte set containing
more than one point.

Let 3 € (0,1/(2r —1)]andlett € Cy 7 f0,41,... . +(r—1)} have aunique {0, &1,...,£(7 — 1)}-code ()72 ;.
Letn, =min{z:z e {0,1,...,7—1} N ({0,1,...,7 — 1} + )} = max{0, tk}andlet

E = C&?,T,{O,l,.“,?’—l} N (C&?,T,{O,l,...,q’—l} +t anﬂk ! ]- - )/(T - 1)

o = 2.4)

= {Zxkﬂkl(l =)/t =1 {0, .7 = 1IN 3 ()2 X (-1~ |tk)/301}7
k=1

where the second identity is obtained by (2.3). The set E presents better geometric and algebraic properties and
so is dealt with easier than the set Cs ; 10.1,....-—1} N (Cs,7 0,1,...,r—1} + t) does.

Lemma 2.9 Let 7 > 2 be an integer and let f € (0,1/(27 —1)]. Let t € Cy 1 10,41,
{0,£1,...,£(1 — 1)}-code (t;.);2 . Let E be defined by (2.4). Then

(D O0eFand ECCsq01,..r-1}5

D If 332y @k (1=B)/(7=1) € Ethen 3712 yi 8~ (1=0)/(—1) € Eforall (y)7%, = (2k)72,
(i.e., yr. < @y for all k). In particular, h3* =1 (1 — B)/(t —1) € Eforh € {0,...,7 — 1 — |t;|};

+(r—1)} have a unique

.....
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(Ill) When E is generated by an IFS, say { f;(x) = r;x + b;}_,, one can require that all r; > 0,1 <i < N,
and0=b; <by <.--<by;

aAV) If (z)52, € {0,1,...,7 — 1IN is such that Y7 | xS~ (1 — B)/(t — 1) € E, then ()72, =
(T —=1—[te)iZy

Proof. (I) and (II) follows just from (2.4). (III) is just Proposition 2.3 in [2] (also cf. [4]). In fact, E is
centrally symmetric, i.e.,

E=) (r—1-[)8"(1-p)/(r—1) - E.

k=1

Thus, if r; < 0, one can replace f;(x) by f(z) == —riz 41 > oo (T—1—|t:[)B* 1 (1= B)/(r — 1) + b; and

JH(B) = —riBtr Y (r = 1= )87 (1= B)/(r = 1) + b
k=1
=i <Z<T— 1— [te)85 (1= 8)/(r = 1) —E> b
k=1

= rE+b = fi(E).

By (I) we have b; = f;(0) € E C [0, 1]. Finally, if all b; > 0 then 0 ¢ f;(E), implying 0 ¢ E.
(IV) is just a version of Lemma 2.4. O

3 Proof of Theorem 1.2

We begin with a lemma which gives the description of a strong periodic infinite sequence. It still works when
{0,1,...,7 — 1} is replaced with any Q.

Lemma 3.1 Let & = (z,)32, € {0,1,...,7 — 1}N. [f there exists a positive integer q such that Ty, > xy,
forall k € N, then T is strong periodic and q is a period of .

Proof. Put 7, = max{z;43, : k € NU{0}},1 <i <gq.Let

m = max k k; where k; = min{k € NU{0} : zjjpy = Ti }
i<q

Thenz =77 . - Zif m=0,0rZ =21 ...2¢T15mgq .- Lgrmgq if m > 1. Thus, the desired results follow. [

Proof of Theorem 1.2. It suffices to prove that E, given by (1.3) (or (2.4)), is a self-similar set if and only
if (7 —1—[t,)52, €{0,1,...,7 — 1}V is strong periodic.

To prove sufficiency, we restate an alternative representation of a self-similar set. Let D = {d;,ds,...,dy}
be a finite set of real numbers. Let f;(x) = r(z +d;), 1 <i < N, and |r| < 1. Then the self-similar set T'(r, D)
generated by IFS (f;)~, can be represented as

T(r,D) = {der dkeD}

k=1

Since (7 — 1 — [t:)22, € {0,1,...,7 — 1} is strong periodic, it can be written as (7 — 1 — [t;[)2°, =
ii+je{0,1,....,7 — 1}N where i = iyiy...ip,j = jija...Jp € {0,1,...,7 — 1}* for some p € N and
i+j:= (1 +5)62+j2)...(ip +Jp) € {0,1,...,7 — 1}P. Take a finite set of real numbers (recall that ij is
the concatenation of i and j)

