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Abstract

In this paper, we first show a DNA representation of a ternary number with digit set {�1,0,1}, which features its
address and each bit position. Based on this DNA representation, operations for value assigning and bit position shifting
are proposed. The algorithm of DNA computing for adding two ternary integers is presented. The algorithm works in
O(m) steps for adding two ternary integers of m bits.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Biological macromolecules can be used for storing information and biochemical reactions, like nucleic acid
hybridization and enzyme reactions, can be used to solve algorithmic problems. Since a vast number of bio-
chemical reactions can take place at many molecules simultaneously, parallel computations involving millions
of operations seem possible. Thus computation with DNA molecules, that is, DNA computing, has consider-
able attention as one of non-silicon based computing. The DNA has two important features, which are
Watson-Crick complementarity and massive parallelism. As the first work for DNA computing, Adleman
[1] used the features to present an idea of solving the Hamiltonian path problem, an NP-complete problem
which usually needs exponential time on a silicon based computer, of size n in O(n) steps using DNA
molecules. In recent years methods for solving several well known NP-complete problems have been proposed,
and have been performed on small examples in many cases [9,10], etc. Meanwhile, procedures for primitive
operations, such as logic or arithmetic operations, are presented for applying DNA computing on a wide
range of problems, e.g., refer to [3] and references therein. Some procedures are proposed for an addition
of two binary numbers using DNA molecules [3,4]. In this paper, we present an algorithm of DNA computing
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for adding two ternary integers. We take �1, 0 and 1 as the base digits for the ternary expansion of an integer
number so that both positive and negative integers can be represented in a unified form.

The rest of this paper is organized as follows. In Section 2, the Adleman-Lipton model is introduced in
detail. In Section 3, based on that by Fujiwara et al. [3], a DNA representation of a ternary integer number
is shown, which features its address and each bit position and makes operations for value assigning and
bit position shifting available. We present an algorithm of DNA computing for adding two ternary integers.
Conclusion is arranged in Section 4.

2. The Adleman-Lipton model

DNA is the major information storage molecule in living cells, and billions of years of evolution have tested
and refined both this wonderful informational molecule and highly specialized enzymes that can either dupli-
cate the information in DNA molecules or transmit this information to other DNA molecules.

A DNA (deoxyribonucleic acid) is a polymer, which is strung together from monomers called deoxyribo-
nucleotides [11]. Distinct nucleotides are detected only with their bases. Those bases are, respectively,
abbreviated as A (adenine), G (guanine), C (cytosine) and T (thymine). Two strands of DNA can form
(under appropriate conditions) a double strand, if the respective bases are the Watson-Crick complements
of each other—A matches T and C matches G; also 3 0 end matches 5 0 end, e.g., the singled strands
5 0ACCTGGATGTAA3 0 and 3 0TGGACCTACATT5 0 can form a double strand. We also call the strand
3 0TGGACCTACATT5 0 as the complementary strand of 5 0ACCTGGATGTAA3 0 and simply denote
3 0TGGACCTACATT5 0 by ACCTGGATGTAA. The length of a single stranded DNA is the number of
nucleotides comprising the single strand. Thus, if a single stranded DNA includes 20 nucleotides, it is called
a 20 mer. The length of a double stranded DNA (where each nucleotide is base paired) is counted in the num-
ber of base pairs. Thus, if we make a double stranded DNA from a single stranded 20 mer, then the length of
the double stranded DNA is 20 base pairs, also written as 20 bp.

