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Abstract

By prescribing their code run behavior, we consider some subsets of Moran fractals. Fractal
dimensions of these subsets are exactly obtained. Meanwhile, an interesting decomposition of
Moran fractals is given.
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1. INTRODUCTION

Fractal dimensions such as Hausdorff, box and pack-
ing dimensions are introduced to measure the sizes
of fractal sets and are employed in many different
disciplines. Unfortunately, it is very difficult to de-
termine the exact fractal dimensions of general frac-
tal sets. Some results on fractal dimensions are ob-
tained for those fractal sets with a special structure.
Among them is a typical fractal structure termed as
Moran set or Moran fractal. The Moran fractal is
an extension of the self-similar set with separation
property. The latter is in fact a map-specified Moran
fractal. As a fractal set, the various dimensions of

the Moran fractal have been determined. One turns
to studying its various subsets. These subsets gen-
erally play an important part in the study of frac-
tals, e.g. they act as the multifractals,1 the set of
normal numbers and the set of the real numbers in
[0, 1] for which the digits in their decimal expan-
sion has a prescribed frequency,4 the set of non-
differentiability points of Cantor function,2,3 etc.
Moran fractal is constructed in a good way so that
it can be well encoded.

Let Ω = {0, 1, . . . , r} where r is a positive inte-
ger. We write Ωω = {σ = (σ(1), σ(2), . . .) : σ(j) ∈
Ω} and Ω∗ =

⋃∞
k=1Ω

k with Ωk = {σ = (σ(1),
σ(2), . . . , σ(k)) : σ(j) ∈ Ω} for k ∈ N. |σ| is used to
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denote the length of word σ ∈ Ω∗. For any σ, τ ∈ Ω∗

write σ ∗ τ = (σ(1), . . . , σ(|σ|), τ(1), . . . , τ(|τ |)),
and write τ ∗ σ = (τ(1), . . . , τ(|τ |), σ(1), σ(2), . . .)
for any τ ∈ Ω∗, σ ∈ Ωω. For σ ∈ Ωk, let C(σ) = {τ ∈
Ωω : τ |k = σ} where τ |k = (τ(1), τ(2), . . . , τ(k)).
C(σ) is termed as the cylinder set with base σ.
Fixing a non-empty compact set J ⊂ Rn with
int J = J and positive real numbers 0 < aj < 1,
j = 0, 1, . . . , r. First choose a family {Jj : j ∈ Ω}
of non-overlapping non-empty compact subsets of J

such that int Jj = Jj and |Jj | = aj|J | where | · | de-
notes the diameter of set. Suppose that Jσ is given
for some σ ∈ Ωk. Take a family {Jσ∗j : j ∈ Ω} of
non-overlapping non-empty compact subsets of Jσ

such that int Jσ∗j = Jσ∗j , |Jσ∗j | = aj |Jσ|. We as-
sume that there is a constant 0 < c < 1 such that
each Jσ contains an open ball of diameter c|Jσ |.
The Moran fractal F associated with {0 < aj < 1,
j ∈ Ω} and the Jσ , σ ∈ Ω∗ is defined as the non-
empty compact set

F =

∞⋂

k=1

⋃

σ∈Ωk

Jσ . (1)

We shall refer to Jσ as a kth level component set of
F if σ ∈ Ωk. Define φ : Ωω → Rn by

{φ(σ)} =

∞⋂

k=1

Jσ|k . (2)

It is easy to see that φ(Ωω) = F and φ(C(σ)) =
F

⋂
Jσ by (1) and (2). But φ may not be an in-

jection. An important property of φ is that there
is positive constant c1, independent of x ∈ F , such
that

sup
x∈F

#{φ−1(x)} < c1 (3)

by means of Lemma 9.2 in Ref. 5. Thus each x ∈ F

can be encoded via φ : σ ∈ Ωω is called a location
code of x ∈ F if φ(σ) = x. Note that each x ∈ F has
at most c1 codes by (3). In this paper, sometimes
we use (x(1), x(2), . . .) ∈ Ωω to denote a specified
location code of x ∈ F if no confusion arises.