2p
= {B"’ S oS 1 =0)/(r=1):{0,1,...,7 =1} 3 (o) = ij} : (3.1)
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We shall show E = T'(37, D). Now arbitrarily fix an z € E with {0,1,...,7 — 1}-code (x} )72 ;. Then for each
k€N, Zppt1Thps2 - - Thptp(= 14 j) can be represented as

LTkp+1Tkp+2 -+ - Thpt+p = (ykp+1 + ka+1)(ykp+2 + ka+2) s (ykpﬂ) + Zk'pﬂ))

where Yy 1Ykp+2 - - - Ykpt+p = iand 2pp1125p42 - - - Zhp+p = j. Hence (note that z1 29 ...z, < i)

N e 2P (yp + 21) 51727 (1= B3)
= [)’p j : "L‘kﬂ _|_/62p
k=1 [ Z

1 T—1
= k=p+1
3p k—1-3
: v+ 21) 8 P(1-p
B S h LT
k=2p+1

_ i xkﬁk’_l_p(l _5) N QZP Zkﬁk_l_p(l —ﬁ>

T—1 T—1
k=1 k=p+1

2p c—1— 3p e
[ S wO A =B) 3 a0 (1 - ) +- €T(", D).

k=p+1 k=2p+1

Thus, E C T'(3?, D). The converse inclusion is left for the readers.
In the following, we prove the necessity. By Lemma 2.9 (III) one can assume that E' is generated by an IFS
{fi(x) =riz + b}, withr; € (0,1) and 0 = by < by < --- < by. We assume

(T—1—=|t)i2y #0 and (7—1—|tg])32, #i(r—1) with i€ {0,1,...,7—1}", (3.2)

since (7 — 1 — |t )52, is strong periodic in this two cases and so the result holds. Take ¢ € N U {0} such that
B1(1—B3)/(r — 1) € E (this g exists since (1 — 1 — [t4])72; # 0). So we have

E> [(B(1=0)/(r=1))=Br(1=5)/(r =1) =) =7 (1-5)/(r - 1),
k=1

xp <7 —1—|tg| Since 0 < r; < 1, we have z;, = 0 for k < ¢ + 1. Thus r; is of the form

for some (74)32, € {0,1,...,7 — 1}N with (z4)2, < (1 — 1 — [t:[)22,. Sory = > o0, appF—171,

r = Z"Eq’,_‘_q_‘_lﬂi = ZO&NBZ where «; = Titq+1 € {0, e, T—1— |t7j+q+1|}. (3.3)
i=1

i=1
Let

0= mkax{T —1—|tg]}-

Sol </ <7-—1. We like to point out that the sequence (ozk),‘:":l is not of the form i/. Otherwise, we have
(1 —1—|tr])52; = j¢. Now for s € N with s > |j| we have

(2 P T

T—1 . T—1
i=1
Note that there exists a positive number e such that

(LA =8)/(r=1), AT A =0)/(r 1)) +e)NE=0

since (v )2%, =1 £. Thus, when k > |j|, k # s is big enough we have

FA=p8)/(r =)+ 1 =0)/(r-1) € E
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and

) I A ) FA=-B)\ | nf - B)
= E.
fl( T—1 * T—1 fl T—1 + T—1 ¢
Therefore, the sequence ()22 | is not of the form i /.
Let apnax = maxy ag. Then ayy, > 1 since 7 > 0. Suppose ay,ax = 1. Fix m such that «,,, = 1. Then for
eachs € N

Al =1=[tDE 1= B)/(r = 1) =D air = 1= [t (1 = B)/(r —1) € E,

i=1

implying 7 — 1 — [t 15| > 7 — 1 — |t5| by Lemma 2.9 (IV). Thus (7 — 1 — |t|)52, is strong periodic by
Lemma 3.1.