The Adleman-Lipton model: A (test) tube is a set of molecules of DNA (i.e., a multi-set of finite strings over
the alphabet {A,C,G, T}). Given a tube, one can perform the following operations:

(1) Merge: Given two test tubes T1,T2, Merge(T1,T2) stores the union T1 ¨ T2 in T1;
(2) Copy: Given a test tube T1, Copy(T1,T2) produces a test tube T2 with the same contents as T1;
(3) Detect: Given a test tube T, Detect(T) outputs ‘‘yes’’ if T contains at least one strand, otherwise,

Detect(T) outputs ‘‘no’’;
(4) Separation: Given a test tube T1 and a set of strings X, Separation(T1,X,T2) removes all single strands

containing a string in X from T1, and produce a test tube T2 with the removed strands;
(5) Selection: Given a test tube T1 and an integer L, Selection(T1,L,T2) removes all strands, whose length is

L, from T1, and produces a test tube T2 with the removed strands;
(6) Cleavage: Given a test tube T and a string of two symbols r0r1, Cleavage(T,r0r1) cuts each double

strand containing
r0r1

r0r1

� �
in T into two double strands as follows:

a0r0r1b0

a1r0r1b1

� �
)

a0r0

a1r0

� �
;

r1b0

r1b1

� �
;

(7) Annealing: Given a test tube T, Annealing(T) produces all feasible double strands in T. (The produced
double strands are still stored in T after Annealing);

(8) Denaturation: Given a test tube T, Denaturation(T) dissociates each double strand in T into two single
strands;

(9) Discard: Given a tube T, Discard(T) will discard the tube T;
(10) Append: Given a tube T and a short DNA singled strand Z, Append(T,Z) will append Z onto the end of

every strand in the tube T;
(11) Read: Given a tube T, the operation is used to describe a single molecule, which is contained in the tube

T. Even if T contains many different molecules each encoding a different set of bases, the operation can
give an explicit description of exactly one of them.
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Since these eleven manipulations are implemented with a constant number of biological steps for DNA
strands [11], we assume that the complexity of each manipulation is O(1) steps.

3. Procedure for adding ternary integers using DNA molecules

For any x 2 R, x can be represented as

x ¼ ðakak�1 � � � a1a0:a�1 � � � Þ3 ¼
Xk

n¼0

an3n þ
X1
n¼1

a�n3�n; an 2 f�1; 0; 1g:

In particular, for any integer n 2 Z there exists a finite sequence (am�1a m�2 � � � a 0), ak2{�1,0,1} such that

n ¼ ðam�1am�2 � � � a1a0Þ3 ¼
Xm�1

k¼0

ak3k:

In the following, we denote �1 as 1̂. The sum of two 1-bit integers has the form: (a)3 + (b)3 = (cr)3 where
a; b; c; r 2 f1̂; 0; 1g, c and r are the carry number and remaining number, respectively. Thus, ð1Þ3 þ ð0Þ3 ¼
ð0Þ3þð1Þ3¼ð01Þ3;ð1̂Þ3þð0Þ3¼ð0Þ3þð1̂Þ3¼ð01̂Þ3;ð1Þ3þð1̂Þ3¼ð1̂Þ3þð1Þ3¼ð00Þ3;ð1Þ3þð1Þ3¼ð11̂Þ3 and ð1̂Þ3þ
ð1̂Þ3¼ð1̂1Þ3.

We consider the sum of two integers x and y where x = (V1,m�1V1,m�2� � �V1,1V1,0)3 is the original summand
and y = (V2,m�1V2,m�2 � � �V2,1 V2,0)3 is the original addend. For simplicity of description, let
V1,m�1 = V2,m�1 = 0. We first make bitwise addition. Let (V1,k)3 + (V2,k)3 = (ckrk)3 for k = 0,1, . . . ,m � 1.
Then cm�1 = rm�1 = 0. Thus we get two new integers x1 = (rm�1 rm�2� � �r1r0)3 consisting of the remaining num-
bers, and y1 = (cm�2 cm�3� � �c1c00)3 consisting of the carry numbers. Then we have x + y = x1 + y1 with x1

being the new summand and y1 being the new addend. Inductively, for any k P 2 we can get integers xk,yk

