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Abstract

By prescribing their code run behavior, we consider some subsets of Moran fractals. Fractal
dimensions of these subsets are exactly obtained. Meanwhile, an interesting decomposition of

Moran fractals is given.
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1. INTRODUCTION

Fractal dimensions such as Hausdorff, box and pack-
ing dimensions are introduced to measure the sizes
of fractal sets and are employed in many different
disciplines. Unfortunately, it is very difficult to de-
termine the exact fractal dimensions of general frac-
tal sets. Some results on fractal dimensions are ob-
tained for those fractal sets with a special structure.
Among them is a typical fractal structure termed as
Moran set or Moran fractal. The Moran fractal is
an extension of the self-similar set with separation
property. The latter is in fact a map-specified Moran
fractal. As a fractal set, the various dimensions of
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the Moran fractal have been determined. One turns
to studying its various subsets. These subsets gen-
erally play an important part in the study of frac-
tals, e.g. they act as the multifractals,’ the set of
normal numbers and the set of the real numbers in
[0,1] for which the digits in their decimal expan-
sion has a prescribed frequency,* the set of non-
differentiability points of Cantor function,?? etc.
Moran fractal is constructed in a good way so that
it can be well encoded.

Let Q = {0, 1,..., r} where r is a positive inte-
ger. We write Q¥ = {0 = (0(1), 0(2),...) : 0(j) €
Q} and Q* = U2, 0QF with Q% = {0 = (o(1),
0(2),...,0(k)) : 0(j) € Q} for k € N. |o| is used to
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denote the length of word o € Q*. For any o, 7 € Q*
write o x 7 = (c(1),..., a(|la]), 7(1),..., 7(|7])),
and write 7 x o = (7(1),..., 7(|7|), o(1), 0(2),...)
for any 7 € Q*, 0 € Q¥. For o € QF let C(0) = {7 €
O . 7|k = o} where 7|k = (7(1), 7(2),..., 7(k)).
C(o) is termed as the cylinder set with base o.
Fixing a non-empty compact set J C R"™ with
int J = J and positive real numbers 0 < a; <1,
j=0,1,..., r. First choose a family {J; : j € Q}
of non-overlapping non-empty compact subsets of J
such that int J; = J; and |J;j| = a;|J| where |- | de-
notes the diameter of set. Suppose that J, is given
for some o € QF. Take a family {J,. : j € Q} of
non-overlapping non-empty compact subsets of J,
such that int Jo.j = Jouj, |Joxj| = a;]Js|. We as-
sume that there is a constant 0 < ¢ < 1 such that
each J, contains an open ball of diameter c|J,|.
The Moran fractal F associated with {0 < a; < 1,
j € Q} and the J,, o € Q* is defined as the non-
empty compact set

F= U 7. (1)

k=1 oceQF

We shall refer to J, as a kth level component set of
F if o € QF. Define ¢ : Q¥ — R" by

{6(0)} =) Jopk- (2)
k=1

It is easy to see that ¢(2¥) = F and ¢(C(0)) =
F(J, by (1) and (2). But ¢ may not be an in-
jection. An important property of ¢ is that there
is positive constant c;, independent of z € F', such
that

sup #{¢ ™' (z)} < 1 3)

zeF

by means of Lemma 9.2 in Ref. 5. Thus each x € F
can be encoded via ¢ : ¢ € Q¥ is called a location
code of x € Fif ¢(0) = . Note that each x € F has
at most ¢; codes by (3). In this paper, sometimes
we use (z(1), z(2),...) € Q¥ to denote a specified
location code of x € F' if no confusion arises.

