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Abstract

We consider a random version of the McMullen—-Bedford general Sierpinski
carpet which is constructed by randomly choosing patterns in each step
instead of a single pattern in its original form. Their Hausdorff, packing
and box-counting dimensions are determined. A sufficient condition and a
necessary condition for the Hausdorff measures in their dimensions to be
positive are given. As an application, we discuss the issue on the intersection
of the general Sierpinski carpet with its translations.

Mathematics Subject Classification: 28A80, 28A78

1. Introduction

Let T be an expanding endomorphism of the 2-torus T?> = R?/Z? given by a matrix diag(n, m),
where 2 < m < n are integers. The simplest invariant sets for 7 have the form

K(T,D) =1 diag(n™",m ")dy: dy € Dforallk >1¢, 1)
k=1

where D C I x J is the set of digits with / = {0,1,---,n —1}and J = {0, 1, ---,m — 1}.
The geometric description of this construction is the following: we divide the unit square
into n X m congruent rectangles by drawing »n vertical strips of equal width and m horizontal
strips of equal height, choose some rectangles according to the pattern described by D, again
divide each chosen rectangle into n x m congruent ones, choose the rectangles according to the
same pattern D and repeat the procedure inductively. Then we obtain the limit set K (7', D),
the general Sierpinski carpet which was first studied independently by McMullen [31] and
Bedford [2].
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For d € 7* let
fax) = TN x +d) = diagin™", m™")(x +d), x € R% )
Then each f; is contractive. For a finite subset  of Z? let IT : QN — R? be defined by

o0
M) =) _diagn™", m~")*d, ford = (d)i>) € Q. (3)
k=1

Clearly, we have TT1(DY) = K (T, D) and T1((1 x J)N) = [0, 1]>. Some simple observations
are as follows:

(I) IT(d) = limg_, o Zizl diag(n™', m™Y*dy = limy_ o fu4, 0 fu, 0+ -+ 0 f4,(0);
(I) the set TT(2Y) is the unique nonempty compact invariant set of the family {f; : d € Q}
of contractive affine maps, i.e.

n@") = J fum@").
deQ
A nonempty compact set satisfying the above equality is called a self-affine set. A family
{f4 : d € Q} is said to satisfy the open set condition if there exists a nonempty bounded open
set O C R? such that |, o f4(0) C O with disjoint union on the left side. For example,
when Q C I x J the family {f; : d € 2} satisfies the open set condition with respect to the
open set O = (0, 1)°.

For x € TI(QY), a sequence d = (di)i>1 € Q is called an Q-code of x if [1(d) = x.
Thus each point in TT(QY) has at least one Q-code.

Let proj, denote the projection of IR? onto its second coordinate. For each b € proj 4D put
np = |D N (I x {b})| where, and throughout this paper, |A| denotes the cardinality of A. We
denote by dimy E, dimp E and dimp E the Hausdorff, packing and box-counting dimensions
of the set E, respectively. One can refer to [8,29] for their definitions. Let

o = log, m.

Some known results are (cf [2,31,35])

dimy K (T, D) =log,, Y nj =log, » ni !, “)
beproj, D deD
and
dimg K(T, D) = dimp K(T, D) = logm(|proij|1’°‘||D|°‘). ®)]

In the recent years, some further problems related to the general Sierpinski carpet K (7', D)
and its various modifications have been proposed and considered by lots of authors. For
instance, readers can refer to Peres [35,36], Kenyon and Peres [17, 18], King [20], Olsen [34],
Barariski [1], Gatzouras and Lalley [11], Gui and Li [13], etc just to list a few.

Many random constructions related to the self-similar sets have been studied in [6,9, 10,
28,30] and elsewhere. In 1994, Gatzouras and Lalley [12] studied the randomization of the
general Sierpinski carpet by means of branching processes. They gave exact expressions for
the Hausdorff and box dimensions of the random general Sierpinski carpet. In this paper,
we consider a more straightforward random version of the general Sierpinski carpet which,
compared with the geometric construction of K (T, D), is constructed by randomly choosing
patterns in different levels. This is motivated by an issue on the intersection of the general
Sierpinski carpet with its translations (we will discuss the details later in this section). We
denote by M the set of all nonempty subsets of / x J. We first divide the unit square into
n x m congruent rectangles by drawing n vertical strips of equal width and m horizontal strips
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of equal height and choose some rectangles according to some randomly chosen pattern from
M, say I'1, again divide each of the chosen rectangles in the first level into n x m congruent
ones and choose some rectangles according to some randomly chosen pattern from M, say I'»,
repeat the procedure inductively according to some randomly chosen pattern from M, say 'y
atthe kth level. The pattern I'y at the kth level is chosen independent of all the previous patterns
Iy, 1 < £ < k—1,andis applied to all chosen n¥~! x m*~! rectangles. We would like to point
out that in [12] Gatzouras and Lalley used independently chosen patterns I'y ; applying to each
of the chosen n*~! x m*~! rectangles at the kth level. Let Uy be the union of all the rectangles
chosen at the kth level. Then (Uy)i>1 is a sequence of decreasing compact sets of [0, 177
Thus, the compact set constructed above is just the limit set of Uy, i.e. () >1 Uy. Alternatively,
for such a (compact) set K, if (I't)2, are the patterns chosen in the above process then

