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1 Introduction

Let (X, d) be a metric space. We say that X is doubling if there exists an integer
N > 0 such that each ball in X can be covered by N balls of half the radius.
Repeated applying this property, it gives that there exist constants b,c,a > 0
such that for all » and R with 0 < r < R < b, every ball B(z, R) can be covered
by ¢(R/r)* balls of radius r. Let N, p(X) denote the smallest number of balls
with radii » which can cover a ball with radius R. The Assouad dimension of

X, denoted by dimpa (X)), is defined as
R\«
dima (X) :inf{a >0]3bc> 0 st Ny p(X) <c<r) VO <r< R<b},

which was introduced by Assouad [1-3]. Now, it plays a prominent role in the
study of quasiconformal mappings on R? and we refer the readers to [7,13] for
more details. It is well known that

dimp (X) < dimp(X) < dimp X,

where dimg(+) and dimp(-) are Hausdorff and packing dimensions, respectively.

Received September 10, 2014; accepted March 17, 2016
Corresponding author: Lifeng XI, E-mail: xilifengningbo@yahoo.com



706 Wenwen LI et al.

Suppose that K is a compact subset of X and s is a non-negative real
number. We say that K is Ahlfors-David s-reqular if there exists a Borel
measure  supported on K and a constant ¢ > 1 such that, for all z € K
and 0 < r < |K],

it < w(B(z,r)) < o, (1)

where B(z,r) is the closed ball centered at = with radius r and |- | denotes
the diameter of set. Olsen [19] proved that for a class of fractals with some
flexible graph-directed construction, their Assouad dimensions coincide with
their Hausdorff and box dimensions. He also pointed out that the fractals in
[19] are Ahlfors-David regular. It is well known that self-similar sets and self-
conformal sets satisfying the open set condition (OSC) are always Ahlfors-David
regular, see [16]. One advantage of such sets is that their dimensions coincide,
namely, for Ahlfors-David s-regular set K,

dimp K = dimg K = dimp K = s.

In general, it is difficult to compute the Assouad dimensions of sets which
are not Ahlfors-David regular. Mackay [15] calculated the Assouad dimensions
of two classes of self-affine fractals, namely, Bedford-McMullen carpets [4,17]
and Lalley-Gatzouras sets [11], and he also solved the problem posed by Olsen
[19]. Fraser [6] obtained Assouad dimensions for certain classes of self-affine
sets and quasi-self-similar sets.

In this paper, we study the Assouad dimension formula of Moran sets,
Cantor-like sets, and homogeneous sets. Moran set was first studied by Moran
[18], where most cases are not Ahlfors-David regular. First, we recall the
definition of Moran set.

Let {n; (> 2)}xr>1 be a sequence of positive integers. For each k =0,1,...,
let

Dy ={uwiug---ug: 1 <u; <nj, j <k}

be the set of words of length k, with Dy = {()} containing only the empty word
(). Let

k=0

be the set of all finite words. Suppose that J C R% is a compact set with
int(J) # 0 (we always write int(-) for the interior of set). Let {¢x}r>1 be a
sequence of positive real vectors, where

Nk

Gk = (Ch1,Ch2s > Chmy )y D (ery)' <1, keN
=1

We say that the collection .# = {Jy: u € D} of closed subsets of J fulfills the
Moran structure if it satisfies the following Moran structure conditions (MSC).
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(i) For each u € D, J, is geometrically similar to J, i.e., there exists a
similarity Sy: R? — R? such that J, = Su(J). We write Jy = J for empty
word ().

(ii) For all £ € N and u € Dj_, the elements Jyi, Ju2,. .., Jun, of F are
the subsets of J, with disjoint interiors, i.e.,

int(Jui) N int(Jui/) = @, i # i.

Moreover, for all 1 <7 < ny,
|Jui| —
|<]u| = Cki-
We call
+oo
E=EF) =)
k=1ueDy

a Moran set determined by .%. For all u € Dy, the elements J, are called
kth-level basic sets of E. Suppose that the set J and the sequences {n;} and
{¢r} are given. We denote by

M = %(Jv {nk}a {¢k})

the class of the Moran sets satisfying the MSC.
For any k' > k, let s, ;v be the unique real solution of the equation Ay, 4/(s) =
1, where

k' n;
At =TT (Ste): @)
i=kt1 N j=1
If the sequence {Supy, Sk k+m }ho) converges, we write

s = lim supsgkrm-
m—+oo ’

In Section 2, we prove that the sequence {supj sk kim}:>; is indeed
convergent under the assumption

Cy = infcm > 0.
27-]

Furthermore, The following theorem indicates that the limit is the Assouad
dimension of Moran sets.