We like to point out that if 7 = 2, then oy, = 1 (at this moment ¢ = 1) and so the proof is finished. In the
following, we show that ay, . = 1 must hold even if 7 > 2. Otherwise, 1 < apax < £. We consider an auxiliary
set

E, = {ika—la —B)/(r=1): (z)72, € {0,1,...7z}N} =1({0,1,...,3N).
k=1

Then E C E.
For any p € N, take (z1)}_, € {0,1,...,¢}? with 2, = £. We claim that

i< pra-p) (1-p) (3.4)

T — T—1 T—1

w1 =P/ (T =) +0 ¢ By if

We remark that £3° /(1 — 1) < g?=2(1 —= 3)/(t — 1) — ¢~ 1 (1 — 3) /(7 — 1) holds when 0 < 3 < 1/(27 — 1)
(in fact, only need g7 < 1). Now we verify (3.4), which is done in two cases.

Casel.zy =--- =2, =/
In this case, Y7, ;31 (1= B)/(1 = 1)+ > () since £67 /(1 — 1) = Y22 €651 (1= 3) /(1 = 1).
So (3.4) holds.

Case2.xp_ <landx,_y41 ==z, =Lforsomel <w <p—1.
From the geometric structure of £, we have

(I(z1 ... xp—l), 1@y ... 2p_y—1 (xp—w + 1)0tobe)) N Ep = 0.

However, we have

S ws T (1= B)/(r = 1) +0

> Zmiﬁi_l(l —B)/(r =)+ 067 (= 1) =T(x) ... 7))
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and

p . Ri—1 _

i=1 i=1

S i ) N N ) Ol ) W ')

g aft1-p) =P 1= p)

T—1 T—1 T—1

: T—1 ) T—1 T—1 T—1
i=1 i=p—w+1

_ N mB T A-p) M) BT 8) (- B)

N ; T—1 + T—1 + T—1 a T—1
N @ -p) (- )

= Z T—1 T—1

i=1
= H(x1 e Tp—w—1 (Tp—w + 1)6).

For the above inequality “ < ”, the condition § < 1/(27 — 1) (in fact, only need 87 < 1) is being used, and
more precisely, the inequality “ <7 is strict when w > 1 and the inequality “ <” becomes “ =" when w = 1.

Let v = min{i : o; > 2}. Let s be such that 7 — 1 — |t;| = ¢. Then h3*~*(1 — 3)/(r — 1) € E for
h €{0,...,¢} by Lemma 2.9 (I). Thus by (3.3)

SihB L =B)/(r—1)) = mhfT (1= B)/(r—1)
y—1
= § a;hFTTH 1 = B) /(1 —1) (3.5)
=1

+ > ahf T 1= B)/(r—1) € E.

="y

Let h* € {1,..., ¢} be such that

e i aiﬂsﬂ—l(l _ ﬁ) - gﬁs+~,«—1(1 _ 6) N €ﬁ5+"f

= T—1 T—1 T—1
T o . 3.6)
. S a1 =B) _ et -p) | et

(hil)izv T—1 = T—1 +7'—1

We point out that h* is well-determined. In fact, when h* = ¢ we have

h*iaiﬂﬁifl(liﬂ) B Ezaﬂsﬂrz 1 175)

= T—1 T—1
- gaﬂyﬁe+w l(l—ﬁ)
- T—1
Vi s+v—1 _ s+
S BrTia—-p) et
T—1 T—1

where the assumption o, > 2 is being used. Taking into account that the second inequality in (3.6) is true when
h* =1, we can get a unique h* € {1,..., ¢} to satisfy (3.6). Therefore,

A1 -8)/(r 1)) Z ah BT = )/ (1 = 1) + 6T (1 = B)/ (1~ 1)

PR a1 = )/ — 1) — T (1= By — 1)

i="y
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Let§ = h* Zi a1 = B)/(r—1) =877 (1 — B)/(t — 1). Then 6§ > £3°"7 /(T — 1) by the first

inequality in (3. 6) On the other hand, by the second inequality in (3.6) we have

6 < 3w =0)/(r =) +E (= 1)

3 (r = 1) 455 /(= 1)
FHR1= B/ (7 — 1) — 45 (1= B)/(r - ),

where the condition 0 < 3 < 1/(27 — 1) is being used for the last inequality, and the second inequality “ < ” is
obtained since (cy; )72, is not of the form i ¢. Thus (recall o; = 0 or 1 fori < )

h* s—1 1— -1 Zh* s+i—1 1— Vi s+y—1 1—
f (W)ZZa ﬁpl( g) 8 Tﬁ<1 8) \5¢ B E)