o0 o0
K=K =11 (]‘[ rk> = {Zdiag(n_l, m Yedy: dy e Ty forallk > 1} .
k=1 k=1

(6)
Now, take {Dy,...,D;} € M with 1 < s < 2"™~'. We endow {Dy, ..., D,}N
with a probability measure P. For a fixed probability vector (p;);_, (i.e. p; € [0, 1] and

P:.= 1;[ (Zl p,‘Si) s (7)

where §; denotes the Dirac measure concentrated at D;. Thus, each @ = (D,w))k>1 €
{Dy, ..., D} corresponds to a compact set K (w) = K((Dy@))k>1) defined by (6). In
particular, when s = 1, {DiWVisa singleton and K (w) = K (T, D;)—the general Sierpinski
carpet. The main result presented in this paper is the following theorem.
Theorem 1.1. Let P be defined as in (7). For P-a.e. w € {D;, ..., Dy}

dimy K (0) = ) pi dimy K (T D;),
i=1

and

dimg K (0) = dimp K (0) = Z pi dimg K (T, D;) = Z pi dimp K (T, D;),
i=1 i=1
where K (T, D;) is defined as in (1).
Investigation of K (w), in a sense, is motivated by the following issue related to the intersection
of the general Sierpinski carpet with its translation. For the self-similar case, this has been the
subject of several studies (cf [5,7,16,19,21-24,26,27,32,39]).
Let K (T, D) be defined as in (1). For t € R?, itis easy to see that

K(T,D)N(K(T,D)+t)# ¢ ifandonly if t € K(T, D) — K(T, D),
where K(T, D) — K(T,D) :={x—y:x,ye K(T,D)}.LetD—D :={x—y:x,y € D}.
Then, by (3)

K(T, D) — K(T, D) = TI(D") — TI(D") = TT((D — D)™).
Thus K(T, D) — K(T, D) is a self-affine set generated by the family {f; : d € D — D} of
contractive affine maps, i.e.

K(T,D) — K(T, D) = U Jfa(K(T, D) — K(T, D)).

deD—-D

Each point in K (7', D) — K(T, D) has at least one (D — D)-code and some points may have
infinite number of (D — D)-codes.
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For ¢t € K(T, D) — K(T, D) we denote by C(¢) the set of all (D — D)-codes of ¢,
ie.Ct) = I"'(t) = {d € (D—D)N : TId) = t}. Forad = (di)i>1 € C(1t) let
'ty = D N (D +dy). Then each I'y is nonempty subset of D. Thus, eachd = (di)x>1 € C(¢)
uniquely determines such a sequence (I'y)x>1 of subsets of D, denoted by wy. We claim that

K(T,D)N(K(T,D)+1) = ] K(wa), ®)
deC(r)
where, according to the notation described above, K (wg) = H(I—[,fi] I'y) (so K(T, D) N
(K (T, D) +1) is then related to the sets K (wg) which are treated in theorem 1.1). In fact, each
K(wg) C K(T, D) N (K(T, D) +1) since

oo
K(wg) =) _diagtn™',m Y :ug e T = DN (D +dy) C D} :
k=1

On the other hand, for any x € K(T, D) N (K(T, D) +t) there exist (u)r>1, (Vi1 € DN
such that

oo
x = Z diag(n_l, m_l)kuk,
k=1

and
o0 o0 o0

t=> diag(n',m D — ) diagn',m™ v =) diag(n ™' m ™ (i — ).

k=1 k=1 k=1
Taking dy = uy — vi, we have d = (di)i>1 € C(t) and uy € D N (D + di) which implies that
x € K(wg).