A Moran fractal is termed map-specified if
there exist similitude contractions hj;(z) : R" —
R", j=0,1,..., r, such that J, = h,(J) for any
o € O where ho(z) = hyq) o+ 0 hgop(z). In
this case, F' is actually the self-similar set deter-
mined by {h; : j € Q}, which satisfies the open set
condition with respect to the open set O = int J,
i.e. Uj—ghi(O) € O with a disjoint union on the

left, and the coding map ¢ in (2) can be rewritten
as

(00)) = ) o) = { jim o)} .
k=1

Now let I' € Q = {0, 1,..., r} be non-empty such
that T # (). For n € N and o € Q%, we define
Ny, (o), the length of the I'-run starting at n, by

0, if o(n) ¢T

k,  ifo(j) el
forj=n,n+1,....,n+k—1
and o(n+k) ¢l

if o(k) el for k>n.

Hence for each o € Q¥ the sequence {N, (o)} char-
acterize its behavior. Let {Q(n)} be a sequence of
real numbers such that Q(n) T +oo0 as n — +o0
and lim,,_, 4 o0 % =a € [0, +00]. Let
A= {a € Q“: limsup,,_, = 1} and
()
M = ¢(A).

It is easy to see that M is dense in F' since A is
dense in ¥. The Hausdorff dimension of M is ex-
pected depending on «. For the extreme case when
a = 0, it was proved in Ref. 8 that

dimg M =dimp M = dimp M =dimyg F = s
where s is given by
Z aj=1. (6)
JEQ
Throughout this paper the positive real number

s is always assumed giving in this equation. While
for the general case when « € (0, +00), we have

dimg M =7 and
dimp M =dimp M =dimg F = s
where 7 is determined by

1 7 «o 7
1 1 1 T=0. 7
1+a0gZa]—|—1+a ogZa] (7)
JEQ jer

This can be easily derived from the result in Ref. 9.
In this paper, we discuss the fractal dimensions of
M for the another extreme case when a = +00. We
obtain

Theorem. Let {Q(n)} be a sequence of real num-
bers such that Q(n) T +oo as n — 400 and



limy, 4 o0 % = +o00. Let M be defined by (5). Let

n be given by
Z al =1. (8)
jer
Then dimg M = n with H"(M) = +o0, dimp M =
dimp M = dimy F = s with s given in (6), and M
s dense in F'.

Summarizing above, the dimgy M for all a €
[0, +00] can be given by the unified formula (7) if
we adopt the convention that é =0and £ =1.

Taking Q(n) = tn? in (5), we can get F; C F for
t € (0, +00) by

Ny,
A = {a € Q¥ : limsup,,_ # = } and
n 9)

Fy = ¢(Ay).

Then we can obtain a decomposition of F, i.e. F =
Usepo,400) F# by allowing ¢ = 0, 400 in (9). These Fy
have the following properties and will be verified at
the end of next section:

(P1) F = Useo oo It With sup,cp#{t : o €
F,} < ¢1 by (3), i.e. each & € F belongs to
at most ¢y distinct F}

(P2) Each F; is dense in F

(P3) dimpyg Fy = n for t € (0, 00|, dimpy Fy = s.
dimp F; = dimp F; = s for t € [0, o0

(P4) Fy is an s-set, while H"(F;) = oo for t €
(0, o)

(P5) Moreover, if F is map-specified with simili-
tudes hj, 7 = 0,1,..., 7, ie. a self-similar
set, then each F} is invariant under {h; : j =
0,1,..., 7}, ie.

Fy =] n(F,).
=0

On the other hand, the F; can be considered as
the level sets of the measurable function Y (o) =

lim sup,,_, o N;;g‘” : Q¥ — [0, +00]. It can be em-
ployed to construct some very interesting functions,
for example, for any 0 < 7 < 1 a measurable func-
tion g(x) : [0, 1] — [0, +o0] can be made such that
for any t € (0, +00] the t-level set of g(x) is dense

in [0, 1] and has Hausdorff dimension 7.

2. PROOFS

In this section, a general dimension result on a class
of subsets of Moran sets is first obtained. Then
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this result will be applied to give a decomposition
of Moran sets. The following proposition will be
employed.

