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1. Introduction
1.1. Spectral measures and infinite convolutions

In 1974, Fuglede [21] studied the existence of commuting self-adjoint partial differen-
tial operators and proposed the well-known spectral set conjecture.

Spectral Set Conjecture: Let I' C R? be a measurable set with positive finite Lebesque
measure. Then there exists a set A C R? such that {ex(z) = €™ : X\ € A} forms
an orthogonal basis for L*(T'), if and only if T tiles RY by translations.

The spectral set conjecture connects the analysis and geometry on a set. It remains open
until Tao [44] gave the first counterexample in higher dimensions d > 5 in 2004. Later,
some counterexamples in lower dimensions were also constructed [15,16,28,29,39]. The
conjecture is still open in dimensions d = 1 and d = 2. Recently, Nev and Matolcsi [31]
showed that the spectral set conjecture holds in all dimensions for general convex bodies
(that is, a compact convex set with non-empty interior).

A Borel probability measure p on R? is called a spectral measure if there exists a set
A € R? such that the family of exponential functions

E(A) = {ex(z) = ™" : X € A}

forms an orthonormal basis for L?(u1), where the set A is called a spectrum of u. Note
that E(A) is an orthonormal basis for L?(u) if and only if

o orthogonality: for all A £ X € A,

(exnex)zagn = [ O duta) = AN - 3) =0,
R4

where [i(€) is the Fourier transform of y;
« completeness: if f € L?(u), and (f, ex)r2(u) = 0 for all X € A, then f =0 p-a.e.

In the context of classical Fourier analysis, the Lebesgue measure on the unit hypercube
[0,1]¢ is a spectral measure with a spectrum Z¢. The support of a spectral measure
typically exhibits a strong geometric structure, which is generally uncommon in nature.

In 1998, Jorgensen and Pedersen [25] discovered that the self-similar measure ji4 10,2
satisfying the equation

p() = guld-) + Suld - -2)

is a spectral measure with a spectrum
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A= U {0 +4b+- - +4"7 1, 0y, b, 0, € {0,1}}, (1.1)

n=1

but the standard middle-third Cantor measure is not. We refer readers to [26] on self-
similar sets and measures. Note that the self-similar measure 14, (0,2} is mutually singular
with respect to Lebesgue measure. From then on, singularly continuous spectral measures
have entered into the realm of fractal geometry and have been extensively explored
[2-5,7-9,11,13,17,18,20,22,30,32,33,35-38,42].

Many surprising phenomena appear in singularly continuous spectral measures. Be-
sides the set A defined in (1.1), the sets 5A, 7A, 11A, 13A, 17A, ... are all spectra of ji4 10,23
[13]. The scaling property was first found in [30] and is common to many singularly con-
tinuous spectral measures [1,9,17,22]. When the spectrum exists, we could investigate
the convergence of Fourier series of functions

Z (frex) 2 ex(x).

AEA

However, the convergence of the mock Fourier series may be very different for distinct
spectra of singularly continuous spectral measures [10,19,40,43]. For the spectral mea-
sure {4 (0,2}, Strichartz [43] proved that the mock Fourier series of continuous functions
converges uniformly with respect to the spectrum A, but associated with the spectrum
17A, Dutkey, Han and Sun [10] showed that there exists a continuous function such that
its mock Fourier series is divergent at 0. In addition, it was showed that for a class of
Moran spectral measures, the Beurling dimension of spectra has the intermediate value
property [33]. All of these findings suggest that spectra of singularly continuous spectral
measures are more intricate than those of absolutely continuous spectral measures. This
motivates us to find or construct more singularly continuous spectral measures.

It has been proved that a compact supported spectral measure must be of pure type,
that is, it is either discrete, or singularly continuous, or absolutely continuous [23]. For
absolutely continuous spectral measures, the density function must be constant on its
support [12], and thus this case is reduced to the original spectral set conjecture. For
discrete spectral measures, we introduce the concept of admissible pair, which is also
used in convolution to construct singularly continuous spectral measures.

Our focus is on the real line. For a finite subset A C R, we define the discrete measure

1
5A:ﬂzéaa

acA

where # denotes the cardinality of a set and J, denotes the Dirac measure concentrated
on the point a. Given an integer N with |[N| > 2 and a finite subset B C Z with #B > 2,
we say that (N, B) is an admissible pair if the discrete measure 0 -1 admits a spectrum
L C Z, that is, the matrix
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L, )
e TN (1.2)
<\/#B beB LEL

is unitary. To emphasize the set L, (N, B, L) is also called a Hadamard triple. If there
are finitely many admissible pairs {(N, Bi)}}'_,, then the convolution

,LLn = 5Nl_lBl * 5(N1N2)_132 E I 3 6(N1N2~~Nn)_an

is a spectral measure with a spectrum
Ap=1L1+ NiLy+ Ny NoL3+---+ N1Na---Np_1Lp,

where L, C Z is a spectrum of 5N,lek for all 1 < k < n. A natural question comes to
mind.

Question: Given a sequence of admissible pair {(Ny, Bk)}%2,, under what condition
is the infinite convolution

n= 6Nlel * 6(N1N2)*1Bg H ek 5(N1N2'“Nk)’1Bk Koo (1.3)

a spectral measure?

The infinite convolution generated by a sequence of admissible pairs was first raised by
Strichartz [42] to construct more spectral measures. If the infinite convolution defined
in (1.3) exists, then it must be of pure type [24, Theorem 35], and in most cases it
is singularly continuous. The admissible pair assumption implies the existence of an
infinite mutually orthogonal set of exponential functions, but it is difficult to show the
completeness. When (Ny, By) = (N, B) for all k¥ > 1, the infinite convolution is reduced
to self-similar measure

UNB =O0N-1p*On—2p% -k On-kp* .

Laba and Wang [30] showed that if (/V, B) is an admissible pair, then the self-similar
measure py, g is a spectral measure, and Dutkay, Haussermann and Lai [11] generalized
it to self-affine measures in higher dimensions.

However, the admissible pair assumption alone is not enough to guarantee that the
corresponding infinite convolution is a spectral measure (see Example 4.3 in [3]), even
if the sequence of admissible pairs is chosen from a finite set of admissible pairs (see
Example 1.8 in [14]). Nevertheless, it is widely believed that negative examples are very
rare. An, Fu and Lai [2] introduced the concept of equi-positivity, and used the integral
periodic zero set to define an admissible family, both of which have been extensively
employed in analyzing the spectrality of infinite convolutions [34-36,38].

In the paper, we first simply the admissible family condition for spectrality of infinite
convolutions (see Theorem 1.1). Then we focus on the integral periodic zero set. For
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general Borel probability measures, we use the structure of support to characterize the
integral periodic zero set (see Theorem 1.2). For infinite convolutions generated by ad-
missible pairs, we generalize the argument for self-similar measures (see Theorem 1.3 and
the proof). The analysis becomes more complicated due to the absence of self-similarity.
Next, the above results are applied to the random convolution generated by finitely many
admissible pairs. We show that almost all random convolutions are spectral measures
(see Theorem 1.5), which primarily relies on the ergodic property of symbolic space and
Theorem 1.3. This means that the non-spectral random convolution is null in the sense
of measure. Finally, we study a special random convolution generated by two admissible
pairs by analyzing the support of measures (see Theorem 1.6).