A Moran fractal is termed map-specified if
there exist similitude contractions hj(x) : Rn →
Rn, j = 0, 1, . . . , r, such that Jσ = hσ(J) for any
σ ∈ Ω∗ where hσ(x) = hσ(1) ◦ · · · ◦ hσ(|σ|)(x). In
this case, F is actually the self-similar set deter-
mined by {hj : j ∈ Ω}, which satisfies the open set
condition with respect to the open set O = int J ,
i.e.

⋃r
j=0 hj(O) ⊆ O with a disjoint union on the

left, and the coding map φ in (2) can be rewritten
as

{φ(σ)} =

∞⋂

k=1

hσ|k(O) =

{
lim

k→∞
hσ|k(0)

}
. (4)

Now let Γ ⊆ Ω = {0, 1, . . . , r} be non-empty such
that Γc 6= ∅. For n ∈ N and σ ∈ Ωω, we define
Nn(σ), the length of the Γ-run starting at n, by

Nn(σ) =





0, if σ(n) 6∈ Γ

k, if σ(j) ∈ Γ
for j = n, n + 1, . . . , n + k − 1
and σ(n + k) 6∈ Γ

+∞, if σ(k) ∈ Γ for k ≥ n .

Hence for each σ ∈ Ωω the sequence {Nn(σ)} char-
acterize its behavior. Let {Q(n)} be a sequence of
real numbers such that Q(n) ↑ +∞ as n → +∞

and limn→+∞
Q(n)

n
= α ∈ [0, +∞]. Let

Λ =

{
σ ∈ Ωω : lim supn→∞

Nn(σ)

Q(n)
= 1

}
and

M = φ(Λ) .

(5)

It is easy to see that M is dense in F since Λ is
dense in Ωω. The Hausdorff dimension of M is ex-
pected depending on α. For the extreme case when
α = 0, it was proved in Ref. 8 that

dimH M = dimP M = dimB M = dimH F = s

where s is given by
∑

j∈Ω

as
j = 1 . (6)

Throughout this paper the positive real number
s is always assumed giving in this equation. While
for the general case when α ∈ (0, +∞), we have

dimH M = η̃ and

dimP M = dimB M = dimH F = s

where η̃ is determined by

1

1 + α
log

∑

j∈Ω

a
η̃
j +

α

1 + α
log

∑

j∈Γ

a
η̃
j = 0 . (7)

This can be easily derived from the result in Ref. 9.
In this paper, we discuss the fractal dimensions of
M for the another extreme case when α = +∞. We
obtain

Theorem. Let {Q(n)} be a sequence of real num-

bers such that Q(n) ↑ +∞ as n → +∞ and
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limn→+∞
Q(n)

n
= +∞. Let M be defined by (5). Let

η be given by
∑

j∈Γ

a
η
j = 1 . (8)

Then dimH M = η with Hη(M) = +∞, dimB M =
dimP M = dimH F = s with s given in (6), and M

is dense in F .

Summarizing above, the dimH M for all α ∈
[0, +∞] can be given by the unified formula (7) if
we adopt the convention that 1

∞ = 0 and ∞
∞ = 1.

Taking Q(n) = tn2 in (5), we can get Ft ⊆ F for
t ∈ (0, +∞) by

Λt =

{
σ ∈ Ωω : lim supn→∞

Nn(σ)

n2
= t

}
and

Ft = φ(Λt) .

(9)

Then we can obtain a decomposition of F , i.e. F =⋃
t∈[0,+∞] Ft by allowing t = 0, +∞ in (9). These Ft

have the following properties and will be verified at
the end of next section:

(P1) F =
⋃

t∈[0,+∞] Ft with supx∈F #{t : x ∈

Ft} < c1 by (3), i.e. each x ∈ F belongs to
at most c1 distinct Ft

(P2) Each Ft is dense in F

(P3) dimH Ft = η for t ∈ (0, ∞], dimH F0 = s.
dimP Ft = dimB Ft = s for t ∈ [0, ∞]

(P4) F0 is an s-set, while Hη(Ft) = ∞ for t ∈
(0, ∞]

(P5) Moreover, if F is map-specified with simili-
tudes hj , j = 0, 1, . . . , r, i.e. a self-similar
set, then each Ft is invariant under {hj : j =
0, 1, . . . , r}, i.e.

Ft =

r⋃

j=0

hj(Ft) .