Theorem 1 Suppose that # = A (J,{ni},{Pr}) is a Moran class with c, =
inf; j¢; j > 0. Then, for all E € 4,

dimp F = s™.

As an immediate consequence, we have the following corollary.
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Corollary 1 Suppose that # = # (J,{ni},{ér}) is a Moran class with c, =
infm Cij > 0. Let

Ck1 = Ck2 =" = Ckp;, = Ck, VkeN.
Then, for all F € 4,

log(ngn S
dimp F' = lim sup g (k1 hetm) )
m—+oo . — log(ckck_,_l s Ck-i—m)

“+oo

Let s, and s* be the upper and lower limits of the sequence {sg,}, >,

respectively, that is,

sy = lim Som, s = lim Sgm,.
m—+00 m—+00

It was shown in [8,9,20,21] that, for all F € .# with ¢, > 0,
dimy F = s,, dimp E = s".

Remark 1 The Assouad dimension vs Hausdorff (or packing) dimension is
similar to the situation of the Banach density [10] vs usual density of a sub-
sequence of natural number. In some sense, the Assouad dimension is like the
Banach density, and the Hausdorff (or packing) dimension is like the usual lower
(or upper) density.

In the next example, we will construct a Moran set to satisfy
dimpg F < dimp F < dimp F.

Note that it is also a counter-example to the conclusion in [12]. Hereby,
Theorem 1 corrects their main conclusion.

Example 1 Let {p;}; be an increasing sequence of integers such that p;;1 —
p; > i for all 7 and

lim Y7 = lim L—

i—+oo P — Pi—1  i—+o0 Pi — Pi1
Let J =10,1], ny =2, and

4, k€ [p;+1,p; + 1] for some i € N,
1

16 2, kel[pi+i+1,pis1] for some even i € N,

Cp1 = Cg2 =

1, ke€|p;+i+1,piy1] for some odd i € N.
Then we have
$2= =4, 5T =
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Clearly, for all E € . (J,{ni(= 2)},{(ck1,ck2)}), the dimensions inequality
strictly holds, that is,

. 1 . 1 . 1
dimpg F = 4 < dimp F = 3 < dimp F = 5"

Suppose that {a,} is a sequence of positive numbers with ) a, < +oc.
Give sequences {cj }x>1 and {ny}r>1 such that ¢ € (0,1) and n, € NN[2,4+00)
for all £ € N. We always assume that ¢, = infi ¢ > 0. Let I be the initial set
such that int(I) # 0. For each iyig---ip_1 € Di_1, suppose that

Livigeoiy 115 Livigvig 125 -+ s Livigei_ynp C Livigig_s

are geometrically similar to I; such that

192701

|Ii1i2“‘ik—1j|

ck(l—ak)< éck(l—i—ak), J=12,...,ng,

|Ii1i2“‘ik-71|

where the interiors of I;,;,...;, ,; are pairwise disjoint. We call

+oo
K= ﬂ U Liig- iy,

k=1141i2-ip, €Dy

a Cantor-like set, and we write € (I, {c }x, {nk}x, {ar}x) for the collection of
such sets.

Remark 2 Cantor-like sets may not be Moran sets.

Theorem 2 Suppose that K € €(I,{ck}k, {ni}r, {ax}r) is a Cantor-like set.
Then |
dimy K = lim sup 08 (M1 e m) .
m—+oo - —log(CxCpi1 - Chym)
In fact, for Ahlfors-David regular set, using (1), there exist constants 0 <
n<l<Xand 1< § < A < +oo such that, for all z,2" € K and r < | K|,

L uBr)
S u(B,r) S
wW(B(z,r))

O (Bl S @

It follows from (4) that the measure p and set K are doubling, and K is
uniformly perfect [14]. We say that a compact subset K of X is homogeneous
if there exists a Borel measure p supported on K satisfying (3) and (4), and we
refer the readers to [14] for details.

(3)

Remark 3 All Ahlfors-David regular sets are homogeneous, but homogeneous
sets may not be Ahlfors-David regular.
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Given a point x € K, we write

_ log u(B(x,r))

ag(r 0<r< K|
A=A < <
Here, o, (r) is like the function with respect to pointwise dimension of measure.