1.2. Main results

We always assume that the infinite convolution p defined in (1.3) exists as a Borel
probability measure in weak limit sense, see [36] for the sufficient and necessary condition
of weak convergence of infinite convolutions. The infinite convolution p may be rewritten
as [t = [y * [b>p, Where

fin = 0N ip, % O(NyNo)=1By %+ ¥ O(N, Ny-woN, ) =1 B

and

H>n = 6(N1N2"'Nn+1)_1Bn+1 * 6(N1N2"‘Nn+2)_13n+2 *

Then for n > 1, we define

vl )=t (e ) (1.49)

that is,

V>n = 6N;i1B,L+1 * 6(Nn+1Nn+2)_1Bn+2 oo

We write P(R) for the set of all Borel probability measures on R. For v € P(R), we
write

Zw)={¢eR: v(+k)=0forall k€ Z} (1.5)

for the integral periodic zero set of Fourier transform of v. Using the integral periodic
zero set, An, Fu and Lai [2] defined the admissible family to analysis the spectrality.
Here, we simply the admissible family condition.

Theorem 1.1. Given a sequence of admissible pair {(Ny, B)}32,, suppose that the infi-
nite convolution p defined by (1.3) exists, and the sequence {vsy} is defined by (1.4). If
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there exists a subsequence {vsn,} which converges weakly to v, and Z(v) =0, then p is
a spectral measure with a spectrum in Z..

The integral periodic zero set plays an crucial role in determining the spectrality of
infinite convolutions. It has been showed in [2] that if v € P(R) with spt(v) C [0, 1],
then Z(v) = 0 if and only if v = %50 + %51. It was also pointed out that for the Borel
probability measure outside [0, 1], the integral periodic zero set cannot be easily analyzed.
We use the structure of support to characterize the integral periodic zero set.

Theorem 1.2. Let v € P(R). If there exists a Borel subset E C R such that v(E) > 0,
and

v(E+k)=0
for all k € Z\ {0}, then we have that Z(v) = 0.

For infinite convolutions generated by a sequence of admissible pairs, we generalize
the argument for self-similar measures in [11, Theorem 5.4]. The analysis becomes more
complicated due to the absence of self-similarity. For a finite subset B C Z, we set

M) = L5 o

beB

For a function f: R — C, we denote the zero set of f by

O(f) ={z eR: f(z) =0}.

A set A C R is called discrete if the set A has no accumulation points, that is, for A > 0
the set [—h, h] N A is finite.

Theorem 1.3. Let {(Ny, Br) 132, be a sequence of admissible pairs. The infinite convolu-
tion u and the sequence {vs,} are defined by (1.3) and (1.4). Suppose that

(i) there exists a weak convergent subsequence {Vsn,};

(ii) the set

NO(Mp,)

(@

™~
Il
—

is discrete;
(iii) for each k > 1,

ng (B] —Bj) =1.

T Ce
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Then we have that Z(p) = 0.

Note that the set O(Mp) is discrete for every finite subset B C Z because Mp(§) is
extendable to an entire function on the complex plane. If the sequence of admissible pairs
{(Ng, Bi)} 4=, is chosen from a finite set of admissible pairs, then it is clear that the
conditions (i) and (ii) in Theorem 1.3 hold. We immediately have the following corollary.

Corollary 1.4. Suppose that the sequence of admissible pairs {(Ng, By)}32, is chosen
from a finite set of admissible pairs. If for each k > 1,

ged | [ J(B;-B)) | =1,
=k

then we have that Z(u) = 0.

Next we apply the above results to random convolutions. Let {(N;, B;)}72; be finitely
many admissible pairs. Let Q = {1,2,...,m}N be the symbolic space over the alphabet
{1,2,...,m}. For w = (w)72; € Q, we define the random convolution

Hew = 6N5113w1 * §(NW1NW2)_1BW2 ok 6(NW1NW2"'NWk)_1BWk e

More generally, given a sequence of positive integers {n;}, for w = (wi)52, € Q, we
define the infinite convolution

_ * 0

Mo fmiy = Onzmp,, w0

koo e

—nq Ar—no * —n —n —ny,
Ny Nug B,y No{ "' Noy 2~~-ka kB“’k

Note that {(NJ¥, B, )}32, is a sequence of admissible pairs. If nj, = 1 for all k£ > 1, then
we have that fi, 1,3} = piw. However, if the sequence {n;} is unbounded, the infinite
convolution fi, fy,} is not generated by finitely many admissible pairs.

The random convolution was first studied by Strichartz in [42], where he constructed
the spectrum under a specific uniform separation condition. But in general, this condition
is challenging to verify. If finitely many admissible pairs {(V, B;)}}jL, satisfy that the
set L C Z is a common spectrum for all discrete measures dy-1p,,1 < j < m, then
An, He and Lau [5] could construct the spectrum under the condition that L + L C
{0,1,..., N — 1}, and Dutkay and Lai [14] showed that almost all random convolutions
admit a common spectrum. The authors [35] showed that if ged(B; — B;) = 1 for all
1 < j <m, then all infinite convolutions j, (,,} are spectral measures. Considering the
Bernoulli measure on symbolic space, we prove that almost all random convolutions are
spectral measures.

Theorem 1.5. Given finitely many admissible pairs {(N;, Bj)};.nzl and a sequence of pos-
itive integers {ny}, for every Bernoulli measure P on Q, the infinite convolution ji, (n,}
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is a spectral measure for P-a.e. w € Q. In particular, the random convolution p,, is a
spectral measure for P-a.e. w € Q.

Generally, it is difficult to improve the “almost all” answer to a deterministic an-
swer. For the following special case, we give a complete characterization of spectrality of

random convolutions.

Theorem 1.6. Given an integer t > 1 and two coprime integers N,p > 2, let
Q={1,2\N, Ny =N, =tN, B, ={0,1,...,N—1}, Bo=p-{0,1,...,N —1}.
(i) If t = 1, then for w € Q, the infinite convolution u,, is a spectral measure if and
only if w = 2°° or the symbol “1” occurs infinitely many times in w.

(ii) If t > 2, then for all w € Q, the infinite convolution i, is a spectral measure.

The rest of paper is organized as follows. In Section 2, we introduce some definitions
and some known results. In Section 3, we give the proof of Theorem 1.1. In Section 4,
we investigate the integral periodic zero set of Fourier transform and prove Theorem 1.2
and 1.3. The proofs of Theorem 1.5 and 1.6 are given in Section 5 and 6, respectively.
Finally, we give some examples of spectral measures in Section 7.

2. Definitions and preliminaries

We first introduce the symbolic space. The symbolic space Q = {1,2,...,m}N,
equipped with a metric

p(W; 77) =92~ min{k>1:w,#nk }

for w = (W), n = (Me)72, € 1, is a compact metric space. For a sequence {w(j)} in
), we have that w(j) converges to n in €2 if and only if for & > 1 there exists jo > 1 such
that for all j > jo,

w1 (f)wz(f) - we(f) = mnz - M-
For iq1,d2,...,in € {1,2,...,m}, we define the n-level cylinder
[i1dg - in) = {(wi)je) € Q:wj =14; for j =1,2,...,n}.
Given a probability vector (p1,p2,...,pm), we define a probability measure P on € by

P([ivia - in]) = DiyDis - - Pin,
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for all iy,i9,...,i, € {1,2,...,m}. The probability measure P is called the Bernoulli
measure associated with the probability vector (pi1,pa,...,pm). A probability vector
(p1,D2; - - -, Pm) is called positive if p; > 0 for all 1 < j < m.