from xk�1,yk�1 in the same way as that we get x1,y1 from x,y. Then xk + yk = xk�1 + yk�1 = � � � = x + y.
Otherwise, suppose that xk + yk 5 xk�1 + yk�1 = � � � = x + y. Then it must be either xk�1 =
(1*� � �*)3,yk�1 = (1*� � �*)3 or xk�1 ¼ ð1̂ � � � � � Þ3; yk�1 ¼ ð1̂ � � � � � Þ3. For the former case we have xk�1 ¼
ð1 � � � � � Þ3 P ð11̂ � � � 1̂Þ3 > ð01 � � � 1Þ3 P x and yk�1 ¼ ð1 � � � � � Þ3 P ð11̂ � � � 1̂Þ3 > ð01 � � � 1Þ3 P y, leading to
xk�1 + yk�1 > x + y. The same argument gives that xk�1 + yk�1 < x + y for the latter case. Note that the last
k bits in the ternary representation of yk are all 0 by the definition of yk. Then there exists a k 6 m such that
yk = (0,0, . . . , 0)3 and so x + y = xk. Let

R ¼ fA1;A2;B0;B1; . . . ;Bm�1;C0;C1;D0;D1;E0;E1; 1̂; 0; 1;#g;
be a set of single strands. Single strands \1̂", ‘‘0’’ and ‘‘1’’ are used to denote values of bits. A1 and A2 denote
addresses of ternary numbers, and B0, B1, . . . ,Bm�1 denote bit positions in a ternary number. # is a special
symbol for Separation. C0,C1, D0,D1 and E0,E1 are the specified symbols cut by Cleavage, that is, Cleavage(T,
C0C1),Cleavage(T,D0D1) and Cleavage(T,E0E1) cut all double strands containing

C0C1

C0C1

� �
;

D0D1

D0D1

� �
;

and

E0E1

E0E1

� �
;

in a test tube T, respectively.
To design procedures for logic and arithmetic operations with DNA molecules, 3 used the alphabet

fA1; . . . ;An�1;B0;B1; . . . ;Bm�1;C0;C1;D0;D1; 0; 1;#g;
and introduced the single strands

D1AiBjC0C1VD0; i ¼ 1; 2; . . . ; n; j ¼ 0; 1; . . . ;m� 1; ð1Þ
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to denote n binary numbers of m bits, where V = ‘‘0’’ if a value of the bit is 0, otherwise V = ‘‘1’’. With this bit
representation of a binary number, they proposed some basic procedures for logic and arithmetic operations.
One of those operations is called ValueAssignment, which is used to assign values to every bits in a test tube.
More exactly, ValueAssignmentV(Tinput,Toutput) is an operation which assigns the same value V(2{0,1}) to all
memory strands in a test tube Tinput and store the result in a test tube Toutput.

Let x = (V1,m�1V1,m�2 � � �V1,1V1,0)3 and y = (V2,m�1V2,m�2 � � �V2,1V2,0)3 with V1,m�1 = V2,m�1 = 0. In the
following, we use the memory strands

Sk;iðV k;iÞ ¼ D1AkE0E1BiC0C1V k;iD0; k ¼ 1; 2; i ¼ 0; 1; . . . ;m� 1; ð2Þ
to denote the value of the i-bit of the kth integer, where V k;i 2 f1̂; 0; 1g. Thus, for example, the tube

fD1A1E0E1B4C0C10D0;D1A1E0E1B3C0C11̂D0;D1A1E0E1B2C0C11D0;

D1A1E0E1B1C0C11D0;D1A1E0E1B0C0C10D0g;

denotes the integer ð01̂110Þ3 ¼ �15. Note that the DNA bit representation by (2) is made based on that by (1),
but inserted a DNA strand E0E1 between Ak and Bi for our purpose so that we can make shift operation on the
position code Bi. However, the operation ValueAssignment is still available for our setting. For readers’ con-
venience, we give a description of the operation ValueAssignment as follows.

Let

T input ¼ fD1AkE0E1BiC0C1V k;iD0; 0 6 i 6 m� 1g;
where V k;i 2 f1̂; 0; 1g. Then the operation ValueAssignmentV(Tinput,Toutput) will produce both input and output
test tubes as

T input ¼ T output ¼ fD1AkE0E1BiC0C1VD0; 0 6 i 6 m� 1g;

where V 2 f1̂; 0; 1g. Note that all memory strands are set to the same value V. Let T �C and TvalueV be two aux-
iliary test tubes such that T �C ¼ fC0C1g; T valueV ¼ fC1VD0;C0C1g.