IN A

by (3.4), contradicting (3.5). O

From the “if part” proof of Theorem 1.2 it follows thatif (1 —1—|¢ )2, =ii+j € {0,1,...,7—1}N where
i=ivia...0p,j=d1j2...Jp €{0,1,...,7 =1} forsomep € Nandi+j:= (i1 +j1)(ia+j2)...(ip +7p) €
{0,1,...,7 — 1}, then E can be generated by the IFS {f;(x) = B (x + d;) : d € D} where D is determined
by (3.1). More precisely,

= U - @rE+10), (3.7)
{0,..., 7 —1}2r 5k <ij

When 7 =2, (1 — 1 — [t)52, = (1 — |[tx)2, = ii +j € {0,1}N which implies that either i), or jj is O for
each 1 < k < p. Therefore, from the following theorem it follows that the right side of (3.7) is a disjoint union,
and so the resulting IFS satisfies the SSC (this can be also verified directly). Thus

log#D _ S (i + ji) log 2
—plog 8 —plog 8

dimy Cj9.70,13 N (Caa,40,13 +1) = dimy E =

However, it is not this situation for 7 > 3.

Theorem 3.2 Let 7 > 2 be an integer and let 3 € (0 1/(27 — 1)]. Let t has a unique code (t;)72; €
{0,£1,...,£(r — 1)}. Suppose that (1 — 1 — |t )32, = ii+j € {0,1,...,7 — 1} where i = iyis...ip,
i=nJde...dp €{0,1,...,7 —1}? for some p € N. Then
log [Ty (i + jix +1)

—plog 3 '
In addition, the right side of (3.7) is a disjoint union if and only if either i), or ji is 0 for each 1 < k < p.

dimpg Cs.7 00,1,..r—13 N (Cargo1,...r—1} +1) = dimyg E = (3.8)

Proof. Foragivenk = ki ... k,k,41...ksp = ij we have

2p
BE+IKD) = Bra+ > kF ' (1-8)/(r-1):z€E

P 2p
= ZkJﬁJ f(1-p )/(r—1)+4z (kj +2j-,)F (1= B)/(r = 1)

+ ) @ BT -B) (=) () 2 (=1 [t]), =i+

Jj>2p
Thus each point of 37 E + II(k0) has a unique {0, 1, ..., 7 — 1}-code of the form

ki ky(kppr+a1) ... (kop +2p)Tpr12pya ... forsome (zg)p2; = (7—1—|tx])2, =il +].
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Take distinct k = ki ... kpkpy1 .. kop S ijand k™ = ki ... kjky .. kS, 2 4j. I ky .. Ky # k. Ky,
then (87 E + T1(k0)) N (87 E + I1(k*0)) = 0 follows directly from above arguments. If k1 ...k, = ki ...k},
we have k., # k;;jJru for some 1 < u < p. This forces j, > 1.

When either i, or j; is 0 for each 1 < k < p, we have i, = 0 (i.e., 7 — 1 — [t,| = 0) and s0 k4y + Ty #
ko forany ()72, (2f) o, = (T—1—|tx]),_, =il +]. Then (3" E+I1(k0)) N (3* E+11(k*0)) = 0
follows from above arguments. This proves the sufficiency.

On the other hand, suppose both ¢, and j, are not zero for some 1 < u < p.Takek = ki ... kprw—1Jukptut1

. .ka j lJ, k* = kl . 'kp+ufl(ju - 1)kp+u+l NN kgp j ij, r = X1.. ..’Eu7101'“+1 ce j ii +J and
¥ = @ ...xy_1lwyy oo+ <X ii+j. Then @PII(z) + II(k0) = pPII(z*) + II(k*0), leading to
(ﬂpE + H(k(_))) N (ﬂpE + H(k*(_))) #0.

Finally, if either i3, or j; is 0 for each 1 < k£ < p we have

zw

#{k € {0,137 : k =ij} = [ [ i +jr + 1),

ES
Il

1

and so (3.8) holds by (3.7). Otherwise, denote 0 :=0...0 € {0,...,7 — 1}” and set

F= {Zxkﬁkl(l —B)/(t=1):{0,...7 = 1}N > (z)52, < 0i+j} .
k=1
Like in (3.7), we have
F= U (6" F +11(k0)).
{0,...,7—1}2r 5k <0(i+j)

By the same argument as above,

log [Ty, (ix + i + 1)

dimg F =
" —plog 8

Thus, (3.8) holds since F is a finite union of translations of F'. ]

In fact, we have dimy F = dimp E and the formula (3.8) can be obtained directly from a dimension formula
for the generalized Moran sets (cf. [12, 13]).