For p € P(R), the Fourier transform of u is given by

() = [ 2 duta), ¢ e

R

It is easy to verify that fi(§) is uniformly continuous on R and fi(0) = 1.
For u € P(R), the support of u is defined to be the smallest closed subset with full
measure, i.e.,

spt(p) =R\ U {U CR:U is open, and u(U) = 0}.

Let w, 1, o, - .. € P(R). We say that u,, converges weakly to p if

n—oo

R

lim ﬂmmmm=/ﬂmwu>
R

for all f € Cy(R), where Cp(R) is the set of all bounded continuous functions on R. The
weak convergence can be characterized by Fourier transform, see section 1.6 in [6] for
details.

Theorem 2.1. Let p, ji1, fia,... € P(R). Then p, converges weakly to p if and only if
lim f,(&) = p(§) for every & € R. Moreover, if u, converges weakly to p, then for
n—oo

h > 0 we have that [i,,(§) converges to (&) uniformly for & € [—h, h].

For p,v € P(R), the convolution u * v is given by
prv(B) = [ (B~ o) duto) = [ (B~ y) avly),
R R

for every Borel subset B C R. Equivalently, the convolution p * v is the unique Borel
probability measure satisfying

/f@MM*M@=(/fu+wduXW%w,
R

RxR

for all f € Cy(R). It is easy to check that

i v(8) = A(E)(&).-

The following criterion is frequently employed to verify the spectrality of measures [25,
35].
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Theorem 2.2. Let u € P(R) and let A C R be a countable subset. Define

Q) =D A+ N>

AEA

Then the set A is a spectrum of p if and only if Q(§) =1 for all £ € R.

The spectrality of measures is invariant under linear transformations. For a,b € R
with a # 0, we define T, : R = R by

Top(x) = ax +0b. (2.1)

Lemma 2.3. If u € P(R) is a spectral measure with a spectrum A, then the measure
1o T;bl is a spectral measure with a spectrum A/a for a,b € R with a # 0.

Proof. Write v = po T, L and A’ = A/a. Obviously, we have that

(&) = e P fi(ag).

Since A is a spectrum of u, by Theorem 2.2, we have that

Q) =Y P+

AEN

= 3 e M N fifag + aN)
AeN’

= 3 liitag + aN)?

AEN’

= 3" [fag + NP

AEA

=1.
It follows from Theorem 2.2 that A’ is a spectrum of v. O

In the end, we list some simple properties of admissible pairs, which are needed in our
proofs.

Lemma 2.4. Suppose that (N, B) is an admissible pair, and L C Z is a spectrum of the
discrete measure dn-1p.

(i) The elements in L are distinct module N.

(ii) ]ff = L (mod N), then L is also a spectrum of dy-1p.
(iii) For b€ Z, (N,B —b) is an admissible pair.
(iv) If d | ged(B), then (N, 2 B) is an admissible pair.
(v) Fort € Z with t #0, (tN, B) is an admissible pair
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Proof. (i) It follows from the fact that the matrix in (1.2) is unitary.
(ii) Since L = L (mod N), we have that the matrix

( 1 2m‘“’> ( 1 2m‘b‘3>
—e N = ——¢ N
V#DB beB,lcL V#B beEB,(EL

is unitary. It follows that L is also a spectrum of dy-15.
Note that

ON-1(B—b) =ON-1B© T]:ib/]\]v OnN-1(1p) =ON-1B© Tl_/il,O’ dtN)-1B = ON-1B O Tl_/;(y

(iii), (iv) and (v) follow immediately from Lemma 2.3. O

3. Spectrality of infinite convolutions

f3

The equi-positivity was first raised by An, Fu and Lai [2] to study the spectrality of
infinite convolutions, and the authors [35] generalized it into the following form.

Definition 3.1. We call ® C P(R) an equi-positive family if there exists ¢ > 0 and v > 0
such that for « € [0,1) and p € ® there exists an integer k, , € Z such that

(@ +y+ ke )l 2 €,
for all |y| < ~, where k; , = 0 for 2 = 0.

The following theorem is very useful to study the spectrality of infinite convolutions,
see [35] for the proof. It was proved in [2] under the no-overlap condition.

Theorem 3.2. Given a sequence of admissible pairs {(Ng, Bx)}72,, suppose that the in-
finite convolution u defined by (1.3) exists, and the sequence {vs,} is defined by (1.4).
If there exists a subsequence {vsy,} which is an equi-positive family, then p is a spectral
measure with a spectrum in 7.

Proof of Theorem 1.1. By Theorem 3.2, it suffices to show that there exists jo > 1 such
that the family {v~n,}32; is equi-positive.

Since Z(v) = 0, for each x € [0, 1], there exists k, € Z such that U(x + k;) # 0. Since
v(¢) is continuous, there exists €, > 0 and 7, > 0 such that

V(z+ ke +y)| > ea (3.1)

for all |y| < 7. Note that

0.1c | (@—m/2.2+7/2).
z€[0,1]
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By the compactness of [0, 1], there exist finitely many x1, 2o, ...,z € [0,1] such that
q
0,1 € |J@e = Yar /2,20 + 72, /2). (3.2)
=1

Since 7(0) = 1 and v(§) is continuous, there exists 7o > 0 such that
w(y)l = 1/2 (3.3)
for all |y| < 7o.
Let e = min {1/41:7e3951/2,f;“g;2/27 . ,qu/2} and v = min {'yo,'yxl/Q,'ymz/Q, . ,’qu/2}.
Let h = 1+~ + max {|ks, |, [kss|, -, |ks,|}. Since {vsn,} converges weakly to v, by

Theorem 2.1, we have that v, (£) converges to 7(£) uniformly on [—~h, h]. Thus, there
exists jo > 1 such that

Vsn, (§) —v(§)| < e (3.4)
for all j > jo and all £ € [—h, h].
For each z € (0,1), by (3.2), we may find 1 < ¢ < g such that |x — x¢| < 7,,/2. For
j > jo and |y| < 7, noting that |z + k,, + y| < h, it follows from (3.4) that
Von, (@ + Koy +y)| = [V(x + kay +y)| — &
Since | — xs + y| < V2, /2 + 7 < Ya,, by (3.1), we have that
[D(x + ke, +y)| = V(20 + b, +x — 20 +y)| > €4, > 2.
Thus, for j > jo and |y| < 7,
Do, (2 + kay +y)| > €.
For x = 0, it follows from (3.4) and (3.3) that for j > jo and for |y| < =,
Do, W) 2 P(y)| —e = 1/4 > €.

Therefore, we conclude that the family {V>n_7.} is equi-positive. 0O

oo
J=jo
4. The integral periodic zero set

In this section, we study the integral periodic zero set of Fourier transform. Let T =
R/Z, and write M(T) for the set of all complex Borel measures on T. The following is
the uniqueness theorem of Fourier coeflicients in classical harmonic analysis.
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Theorem 4.1. [27, Corollary 7.1] Let v € M(T). If the Fourier coefficients

v(k) = / e 2™k qu(z) = 0

T

forall k € Z, then v = 0.