On the other hand, the Ft can be considered as
the level sets of the measurable function Y (σ) =

lim supn→∞
Nn(σ)

n2 : Ωω → [0, +∞]. It can be em-
ployed to construct some very interesting functions,
for example, for any 0 < η < 1 a measurable func-
tion g(x) : [0, 1] → [0, +∞] can be made such that
for any t ∈ (0, +∞] the t-level set of g(x) is dense
in [0, 1] and has Hausdorff dimension η.

2. PROOFS

In this section, a general dimension result on a class
of subsets of Moran sets is first obtained. Then

this result will be applied to give a decomposition
of Moran sets. The following proposition will be
employed.

Proposition. Let A = φ(
∏∞

i=1 Ωi) where the Ωi are

non-empty subsets of Ω = {0, 1, . . . , r}, i ∈ N. Let

d(k) be such that

k∏

i=1




∑

j∈Ωi

a
d(k)
j


 = 1 .

Then dimH A = lim infk→∞ d(k)
∆
= d.6

Proof. This result can be found in Ref. 6 for the
more general Moran fractal structure. Here a sim-
plified proof is given for this special case. For any
d > d, there exists a sequence {nk : k = 1, 2, . . .}
such that d(nk) < d. For any δ > 0, we can take
k large enough such that {Jσ : σ ∈

∏nk

i=1 Ωi} is a
δ-covering of A. Then

Hd
δ(A) ≤

∑

σ∈
∏nk

i=1
Ωi

|Jσ|
d = |J |d

nk∏

i=1




∑

j∈Ωi

ad
j




≤ |J |d
nk∏

i=1




∑

j∈Ωi

a
d(nk)
j


 = |J |d

which implies that dimH A ≤ d. So we have
dimH A ≤ d.

Now we turn to prove that dimH A ≥ d. Let
us suppose without loss of generality that d > 0.
Then we only need to prove that for any fixed
0 < d < d, dimH A ≥ d. Let us construct a proba-

bility measure µ̃ on Sω ∆
=

∏∞
i=1 Ωi such that for any

σ ∈ Sk ∆
=

∏k
i=1 Ωi, k = 1, 2, . . .

µ̃(C∗(σ)) =

∏k
i=1 ad

σ(i)∏k
i=1(

∑
j∈Ωi

ad
j )

where C∗(σ)
∆
= {θ ∈ Sω : θ|k = σ} is a cylinder in

Sω with base σ. Let µ be the image measure under
φ defined in (2) and restricted to Sω here. For ε > 0,

write Sε = {σ ∈
⋃∞

k=1 Sk : aσ
∆
=

∏|σ|
i=1 aσ(i) ≤ ε and

aσ|(|σ|−1) > ε}. For any x ∈ A, ε > 0, by B(x, ε) we
denote the closed ball with center at x and radius
ε. Let Lx,ε

∆
= {σ ∈ Sε : Jσ

⋂
B(x, ε) 6= ∅}. Since

A =
⋃

σ∈Sε
(A

⋂
Jσ) and Jσ , σ ∈ Sε are pairwise



November 25, 2003 23:26 00218

348 W. X. Li

non-overlapping, there exists a finite constant c̄ in-
dependent of x, ε such that 1 ≤ #Lx,ε ≤ c̄. Thus

µ(B(x, ε)) ≤
∑

σ∈Lx,ε

µ̃(C∗(σ))

=
∑

σ∈Lx,ε

∏|σ|
k=1 ad

σ(k)
∏|σ|

i=1(
∑

j∈Ωi
ad

j )
≤ c̄εd

where for the last inequality we use that∏|σ|
i=1(

∑
j∈Ωi

ad
j ) ≥ 1 when ε is small enough, since

d < d. Then by Frostman’s lemma5 we obtain
Hd(A) > 0 which implies that dimH A ≥ d. QED

Remark. Some further results on the set A de-
fined in Proposition are: dimBA = dimP A =
lim supk→∞ d(k),7 and that 0 < Hd(A) < +∞

if and only if 0 < lim infk→∞
∏k

i=1(
∑

j∈Ωi
a

d
j ) <

+∞.6,10

Proof of Theorem. (I) We prove dimH M = η.
At first we show dimH M ≤ η. To do this, we

prove below that dimH M ≤ d for any η < d < s.
Now fix arbitrarily d with η < d < s. Then we

have
∑

j∈Γ

ad
j < 1 and

∑

j∈Ω

ad
j > 1 .