Proposition. Let A = ¢([[;2, Q) where the Q; are
non-empty subsets of Q@ =40, 1,...,r}, i € N. Let
d(k) be such that

k

(> ) =1

i=1 \jeQ,

11>

Then dimpy A = liminfy_, d(k) = d.5

Proof. This result can be found in Ref. 6 for the
more general Moran fractal structure. Here a sim-
plified proof is given for this special case. For any
d > d, there exists a sequence {n; : k = 1,2,...}
such that d(ny) < d. For any § > 0, we can take
k large enough such that {J, : 0 € [[*, Q;} is a
6-covering of A. Then

n
HiA) < S 1L =TS o

UEH?L Q; i=1 \j€E;

i=1 \jeQ;

which implies that dimg A < d. So we have

Now we turn to prove that dimyg A > d. Let
us suppose without loss of generality that d > 0.
Then we only need to prove that for any fixed
0<d<d, dimg A > d. Let us construct a proba-
bility measure pr on S = [12, € such that for any

ceSFETE Qi k=1,2,...

_ Hle ag(z’)
C*(0)) =
1(C*(0)) T (5o, )

where C*(o) = {0 € S¥ : 0|k = o} is a cylinder in
S“ with base 0. Let u be the image measure under
¢ defined in (2) and restricted to S“ here. For € > 0,
write S, = {0 € U2, S* : a, 2 chil aq(;) < € and
Ug|(|o|—1) > €}. For any x € A, € > 0, by B(z, €) we
denote the closed ball with center at z and radius
e. Let Ly, = {c € S¢ : J,B(z, €) # 0}. Since
A = Uyes.(ANJy) and Jy, 0 € S, are pairwise



348 W. X. L¢

non-overlapping, there exists a finite constant ¢ in-
dependent of z, € such that 1 < #L, . < ¢. Thus

wBx, e) < Y AC*(0))

O'ELa:,e

lol  d

. Z k=1 a(r(k)
A T Cjen, )

where for the last

< ce?

inequality we wuse that
Hﬁl(Zg‘eQi a?) > 1 when € is small enough, since
d < d. Then by Frostman’s lemma’® we obtain

H?(A) > 0 which implies that dimz A > d. QED

Remark. Some further results on the set A de-
fined in Proposition are: dimpA = dimpA =
limsupy_.. d(k),” and that 0 < HZ(A) < H4oo
if and only if 0 < liminfy Hf:l(ZjGQi a;i.) <
+00.6:10

Proof of Theorem. (I) We prove dimy M =n.
At first we show dimyg M < 5. To do this, we
prove below that dimy M < d for any n < d < s.
Now fix arbitrarily d with n < d < s. Then we

have
Za;-l<1 and Za‘;>1.
jer JEQ
Since limy_, o % = 00, we can take k* such that
when k£ > k*
[0.5Q (k)] S —2 log k
k ~ klog(djer a;l)
lo o al
k 10g(2:jeF aj)

where for a real number a, [a] is the maximal in-
teger not more than a throughout this paper. For
k > k*, take

wp =k — 1+ [0.5Q(k)] (11)
and
Epn={zeF:z(i)el fork<i<ug}. (12)
Thus from the definitions of M and Ej in (5) and
(12), it follows

M C limsup Ej, = ﬁ | E. 2 E>.

k—o0 m=k* k>m

Since each Ej can be covered with {Jyur : 0 €
QF 1 and 7 € T%F*1} for any m > k* we have

HYE>) < H U Ey
k>m
k—l uk—k—i-l
SV DI N DI
k>m \jen jer
Here we declare that for k& > k* we have
k—l uk—k+1
sa| (Ta] o<
JEQ jer
which is equivalent to
—2 log k 1
Y, —2logk (1 _ _>
k= klog(3 er af) k
1\ lo - oad
k log(Zjer aj)