Proof of Theorem 1.2. Since v(E) > 0, there exists ko € Z such that v(EN[ko, ko+1)) >
0. Let E = (E — ko) N[0,1) and ¥ = v * d{_y,}. For any Borel subset F' C R, we have
that

U(F) = v#8;_gy (F) = v(F + ko).
It follows that 7(E) = v(E N [ko, ko + 1)) > 0, and
VE+E) =v((BE+k)N[k+kok+k+1)=0

for all k € Z \ {0}. Noting that 5(5) = e2mkos5(¢), we have that Z(v) = Z(v). Since
E C [0,1), we can assume that E C [0,1). Recall that a Borel probability measure on R
is regular, see [41, Theorem 2.18]. We have that v(E) = sup {v(K) : K C E is compact}.
Therefore, in the following, we assume that E C [0, 1) is compact.

For £ € R, we define a complex measure v¢ on R by

dl/§ _ e—27ri£w
dv '

Consider the natural homomorphism 7 : R — T, and let p¢ = v¢ o 71 be the image
measure on T of v¢ by m, i.e., for each Borel subset F' C T,

pe(F) =ve(F+Z) =) ve(F+k).
keZ

Assume that £ € Z(v). For each k € Z, we have that

pe(k) = /6_2’”]” dvg o™ (2)

6—27rik7r(ac) dl/g (.’E)

e—27rikw dl/g (:L')

e %* R =

67271’1'1990 . 672771’51 dl/(:L')
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= (¢ +h) =0,

where the last equality follows from { € Z(v). By Theorem 4.1, we conclude that ps = 0.
It follows that

0=pe(E)=ve(E+Z) = / e 72T du(z).
E+Z

Since v(E + k) = 0 for all k € Z \ {0}, we obtain that

/e_mex dv(z) = 0.

E
Let 7 be the normalized measure of v on E, ie., 7( - ) = V(IE)I/( - N E). Then we have
that
Q) = sy [ € dvla) =0
v(E) '
E

Therefore, we obtain that 7(§) = 0 for all £ € Z(v).
Suppose that Z(v) # () and take £ € Z(v). Since £ + k € Z(v) for all k € Z, we have
that for all k € Z,

T(E+k)=0.
Consider the complex measure 7¢ defined by

dig —2mi€
—_— = " 4.1
dr c (4.1)

Since spt(7) C [0,1), 7¢ can be viewed as a complex measure on T. Moreover, the Fourier
coefficients

Fe(k) = 7(E+ k) =0

for all k € Z. By Theorem 4.1, we have that 7 = 0. But, by (4.1) and Theorem 6.13
in [41], we have that the total variation |7¢| = 7 # 0, which leads to a contradiction.
Therefore, we conclude that Z(v) = 0. O

Next, we focus on the infinite convolution generated by admissible pairs. For conve-

nience, in the rest of this section, we always assume that {(NVg, Bi)}32, is a sequence of
admissible pairs, that the infinite convolution

J=0N=1p *O(N\N2)~1By * " ¥ O(NyNy-uN, )~ 1B, ¥
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exists, and that for every n > 1,

V>n = 5N;+lan+1 * 5(Nn+1Nn+2)’an+2 K

In order to prove Theorem 1.3, we need the following two lemmas.

Lemma 4.2. Suppose that the condition (i) in Theorem 1.3 holds. Then for each n > 1
we have that

o
O(/V\>n) = U Nn+1Nn+2 e Nn+kO(MBn+k)~
k=1

Proof. Fix n > 1. Note that for ¢ > 1, we have that

q
Usn (&) = Mp, - Usn .
” (5) kl;[l Bots (Nn+1Nn+2"'Nn+k snta Nn+1Nn+2"'Nn+q

It follows that
U Nas1Nog2 -+ NokO(Ms,, ) € O(s).
k=1

Let v denote the weak limit of {v~,,}. Since 7(0) = 1 and V(&) is continuous, there
exists h > 0 such that [7(£)[ > 1/2 for all [£] < h. Since {vs,,} converges weakly to v,
by Theorem 2.1, we have that v, (£) converges to ¥(§) uniformly on [—h,h]. Hence,
there exists jo > 1 such that for all j > jo and all [¢] < h,

Vo, (§) —(§)] < 1/4.

Thus, we obtain that for j > jo and |£| < h,

[Vsn; (§)] 2 1/4.

Assume that s, (§p) = 0. Choose a sufficiently large integer j > jo such that n; >n
and

$o
Nn+an+2 e Nnj

< h.

It follows that

A~ =

v S0 >
o Nn+1Nn+2"'Nnj o

Note that
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- = £o ) = < So )
0=v n = M X “Vsn, ’
i) l];[l Pk (Nn+1Nn+2"'Nn+k 7" \ Nnp1Nng2 - Ny,

Thus, we conclude that
o€ | Nut1Nusa - N1 O(Msg, ).
k=1

So we have that

O(Usy,) C U Npt1Npja2 - Nn+kO(MBn+k)'
k=1

This completes the proof. O

Lemma 4.3. Suppose that the conditions (i) and (ii) in Theorem 1.3 hold. Then for each
h > 0, there exists a constant C > 0, depending only on h, such that for alln > 1,

#([_ha h] N Z(V>n)) < C.
Proof. Noting that Z(vs,) C O(Vs,), it suffices to show that for all n > 1,
#([=h, ] N O(@5)) < C.

Let
D= N.O(Mg,).
k=1

Since 0 ¢ O(Mp, ) for each k > 1, we have that 0 ¢ D. Since D is discrete, there exists
d > 0 such that [—4§,6] N D = 0.
For h > 0, we choose kg > 1 such that 2506 > h. By Lemma 4.2, we have that

O@sn) C |J Nus1 N2+ Nogr1 D,
k=1

where N1 Npio--+ Nyyr—1 = 1 for k = 1. Noting that all |N| > 2, we have that for
k 2 kO + ]-a

([=h,A] N Npy1Npg2 - Npjg—1D) C Npy1Npyo - Npgp—1([=6,0] N D) = 0.

Thus,
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ko

[ h h OO V>n U h h ﬂ]\77l+1]\[n+2 Nn+k71D)~

It follows that

#([=h, h] N O(Vs)) Z# —h,h) N Nyy1Npgo -+ Npyg—1D)
< ko - #([~h.h] N D),
where the constant ko - #([—h, h] N D) depends only on h. O
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. For k > 1, since (N, By) is an admissible pair, by Lemma 2.4

(ii), we may find Ly C {0,1,...,|Ng| — 1} such that the set Ly, is a spectrum of 5N;1Bk.
It follows from Theorem 2.2 that for all £ € R,

2

e Ly

=1.

For ¢ € Ly, we define
To(®) = Ny (2 +£).

We prove this theorem by contradiction. Suppose that Z(u) # (). Arbitrarily choose
& € Z(u) and set Yy = {&}. For n > 1, we define

Yo ={mn(§): €€ Yn_1, L€ Ly, Mp,(10.n(£)) #0}.