Procedure ValueAssignmentV(Tinput,Toutput)
Step 1. Delete values from memory strands.

CopyðT C; T C�Þ
Merge ðT input; T C�Þ
) T input ¼ fC0C1;D1AkE0E1BiC0C1V k;iD0; 0 6 i 6 m� 1g;
Annealing(Tinput)

) T input ¼
D1AkE0E1BiC0C1V k;iD0

C0C1

� ����� 0 6 i 6 m� 1

� �
:

Cleavage(Tinput,C0C1)

) T input ¼
D1AkE0E1BiC0

C0

� �
;

C1V k;iD0

C1

� ����� 0 6 i 6 m� 1

� �
:

Denaturation(Tinput)

) T input ¼ fC0;C1;D1AkE0E1BiC0;C1V k;iD0j 0 6 i 6 m� 1g:
SeparationðT input; fC1; �C0; �C1g; T tmpÞ

) T input ¼ fD1AkD0D1BiC0j 0 6 i 6 m� 1g:
Step 2. Assign values to memory strands.

Merge(Tinput,Tvalue V)

) T input ¼ fC1VD0;C0C1;D1AkE0E1BiC0j 0 6 i 6 m� 1g:

980 W. Li et al. / Applied Mathematics and Computation 182 (2006) 977–986
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Annealing(Tinput)

) T input ¼
D1AkE0E1BiC0C1VD0

C0C1

� �
0 6 i 6 m� 1

� �
:

Denaturation(Tinput)

) T input ¼ fC0C1;D1AkE0E1BiC0C1VD0j 0 6 i 6 m� 1g:
SeparationðT input; fC0C1g; T �CÞ
) T input ¼ fD1AkE0E1BiC0C1VD0j 0 6 i 6 m� 1g:
Copy(Tinput,Toutput)

) T output ¼ fD1AkE0E1BiC0C1VD0j 0 6 i 6 m� 1g:

The operation ValueAssignment will be used in our following procedure. We now use the test tubes Tinput1

and Tinput2 to store the summand x and the addend y, respectively, i.e.,

T input1 ¼ fS1;iðV 1;iÞ; i ¼ 0; 1; . . . ;m� 1g ¼ fD1A1E0E1BiC0C1V 1;iD0; i ¼ 0; 1; . . . ;m� 1g;

and

T input2 ¼ fS2;iðV 2;iÞ; i ¼ 0; 1; . . . ;m� 1g ¼ fD1A2E0E1BiC0C1V 2;iD0; i ¼ 0; 1; . . . ;m� 1g:

Let L ¼
Sm�1

i¼0 Li where

Li ¼ 0#D0S1;ið0ÞS2;ið0ÞD10#; 0#D0S1;ið0ÞS2;ið1ÞD11#; 0#D0S1;ið0ÞS2;ið1̂ÞD11̂#;
n

0#D0S1;ið1ÞS2;ið0ÞD11#; 1#D0S1;ið1ÞS2;ið1ÞD11̂#; 0#D0S1;ið1ÞS2;ið1̂ÞD10#; 0#D0S1;ið1̂ÞS2;ið0ÞD11̂#;

0#D0S1;ið1̂ÞS2;ið1ÞD10#; 1̂#D0S1;ið1̂ÞS2;ið1̂ÞD11#
o
:

The tube Li corresponds to the bitwise addition of the i + 1th bits S1,i(a) and S2,i(b) of the summand and the
addend with a; b 2 f1̂; 0; 1g. This kind of tubes were introduced by Fujiwara et al. [3] for logic and arithmetic
operations with DNA molecules. In fact, each single strand is of form c#D0S1;iðaÞS2;iðbÞD1r# which corre-
sponds to the bitwise addition of (a)3 + (b)3 = (cr)3. Nine distinct single strands in tube Li correspond to
all distinct evaluations of a and b. We also need the following auxiliary test tubes.