Since limk→∞
Q(k)

k
= ∞, we can take k∗ such that

when k ≥ k∗

[0.5Q(k)]

k
≥

−2 log k

k log(
∑

j∈Γ ad
j )

−

(
1 −

1

k

)
log(

∑
j∈Ω ad

j )

log(
∑

j∈Γ ad
j )

(10)

where for a real number a, [a] is the maximal in-
teger not more than a throughout this paper. For
k ≥ k∗, take

uk = k − 1 + [0.5Q(k)] (11)

and

Ek = {x ∈ F : x(i) ∈ Γ for k ≤ i ≤ uk} . (12)

Thus from the definitions of M and Ek in (5) and
(12), it follows

M ⊆ lim sup
k→∞

Ek =

∞⋂

m=k∗

⋃

k≥m

Ek
∆
= E∞ .

Since each Ek can be covered with {Jσ∗τ : σ ∈
Ωk−1 and τ ∈ Γuk−k+1}, for any m ≥ k∗ we have

Hd(E∞) ≤ Hd




⋃

k≥m

Ek




≤ |J |d
∑

k≥m




∑

j∈Ω

ad
j




k−1


∑

j∈Γ

ad
j




uk−k+1

.

Here we declare that for k ≥ k∗ we have



∑

j∈Ω

ad
j




k−1 


∑

j∈Γ

ad
j




uk−k+1

≤ k−2

which is equivalent to

uk

k
≥

−2 log k

k log(
∑

j∈Γ ad
j )

+

(
1 −

1

k

)

−

(
1 −

1

k

)
log(

∑
j∈Ω ad

j )

log(
∑

j∈Γ ad
j )

. (13)

But (13) holds by (10) and (11). Therefore, we have
Hd(E∞) ≤ |J |d

∑
k≥m k−2 → 0 as m → ∞.

Without loss of generality we assume η > 0. To
show dimH M ≥ η, we prove below that for arbi-
trarily fixed 0 < d < η, there exists a subset E of
M such that dimH E ≥ d.

Let the positive constant c2 be defined by

c2
∆
= − log

∑

j∈Γc

as
j . (14)

Consider strictly decreasing continuous function

G(x) = log
∑

j∈Γ

ax
j , 0 ≤ x ≤ s .

Let 0 < ε < 1 be defined by c2ε
1−ε

= G(d).
Now define a sequence of positive integers bi,

i ∈ N, by

bi+1 = bi + [Q(bi + 1)] . (15)

Here we take b1 large enough to ensure Q(k) ≥ 2
whenever k ≥ b1. Thus bi > i. So the bi increase
strictly and tend to +∞. Construct a set E as
follows:

E = {x ∈ F : all x(k) ∈ Γ but x(bi) ∈ Γc,

i = 1, 2, . . . , }.

Now for any k ∈ N there is an i with bi ≤ k < bi+1.
Thus for any σ ∈ Ωω with φ(σ) ∈ E, because
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Nk(σ) ≤ Nbi+1(σ) = bi+1 − bi − 1, Nbi
(σ) = 0 and

Q is non-decreasing we have

lim sup
k→∞

Nk(σ)

Q(k)
≤ lim sup

i→∞

Nbi+1(σ)

Q(bi + 1)

= lim sup
i→∞

bi+1 − bi − 1

Q(bi + 1)
= 1

by (15). Therefore E ⊆ M and by Proposition
dimH E = lim infk→∞ d(k) where d(k) with bi ≤
k < bi+1 is determined by




∑

j∈Γc

a
d(k)
j




i 


∑

j∈Γ

a
d(k)
j




k−i

= 1 . (16)

Thus 0 ≤ d(k) ≤ s. Note that

lim
i→∞

i

bi
= lim

i→∞

i − (i − 1)

bi − bi−1
= lim

i→∞

1

Q(bi−1 + 1)
= 0 .