But (13) holds by (10) and (11). Therefore, we have
HYE®) < |J|43 5, k72 — 0 as m — oo.
Without loss of generality we assume n > 0. To
show dimgyg M > n, we prove below that for arbi-
trarily fixed 0 < d < 7, there exists a subset E of
M such that dimyg E > d.
Let the positive constant co be defined by

co 2 —log Z aj. (14)
jere
Consider strictly decreasing continuous function

G(m):logz aj, 0<z<s.
jer

Let 0 < € < 1 be defined by {2< = G(d).
Now define a sequence of positive integers b;,
1 € N, by
biv1 =b; + [Q(b; +1)]. (15)

Here we take b; large enough to ensure Q(k) > 2
whenever k > by. Thus b; > i. So the b; increase
strictly and tend to +oo. Construct a set E as
follows:

E={zeF: al z(k) €T but z(b;) € T,
i=1,2,...,}

Now for any k£ € N there is an ¢ with b; < k < b;41.
Thus for any ¢ € Q¥ with ¢(0) € E, because



Nk(O') < Nbi+1(0') = bi+1 - bi - 1, Nbi(O') = 0 and
@ is non-decreasing we have

: Ni(o) _ .. Np,+1(0)
lim sup <limsup —————=
. biy1 —b; — 1
= 1 _— =
el QUi+ D)

by (15). Therefore E C M and by Proposition
dimyg E = liminfy_, o d(k) where d(k) with b; <
k < b1 is determined by

7 k—i
Yot (X =1 a9
jere jer
Thus 0 < d(k) < s. Note that
fm = 0D L

i—oo b; i—oo by —bj_q i—00 Q(bi—l + ].)

rJ'?hus we can take ¢* such that when ¢ > ¢* we have
3 < €. As aresult, when k > b;+ from (16) and (14)
it follows

—1
Gld(k) =log Y af® =~ log 3
jer jere

< Col Co€

T k-1 1—¢
So we have d(k) >
liminfy_, o d(k) > d.

(IT) We prove dimp M = dimp M = s.

The dimp M = dimpg F' = s can be derived from
the density result proved later. Thus it suffices to
prove for any given 0 < d < s, dimp M > d. Let
the positive constant c3 be defined by

= G(d).

d, implying dimg F =

c3 2 max log #T", log #I'°, logz ajl,
jer

log Z a;l o - (17)

jere

Consider the non-negative strictly decreasing

function
G*(z) = logz aj, 0<z<s.
JjEQ

Let 0 < e < 1 be defined by 3%¢ = G*(d).
Take the sequence of integers 0 < k1 < u; <
U < < Uy <k <up <o < Kk <y <
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Uil < Ui < -0 < Ujp, < k’z’—i—l < Ujgpr < --- @S
{bi;i = 1,2,...} defined in (15) and construct a
set F as follows:
E={zeF:z(;)eland z(k) e
for k‘i<k<ui, 221} (18)
Obviously for any choice of {n;, i = 1, 2,...}, the
set F is a closed set with £ C M C F and is a
generalized Moran fractal described in Proposition
since E = ¢([[;2; ) with Qp, =T¢, Q) =T when
k; < k <wu; and Q; = Q for the rest. Denote

No(k) 2 #{i: Qi =, 1<i<k}
Nre(k) 2 #{i:Q,=T,1<i <k}

and
Nre(k) 2 #{i: Q; =T° 1 <i<k}.

Thus we have that Nq(k)+ Nr (k) + Nre(k) = k for
ke N.

Note that for k;—1 < k < u;, No(k) = Nq(k;—1).
For convenience we put

fi=Na(k; - 1).