First, we show that for each n > 1,

#Yn—l S #Yn

Since for each £ € Y, _1,

3 [Ms, (rea(©)]” = 1,

tely,

there exists at least one element ¢ € L,, such that Mg, (7¢,,(§)) # 0. On the other hand,

for €18y -+ -4, # 010, --- L) where EJ,EJ € L; for 1 < j < n, we have that

Tl © " 0Ty 2070, 1(80) # Ter .m0 0Ty 2 07 1(€0)-

Otherwise,
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o+ 41+ Nilo+---+ NNy N1y, &+l + Nty + -+ NNy Np_10)
NiNy--- N, B NiNs--- Ny, ’

that is,
01+ Nily+ -+ NNy Npy_1ly, =07 + Nily+ -+ Ny Ny N1 00,

Let jo = min {1 <j <n:f; #£;}. Then we have that Ny, | £;, — ¢ . This contradicts
with Lemma 2.4 (i). Therefore, we conclude that #Y,,_1 < #Y,, for n > 1.
Next, we prove that for each n > 1,

Write vso = p, and it is clear that Yy C Z(vs¢). For n > 1, we assume that Y,_; C
Z(Vsn—1). For each 74,(§) € Y,, where £ € Y,,_1, £ € L, and Mp, (Tz’n(f)) # 0, we
have that for all k € Z,

0="Vspn_1(E+ L+ N,k)

+/ ~ +/7

= Mg, (Tfyn(g))a>n(72,n(£) + k)v

where the last equality follows from integral periodicity of Mp, . Since Mg, (7¢,,(€)) # 0,
we have that

/V\>n (Tl,n<§> + k) =0,

for all k € Z. This implies that 7,,(¢) € Z(vsy). Thus, Y,, C Z(vs,). By induction, we
obtain that Y,, C Z(vsy) for all n > 1.
For every £ € Y,,, by the definition of Y,,, we write £ as

6:7— O:-+-0T, O T, (S)Z§O+'€1+N1£2+"+N1N2"an]_fn
fn,n [2,2 Zl,l 0 N1N2-~-Nn .

Since |N;| > 2 and 0 < ¢; < |N;| for each j > 1, we have that

Sl 1 1
|§| < 2_71 + gn—1 + on—2

4+ 1< 6ol + 2.
Let h = |§| + 2. Then, we have that Y;, C [—h, k] for all n > 1. Tt follows that
Y, C [~h,h] N Z(vsn).

By the increasing cardinality of Y, and Lemma 4.3, there exists ng > 1 such that
#Y, = #Y, 41 for all n > ny.
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Choose 1 € Yp,. Since #Y,,41 = #Y,,, there exists a unique ¢1 € Ly, 41 such that
MBT,,O+1 (721,n0+1(770)) # 0- NOte that

Z |MBno+1 (7'57”0_‘_1(770))‘2 =1.

€€L710+1

Let m1 = T¢, ng+1(10). Then we have that n1 € Y, +1 and [Mp, ., (m)| =1, that is,

no+1

1 —2mib _ 1 —27i(b—b1) _
- Z e "1—7#3 Z e vml =1,

B
#Bro-+1 bEBng+1 "0t be Bt

where by € By, 41 is arbitrarily chosen. It follows that (b —by1)n € Z for all b € B, 1.
Thus, we have that

1

€ 7.
ng(Bn0+1 - B’ﬂo+1)

m

Recursively, we define a sequence {nk}?;l such that ny = 7oy me+k(Me—1) € Yotk for
some {y, € Ly, 4, and

1
S
ged(Brg+k — Bno+k)

Mk Z. (4.2)

Since n; is a rational number, 1y must be rational. Write 9 = ¢/p with p € N, ¢ € Z,
and ged(p, q) = 1. Then for every k > 1, we have that

Nk = Tle,mo+k O ° O Ty ng+2 © 7-517“0-"-1(770)
_ Mo+ 1 4+ Npo41lo + -+ Npgr1Npg2 - - Npgyr—14k
Nno+1Nngt2 - Nngtk
_4q +p(l1 + Npg+1lo + - + Npg+1Nngt2 - - Npgt+k—18k)
pNnoJranoJrZ"'Nnngk '

Note that g + p(¢1 + Npys1f2 + -+ + Npg+1Nng+2 - - Npg+k—1Lk) and p are coprime. It
follows from (4.2) that

p | ng(Bno+k - Bn0+k)'

Thus,

o0

plecd | |J (B;-By)

j=no+1
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By the condition (iii), we have that p = 1. It follows that 7 is an integer. This contradicts
the facts that g € Z(vsp,) and Z(vsn,) NZ = 0.
Therefore we obtain that Z(u) = (. The proof is completed. O

5. Spectrality of general random convolutions

Recall that {(Nj, B;)}7L, are finitely many admissible pairs, and = {1,2,... ,m}N.

Given a sequence of positive integers {ny}, for w = (wi)52; € Q, we define the infinite

convolution
How, {ny} = ‘SN;{‘IBM1 * (SNJI’”N;;?Bw2 *0y NOPANGT2 NGB, * (5.1)
For ¢ > 1, we write
P, {ni}rg = 5N;1n1Bw1 * 0 NSMNGT? B, -k 5N51”1N52”2.~N5q"‘1 B,

Note that ji, (5, },q converges weakly to ji, (,,} as q¢ approaches the infinity.

Lemma 5.1. For f € Cy,(R) and € > 0, there exists go > 1 such that

/f dﬂw,{nk},qo /f dﬂw,{nk}( ) <eg

for all w € Q and all sequences of positive integers {ny}.
Proof. Let h = max{|b|:b€ B;, 1 <j<m}. For f € C3(R) and € > 0, since f is

uniformly continuous on [—(h + 1),k + 1], there exists 0 < v < 1 such that for all
||, |y] < h+ 1 with |z — y| < v we have that

|f(x) = fly)] <e. (5.2)

Choose a sufficiently large integer gg such that 279h < ~.
Fix w € Q and a sequence of positive integers {ny}. For every sequence {b,, }32,
where b, € B,, for each k > 1, noting that |N;| > 2 for 1 < j < m, we have that

q q
by h
< E -
Nﬁf Nﬁj s NGF| = £ 2k
Thus, we have that

Spt(uw,{nk},q) - [_hvh}

The infinite convolution fi, ¢y, } may be written as iy, (n,} = fhw, {ny.},q* Mo, {ny},>q>» Where



W. Li et al. / Journal of Functional Analysis 287 (2024) 110539

Heow{ng},>q = 61\/;1"1]\];2"2.. N, tatlp

q+2
gl Pegtl B

Wq+2 wq+2

is the tail of infinite convolution. It is easy to check that

Spt(Mw,{nk},>q) - [_2_qh72_qh‘]'

Note that

/ F(@) dpto s (2 / (@) Qe * oo} > ()

R

= /f(l’ + y) duw,{nk},q X ,uw,{nk},>q(x7y)

- / / 1@+ 9) Qo gy 50 () bt gy (@),
R R

Thus, by (5.2), we have that

/ F@) ity (@) = [ £(0) Qb (@)

R

= // J,‘ + y)) d,uw,{nk},>qo (y) d/”'w,{nk},qo (.73)

2790
< / / .23 + y)l dp, Ank}, >qo( ) d/”'w,{nk},qo (.73)
—h —2-90h
< €.