Thus we can take i∗ such that when i ≥ i∗ we have
i
bi

< ε. As a result, when k ≥ bi∗ from (16) and (14)
it follows

G(d(k)) = log
∑

j∈Γ

a
d(k)
j =

−i

k − i
log

∑

j∈Γc

a
d(k)
j

≤
c2i

k − i
≤

c2ε

1 − ε
= G(d) .

So we have d(k) ≥ d, implying dimH E =
lim infk→∞ d(k) ≥ d.

(II) We prove dimB M = dimP M = s.
The dimB M = dimB F = s can be derived from

the density result proved later. Thus it suffices to
prove for any given 0 < d < s, dimP M ≥ d. Let
the positive constant c3 be defined by

c3
∆
= max



log #Γ, log #Γc,

∣∣∣∣∣∣
log

∑

j∈Γ

as
j

∣∣∣∣∣∣
,

∣∣∣∣∣∣
log

∑

j∈Γc

as
j

∣∣∣∣∣∣



 . (17)

Consider the non-negative strictly decreasing
function

G∗(x) = log
∑

j∈Ω

ax
j , 0 ≤ x ≤ s .

Let 0 < ε < 1 be defined by 3c3ε
1−ε

= G∗(d).
Take the sequence of integers 0 < k1 < u1 <

u1,1 < · · · < u1,n1
< k2 < u2 < · · · < ki < ui <

ui,1 < ui,2 < · · · < ui,ni
< ki+1 < ui+1 < · · · as

{bi, i = 1, 2, . . .} defined in (15) and construct a
set E as follows:

E = {x ∈ F : x(bi) ∈ Γc and x(k) ∈ Γ

for ki < k < ui, i ≥ 1} . (18)

Obviously for any choice of {ni, i = 1, 2, . . .}, the
set E is a closed set with E ⊆ M ⊆ F and is a
generalized Moran fractal described in Proposition
since E = φ(

∏∞
i=1 Ωi) with Ωbi

= Γc, Ωk = Γ when
ki < k < ui and Ωi = Ω for the rest. Denote

NΩ(k)
∆
= #{i : Ωi = Ω, 1 ≤ i ≤ k}

NΓ(k)
∆
= #{i : Ωi = Γ, 1 ≤ i ≤ k}

and

NΓc(k)
∆
= #{i : Ωi = Γc, 1 ≤ i ≤ k} .

Thus we have that NΩ(k)+NΓ(k)+NΓc(k) = k for
k ∈ N.

Note that for ki−1 ≤ k ≤ ui, NΩ(k) = NΩ(ki−1).
For convenience we put

fi = NΩ(ki − 1) .

We shall now make a choice for {ni, i = 1, 2, . . .},
based on the previously defined ε. Suppose that the
n` are defined for ` = 1, 2, . . . , i − 1, then also ki

and ui are determined. Letting ni vary, we have

lim
ni→∞

NΩ(ui,ni
)

ui,ni

= lim
ni→∞

NΩ(ui) + ui,ni
− ui − ni

ui,ni

= 1 − lim
ni→∞

ni

ui,ni

= 1 − lim
ni→∞

ni − (ni − 1)

ui,ni
− ui,ni−1

= 1 − lim
ni→∞

1

[Q(ui,ni−1 + 1)]
= 1 .

Therefore, we can choose ni such that

fi+1 = NΩ(ki+1 − 1) ≥ (1 − ε)ki+1 . (19)

According to the remark of Proposition we have
dimBE = dimP E = lim supk→∞ d(k) where d(k)
satisfies




∑

j∈Ω

a
d(k)
j




NΩ(k) 


∑

j∈Γc

a
d(k)
j




NΓc(k)

×




∑

j∈Γ

a
d(k)
j




NΓ(k)

= 1 . (20)
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Also we have 0 ≤ d(k) ≤ s. Taking logs in (20), and
using NΩ(k) + NΓ(k) + NΓc(k) = k, we get

log
∑

j∈Ω

a
d(k)
j

= −
NΓc(k)

NΩ(k)
log

∑

j∈Γc

a
d(k)
j

−
k − NΩ(k) − NΓc(k)

NΩ(k)
log

∑

j∈Γ

a
d(k)
j . (21)