Therefore, by (8) one can determine the Hausdorff, packing and box-counting dimensions
of K(T, D) N (K(T, D) +t) if C(¢) is at most countable. When the family {f; : d € D — D}
satisfies the open set condition, C(¢) is a finite set for each t € K(T, D) — K(T, D). An
easy condition for the family {f; : d € D — D} to satisfy the open set condition is that
max{|proj, (di — d>)|, |proj,(di — d>)|} > 2 for any distinct dy, d, € D — D. This can be
simply verified by taking (—1, 1)? as the open set.

The rest of this paper is organized as follows. In section 2, some basic facts and known
results needed in the proof of our theorems are described. The proof of theorem 1.1 is arranged
in section 3. We focus on those K (w) with w € {Dy, ..., D,}" for which each Dy occurs in w
with frequency py, 1 < k < 5. As an application of theorem 1.1, we consider the dimensions
of the intersection of K (7', D) with its translations. In section 4, a necessary condition and
a sufficient condition are obtained, respectively, for the Hausdorff measure of K () in its
dimension to be positive (see theorem 4.1).

2. Preliminaries

Following [11,31,33,35,36], we use approximate squares to calculate dimension. For each
X = (xj);?‘;l e (I x JHN and each positive integer k, let
Q) ={T1(y) 1y = (y)52, € I x DN, y; =x; for 1 < j < [ek]
and proj, y; = proj,x; for [wk]+1 < j <k},
where here, and throughout this paper, [x] with x € R denotes the greatest integer function.

The rectangles Q (x) are approximate squares in [0, 1]*, whose sides have length n~[** and
m~*. Note that the ratio of the sides of Qy (x) is at most #, and their diameters diam Q. (x) satisfy

V2m* < diamQ; (x) < V2nm=*.
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So in the definition of Hausdorff measure, we can restrict attention to covers by such approx-
imate squares since any set of diameter less than m % can be covered by a bounded number of
approximate squares Qy(x). The following lemma appears in [33] in which the approximate
square Qg (x) behaves as an analogue as the ball does in the classical density theorems. It is
just a reformulation of the Rogers—Taylor density theorem as stated by Peres in [36, section 2].

Lemma 2.1 [33, lemma 4]. Suppose that y is a finite Borel measure on [0, 1], and that E is
a subset of (I x J)N such that [T(E) is a Borel subset of [0, 1]%, and W(IT(E)) > 0. Let § be
a positive number. For each pointx € E, put
A(x) = lim sup (k8 +log,, n(Q(x))).
k—o00
(1) If A(x) = —oco for all x € E, then H*(TT(E)) = +00;
(2) If A(x) = +oo for all x € E, then H*(TI(E)) = 0;
(3) If there are real numbers a and b such that a < A(x) < b for all x € E, then
0 < HY(TI(E)) < +0o0.

For a fixed o = (Dyuk=1 € {Di,..., DN, in order to apply lemma 2.1 to
K(w) = I"I(]_[Zi1 D)) we first construct a finite Borel measure on ]_[,fil Dy C (I x J W,
Foreach 1 <i < s, letp(i) = (pa4, i)aep, be a probability vector on D;, i.e. ZdeDi pa.i =1
with each p; ; € (0, 1) (note that we require each py ; is positive!). This, foreach 1 <i <,
induces a probability vector (g, ;) beproj, D; ON proj y D; by letting

b, i = Z Pd,i-
deD;, proj,d=b
Denotep = (p(1),p(2), ..., p(s)). ABorel probability measure w, on [ o=, Dy C (I x )N
is then defined in terms of p = (p(1),p(2),...,p(s)) as follows. For any finite sequence
k
(1, x2, .. x0) € [ 121 Do

k
Mp([x1, X2, oo xi]) = pr,, ®(j)> ©)
j=1
where [x1, x2, ..., 0] :={d = (d))72, € [}, Du(j) : dj = x; for 1 < j < k} is a cylinder
set of ]_[711 D,y with base (xi, x2, ..., x¢). Let [, be the image measure of u, induced
by II, i.e., for Borel set A C R?,
fip(A) = j1p(TT~" A), (10)

where the map IT is defined as in (3) and is restricted on the set ]_[/;= 1 Dwjy- Then

fip (K (@) = Tiy (H (H Dw(k>>> = 1p (1"[ Dw<k>> =1
k=1

k=1

From the construction of Q(x) it follows that for any x = (x;);>1 € ]_[C;OZ1 D,
(cf [33, formula (4)], also [11, formula (4.4)])
[ak] k
1y (Qr (X)) = l_[ Pxj. 0 l_[ Gproj,xj, w(j)- (11)
j=1 j=lak]+1

Let us recall the definition of the Hausdorff dimension of a measure . It is defined as the
infimum of Hausdorff dimensions of sets of full u-measure. The following lemma appears
in [36] as a version of the well-known Billingsley lemma [3] for which the the ball is replaced
by the approximate square.