F 0 ¼ 0#D0S1;ið0Þ; 0#D0S1;ið1Þ; 0#D0S1;ið1̂Þ; S2;ið0ÞD10#; S2;ið1ÞD10#; S2;ið1̂ÞD10#; i ¼ 0; 1; . . . ;m� 1
n o

;

F 1 ¼ 1#D0S1;ið1Þ; S2;ið0ÞD11#; S2;ið1ÞD11#; S2;ið1̂ÞD11#; i ¼ 0; 1; . . . ;m� 1
n o

;

F 1̂ ¼ 1̂#D0S1;ið1̂Þ; S2;ið0ÞD11̂#; S2;ið1ÞD11̂#; S2;ið1̂ÞD11̂#; i ¼ 0; 1; . . . ;m� 1
n o

;

Q ¼ 0#D0; 1#D0; 1̂#D0;D10#;D11#;D11̂#
n o

;

T �E ¼ E0E1

� �
; T �C ¼ C0C1

� �
; T put0 ¼ fC10D0g;

T carry ¼ D1A1E0E1Biþ1C0C1;D1A1E0E1Biþ1C0C1E1BiC0j 0 6 i 6 m� 2
n o

:

We present the procedure for addition of two ternary integers as follows. For readers’ convenience we make
some descriptions following the symbol ).
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Aut
ho

r's
   

pe
rs

on
al

   
co

py

Step 1. We calculate the carry numbers ci and the remaining numbers ri in the bitwise addition, i.e.
(V1,i)3 + (V2,i)3 = (ciri)3, i = 0,1, . . . ,m � 1. In sub-steps 1.13–15, we get T0,T1 and T 1̂ which store
information about ci and ri, i.e., for k ¼ 0; 1; 1̂, ci = k if and only if k#D0S1,i(V1,i) 2 Tk, and ri = k

if and only if S2,i(V2,i)D1k# 2 Tk.
1.1. Merge(Tinput1,Tinput2)—the tube Tinput2 now is empty.

) T input1 ¼ fD1AkE0E1BiC0C1V k;iD0; k ¼ 1; 2; i ¼ 0; 1; . . . ;m� 1g:
1.2. Copy(L,L*)

) L� ¼ 0#D0S1;ið0ÞS2;ið0ÞD10#; 0#D0S1;ið0ÞS2;ið1ÞD11#; 0#D0S1;ið0ÞS2;ið1̂ÞD11̂#;
n

0#D0S1;ið1ÞS2;ið0ÞD11#; 1#D0S1;ið1ÞS2;ið1ÞD11̂#; 0#D0S1;ið1ÞS2;ið1̂ÞD10#;

0#D0S1;ið1̂ÞS2;ið0ÞD11̂#; 0#D0S1;ið1̂ÞS2;ið1ÞD10#;

1̂#D0S1;ið1̂ÞS2;ið1̂ÞD11#; i ¼ 0; 1; . . . ;m� 1
o
:

1.3. Merge(Tinput1,L*)
1.4. Annealing(Tinput1)

) T input1 ¼
S1;iðV 1;iÞS2;iðV 2;iÞ

a#D0S1;iðV 1;iÞS2;iðV 2;iÞD1b#

� ����� ðV 1;i þ V 2;iÞ3 ¼ ðabÞ3; 0 6 i 6 m� 1

� �
[
fsome other elements of L�g:

1.5. Cleavage(Tinput1,D0D1)

) T input1 ¼
S1;iðV 1;iÞ

a#D0S1;iðV 1;iÞ

" #
;

S2;iðV 2;iÞ
S2;iðV 2;iÞD1b#

" #( ����� ðV 1;i þ V 2;iÞ3 ¼ ðabÞ3; 0 6 i 6 m� 1

)
[
fsome other elements of L�g:

1.6. Copy(Q,Q*)
1.7. Merge(Tinput1,Q*)
1.8. Annealing(Tinput1)

) T input1 ¼
a#D0S1;iðV 1;iÞ
a#D0S1;iðV 1;iÞ

� �
;

S2;iðV 2;iÞD1b#

S2;iðV 2;iÞD1b#

� �� ���� ðV 1;i þ V 2;iÞ3 ¼ ðabÞ3; 0 6 i 6 m� 1

�
[
fsome other elements of L � and Q�g:

1.9. Denaturation(Tinput1)
1.10. Separation(Tinput1,{C0C1},Ttmp)

) T tmp ¼ fa#D0S1;iðV 1;iÞ; S2;iðV 2;iÞD1b#jðV 1;i þ V 2;iÞ3 ¼ ðabÞ3; 0 6 i 6 m� 1g:
1.11. Discard(Tinput1)
1.12. Merge(Tinput1,Ttmp)

) T input1 ¼ fa#D0S1;iðV 1;iÞ; S2;iðV 2;iÞD1b#jðV 1;i þ V 2;iÞ3 ¼ ðabÞ3; 0 6 i 6 m� 1g:
1.13. Separation(Tinput1,{0#D0,D10#},T0)

) T 0 ¼ f0#D0S1;iðV 1;iÞ; S2;jðV 2;jÞD10#j for some 0 6 i; j 6 m� 1g:
1.14. Separation(Tinput1,{1#D0,D11#},T1)

) T 1 ¼ f1#D0S1;iðV 1;iÞ; S2;jðV 2;jÞD11#j for some 0 6 i; j 6 m� 1g:
1.15. SeparationðT input1; f1̂#D0;D11̂#g; T 1̂Þ—the tube Tinput1 now is empty.

) T 1̂ ¼ f1̂#D0S1;iðV 1;iÞ; S2;jðV 2;jÞD11̂#j for some 0 6 i; j 6 m� 1g:

982 W. Li et al. / Applied Mathematics and Computation 182 (2006) 977–986
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Step 2. As we have seen from step 1, for k 2 f1̂; 0; 1g, both all carry numbers with value k and all remaining
numbers with value k are contained in tube Tk. We first assign value ‘‘0’’ to memory strands in T0,
then separate all remaining numbers from the tube. Repeat this procedure for tubes T1 and T 1̂ to
assign value ‘‘1’’ or ‘‘1̂’’ to memory strands in T1 or T 1̂, and separate all remaining numbers from
tubes T1 and T 1̂.
2.1. Copy(F0,F0*)

) F 0� ¼ f0#D0S1;ið0Þ; 0#D0S1;ið1Þ; 0#D0S1;ið1̂Þ; S2;ið0ÞD10#; S2;ið1ÞD10#; S2;ið1̂ÞD10#;

i ¼ 0; 1; . . . ;m� 1g:

2.2. Merge(T0,F0*)

2.3. Annealing(T0)

) T 0 ¼
0#D0S1;iðV 1;iÞ

0#D0S1;iðV 1;iÞ

" #
;

S2;jðV 2;jÞD10#

S2;jðV 2;jÞD10#

" #( ����� for some 0 6 i; j 6 m� 1

)
[
fsome other elements of F 0�g:

2.4. Cleavage(T0,D0D1)

) T 0 ¼
S1;iðV 1;iÞ

S1;iðV 1;iÞ

" #
;

S2;jðV 2;jÞ

S2;jðV 2;jÞ

" #( ����� for some 0 6 i; j 6 m� 1

)

[ 0#D0

0#D0

" #
;

D10#

D10#

" #( )[
fsome other elements of F 0�g:

2.5. Denaturation(T0)
2.6. SeparationðT 0; f#; �#;C0C1g; T tmpÞ

) T 0 ¼ fS1;iðV 1;iÞ; S2;jðV 2;jÞ for some 0 6 i; j 6 m� 1g:
2.7. ValueAssignment0(T0,Tzero)