We shall now make a choice for {n;, i =1, 2,...},
based on the previously defined €. Suppose that the
nyg are defined for £ = 1, 2,..., 4 — 1, then also k;
and u; are determined. Letting n; vary, we have

Na(u;n, No(ui) + win;, —u; —ny
L Nofuin) . No(u) + i,
ni—o0 Ui, ni—00 Wi,
=1-— lim
. n; —(n; — 1
Sy i iz
i 00 Ujp; — Uin;—1
. 1
=1-— lim =1.

ni—00 [Q(ujn;—1 + 1)
Therefore, we can choose n; such that
fix1 = Na(kiy1 —1) =2 (1 — €)kiya . (19)
According to the remark of Proposition we have
dimpFE = dimp E = limsup;,_,., d(k) where d(k)
satisfies

Nq(k) Nre(k)
d(k) d(k)
Z a; Z a;
JEQ jere
Nr(k)
< S af™ =1. (20)
jer
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Also we have 0 < d(k) < s. Taking logs in (20), and
using No(k) + Nr(k) + Nre(k) = k, we get

log Z a;-l(k)

JEQ

N]_"c k)
D) log Z a;
jere

k= Na(k) — Nre(k
N (k)

logz ad(k . (21)

jer
Taking k = k; in (21), we have

log Z a;l(k’z)

JEQN
N o( A
= F Z ad(k logz ag»l(kZ)
jere jer
Z ad(k (22)
jerl’
Note that
0 < Nre(k;) _ k; — Nq(k;) — Nr(k;)
- fi fi
ki—fi ki €
< =—_—1< 2
- fi fi T 1l-e (23)

by (19). Note that |log Z]gca?(ki)I < e3,

| log der | < ¢3 by (17). Therefore,
G*( logZa <— 203+166.03
JEN
3cse
= =G*(d
1 — € ( )7

by (22) and (23), which means that d(k;) > d. So
we get dimpFE = dimp E > d.

(IIT) We prove H"(M) = +oc.
Let E be defined in (18). We show that H"(E) =
+00. Denote G 2 [[:2, 9 and G* 2 {o :0 € G,

k> 1} with Gy 2 [T%, Q. Let Q = {J, : 0 € G*}.
For a > 0, define

A . . . .
HH(E) =1 f Jo|“ : {J, finit
o(E) 55611“{%:‘“‘ {J,} is a finite
non-overlapping d-covering of E

and J, € Q} . (24)

Then we have510

caHS(E) < HO(E) < HY(E) (25)

where ¢, is a positive number depending on «. For
o € G* denote

Cg(o) 2 {reg:7|o|=0}.

A finite non-overlapping d-covering {J, : 0 € T C
G} of E is called full if |J,.r Cg(0) = G. Note
that a finite non-overlapping covering of £ may not
be full. Let {J, : 0 € T C G*} be a finite non-
overlapping d-covering of E. If it is not full, then
for each 0 € 7 let

={r € G :|J:| < |Jo| but | Jr(rj—1)| > o],
J-()Js # 0}

Then there is a positive constant g independent of o
such that #G} < ¢ by means of Lemma 9.2 in Ref. 5.
Take D = (U,c7 95)- By T we denote the subset of
D by deleting those 7 € D for which thereisay € D
with |y| < |7| and 7||y| = . Thus we get a full fi-
nite non-overlapping d-covering {J, : 0 € T C G*}
of F satisfying

ST <Y S <Y P

oceT oeT TGk oecT

i.e. for each a finite non-overlapping d-covering
{Jo : 0 €T C G*} of E there is a full finite non-
overlapping d-covering {J, : 0 € T C G*} of E such

that
Z | Jo|" > g7 Z | Jo|"

oeT G’E'j—

(26)

where the positive real number ¢ is independent of
the choice of the finite non-overlapping d-covering
of E. On the other hand, for each full finite non-
overlapping d-covering {J, : 0 € T C G*} of E, let
k1 = max_ .7 |o| and ks = min__7 |o|. In Refs. 6
and 7, it states that there is ko < k < ky such that

k
POIPALED SIPALEF] | DIRGS

(27)
veT o€Gy i=1 jeQ;
From (24) to (27), it follows that we only need to
prove

k
liggior;f H Z a? = +0o0

i=1 jeQ,

(28)



By the definitions of £ and 7 in (18) and (8), we
have

k
s 11

i=1 jeQ;
Na (k) Nre(k)
_ n n
=log | [ d] >
JEQ jere

Nre(k
= Nq(k) logz al + NF ((k)) log Z all. (29)
j€Q @ jere

Noting that limg_ Nao(k) = +oo, D .qal > 1

JeEQ Ty
and limy oo 355 = 0, thus (28) holds by (29).