1750 Y Gui and W Li

Lemma 2.2 [36, Corollary]. Let [z, be defined as above. If

log ﬁP(Q_kk(x)) _5.

for p,-almost every x ]_[;’11 D,j), then dimy 1, = B.

lim inf

k— o0 logm

3. Proof of theorem 1.1 and intersection of K (T, D) with its translation

In this section, we first give the proof of theorem 1.1. Then we apply theorem 1.1 to determine
the dimensions of the intersection of K (T, D) with its translation. Recall that IP defined as in
(7)is aprobability on { Dy, D>, ..., Dy N, From the Birkhoff ergodic theorem (cf [37, theorem
1.14]) it follows that for P-a.e. @ = (Dy(j))j>1 € {D1, Da, ..., D}

Ni(D;)

klim =pi, 1<i<s, (12)
where Ni(D;) = [{1 < j <k : Dy = D;}| for 1 <i <. Therefore, theorem 1.1 follows

directly from the followmg proposition, (4) and (5).
Proposition 3.1. Let o = (D,jy)j>1 € {D1, D2, ..., DS}N satisfy (12). For each b €

pro_l)D letny ; :=|D; NI x {b})|,1 <i <s. Then
dimy K (w) = Zpl log,, Z ny i
beproj, D;
and

dimg K (@) = dimp K (@) = Y pi log,, (Iproj, D;|'~|D;|*).
i=1

Proof.

Step 1. dimyg K (w) > Y_}_, pi log,, Zbepmj}.Di ng ;.
We first show that

dimu i, =Y > p; (—Otpd, ilog, pa. i — (1 —a)pa, i10g,, Gproj,d. i) : (13)
i=1 deD,

where [i, is defined as in (9) and (10).
For n € N let X, be the random variable on (]_[;’c=1 D), B, ttp) such that for
x = (x));31 €[5 Dogi
X, (%) =108, P, wm = Y, Pd, o 102, Pa, win)-
d€Dyn)
Then, {X,}7°, is a sequence of independent random variables with

2
E(X,) =0 and ZS(X) < 0,

where £(X,,) denotes the expectatlon of the random variable X,,. From the strong law of large
numbers (cf [4, theorem 1 in section 5.2]) it follows that
k
Jlim ZX x) =0 for pp-a.e.x = (x;)j>1 € l—[Dw(])
= j=1
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Similarly, by letting Y, (x) = log,, Gproj, x,, w(n) — Y e Do Pd. 0(n) log,, Gproj, x,, w(n) W have

Jim ZY (x) =0 for pp-a.e.x = (x;)j>1 € ]_[Dw(,)

j=I

Forx = (x)j>1 € ]_[?il D,y and integer k € N, by taking logarithm in (11) we have

[ak]
logm /"LP(Qk(x)) - Zlogm pxj w(j) + Z logm me])xj w(j)-
j=1 j=lak]+1
Then
I [ak]
log,, i p(Qk(x)) 1
m ik = _E Zlogm Px;, () t Z log,, Gproj,x;, w(j)
Jj=1 Jj=lak]+1
1 [ak] k [ak]
- _z ZXJ(X) + Z Yj(x) - Z Z pd (j) logm pd w(j)
j=1 Jj=lakl+1 j=1deD,;

k
+ Z Z Pd, o)) IOgm qprojyx_,-, () |

j=lak]+1 deD, ;)

which implies

s

lim logmup(Qk(x)) Z

k— 00

Z (—Olpd, ilog, pa.i — (1 —@)pa,ilog, Gproja. i) )
<D,

for pup-a.e. x = (x;)j>1 € ]_[?oz1 D,,(jy. So (13) is then obtained by lemma 2.2.
In particular, we take, for each 1 < i < s, the probability vector p(i) = (pa4.i)aep, On D;
by letting

Pai = — ford € D;. (14)