Taking k = ki in (21), we have

log
∑

j∈Ω

a
d(ki)
j

= −
NΓc(ki)

fi


log

∑

j∈Γc

a
d(ki)
j − log

∑

j∈Γ

a
d(ki)
j




−
ki − fi

fi
log

∑

j∈Γ

a
d(ki)
j . (22)

Note that

0 ≤
NΓc(ki)

fi
=

ki − NΩ(ki) − NΓ(ki)

fi

≤
ki − fi

fi
=

ki

fi
− 1 ≤

ε

1 − ε
(23)

by (19). Note that | log
∑

j∈Γc a
d(ki)
j | ≤ c3,

| log
∑

j∈Γ a
d(ki)
j | ≤ c3 by (17). Therefore,

G∗(d(ki)) = log
∑

j∈Ω

a
d(ki)
j ≤

ε

1 − ε
· 2c3 +

ε

1 − ε
· c3

=
3c3ε

1 − ε
= G∗(d) ,

by (22) and (23), which means that d(ki) ≥ d. So
we get dimBE = dimP E ≥ d.

(III) We prove Hη(M) = +∞.
Let E be defined in (18). We show that Hη(E) =

+∞. Denote G
∆
=

∏∞
i=1 Ωi and G∗ ∆

= {σ : σ ∈ Gk,

k ≥ 1} with Gk
∆
=

∏k
i=1 Ωi. Let Q = {Jσ : σ ∈ G∗}.

For α ≥ 0, define

Hα
Q(E)

∆
= lim

δ→0+
inf

{
∑

σ

|Jσ|
α : {Jσ} is a finite

non-overlapping δ-covering of E

and Jσ ∈ Q

}
. (24)

Then we have6,10

cαH
α
Q(E) ≤ Hα(E) ≤ Hα

Q(E) (25)

where cα is a positive number depending on α. For
σ ∈ G∗ denote

CG(σ)
∆
= {τ ∈ G : τ‖σ| = σ} .

A finite non-overlapping δ-covering {Jσ : σ ∈ T ⊆
G∗} of E is called full if

⋃
σ∈T CG(σ) = G. Note

that a finite non-overlapping covering of E may not
be full. Let {Jσ : σ ∈ T ⊆ G∗} be a finite non-
overlapping δ-covering of E. If it is not full, then
for each σ ∈ T let

G∗
σ = {τ ∈ G∗ : |Jτ | ≤ |Jσ | but |Jτ |(|τ |−1)| > |Jσ |,

Jτ

⋂
Jσ 6= ∅} .

Then there is a positive constant q independent of σ

such that #G∗
σ < q by means of Lemma 9.2 in Ref. 5.

Take D = (
⋃

σ∈T G∗
σ). By T̃ we denote the subset of

D by deleting those τ ∈ D for which there is a γ ∈ D
with |γ| < |τ | and τ ||γ| = γ. Thus we get a full fi-

nite non-overlapping δ-covering {Jσ : σ ∈ T̃ ⊆ G∗}
of E satisfying

∑

σ∈T̃

|Jσ |
η ≤

∑

σ∈T

∑

τ∈G∗

σ

|Jτ |
η ≤ q

∑

σ∈T

|Jσ |
η

i.e. for each a finite non-overlapping δ-covering
{Jσ : σ ∈ T ⊆ G∗} of E there is a full finite non-
overlapping δ-covering {Jσ : σ ∈ T̃ ⊆ G∗} of E such
that

∑

σ∈T

|Jσ |
η ≥ q−1

∑

σ∈T̃

|Jσ |
η (26)

where the positive real number q is independent of
the choice of the finite non-overlapping δ-covering
of E. On the other hand, for each full finite non-
overlapping δ-covering {Jσ : σ ∈ T̃ ⊆ G∗} of E, let
k1 = max

σ∈T̃ |σ| and k2 = min
σ∈T̃ |σ|. In Refs. 6

and 7, it states that there is k2 ≤ k ≤ k1 such that

∑

σ∈T̃

|Jσ|
η ≥

∑

σ∈Gk

|Jσ|
η = |J |η

k∏

i=1

∑

j∈Ωi

a
η
j . (27)

From (24) to (27), it follows that we only need to
prove

lim inf
k→∞

k∏

i=1

∑

j∈Ωi

a
η
j = +∞ . (28)
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By the definitions of E and η in (18) and (8), we
have

log

k∏

i=1

∑

j∈Ωi

a
η
j

= log







∑

j∈Ω

a
η
j




NΩ(k) 


∑

j∈Γc

a
η
j




NΓc(k)



= NΩ(k)


log

∑

j∈Ω

a
η
j +

NΓc(k)

NΩ(k)
log

∑

j∈Γc

a
η
j


 . (29)

Noting that limk→∞ NΩ(k) = +∞,
∑

j∈Ω a
η
j > 1

and limk→∞
NΓc(k)
NΩ(k) = 0, thus (28) holds by (29).