Given ¢ > 0, we write

Q={g(r): (0,e) = RT|0< ir<1fg(r) <supg(r) < 4oo}.
r<e r<e

For each g € Q, we focus on the behavior of function g(r) as r tends to 0. If a
mapping h € § satisfies that, for all r < ¢,

|n(r) = g(r)] < C|logr|™* (5)

for some constant C, we say that h and g are equivalent, denoted by g ~ h,
and we write equivalence class [g] = {h: g ~ h}. By the result of [14], we have
az(r) € Q. Notice that ay(r) ~ au(r) by (3). We use h(r) to denote any
function in the equivalence class [a,(r)] with z € K, and h(r) is called a scale
function of K.

Remark 4 For Ahlfors-David s-regular set, we can take h(r) = s.

It is easy to check that

dimpg K = lim iglf h(r), dimp K = limsup h(r),
r— r—0
see [14]. Similarly, scale functions also play an important role in the Assouad
dimension formula of homogeneous sets.

Theorem 3 Suppose that K is homogeneous with a scale function h(r). Then

h(R)1 —h 1
dimg K = lim sup (F)log R (pF)log(pR) .
p—0 R log p

Remark 5 Suppose that h(r) is defined on (0,¢). Using (4), we can obtain
that for all e1,e9 < €,

lim sup ¥(R,p) = lim sup ¥ (R, p),
p—0 Rcey P—0 Reey

where h(R)log R — h(pR) log(pR)
0og 11 — 0g
gp
For each Cantor-like set K € € (I, {ck}k, {nk }x, {ak }r), using the approach

in [14], it is clear that K is homogeneous with a scale function

 loglmma -+ my)
—log(cieg -+ -cp)’

h(r)

creg el <r < ceege eI
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Therefore, Theorem 2 follows immediately from Theorem 3.

Remark 6 Using the result in [14], for every Cantor-like set K as above, we
have

1 . 1 o
dimpg K = tim B2 ) g e g 1OB0n2 )
k—-+o0 ™ log(cica - ) k—+oo— log(cieg - - - k)

For the rest of the paper, we will prove Theorems 1 and 3 in Sections 2 and
3, respectively.

2 Assouad dimension of Moran set

Suppose that # = #(J,{ni},{¢r}), where

¢k:(Ck,lack,%---yck,nk)y k=1,2,....

Without loss of generality, we assume that |J| = 1.
For each word u = ujug - - - ux € Dy, we write |u| (= k) for the length of u.
Given k, k' € N, we write

Dk7k/:{v:vkvk+1"'vk’: 1<vj<nj,k<j<k'}, kgk‘,,

otherwise, Dy x» = {0}. Note that Dy = Dj. For v. = vg--- v € Dy s, we
write

Cv = Cku, Ck+1vps1 """ Ck o s
with ¢y = 1. For
u=uwugug - Ug—1 € Dg—1, V =0Vk41 U € D,
we write
UW*V = UjUQ "+ Uk—1VVkt1 " V' € Dpr.

For v € Dy, s, we denote by v~ the word obtained by deleting the last letter
of v. Note that v- = ) (the empty word) if ¥ = k¥ — 1. Given u € D, for
0 < 6§ < ¢y, we write

G(6) ={uxveD:cy <I<cy-}.

For u = (), we write <7 (8) for «(0).
Let
A ={uug---ug---: ugug - -up € Dy, Yk}

be the symbolic system composed of infinite words. Given a word i =iyis - - - i, €
D,,, we call

[i]:{u1U2un GAU1U2unzlllan}
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the cylinder with respect to the word i.

Lemma 1 Given u € D, we have

1 = Z (ev)®

lul+vl e s
ukveESy (0) Hp:|u\+1 Zq:l Cp,q

Proof Fix u € D. Then we have a probability measure p supported on [u]
such that
(cv)?

lu[+v] e s
Hp:\u|+1 Zqzl Py

Since [u] = Uysvewy(s)[u * v] is a disjoint union, we obtain

1= Y wusvh= Y (Cv)snp . 0

[al+[v] s
ukveESy (0) uxveS, (0) Hp:\u|+1 Zq:l Cp,q

p(fuxvl]) = , YuxveD.

The following lemma can be obtained directly by using [5, Lemma 9.2].