Therefore, from (13) it follows

dimy 11, = Zp, log,, Z nb i

beproj, D;
This gives that dimy K (0) > dimy &y = 3"0_; pi10g,, Dy p, M5, i-

Step 2. dimy K (») < Zle pilog, Zbeproj}.Di ng, i

To do this, we take p = (p(1),p(2), ..., p(s)) where each p(i) is given by (14). We use
lemma 2.1 and show that for any given § >y ._, p; log,, Zbeproj p, My, i» A(x) = +0o0 for all
x = (x;);z1 € [172) Duijy-

For a fixedx = (x;)j>1 € [}, Du(j) any k € N, let

Se.x) = Y 108, Nproj . i for i=1,2,...,s

Xj €Pu(j)=Di
1<) <k
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Note that
k] k
l0g,, 7 (Qk(x) = Y 108, Px, wih+ Y, 108, Gproj ;. (i)
j=1 j=[ak]+1
s ne- 1 n¢ . .
proj,x;, i proj,x;, i
=2 D logm—— o+ DY log,, =——
i=1 xj €Dy(j=D; ZdeD proj,d, i i=1 xj €Dy(jy=D; ZdeD proj,d, i
1< <[ak] fakl+1< j <k
s
=3 (@S¢, %) = Sian i, ) ZNk(D )log, > i
i=1 beproj, D;
Therefore,

. 1 ~
lim sup z log,,, 1, (Qk(x))

k—o00
s

1 s
= limsup - > (@Sl x) = Sy, x)) = Y Ne(Di)log,, > nf

k—o0 i=1 i=1 beproj, D;

= lim sup — Z aSc(i, x) — Sk (i, x) Zp, log,, Z n}7 ;

k=00 beproj, D,

S N
— _Zp, log,, Z ny l+ozhmsup2< au x) [ak](]z x)>
, o

i=1 beproj, D, k=00

Since supy, |Sk+1(i, x) — Sk (i, x)| < +oo foreach 1 < i < s, it follows from [17, lemma 4.1]

S Su,
iy 30 () $0)
- o

k— 00

Hence, we have

A(x) = lim sup (k8 +log,, up(Qk(x))) = lim supk (8 + - : log,, ,up(Qk(x))> = +00,
k—

k—00
for any 8§ > >, pilog, 2 beproj, 0, b, - This leads to dimyK(w) <
> oim1 Pilog, 3y p, M. ; by lemma 2.1,

Step 3. dimp K () = }_;_; p; log,, (proj, D;|'~*|D;|%).

Let M; = {Qv(x) : x € (I x J)N} with k € N. Then M, consists of pairwise
nonoverlapping approximate squares which cover [0, 1] x [0, 1]. From the definition of box-
counting dimension it is not difficult to prove

log [{Qk(x) € My : Qx(x) N K(w) # @}|
log m*

dimg K (w) = lim

k—00

if the limit exists. Now we calculate [{Qx(x) € M : Qr(x) N K(w) # @}|. This is done by

classifying points of the set {(x j)’f | € 1—[1; 1 Doy} of finite sequences. Denote x; = (u;, v;).

Then, [{Qr(x) € M : Or(x) N K (w) # B}] is precisely the number of ways to choose {u]}[“k]
and {vj} _; such that

(D (uj,vj) € Dyjy for 1< j < [ak];
(D (u,v;) € Dy for [ak]+1 Jj <k and some choice of u € I.
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Hence, we have [{Qy (x) € My : Qx(¥) N K (@) # B} = [T | Dol T —tayer [Prd, Dy -
Therefore,

dimp K (@) = lim log [{Qx(x) € Mkloi Qkk(x) N K (o) # 0}
— 00 gm

_ lim i ({1 < j < [@k]: Doy = Dilllog |Dil + {lwk] + 1 < j < k& Dojy = D;}llog |proj, D;|)

k=00 klogm

= 3" pilog,,(Iproj, D11 Dy ).
i=1
Step 4. dimp K (0) = Y_}_; pilog,,(Iproj, D;|'~*| Di|*).
This is done directly from [8, corollary 3.9]. In fact, for any open set V C R? with

VN K(w) # @ thereexistak € Nand (xq,...,x;) € ]_[];=1 D,,j) such that

fuo fooro fu(0, 1P)NK (@) CVNEK(@®).
On the other hand, we have

K@= |J  fiofhoof(0, 1) NK (),

(X/)ﬁzlel_[ﬁ:] Doj

where the sets on the right-hand side are translations of each other. This implies
that dimg(V N K(w)) = dimg K(w), leading to dimp K(w) = dimg K(w) by
[8, Corollary 3.9]. O

A pattern D C I x J is said to have uniformly horizontal fibresifn, := |DN (I x {b})| =
constant for all b € proj, D. The following corollary follows directly from proposition 3.1.