) T 0 ¼ fS1;ið0Þ; S2;jð0Þ for some 0 6 i; j 6 m� 1g:
2.8. Separation(T0,{A2},T02)

) T 0 ¼ fS1;ið0Þ for some 0 6 i 6 m� 1gT 02 ¼ fS2;jð0Þ for some 0 6 j 6 m� 1g:
2.9. Separation(T0,{S1,m�1(0)},Ttmp)

) T 0 ¼ fS1;ið0Þ for some 0 6 i 6 m� 2g :¼ fS1;ið0Þj i 2 C0 � f0; 1; . . . ;m� 2gg:
2.10. Repeat above substeps 2.1–8 for tubes T1 and T 1̂, respectively, obtaining tubes T1, T12, T 1̂ and

T 1̂2.

Step 3. We give the representation of form (2) for the new summand (rm�1rm�2 � � � r1r0)3 and the new addend
(cm�2,cm�3� � �c00)3. It just needs to merge all tubes T02, T12 and T 1̂2 to obtain the representation of
form (2) for the new summand (rm�1rm�2� � �r1r0)3. However, in order to obtain the representation
of form (2) for the new addend (cm�2,cm�3� � �c00)3, for each memory strand in T 0 [ T 1 [ T 1̂ one must
change its position code Bi,i = 0,1, . . . ,m � 2 into Bi+1. We first perform it for memory strands in T0.
The same treatment can be applied to memory strands in T1 and T 1̂.
3.1. CopyðT �E; T �E�Þ
3.2. MergeðT 0; T �E�Þ

) T 0 ¼ E0E1;D1A1E0E1BiC0C10D0

� �� i 2 C0

�
:
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3.3. Annealing(T0)

) T 0 ¼
D1A1E0E1BiC0C10D0

E0E1

� �� ���� i 2 C0

�
:

3.4. Cleavage(T0,E 0E1)

) T 0 ¼
D1A1E0

E0

� �
;

E1BiC0C10D0

E1

� �� ���� i 2 C0

�
:

3.5. Denaturation(T0)
3.6. SeparationðT 1; fE0;E0;E1g; T tmpÞ ) T 0 ¼ fE1BiC0C10D0j i 2 C0g
3.7. CopyðT �C; T �C�Þ
3.8. MergeðT 0; T �C�Þ
) T 0 ¼ C0C1;E1BiC0C10D0ji 2 C0

� �
:

3.9. Annealing(T0)

) T 0 ¼
E1BiC0C10D0

C0C1

� ����� i 2 C0

� �
:

3.10. Cleavage(T0,C0C1)

) T 0 ¼
E1AiC0

C0

� �
;

C10D0

C1

� ����� i 2 C0

� �
:

3.11. Denaturation(T0) SeparationðT 0; fC0;C0;C1g; T tmpÞ ) T 0 ¼ fE1BiC0j i 2 C0g
3.12. Copy(Tcarry,Tcarry*)

) T carry� ¼ fD1A1E0E1Biþ1C0C1;D1A1E0E1Biþ1C0C1E1BiC0j 0 6 i 6 m� 2g:
3.13. Merge(T0,Tcarry*)

) T 0 ¼ fE1BiC0ji 2 C0g [ fD1A1E0E1Biþ1C0C1;D1A1E0E1Biþ1C0C1E1BiC0j 0 6 i 6 m� 2g:
3.14. Annealing(T0)

) T 0 ¼
D1A1E0E1Biþ1C0C1E1BiC0

D1A1E0E1Biþ1C0C1E1BiC0

� ����� i 2 C0

� �S D1A1E0E1Biþ1C0C1

D1A1E0E1Biþ1C0C1E1BiC0

� ����� i 2 Cc
0

� �
:

3.15. Denaturation(T0)
3.16. Separation(T0,{C0C1E1},T00)

) T 00 ¼ fD1A1E0E1Biþ1C0C1E1BiC0j i 2 C0g:
3.17. Discard(T0)
3.18. Merge(T0,T00)