Lemma 2 Suppose ¢, > 0. Then there exists a positive integer | such that for
alld € (0,¢y), ue D, and x € EN Jy, we have

H{uxv e () | B(z,cud) N Juww # 0} < L.
In particular, if u is the empty word, we have
#H{ved0)|Bx,0)NJy #0} <I.

Lemma 3 Suppose ¢, > 0. Let sj p+m be defined by (2). Then the sequence
{supy, sk krm 15> is convergent.

Proof Suppose E C R? Denote by .Z the Lebesgue measure on R Recall
that ¢, > 0 and ng > 2. Since for each u € Dy_1,

int(Juwi) Nint(Jusj) = 0,

for all ¢ # j < ng, we have

D L(int(Ju)) < ZL(int(Ju)),
i=1

that is,
ng
D ki <1
i=1

It implies
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For every m, we write
Om = sup Sk,k+m-
k

Fix an integer m € N. Let s > 0,,. For each n € Z N[0, m — 1], we have

p—1
Ay t+pm+n <H Attim A+(i+1)m (s )) : At+pm,t+pm+n(3)-
i=0

Hence, by (6),

At—l—pm,t-{—pm—f—n(s) g (Sllip nk)n g (C*)ind

and )
A pimt-(i+1)m (8) < Degimit(i+1)m (Om) - (S;lp )"
<1-(1— )( s—0m)/d

(1 )(s Gm)/d
Therefore, for all t € N, we have

At ppmen(s) < (1= chplmomidend,

*

which means that there exists an integer po(s) such that for all p > pg(s),

At,t-{—pm—f—n (3) <1,

that is,
Sttipmin < S

for all p > po(s) and ¢ > 0. Hence,

lim 0 = lim sups < s.
potoo pm—4n — P P tt+pm+n X

Since it holds for all s > 6,,, we obtain

lim 0ppin < Opy.

p—+0o0
Thus,
lim 6 <inf,, < lim 6@
pilfoo pmAn X };711 m pﬂlrfoo ms
which implies that lim,, 1 6,, exists. O

Proof of Theorem 1 We first prove that s** is an upper bound of dimp E. It
suffices to verify that the inequality dima E < s holds for all s > s**.
Since

s> lim supsgktm,
m—+oo ’



714 Wenwen LI et al.

there exists a positive integer IV such that, for all m > N, we have s > sj 4.
Therefore, for all m > N,

kltf <§:ci]~> < kﬁ <§:cff;’“+’”> = 1. (7)

i=k+1 N j=1 i=k+1 N j=1

Fix a word i € D and ¢ € (0,¢-). The fact that ¢, > 0 implies that the

sequence {ny} is bounded, say w > 1, that is, ny < w, k = 1,2,.... Thus, for
all0 <m < N,
k+m n;
H <Zcf7j> < wl. (8)
i=k+1 > j=1

By (7) and (8), for all j € D, we have

i3l np

H Z Cpq < . (9)

p=|i|+1 q=1

Combining Lemma 1 with (9), we have

_ (¢5)°
L= D il s

ixjes (6) Hp:\i|+1 Zq:l D,q

>V Y (g)

ixjed (9)
w N Z (cxc5-)°
ixjeo4(9)
(mNes) - 6° - 44 (5).

WV

WV

It follows that

woN

)
cs6s

Fix a point z € E and r, R with 0 < » < R. Since F is doubling, without
loss of generality, we may assume that

1A (6) < Vie D, Vs e (0,c,). (10)

O0<r<cR<R<ec,.

It is clear that
B(z,R)NE C U JiNE. (11)
ico/(R), B(x,R)NJ; 0

For each i € &/ (R) with B(z, R) N J; # 0, we have

JiNE C U Jixj-
ixjeds (r/R)
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Now, taking x;; € Ji,; N E, we have
Jixj € B(xyg,7),

due to r

Thus, by (11), we obtain that

B(z,R)NE C U U Blair).

ie/(R), B(z,R)NJ;#0 ixjest(r/R)

By (10) and Lemma 2, we have

Ny r(E) < Z ﬁ%(;)

ic/ (R), B(z,R)NJ; 20

@V /R\s
) iE%(R),]_;x,R)ﬂJﬁéﬂ & (T)
< iN (f)s-ﬁ{i € o/(R): B(x,R)N J; £ 0}
<=y

Hence, s is an upper bound, and the arbitrariness implies that
dimp F < s™.