This completes the proof. 0O

Proposition 5.2. Let {(N;, Bj) 7Ly be finitely many admissible pairs, and let pi, (5, be

21

defined by (5.1). If the sequence {ny} is unbounded, then all infinite convolutions pi, {n,}

for w € Q are spectral measures.

Proof. Fix w € Q and write u = i, (y,}- Then the measure y is the infinite convolution
generated by the sequence of admissible pairs {((N,, )™*, Bu, )} ;. Recall the notation

vy, defined in (1.4) for the infinite convolution . We have that

Usp =0 *0 EEE
>k — N, "k+1Bw N k+1Nw N2 B,
k+1 E+1 k41 k+2 k+2

Let h = max {|b| : b € Bj, 1 < j <m}, and it is clear that
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spt(vsy) C [-2 ety 27 mkatlp),
Since the sequence {n;} is unbounded, we may find a subsequence {ny, } such that

lim ng, = oo.

j—o0 7
Consider the sequence {v~,_1}, and we have that spt(vsx,—1) C [-27™ T h, 27" T h].,
Thus, the sequence {v~y, 1} converges weakly to dp, the Dirac measure concentrated
on 0. Obviously, we have that Z(dy) = 0. It follows from Theorem 1.1 that p = g (n,}
is a spectral measure. 0O

We denote by o the left shift on the symbolic space €2, that is,
o(w) = wowswy - - -
for w = (wg)p2, € N

Lemma 5.3. Suppose that the Bernoulli measure P on € is associated with a positive
probability vector. Then for P-a.e. w € , there exists a subsequence {k;} such that
{o%i (W)} converges to (12---m)> in Q.

Proof. Let (p1,p2,...,pm) be the positive probability vector associated with the
Bernoulli measure P. Since the left shift o is ergodic with respect to the Bernoulli mea-
sure P on € [45], by Birkhoff ergodic theorem, there exists a full measure subset 2y C Q
such that for any w € Qy and for any finite word i1z - - - 44, where i; € {1,2,...,m} for
1 < j < g, we have that

lim #{L <k <n:wpWgs1 - Whtqo1 = l1iz - iq}

n— 00 n

= PiyDis "+ Dig-

It follows that for w € Qy and ¢ > 1,

lim #{1 <k <n:wpwigr - Wetgm-1 = (12---m)?

n— oo n

j =(pip2--pm)?>0. (5.3)

Fix w € Q. By (5.3), we first choose k; > 1 such that wg,11Wk, 12+ Wiy4m =
12---m. Assume that we have chosen ki < kg < --- < kg such that wg, 1wk, 42
Wy 4jm = (12 --m)J for 1 < j < q. Then, by (5.3), we can find k41 > k, such that

— q+1
Wkgp14+1Wky 142 "7 Wk +(g+1)m = (12 U m) :

Thus, we recursively find a subsequence {k;} such that for all j > 1,
Wk, 1@k 42 Whygm = (127 0-m)7.

It follows that {o*i (w)} converges to (12---m)> in Q. The proof is completed. O



W. Li et al. / Journal of Functional Analysis 287 (2024) 110539 23

Proposition 5.4. Let {(Nj, Bj)}JL, be finitely many admissible pairs, and let p, (n,} be
defined by (5.1). If the sequence {ny} is bounded, then for every Bernoulli measure P on
(2, the infinite convolution i, (n,} s a spectral measure for P-a.e. w € Q.

Proof. The probability vector associated with the Bernoulli measure P is denoted by
(p1,Pp2;---,Pm). By rearranging the symbols, there exists 1 < m’ < m such that p; >0

for 1 <j <m and pps1 = Pmrs2 = - = pm = 0. Let ' = {1,2,...,m'}N. Then we
have that P(Q)') = 1. Let P’ be the restriction of P on €. In fact, P’ is the Bernoulli
measure on ) associated with the positive probability vector (p1,ps, .- ., pm/). It suffices

to show that the infinite convolution p, (1 is a spectral measure for Plae w e Q.
Thus, we assume that the probability vector (p1,p2,...,pm) is positive.
Let

d:ng U(BJ —BJ)
j=1

For 1 < j < m, we define B} = (B; — b;)/d for some b; € B;. Then we have that

-

ged (B;-B)) | =1

j=1

We write

/
= —_n b3 — — _ _ — .
Peo g} (stf’lB;1 5Nw1”1Nw2"2 B, Noy"' Noy'? N '" Bl

It is easy to check that

—1
Mo {ny} = “L,{nk} °Typ,:
where
oo
b
b, = —_F
. ; NUINGZ - NG

and the function Ty, is defined in (2.1). By Lemma 2.3, it suffices to show that p/, (ne}
is a spectral measure for P-a.e. w € Q2. Note by Lemma 2.4 (iii) and (iv) that (N;, B})
is also an admissible pair for each 1 < j < m. So, in the following, we also assume that

j=1
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Let n = ()32, = (12---m)*°. The measure i, (,,} is the infinite convolution gener-
ated by the sequence of admissible pairs {((Ny, )™, By, ) }7e . Since the sequence {ny}
is bounded, the sequence {((Ny, )™, By, )}32, is chosen from a finite set of admissible
pairs. By (5.4) and Corollary 1.4, we have that

Z(/ffn,{nk}) =10, (5'5)

for all bounded sequences {ns}.
By Lemma 5.3, there exists a full measure subset ¢ C 2 such that for w € Qy we
have that {o%/(w)} converges to 7 for some subsequence {k;}. Fix w € Qo and such a

subsequence {k;}. Next, we show that pi, (,,} is a spectral measure.

Ank
Write p1 = pi, {n,}- Then the measure y is the infinite convolution generated by the
sequence of admissible pairs {((Nw, )™, Buw,)}72 ;- Recall the notation v~y defined in

(1.4) for the infinite convolution p. For k > 1, we have that

V>k = Hok(w) {nkge}g2,

Let M = max{n; : k > 1}, and let X be the symbolic space over the alphabet
{1,2,..., M}. By the compactness of {2 x X, the sequence

o0

{ (ka (@), {r; +03221) }jzl

has a convergent subsequence in ) x 3. By taking the subsequence, we assume that
{(o" (w), {ru;+e}32 1)}:021 converges to (1, {my}) for some sequence {my} € .
For f € Cp(R) and € > 0, by Lemma 5.1, there exists go > 1 such that

9
/f( s ), (s, 012100 /f ) dhohs @y, oy e, (®)) < 5
R

for all 7 > 1, and

€
[ 1) i i@ = [ £60) Qb oy )] < 5
R R
Since {(o*(w), {ng,+e}52 1)}011 converges to (1, {mg}), there exists jo > 1 such that

for 7 > jo, we have that

Hgkj (w),{nijFg}j{’il,qo = Hn,{mi},q0-

Thus, for j > jo,
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1@ Qs 1, (0 = [ £ dit iy (@) <
R R

This implies that the sequence {vsx; = 1 _x; @) } converges weakly to fi, fm,}-

7{nk]-+£}z?c:1
By (5.5), we have that Z (i, {m,}) = 0. It follows from Theorem 1.1 that p = fig, (5, } is
a spectral measure. O

Proof of Theorem 1.5. It follows from Proposition 5.2 and Proposition 5.4. O
6. Spectrality of special random convolutions
Recall that ¢ > 1 is an integer, N, p > 2 are integers with gcd(N, p) = 1, and
N, =N, =tN, B; ={0,1,...,N -1}, Bo =p{0,1,...,N —1}.