4 Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. For simplicity, we denote (£;)72, := (7 — 1 — [t |)72,. We
assume (£;,)7; is strong p-periodic and (¢; )72, # 0. Then it can be written as

()72, =ii+) where i=(6)0_, and j= (G — ).

Let { := maxy, £, = max;{T — 1 — |t;|}. For an 2 € E with code (z1)7° , let L(x) = sup{k : z;, > 1} with
the convention £(0) = 0. £(z) may be infinite.

Let E be generated by an IFS {f;(x) = r;z +b; })¥., withr; € (0, 1). We first show that r; = 3% with¢; € N
and L(b;) < oo for all 4, i.e., each b; is finitely represented. These are done in the following Lemmas 4.1-4.5. In
the following, we assume that all conditions in Theorem 1.3 are satisfied.

Lemma 4.1 If E is generated by an IFS {f;(x) = r;z + b}, withr; € (0,1), then there exists a ¢ € N
such that

r=6,0"+ > &6,

k>q;
where &, € {1,..., 0} and &, € {0,%1,..., L} for k > g;.
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Proof. Since b; = f;(0) € E, we use (bi)72, = (£x)52, to denote the unique {0, 1,...7 — 1}-code of b;.
Note that foreachz € E, fi(z) = riz+b; =riz+Y o, mﬁk '1-8)/(r—1) € E. Taketsuch that ¢, > 0.
Then

g 1—-p8)\  mpTH1 - ) bir 8" 11— yp B (1 - B)
f,;( ) +Z ; — @.1)

T—1 T—1 T—1
k=1

where (y;)?°, € {0,1,...,7 — 1}N. Taking into account r; € (0, 1), this gives

ri= > (e —bi)B =) 6B where & = yiik — biggn) € {0, 1, )
k=t+1 k=1

More precisely, there exists a ¢; € N such that

ri =&, BY + Z &.8° where &, € {1,... by}, & €{0,+1,... 40} for k > g;.

k>q;
The &;, > 01is derived from the facts that r; > 0 and
ﬂq, +1
Z T e
k>q;

Thus the desired result is proved. O

Corollary 4.2 The sequence (& )1>q, defined above cannot be of the form u(t — 1). The sequence (&) i>q
defined above cannot be of the form u(1 — 1), equivalently, (b;;)7>, € {0,1,...,7— 1}N cannot be of the form

v(t —1)

Proof. Note that (& )r>, = u(r — 1) implies that (y; )3, = v(r — 1) € {0,1,...,7 — 1}N. Then

fz- (ﬁt‘l(l — )

T—1

) =6

is the right endpoint of the interval ¢y ([0, 1]). Take a positive integer n > ¢ such that 8" ~1(1 - g8)/(t — 1) € E.
Then 31 (1 - B3)/(r = 1)+ 3" "1 (1 - B)/(r — 1) € E, but

t—1 _ n—1 _ n—1 _
fz-(ﬂ -5 7 (1-6 rip" (1 -p)

T—1

FE
T—1 T—1 ¢

) =neG D)+
when n is big enough.

If (biy)72, = v(r—1), then b; is the right endpoint of the interval ¢, ([0,1]). By (4.1) this leads to
(8711 —pB)/7 — 1)) ¢ E when t with £, > 0 is big enough. O

Lemma 4.3 Using the notation of Lemma 4.1 we have £, = 1 and §, € {—1,0,1} for k > g;.

Proof. When 7 = 2, we have £ = 1 so that the result is true by Lemma 4.1. However, we need lots of effort
when 7 > 3.
Recall that b; is represented as

b= b 1= B)/(r—1), 0<by <l

k=1
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Take p < s < 2p such that /; = £. Thus u3* (1 — 3) /(1 — 1) € E for each 1 < u < {. Note that

i s—1 1— o0 s—1 1—
) (g $ ) 202
k>q;
B é‘ ﬂqﬁra 11_ gkﬂkJré 11—ﬁ)
B T—1 Z T—1 '
k>q;
Thus
FA=-6)\ GO -8) &~ ba (- B)
/i ( T—1 ) N Z T—1 +Z T—1
k=q; k=1
bikﬁkil(l_ﬂ) = (gk +bi(k:+s))ﬂk+371(lfﬂ)
— A S A e k.
Note & +bi(k+s) S {07:|:1,,...,:EE,@-FL...,Q@}.