For the density result, it is derived directly from
the fact that if σ ∈ Λ then for any k ∈ N those
τ ∈ Ωω with τ(i) = σ(i), i ≥ k will lie in Λ. QED

As an application of the Theorem we can now
prove (P1) to (P5) of the previous section.

Proof of (P1)–(P5). By (3) and the definition (9)
of Λt, we have

⋃
t∈[0,+∞] Λt = Ωω which leads to

(P1). (P2) can be got directly from the definition
(9) of Ft. For t ∈ (0, ∞), we have dimH Ft = η

with Hη(Ft) = ∞ and dimP Ft = dimB Ft = s by
taking Q(n) = tn2 in Theorem. If taking Q(n) =
n3 in Theorem, we have F+∞ ⊇ M which im-
plies dimH F+∞ ≥ η with Hη(F+∞) = ∞ and
dimP F+∞ = dimB F+∞ = s. If taking Q(n) =
n log n in Theorem, we have F0 ⊇ M , which im-
plies dimP F0 = dimB F0 = s. dimH F+∞ ≤ η can
be got from the fact F+∞ ⊆ lim supk→∞ Ek with
Ek being defined in (12) and Q(k) = k2 in (11).
Finally some results in Ref. 8 imply that F0 is an s-
set. Thus we get (P3) and (P4). Note that if σ ∈ Λt,
then for any j ∈ Ω we have j ∗ σ ∈ Λt, since

lim sup
n→∞

Nn(j ∗ σ)

n2
= lim sup

n→∞

[
Nn−1(σ)

(n − 1)2
·
(n − 1)2

n2

]

= t .

Thus Λt =
⋃r

j=0 j∗Λt where j∗Λt = {j∗σ : σ ∈ Λt},
which get (P5) by (4). QED

In the following example, we give a measurable
function g(x) : [0, 1] −→ [0,+∞] such that for any
given 0 < η < 1, the t-level set, t ∈ (0,+∞], of g(x)
is dense in [0, 1] and has Hausdorff dimension η.

Example. Take r = 2, Γ = {0, 2} and J = [0, 1].
Take positive real numbers a0, a1 and a2 such
that

∑2
i=0 ai = 1 and a

η
0 + a

η
2 = 1. Consider the

map-specified Moran fractal F with h0(x) = a0x,
h1(x) = a1x + a0 and h2(x) = a2x + a0 + a1,
x ∈ R1. Then we have F = [0, 1] and s = 1.
Note that each x ∈ F either has unique loca-
tion code or has only two location codes in Ωω =
{0, 1, 2} × {0, 1, 2} × · · · . In the former case, the
corresponding x only lies in one of the sets Ft. In the
latter case, one of the two location codes only has
components 0 except for finitely many components,
the other only has components 2 except for finitely
many components. So the corresponding x only lies
in F∞. Then (Ft) with t ∈ [0, +∞], defined in (9), is
a partition of F (= [0, 1]), satisfying the properties
of (P1)–(P5). Define function g : [0, 1] → [0, ∞] by

g(x) = t if x ∈ Ft .

Thus we have g−1(t) = Ft. Then by Theorem we
get a measurable function g : [0, 1] → [0, +∞]
satisfying:

(1) Each t-level set g−1(t) ⊆ [0, 1] is dense in [0, 1],
t ∈ [0, +∞];

(2) the t-level set g−1(t) has Hausdorff dimension
η and infinite Hausdorff measure in η for t ∈
(0, +∞], g−1(0) is a 1-set and g−1(t) have pack-
ing and box dimensions 1 for all t ∈ [0, +∞];
and

(3) g−1(t) =
⋃2

i=0 hi(g
−1(t)).
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