Let L ={0,¢,2t,...,(N — 1)t}. It is straightforward to verify that these two matrices

( 1 ezmg{,) 7 ( 1 e2m‘f{§>
VN beBy el \VIN beBa LeL

are unitary. This implies that (Nq, By) and (Na, Bs) are admissible pairs.
For w € Q = {1,2}N, we define

Mo = 5(tN)—1Bwl * 6(tN)—2BwQ Kook 6(tN)*’€Bwk Fooe

It follows that

(€)= T[ Mo, (i)

k=1

As we have done in the proof of Lemma 4.2, we conclude that
[oe]
O(fin) = | JEN)* O (M3, ). (6.1)
k=1

Lemma 6.1. For n = 12°°, we have that Z(u,) = 0.

Proof. By simple calculation, we have that

Z\NZ
N

Z\ NZ
Mp,) = .
’ O( BZ) pN

O(Mp,) =

It follows from (6.1) that
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k=2

(Z\ NZ)
p

— (HZ \ NZ)) U G N
k=1

c (ZU%) \ {0}.

Suppose that Z(u,) # 0. Take & € Z(u,) N [0,1). Then we have that fi,(§o + k) =0
for all k € Z. It follows that &y, &0 + 1 € O(ji,). Thus, there exists k1, k2 € Z such that

N

ko N
o —7504-1:2—-
p

So we have that
p= (k‘g — kl)N
This contradicts with gcd(V, p) = 1. Therefore, we conclude that Z(u,) =0. O

Proposition 6.2. For w € Q, if w = 2°° or the symbol “17 occurs infinitely many times
in w, then the infinite convolution p,, is a spectral measure.

Proof. For w = 2°°, the infinite convolution ,, is the self-similar measure generated by
the admissible pair (N3, By), and it follows from the classical result by Laba and Wang
[30] that it is a spectral measure. In the following, we assume that the symbol “1” occurs
infinitely many times in w.

Write p = . Then the measure p is the infinite convolution generated by the se-
quence of admissible pairs {(Ny,, Bw,)}72 ;- Recall the notation v, defined in (1.4) for
the infinite convolution y. Then we have that v~,, = fion(.). The proof is divided into
two cases.

Case (i): there exists ¢ € N such that the sequence w does not contain the finite
word 2. By the compactness of 2, there exists a subsequence {n;} such that {o" (w)}
converges to ¢ in €2 for some ¢ € 2. As in the proof of Proposition 5.4, we have that the
sequence {Vsn; = fLym (w)} converges weakly to u¢. Note that the sequence o™ (w) does
not contain the finite word 2¢ for every j > 1. Thus the sequence ¢ also does not contain
the finite word 2¢. This means that the symbol “1” occurs infinitely many times in ¢. It
follows from Corollary 1.4 that Z(u¢) = ). Therefore, by Theorem 1.1, we conclude that
= b, is a spectral measure.

Case (ii): for every ¢ > 1, the sequence w contains the finite word 2. Note that the
symbol “1” occurs infinitely many times in w. Let

{ky <hko<--<kj<-}={k>1:w,=1}.
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Then we have that

limsup(kj+1 - k]) = 0OQ.
Jj—o0o

So we may find a subsequence {n;} such that

lim (ky,, 41 — kn,;) = oo.
j—o0

Note that the sequence o*"i _1(w) begins with the finite word 12F7+* 7% =1 Thus, we
have that {0 ! (w)} converges to n = 12 in Q. As in the proof of Proposition 5.4, we
have that the sequence {V>knj,1 = /Lo_knj—l(w)} converges weakly to u,. By Lemma 6.1,
we have that Z(u,) = 0. Therefore, by Theorem 1.1, we conclude that p = p, is a
spectral measure. 0O

Recall that we write
UN,B =O0N-1p *ON-2p k- *Oy-kp* -
for the self-similar measure.
Lemma 6.3. Suppose thatt > 2 and let i = pin,g,. Then we have that for all j € Z\{0},
pu(spt(p) +j) = 0.

Proof. Note that By = p{0,1,..., N — 1}. We have that

[e.e]
spt(u { :5k6{071,...,N—1}f0rk€N}.
1

Let ¥ ={0,1,2,...,N— 1}N and let P be the uniform Bernoulli measure on 3. Consider
the coding mapping m;y : ¥ — spt(u) defined by

o0

WtN((Ek)) =
k=1

Then we have that =P o7/ y.
Suppose that there exists j € Z \ {0} such that p(spt(x) +j) > 0. Let

2’:{ pz

Then we have that P(X') > 0. For (g) € ¥/, we have that

- € spt( )+j}.
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o
pz 5k —J‘HUZ 77k

k:l

for some (n;) € X. That is,

j i5k+ —1—771c).

tN -1 —

Note that e, + (N —1 —1n) € {0,1,2,...,2N — 2} for each k > 1. Thus, there exists a
unique sequence ((x) € {0,1,2,...,2N — Q}N such that

oo

j, N-1 Gk
gﬁ}N—l_Z%mW'

It follows that for k > 1,

Ge=¢er+ (N —=1—n),
ie.,

ek =Ce+ne — N+ 1.
Thus, for each k > 1, we have that

Qc:{oala--'ugk}u if (g < N—1;
€k € ACk:{Ovla'“aN_l}; if(y=N—-1;
A ={G~-N+1,4—N+2,...,N—1}, if¢ >N-1.

So we get that
E/Z{(&‘k) €X:eg EACk fOrkEN}.
It follows that

#ACk

P(X') = lim H

n—oo

Note that P(X') > 0. Thus the sequence ((x) ends with (N — 1)
Let kg = min{k € N : (,, = N —1 for all n > k}. Then ko > 1 and (j, # N — 1. Write

N OoCkJrZ

| .
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Note that

N -1
tN —1°

Ty

N 1 (mod 1) =

Thus we have that

(tN)k5 N -1

tN)* d1) =
(tN)*z (mod 1) » toN T

(mod 1) = x.

Since xp, = (N —1)/(tN — 1), we must have that
p | (EN)®;.
Moreover, we have that
pt(EN)o71

Let ¢ € {0,1,...,p — 1} satisfy ¢ = (tN)*~1j (mod p). Since p | (tN)*0j, we have
that p | ¢tN. Noting that ged(NV,p) = 1, we obtain that p | gt. It follows that

tN
N<TY o 1N
P

Thus, we have that

g N-1 _(t—-1)N N-1
< + <1,
tN — 1 tN tN — 1

and

¢ N-1_ N N-1 2N-1
2 >+ >
p IN—1~tN IN—-1 N

On the one hand,

¢ N-1 2N-1
==+ >
p tN—1 tN

Tro—1 = (EN)~1z  (mod 1)

On the other hand,

- Cho—1+¢ _Croe+1 2N —1
1= < < .
ko1 ;1 (tN) tN = N

This is a contradiction.
Therefore, we obtain that p(spt(u) +j) =0 for all j € Z\ {0}. O
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Proof of Theorem 1.6. By Proposition 6.2, it remains to consider the infinite convolution
e, for w € © in which the symbol “1” occurs only finitely many times. In the following,
we fix w € Q satisfying

Wy = 1 and wgy41Wkg+2Wko+3 -+ - = 2°°

for some ko € N.
(i) For the case that t = 1, let

B=Nk-1B, + Nw=2B_ +...4+ NB +B

Whko—1 Wk ?

and define

iy = OB * [UN B, -

Note that

Moy = (51\]_13“)1 ¥ ook §N7kOB“ko * (SN—kO—le * (SJ\[—ICO—ZB2 kooe o

We have that p, = p, o T];,}O o» Where the function Ty, o is defined in (2.1). By
Lemma 2.3, p,, is a spectral measure if and only if ji, is a spectral measure.