For the density result, it is derived directly from
the fact that if 0 € A then for any k£ € N those
T € Q¥ with 7(i) = 0(i), ¢ > k will liein A. QED

As an application of the Theorem we can now
prove (P1) to (P5) of the previous section.

Proof of (P1)—(P5). By (3) and the definition (9)
of Ay, we have Ute[07 o0 Ay = Q¥ which leads to
(P1). (P2) can be got directly from the definition
(9) of F;. For t € (0, ), we have dimy F} = n
with H"(F;) = oo and dimp F} = dimp F; = s by
taking Q(n) = tn? in Theorem. If taking Q(n) =
n? in Theorem, we have F,o 2 M which im-
plies dimgy Fi oo > n with H"(Fi») = oo and
dimp Fi o, = dimp Fio = s. If taking Q(n) =
n log n in Theorem, we have Fy O M, which im-
plies dimp Fy = dimp Fy = s. dimyg Flyoo < 1 can
be got from the fact Flyo C limsup,_,., Er with
Ej, being defined in (12) and Q(k) = k2 in (11).
Finally some results in Ref. 8 imply that F{y is an s-
set. Thus we get (P3) and (P4). Note that if o € A4,
then for any j € Q we have j x o € Ay, since

Np_1(o) (n—1)2

Np(j o) '
(n—1)2 n?

n2

= lim sup
n—oo

lim sup
n—oo

=t.

Thus Ay = Uj_y j*As where jx Ay = {j*0 : 0 € A},
which get (P5) by (4). QED

In the following example, we give a measurable
function g(x) : [0,1] — [0, +o0] such that for any
given 0 < n < 1, the t-level set, ¢t € (0, +oc], of g(z)
is dense in [0, 1] and has Hausdorff dimension 7.
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Example. Take r = 2, I" = {0, 2} and J = [0, 1].
Take positive real numbers ag, a; and as such
that 37 ja; = 1 and af 4+ aJ = 1. Consider the
map-specified Moran fractal F' with ho(z) = apz,
hi(x) = ai1x + ap and ho(z) = agx + ap + ay,
r € R'. Then we have F = [0,1] and s = 1.
Note that each = € F' either has unique loca-
tion code or has only two location codes in Q¥ =
{0, 1, 2} x {0, 1, 2} x ---. In the former case, the
corresponding x only lies in one of the sets F}. In the
latter case, one of the two location codes only has
components 0 except for finitely many components,
the other only has components 2 except for finitely
many components. So the corresponding z only lies
in Foo. Then (F}) with ¢ € [0, +00], defined in (9), is
a partition of F(= [0, 1]), satisfying the properties
of (P1)—(P5). Define function g : [0, 1] — [0, oo] by

glx)=t ifxeF;.

Thus we have g~ 1(¢) = F;. Then by Theorem we
get a measurable function ¢ : [0, 1] — [0, +o0]
satisfying:

(1) Each t-level set g~1(t) C [0, 1] is dense in [0, 1],
t €0, +oo;

(2) the t-level set g~ !(¢) has Hausdorff dimension
n and infinite Hausdorff measure in n for ¢t €
(0, +o0], g71(0) is a 1-set and g1 (¢) have pack-
ing and box dimensions 1 for all ¢ € [0, 4+o0];
and

(3) ¢71(t) = Uio hilg ™" (1)).
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