Corollary 3.2. Let o = (Dy(j))j>1 € {D1, Do, ..., DN satisfy (12). Then dimy K (w) =
dimp K (w) if and only if each D; with p; # 0,1 = 1,2, - - -, s has uniformly horizontal fibres.

Proof. Note that x — x® is a strictly concave function because of 0 < o = log, m < 1. Thus,
foreach 1 <i < s with p; #0

o

. _ . np,i
Iproj, D;|'~*||D;|* = |proj, D] ’
y )

r0j., D;
beprol D, Iproj, D
> |proj, D;| ) M _ ) o
= |pr0.]y i| . - nb’ia
per p PO} D =
proj, D; €proj, D;

where the equality holds if and only if all n,, ; are same. Thus, the desired result follows from
proposition 3.1. ]

Now we apply theorem 1.1 (proposition 3.1) to the subject on the intersection of K (7, D)
withits translation. Asdiscussed insection 1, when max({|proj, (d\ —d>)|, |proj, (di —da)|} > 2
for any distinct dy,d» € D — D, the family {f; : d € D — D} of contractive affine maps
satisfies the open set condition with respect to the open set (—1, 1)2. In this case, |C(1)| < 4
for each t € K(T, D) — K(T, D) (recall C(t) = IT~'(¢) where the map IT is defined by (3)
with Q = D — D).

Corollary 3.3. Suppose that max{|proj,(di — d>)|, |proj,(di — d2)|} > 2 for any distinct

di,d» € D—D. Ift € K(T, D) — K(T, D) has a unique (D — D)-code (t;)2, € (D — D)N

(i.e. C(t) = {(tr);2,} is a singleton) and
< j<tity=dl
lim =

{—o00 b4

Di for 1 <i <s,
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where we assume D — D = {d,, ..., d,}. Then

s
dimy K(T, D) N (K(T.D)+1) = Y _pilog, > ni,.
i=l1 beproj, D;

and
dimg K(T, D) N (K(T, D) +t) =dimp K(T, D) N (K(T, D) +1)

=Y pilog,, (Iproj, D;|' | D;|*),

i=I

where D; = DN (D +d;),1 <i <s.

Proof. By (8) we have that K (T, D) N (K(T, D) +t) = H(]_[?il(D N (D +1t;))). Thus, the
desired result follows directly from proposition 3.1. We remark that it may happen that some
D;s are identical, i.e. D N (D +d;) = D N (D +d;) may happen for distinct d; and d;. But it
is easy to see that it does not affect the results. ]

Remarks.

(I) For each probability vector (p;)i_, the set of ¢ satisfying the conditions in corollary 3.3
isdense in K(T, D) — K(T, D). The assumption that max{|proj, (d; — d>)|, |proj, (d; —
d>)|} = 2 for any distinct d;, d» € D — D can be replaced by the family {f; : d € D— D}
satisfying the open set condition.

D If |C(r)] > 1 (note that |[C(r)] < 4 under the condition on D — D), then the set
K(T,D) N (K(T, D) +t) is reduced to a finite union of the generalized Moran sets.
In this case, the Hausdorff, packing, lower and upper box-counting dimensions of
K (T, D)N(K(T, D)+t) canbe determined without the assumption on the digit frequencies
of the (D — D)-codes of . But it may have different lower and upper box-counting
dimensions. However, the packing and upper box-counting dimensions are always
identical. Readers can refer to, for instance, [14, 15, 25, 38] for detailed information
on the generalized Moran sets.

(IIT) When the family {f; : d € D — D} fails to satisfy the open set condition, the approach
described in this paper does not work any more. The situation becomes much more
complicated. However, when ¢ is arational pair the set K (T, D)N (K (T, D)+t) represents
a graph-directed structure to which the results in [18] can be applied.