Note that
1
1N,By = ;E\[o,p]a

where L] ;) denotes the restriction of Lebesgue measure on the interval [0, p]. Thus, the
measure i, may be written as

1 1
Hew = 4B Z Ob * N, By = p-#B Z Ll p+p]-

beB beB

Noting that {0,1,...,N—1} C B and p > 2, it is easy to check that i, is not uniformly
distributed on its support. However, an absolutely continuous spectral measure must be
uniform on its support [12]. As a consequence, [i,, is not a spectral measure. It follows
that pu, is not a spectral measure.

(ii) For the case that ¢ > 2, the measure u = p,, is the infinite convolution generated
by the sequence of admissible pairs {(N.,, Bu, ) }re;- Recall the notation v, defined in
(1.4) for the infinite convolution . Then we have that v, = pon(w) = pen,B, for all
n > ko. By Lemma 6.3 and Theorem 1.2, we have that Z(uwn,5,) = 0. It follows from
Theorem 1.1 that yu = pu,, is a spectral measure. 0O
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7. Examples

In this section, we give some examples to illustrate our results.

Example 7.1. Let Ny = Ny = 2, B; = {0,1}, and Bs = {0,3}. Example 1.8 in [14]
showed that the random convolution u,, is not a spectral measure for n = 12° because
fy is not uniformly distributed on its support. By Theorem 1.6, for w € {1, 2}N7 we have
that p,, is a spectral measure if and only if w = 2°° or the symbol “1” occurs infinitely
many times in w. In particular, for

w=1211122122111112 ---

which enumerates all finite words in lexicographical order, we have that p,, is a spectral
measure.

Next, we construct some new examples of spectral measures by applying Theorem 1.1
and Theorem 1.2. The spectrality of infinite convolutions with three elements in digit sets
has been studied in [3,20]. However, the following example cannot be deduced directly
from these known results.

Example 7.2. Let N > 3 be an integer with 3 | N. Choose a sequence of integers {b;}2,
such that 3 | b; and

b

for some ny € Z. For k > 1, we define

{2,4,b;}, ifk=j(j+1)/2 for some j > 1;
{0,2,4}, otherwise.

Then the infinite convolution
[,L:(sN—lBl*5N—252*~'~*6N—k3k*"‘ (72)

is a spectral measure.

Since By = {0,1,2} (mod 3) for k > 1, the discrete measure dy-1p, admits a spec-
trum L = {0, N/3,2N/3} for all k > 1. Thus, {(V, Bx)}72, is a sequence of admissible
pairs. Let

It is easy to check that
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oo oo o

max{|b| : b € By} b, M
2T <14+) —m S1+) gy <1+2M.
k=1 =1 N =1 N2

Thus the infinite convolution p defined in (7.2) exists.
Let n; = j(j +1)/2 for j > 1. Then we have that

V>'n,_7~ = 5N—1an+1 * 5N—2an+2 k o0k (SN—anjJrk *
=0N-1{0,24} * " * ON-3{0,2,4) * ON-G+D{2,4,6;4,} * Vs>
where v; is the tail part of infinite convolution. One can easily check that

1+2M 1+2M
TN TN

spt(v;) C
Note that
Usn; = §6N*1{0,2,4} ke k ON—1{0,2,4) * 5N—<J+1>{2,4} * Vj
+ %61\,,1{072,4} ok ON—3{0,2,4) * Ofb, 1 /NI+1} * Vj.

Thus, by (7.1) and (7.3), we have that {vs,,} converges weakly to

2 1
V= g,uN,{O,QA} + §5{n0+5/6} * UN.{0,2,4}

where iy 10,24} = On-1{0,2,4} * ON-2{0,2,4} %+ * ON—F {024} * "
Since 5/6 ¢ spt(un,{0,2,43), there exists 0 < v < 1/6 such that

(5/6 —,5/6 4 ) N spt(ie,{0,2,43) = 0.

Let E = (no+5/6 —7,n0+5/6 + 7). Then we have that v(E) > 0 and v(E + k) = 0 for
all k € Z \ {0}. By Theorem 1.2, we have that Z(v) = 0. It follows from Theorem 1.1
that the infinite convolution u defined in (7.2) is a spectral measure.

Note that the number 5/6 in (7.1) is deliberately chosen. More generally, if we choose
xg € [0,1) \ spt(pn 10,2,43), and substitute (7.1) by the condition that
b
lim 24 =
gggo Ni o
for some ng € Z, then as we have done above, the resulting infinite convolution in
Example 7.2 is still a spectral measure.
We give another example of spectral measures, whose digit sets are almost consecutive
digit sets.
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Example 7.3. Let N = tp where t,p > 2 are integers. Let 0 < zy < 1 satisfy

d
:E0§Z{ k dkE{O,l,...,pl}fork21}.
N

For instance, we may choose xo = 1/2. Choose a sequence of integers {b;}32, such that
p | b; and

hm =ng + xo
— 00

Y _
Ni
for some ng € Z. For k > 1, we define

B {1,2,...,p—1,b;}, if k=j(j+1)/2 for some j > 1;
k =
{0,1,...,p—1}, otherwise.

Then the infinite convolution

p=0N-1p, *ON-2p, ¥ - *¥On—kp, ¥ (7.4)

is a spectral measure.

Since By, = {0,1,...,p—1} (mod p), the discrete measure -1, admits a spectrum
L ={0,¢,2t,...,(p— 1)t} for all kK > 1. Thus, {(V, Bi)}?2, is a sequence of admissible
pairs. Let n; = j(j + 1)/2 for j > 1. Note that

Von; = ON=1{0,1,0..,p—1} ¥~ ¥ ON=3{0,1,..p—1} ¥ ON-G+D {12, p—1,b;41} ¥
Then we have that {v~,,} converges weakly to

p—1
v= —p KN .{01,...,p—1} T p5{n0+x0} * N {0,1,....p—1}>

where

KN J{0,1,....,p—1} = 6N*1{O,1,...,p—1} * 6N*2{0,1,...,p—1} koo ok 5N’k{0,1,...,p71} Foeee

Note that 2o & spt(in,{o,1,... p—1})- Thus there exists a neighborhood E of ng + x¢ such
that ¥(E) > 0 and v(E + k) = 0 for all £ € Z \ {0}. By Theorem 1.2, we have that
Z(v) = 0. It follows from Theorem 1.1 that the infinite convolution u defined in (7.4) is
a spectral measure.
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