) T 0 ¼ fD1A1E0E1Biþ1C0C1E1BiC0j i 2 C0g:
3.19. CopyðT �C; T �C�Þ
3.20. MergeðT 0; T �C�Þ
) T 0 ¼ fC0C1;D1A1E0E1Biþ1C0C1E1BiC0j i 2 C0g:

3.21. Annealing(T0)

) T 0 ¼
D1A1E0E1Biþ1C0C1E1BiC0

C0C1

� ����� i 2 C0

� �
:
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3.22. Cleavage(T0,C0C1)

) T 0 ¼
D1A1E0E1Biþ1C0

C0

� �
;

C1E1BiC0

C1

� ����� i 2 C0

� �
:

3.23. Denaturation(T0)
3.24. SeparationðT 0;C1E1;C0;C1Þ
) T 0 ¼ fD1A1E0E1Biþ1C0j i 2 C0g:

3.25. CopyðT �C; T �C�Þ
3.26. Copy(Tput0,Tput0*)
3.27. MergeðT 0; T �C�Þ
3.28. Merge(T0,Tput0*)

) T 0 ¼ fC0C1g;C10D0;D1A1E0E1Biþ1C0ji 2 C0:

3.29. Annealing(T0)

) T 0 ¼
D1A1E0E1Biþ1C0C10D0

C0C1

� ����� i 2 C0

� �
:

3.30. Denaturation(T0)
3.31. SeparationðT 0; fC0C1g; T tmpÞ
) T 0 ¼ fD1A1E0E1Biþ1C0C10D0ji 2 C0g:

3.32. Repeat sub-steps 3.1–31 to change position codes for memory strands in tubes T1 and T 1̂.
3.33. Merge(T0,T1)
3.34. MergeðT 0; T 1̂Þ
3.35. Merge(T0,{D1A1E0E1B0C0C10D0})
3.36. Merge(Tinput2,T0)—the new addend number stored in tube Tinput2

3.37. Merge(T02,T12)
3.38. MergeðT 02; T 1̂2Þ
3.39. Merge(Tinput1,T02)—the new summand number stored in tube Tinput1

Step 4. We check whether or not the added number is zero.
4.1. Separation(Tinput2,{C10D0},Ttmp2)

) T input2 ¼ fD1A1E0E1BiC0C1V 1;iD0jV 1;i 6¼ 0; i ¼ 0; 1; . . . ;m� 1g:
4.2. If Detect(Tinput2) is ‘‘no’’, then

4.2.1. Read(Tinput1) to obtain the summation and end the operations, else
4.2.2. Merge(Tinput2,Ttmp2) and repeat the above steps 1–4.

As we have shown in the beginning of this section, the renewed added number will be 0 after performing
bitwise addition k(6m) times. The proposed algorithm works in O(m) steps for adding two ternary integers of
m bits.

4. Conclusions

In this paper, we consider an algorithm for adding two integers with DNA molecules. The integer is rep-
resented as a ternary expansion with base digits �1, 0 and 1 so that both positive and negative integers can be
represented in a unified form. Thus our algorithm does not distinguish addition and subtraction. There have
been lots of papers related to arithmetic and logic operations with DNA molecules (Ref. [2,3,4,5,6,7,12]).
Among these papers several algorithms have been proposed for adding two positive binary integers in O(1)
steps. However, all proposed operations there for carry propagation inevitably produce DNA strands with
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length depending on the number of bits of the summand and addend. This potentially increase the possibility
of occurrence of hairpin loop [8]. Although algorithm proposed in this paper costs O(m) steps for adding two
ternary integers of m bits, it only produces DNA strands of length less than a constant so that it effectively
avoid occurrence of hairpin loop. Moreover, the DNA representation of a ternary integer features its address
and bit position so that operations for value assigning and bit position shifting can be implemented based on
this DNA representation. All our results in this paper are based on a theoretical model. However, the pro-
posed procedures can be implemented practically since every DNA manipulation used in this model has been
already realized in lab level.
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