4. Further discussion

In this section, a necessary condition and a sufficient condition are obtained, respectively, such
that the Hausdorff measure of K () in its dimension is positive. If the pattern D; has uniformly
horizontal fibres, we denote

;= |pr0ij,-|, np =t forall be proij,-.
In addition, patterns D; and D; are said to have uniformly horizontal fibres of the same type if
both of them have uniformly horizontal fibres and ¢; = £;, t; = t;.
Theorem 4.1. Let w = (D)) j>1 € {D1, D, ..., DN satisfy (12). Let y be the Hausdorff
dimension of K (w).
D If0 < HY"(K(w)) < oo, then each D; with p; # 0, i = 1,2,---,s has uniformly
horizontal fibres;

(I) If all patterns D;, 1 < i < s have uniformly horizontal fibres of the same type, then
0 < H"(K(w)) < oo.
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Proof. (I) Without loss of generality, we assume that 1 < ¢ < s is such that Z;zl pi = 1 with
pi > 0for1 < i < t(thismeansother p;s are zerosif ¢ < s). By the structure of K (w) we have

K@= |J K@ n fa(l0, 1),
deDyq)
where the sets are translations of each other on the right-hand side. Thus,
1
[ Dy

forall d € Dy 1). Foranyd = (d)*_, € ["_, Duq let fa:= fu, o fa, 0 -0 f4. The same
argument yields that

H” (K (@) N fa([0, 11%)) = HY (K (),

HY (K (@) N fa([0, 1) = ————H" (K (),
[Tizi 1Do]
for any d = (d,')if=1 € ]_[ff=1 Dyi). Now we take p = (@(1),p(2),...,p(s)) where
p(i) = (ID;|7", ..., |D;|™")is a probability vectoron D;, 1 <i <s. Let i1y be the probability
measure on K (w) which is defined in the way shown by (9)—(11). Then
1
fip(K (@) N fa([0, 1)) = ———,
' [Tizi 1Dos)]

foranyd = (d,-)f‘:, € ]_[f-‘:l D, ). Therefore, for any Borel set A C [0, 117

1
i7(K(w) NA) = ——HY (K(w) N A).
Hp(K (@) N A) 7 (K (@) (K(w) N A)
Note that
dimy iy = Alcrll(l(cw) dimy A = AICI}(E)) dimyg A = y.
ﬂF(A):l HY (A)=HY (K (»))

On the other hand, from (13) it follows

t
. ~ 1 1 1 Nproj d, i
d - = i | — _1 _ 1_ 1 y
T iy ZZ”( o % iy~ 08 D] )

i=1 deD;
d 1
a—1
= Pi Z Wlogm ('Di|nproj’\‘d.i> .
i=1  dep; '
' ' ~1
Recall that Yy = Zi:l pi 1Ogm Zbeproj}.D,- ”z, i = Zi:l pi IOgm ZdeD,- ngrojyd, i by
proposition 3.1. Sincelog,, x is astrictly concave functionin x we obtain thatforeach 1 <i <1t
all Nproj,d, is d € D; are same, i.e. each D;,i = 1,2, - - -, t has uniformly horizontal fibres.

(IT) We first consider the case that each pattern D; has uniformly horizontal fibres. Then by
proposition 3.1 we have

y = dimg K (0) = dimp K (0) = Z pilog, 1; + Z pilog,, €.
i=1 i=1

We take p = (p(1),p(2), ..., p(s)) where p(i) = (pa. )aep, = (IDi| ™", 1D 7", .., [Di| ™)
is a probability vector on D;, 1 < i < s. The probability measure (i, on K (w) is constructed
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in the way shown by (9)—(11). Thus, forany x = (x;); >1 € ]_[?';1 D, and any k € N
s s

ky +1og,, fiy(Qr(x)) = Y (pictk — Nig(D;) log,, t; + Y _(pik — Ne(Dy)) log,, &;.
i=1 i=1

=Y (pilak] = Nty (D) log,, 1 + Y _(pik — Ni(D)) log,, £;

i=1 i=1

+ (piak — pilak]) log,, 1. (15)
i=1
Thus, when all patterns D;, 1| < i < s have uniformly horizontal fibres of the same type, (15)
reduces to s
ky +10g,, fly(Qc(®) = Y (piak — p;lak]) log,, 1,
i=1

which gives 0 < H” (K (w)) < oo by lemma 2.1. O

Combining theorem 4.1 (I) with corollary 3.2 we have that dimyg K (®w) = dimp K (w)
if K(w) has positive Hausdorff measure in its dimension. Let us recall that in the case of
general Sierpinski carpet we have dimy K (7, D) = dimg K (7T, D) if and only if K (T, D) has
positive Hausdorff measure in its dimension. However, this is not true for the case discussed
in this paper. The following examples show that the conditions shown in theorem 4.1 are not
necessary (examples 1 and 2 for case (I), example 3 for case (II)). For simplicity, we only
consider the case that s = 2 although it becomes more complicated for s > 2.