Case 1. # < 1/(27 — 1). In this case, from Lemma 2.5 it follows & + b;(;+s) € {0,1,...,¢} and more
precisely, & + bi(r+s) € {0,1,.. ., lry s}

Case 2. 3 = 1/(27 — 1). By Lemma 2.6 if one can show that ({, + b;(j,4s) )k >4, is not of the form j(1 — 7) or
J(27 —2), then & + b4+ ) € {0,1,..., €}

Suppose that (&, +0;(r+s))k>q, = J(1 — 7). Then (& )x>4, = u(l — 7), contradicting Corollary 4.2. Suppose
that (§x + i +s) )k>q, = J(27 — 2). Then (& )r>¢, = u(7 — 1), contradicting Corollary 4.2.

Summarizing above cases 1 and 2, we have & + b;(;+5) € {0,1,...,4 s} By induction, we have for
1<u</?
fi uB (1 - 0) _ Z b3 (1 - B)
' T—1 T—1
k<qi+s

e k.

. Z ((u = 1)& + bi(hrs) + &) BF71(1 = B)

T—1
k=qi

The same argument as above shows that
up + bihgs) €1{0,1,.. . by s} for we{l,... 0}

Taking into account &, > 1, we have {,, = 1. And §;, € {—1,0,1} for k > ¢;. In addition, for k > ¢; if
&, = 1 then {34, = £. In particular, £y, ; = £. O

Lemma 4.4 Using the notation of Lemma 4.1 we have &, = 0 for k > q;.

Proof. Suppose that the statement it is not true. Let

ro= 01+ &8+ Y &t

k>q

where ¢ > ¢; and §, € {—1,1}. Let s be the positive integer taken in the proof of previous lemma. Then by the
assertion at the end of the proof of Lemma 4.3 we have ¢,,  ; = £, ; = £. This shows that

uf TSN —B)  wprt (1 - )
+
T—1 T—1

e E for wu,ve{0,1,...,¢}.
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By the argument shown in the previous lemma, we have for each u € {0, 1, ..., ¢}
uﬁqﬁ‘s—l(l_ﬁ) U6QL+S_1(1 _ﬁ) q q k
i = : ‘ b;
f( — — B+ &8+ &8 | +
k>q
+bi(g, +qus))BETITITHA — AR —
— (u§q (qi +q+ ))ﬂ ( ﬂ) + Z xkﬂ ( /8) cE,
T—1 T—1
k#qi+q+s
and
Ué‘q + bi(q,+q+5‘)7$k 6 {O7 ].7 e 76}.
More precisely,
¢ if & = -1,
bi(q,+q+s) = {0 if gz -1 4.2)

Note that for v € {0,1,...,¢}

U0 (o s+ 3

T—1 i
_ vﬂQf“!’quS*l(l _5) N Z ykﬂk’l(l _ ﬂ)
T—1 T—1 ’

k#qi+q+s

where y, € {0,%1,...,£(r — 1)}. Therefore, for u,v € {0,1,...,¢}
(D) o)

! T—1 T—1

_ (0 0t b)) s ()0 5),

T—1 T—1
k#qi+q+s

The same argument shown in Lemma 4.3 gives u&; + v + bj(g, y4+5) € {0,1,...,¢} foru,v € {0,1,... ¢}
However, this is impossible by (4.2). O

Lemma 4.5 Using the notation of Lemma 4.1 we have L(b;) < oo.

Proof. Asbefore, we write b; = > "1 | by, ¥ 71 (1= 3) /(7 — 1) where (b;;)32, € {0,1,...,7—1}N. Then
(bir )72, can not be of the form v(7 — 1) by Corollary 4.2.

Let {di,dy,....dn} ={1 <k <p:ly, > 1} C{1,...,p} where we assume that d; < dy < --- < d,.
Then (recall we have assumed (¢;)72 , is a strong p-periodic)

la,+p =La, +np forall we{l,2,...,m},neN.