For the rest of the proof, we will verify that s** is also a lower bound.
Since s** is the limit of {supy, sk k+m }, there exists a sequence {(my, m},) ,J;'Ol
of integer pairs with (mj, —my) tending to +oo such that
ok

lim s
k——4o00

my,mj §

Arbitrarily choose s < s**. Without loss of generality, we assume that, for
all £k e N.

Sm,mi, > 8.

Hence, it is clear that
Amk,m;C (S) > Amk,m; (Smk,m;) = 1.
Fixing an integer k, we have

> G =D (5) > 1. (12)

jeDkafl,m;c
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For each p € NU {0}, let
By ={J € Daypsrm, 1 27771 <5 <277, (13)

and we write
pr, = min{p: B, # 0}.

Since
277 <oy < (1= )i/,

it is obvious that the sequence {p} tends to infinity, that is,

lilgnpk = +o00,

Thus, by (12) and (13), we obtain that

+0o0o
> 4 Bpp2 " > 1. (14)

p=0
Hence, for any € > 0, there exists an integer ¢ (= pi) such that
275 (1 = 27°) < 1Bk (27%)°, (15)

otherwise,

+00 +00

Y ILCICSED S )

p=0 p=0
which contradicts (14). Since py tends to +oo and g > pg, we have

lilgn qr = +o0.

Given i € D,,, , we take

Ry =|Ji|, rx = min |Jiy| € [2‘Qk‘1\Ji\,2‘Qk\Ji\].
JE,%qkyk

Since

| Jisgl € 275K 27% Bl Vi€ By

and
int(Ji*j) N int(Ji*j/) =0
for all j # j' € Ay, k, by Lemma 2 again, there exists a positive integer I’
independent of k such that each ball with radius 7, (€ [279%1[.J;|,27%|%]])
intersects at most I’ elements in {J;; }je'%quk.
To prove the lower bound, we need the following inequality:

ﬁ%qk,k

U < N"’kyRk (E) (16)
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Notice that J; C B(z, Ry) for all z € J;. We assume that there exists a smallest
number ¢ such that B(z, Ri) can be covered by t balls of radius rg, e.g.,

B(z, Ry) C B(z1,71%) U B(zo, 1) U~ U B(xy, 1)

Notice that t < N,, g, (E) and

U Jivj C Ji C B(z,R) C B(x1,1) U B(x2,r,) U~ U B(24, 7).
jeﬂqk,k

Then for any j € %, 1, there exists at least a ball B(z;,71), 1 < i < ¢, such
that
Jig O B(xi,re) # 0,

that is,
t

Bt C\ U5 € Byt Jog N Blwi i) # 0}
=1

Therefore, we have

t
1By < Y43 € Bopk: Jiug N Blai, i) # 0}
=1
t-

<
< Nrk,Rk(E) : l/a

which completes the proof of inequality (16).
For any ¢ > 0, there exists C¢ such that for any k,

Ry, ) dimp E+C

(17)

Therefore, using (15)—(17), we have

26091 = 279) _ 1y,
I S I
Nrkka (E)
Rk dimpa E+C
CC( Tk )
CC(qu+1)dimA E+C‘

/

NN

N

Since limy, ¢, = 400, by letting k — +o0, it gives
dimga B+ (> s—e.

By taking ¢ — 0 and { — 0, we have dimy E > s for all s < s, and thus,
dimp E > s**. O



718 Wenwen LI et al.

3 Assouad dimension of homogeneous set

In this section, we will prove the dimension formula for homogeneous sets.

Lemma 4 Suppose that K C X is doubling. Then

log N, K
dimp K = lim sup 08 Nor.( ), Ve < |K|. (18)
=0 R<e —logp
Proof First, we prove that
log N, K
dimpy K = lim sup og Nor.r(K) (19)

p—0 pe|i| log R — log(pR)
Arbitrarily choose a real @ such that

log N, K
a > lim sup 08 Npr r(K) .
p—0 pe|k| log R —log(pR)

Then, there exists § € (0, 1) such that, for all p < §, we have

log NpR R(K)
sup ' < «,
r<|k|log R —log(pR)
that is,

R\«
N, r(K) < <T> , 0<r<JdR<R<|K|
On the other hand, there exits a constant ¢y > 0 such that
Ny r(K)<c¢5, Vre(6R,R).