Example 1. Let w = (Dy(jy)j >1 € {Dy, D2}N satisfy (12) with p; = 1 and p, = 0, where
D has uniformly horizontal fibres. Then

dimy K () = dimp K () = log,, (|proj, D =YDy |*) = log,, (¢11]) == y.
Take the probability vectors p(i) on D; as p(i) = (pa. )aep, = (IDi|7 ..., |D;|™Y), i =
1, 2. The probability measure (i, on K (w) is constructed in the way shown by (9)-(11). Then
forany x = (x;);>1 € ]_[;’Oz1 D,y and any k € N

k] k
ky +1og,, fly(Qx(x)) = klog,,(¢11f) + Y 108, Px;.wih+ D 108, Goroj,x,. w()
j=1 j=lak]+1
1 51
= klog,, (€11{") + Niax(D1) log,, —— + (Nk(D1) — Niaiy(Dy)) log,, ——
| D] | D]
1
+ Niar1(D2) log,, Dl + Z 1og,,, Gproj,x;. 2
1D [k 1< <k
o (j)=2
= (ka — [ak]) logm t1 + Ny (D») IOgm 0 + N[ak](DZ) logm 5]
— Niat1(D2) log,, | Dy | + Z 10g,,, Gproj x;. 2
[akl+1<j <k
w(j)=2
| D1

= (ka — [ak])log,, t; + (Nx(D2) — Niwk)(D2)) log,, £1 + Niari (D) log,, Do

+ Z log,, Gproj,x;, 2-

fek]+1<j <k
w(j)=2

Denote ¢* = maXpeproj, 0, gb,2 and gy = MiNpeproj p, gp,2- Then

ky +log,, (0 (x)) < (ka — [ak]) log,, t; + (Nx(D2) — Nigiy(D2)) log,, (£1g™)

| D]
+ Ny (D7) log,, 1Dl
>
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and
ky +log,, tp(Qk(x)) > (ka — [ak]) log,, t + (Ni(D2) — Nigi)(D2)) log,, (£14:)
| D]
+ Njgr1(D2) 1 —_—
k1 (D2) log,, D]

for any x = (x;), >1 € [[52, Dw(j) and any k € N.
Now we take @ = (Dy(j))j>1 € {D1, D2} such that w(k?) = 2 and = 1 otherwise.
Thus Ne(D1) = {1 < j < k& Dogy = Di)l = k = [VE] and Ne(D) = I{1 < j <

k : Dyy = Da}| = [ﬁ] (so w satisfies (12) with p; = 1 and p, = 0). Hence, for any
x=(x;);>1 €172 Dy
A) = lim sup (ky + log,, 7y (Qu(x)) = {*_Z‘; . 23 Sl
By lemma 2.1, this means 1" (K (w)) takes, respectively, 0 and +oo. U
Example 2. Let o = (Dy;))j>1 € {Di, DY satisfy (12) with 0 < p; < 1 (so
p> =1 — p; > 0). Let both D; and D, have uniformly horizontal fibres. Then

dimy K (0) = dimp K (w) = p; log,,(£11]) + (1 — py)log,, (€2t5) == y.
With the same probability measure fi, as that in Example 1, it follows from (15) that

~ t 12
ky +1og, [i,(Qx(x)) = (pilak] — Ny (D1)) log,, t—l + (pik — Ni(Dy)) log,, £_1
2 2

2
+ Z(Plak — Di [Olk]) logm t,

i=1
foranyx = (x;); >1 € ]_[j’il D, jyandany k € N. Suppose thatt; = t, and £, > £,. Then, for
any x = (x;);>1 € ]—[jil D, (j) we have A(x) = limsup,_, ., (ky +log,, [, (Qk(x)) = +00
if we take @ = (Dy(jy)j>1 € {D1, D>}V such that lim SUPy_, oo (P1k — Ni(D1)) = +00. In
fact, the set of the w possessing this property is of full P measure by the law of the iterated
logarithm (cf [4, theorem 1 in section 10.2]). O

Example 3. In example 2, suppose that (€1, ;) # (£2,%). Then, for any x = (x;);>1 €
]—[?il D,,(j) we have that A(x) = limsup,_, ., (ky +log,, [i,(Qk(x))) is a (finite) real number
if we take w = (Dy(j))j >1 € {D1, D, such that —& < p1k — Ni(Dy) < & for some positive
&, eg.weletw(2k — 1) = 1 and w(2k) = 2 when p; = p». O
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