Thus

SN

P <5d" (- 5)) _ (L +byra,+p)BU TP - B) _ bix B (1 — )

! T—1 T—1 T—1
k#qi+dy, +p

By Lemmas 2.5, 2.6 and Lemma 2.4 we know 1 + by, 44, +p € {1,..., 44 +a, +p } and so

g+d,+pe{dy+np:ve{l,....m} and neN} forall we{l,...,m}.
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Therefore,

g€ ({do—du+np:ve{l,...,m} and neNU{0}}. (4.3)

u=1

Let
R={9e€{0,...,p—1}: forany d;, there exists d; such that ¥ + d; = d; (mod p) }. 4.4)

Clearly 0 € R and R may contain other members other than 0, e.g., 8 = {0,2} when {d;,d>} = {2,4} and
p = 4. Fix an ¥ € R. It is easy to see that for each d;, there exists a unique d; satisfying ¥ + d; = d; (mod p).
This implies that

{V+d;:1<i<m}(modp)={d;:1<i<m}. (4.5)

By (4.3) and (4.4) we can write ¢; = ¥* + k*p for some ¥* € R, k* € NU{0}. Let T : {dy,...,dn} —
{d1,...,dn} by letting 7 (d;+) = d; if dj» +9* = d; (mod p). 7 is a bijection by (4.5). We claim that b;; = 0
when s > (k* + 2)p.

Let s > (k*+2)p be such that £, > 0. Then s can be written as s = d; +np with n > k* 4 2. In the following,
we prove b;; = 0.

Let dj- € {dl,.. ,dm} be such that 7(dj«) = d;. Then dj- + ¥* = d; or d; + p. We take
r =Ly, *ﬂﬁd 0= - B) /(1 — 1) if dj- + 9 = dj, or x = Ed wpp Bt = F-1)p- 1(1 B)/(r—1)
if dj- + o =d; +p. Thenx € E and

f7($):T1I+b7 — 619 +k* px+z 7hﬁ 71 1—6)

T—1

Z bin 3"~ (1 - B) + (gdj*ﬂ? + bi(dj +7/1)))ﬂdj+ﬂp71(1 -B)

T—1 T—1

€k,
h#d;+np

implying £g, . +p + bi(a, 1 4p) € {0, L... A, H,p} by Lemmas 2.4, 2.5 and 2.6 i.e.

Edj*er + by = €dj*+p + bi,(T(d_,»*)-&-np) S {0, 1,... agT(dJ*)-&-np}'

So Ed w+p < fT Dtnp = Ed p- Equlvalently, fd +p > lr- (d;)+p- Thus, Zd +p > - L(d;)+p > e 2>
b1k (d,)4p for any k € N. However, there exists a 1 < k < p such that 7~ (d ) = d Therefore,
Ed_,*-&-p = éT(d‘,*)Jrnp and so b;; = bi(T(dj*)+7;p) =0. O

Proof of Theorem 1.3. As above, by ({;)72, we denote the sequence (7 — 1 — [tz|)72,. Let
()2, =ii+je {0,1,...,7 — 1}N withi,j € {0,1,...,7 — 1}? for some p € N.

Fix ani € {1,...,N}. Then £(b;) < oo by Lemma 4.5. Let n € N be such that np > L£(b;). Thus,
0"PE C E. Note that

Ji(B"PE) =b; +r;(B""E) C f;(E) C E.

We have r; (8" E) C E since y < "7 < g0 < pge®)=1(1 — 8) /(1 — 1) for each y € 7; ("7 E).

In addition, r;(8"?E) C E means that for each m € N, we have 3"Pr;£,f" (1 — B)/(t — 1) =
by, Bt ta=1(1 — B)/(r — 1) € E which implies €, 1npiq > €m. Thus np + ¢; is a period of i+ j by
Lemma 3.1. Let py be the smallest period of i+ j. Then py|p and so py|(np + ¢;), leading to po|g;, i.e., g; is a
period of (¢;)52 .

Letm > p+ q;. Taking = £, _,, "~ %=1 (1 — 8) /(1 — 1), we have

Fi(@) = by B" (1= B)/(r — 1)+ b; € E.

As before, the sequence (b;x )52 = (¢x)7, denotes the unique {0, 1,...7 — 1}-code of b;. By Lemmas 2.5, 2.6
and 2.9 (IV), 4,y,—q, + bim = iy + by, < £, Which implies b;,,, = 0 forall m > p + ¢;. O
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