Hence, for all 0 < r < R < |K|, we have
R\«
Ner(K) <es()",
which implies that «a > dimpa K. Since « is arbitrarily chosen, we have

log N, K
lim sup 08 Ny r(K)

> dimp K.
p—0 pe|i| log R —log(pR)

Suppose that « is a fixed number such that, for all R < b,
R\«
Nprr(K) < C(pR> ;
where b is a constant. Then

1
sup og Nyr,r(K) < log ¢ i
r<b log R —log(pR) = log R —log(pR)
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Taking limit on both sides, we have

. log Npr, r(K)
lim su P < a.
o0 oy log R — log(pR)

Using the doubling property of K, we have
Norr(K) < Npyjopso(K) - Nyjo (), VR € [b|K]),
which implies

lim sup IOngR’R(K) = lim sup IOngR’R(K) < a.

p—0 e log R —log(pR)  p—0 gy log R — log(pR)
Since the inequality holds for all & > dimy K, it follows that

log N, K
lim sup 08 pR’R( )

< dimp K,
p—0 p<|k| log R —log(pR)

which finishes the proof of (19).

We write oo N ()
0g R,R
t(p) =sup " :

R —logp
To obtain the formula (18), by (19), it is sufficient to show that the limit of

t(p) exists as p tends to 0.
Give p > 0. For any p’ < p, there exists an integer m such that

pm+1 < p/ < pm‘

Since
N7‘1 T3 (K)

it follows that

N(p’)R,R(K) < NpmelR,R(K) < (Suprnr(K))

N

NT1772(K)N7’2773(K)a Ty <12 <73,
m+1

Hence, we have

log N(yyr,r(K )‘ _ ‘ log (sup, Ny, (K))™ ‘
log p/ = log(p/pm+1) 4 (m + 1) log pI’

which implies that

1 Ny (K))mHt
limt(p') < lim Og(suprl pr:r () ‘ = t(p)
p'—0 m—-+oo [log(p'/p™*1) 4 (m + 1) log p

due to 1 < p//p™+! < p~ 1. Therefore, we obtain that

lim ¢(p") < inft(p) < limt(p),
p'—0 14 pl—>0
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that is,

lim t(p) = inf t(p).
p—0 p

On the other hand, since K is doubling, for any £1,e9 < | K|, we have

log N, K log N, K
lim sup o8 pR’R( ):hm sup o8 pR’R( )

0
p—0R<e;  —logp p—0p<e,  —logp

Proof of Theorem 3 Fix a point xg € K. It is clear that h ~ ay,. By (5), for
r < R, we have
|, (1) log r — h(r)logr| < C,

|az, (R)log R — h(R)log R| < C.
Hence,

‘ h(R)log R — h(r)logr  ag,(R)log R — ag,(r)logr ‘

log R — logr log R — logr
. ‘axO(R) log R — h(R) logR‘ N ‘awo (r)logr — h(r) logr‘
log R —logr log R —logr
2C

S og(R/r)| 20

Suppose that k is the smallest number of balls with radius r needed to cover
B(z, R), i.e., suppose that B(x, R) is covered by B(y1,7), B(y2,7), ..., B(yg, 7).
In fact, we can choose

k= N, r(K). (21)

Then
p(B(z, R)) <> u(B(yir)),

—1

~

which implies
pB@R)
maxyex p(B(y, 7))
Using (3), we have
B(zo, R
)\—ZM( (.Z'(), )) < k. (22)
,U/(B(xm T))
We also assume that p is the largest number of disjoint (r/2)-balls with
centers in B(x, R), for example, B(z1,7/2), B(22,7/2),...,B(2p,7/2) are pair-
wise disjoint. By the routine argument, we have

k< p.
In the same way,

. B( :
pminp(B(v.
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Therefore, using (3), we have

,U,(B(JZ,QR)) 2:“’(3(‘730’2}%))
BSPS iy (Bl r/2) S u(Blao.r/2))

Using (4), the measure p is doubling, i.e., there is a constant D > 0 such
that

(23)

(B(xo,2R)) < Du(B(xo, R)),
,u(B <a:0, ;)) > D7 p(B(zo,7)).

Then (23) shows that

o 1(B(zo, R))
,U/(B(xm T)) ‘

Combining (21), (22), and (24), we obtain that

k< (AD) (24)

log A2 Az (R)log R — aug, () log r
log R — logr log R — logr
< log N’I”,R(K)
“logR—logr
log(AD)? o (R)log R — auy, (1) log r (25)
“logR—logr log R — logr ’
By Lemma 4, (20), and (25), we obtain that
h(R)1 —h 1
dimg K = lim sup (F)log R () log(pR) . U
p—0 R —logp
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