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Abstract

Let sets E and F' be McMullen sets with the same number of rectangles in each line. We show
that F and F are Lipschitz equivalent if they are dust-like or they satisfy the horizontal block

separation condition (HBSC).
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1. INTRODUCTION

Let (X1, p1) and (X2, p2) be metric spaces. If there
exists a bijection f : X; — X5 which is bi-Lipschitz,
i.e., there exists a constant C' > 0 such that

C_1p1<£(},y) < p2<f<x)7 f(y>) < CPl(%?/)a
for all z,y € Xy, we say X; and Xo are Lipschitz
equivalent, and denote this by X; ~ Xs. If the
space X is R", we take the metric p be the ordi-
nary Euclidean metric.

*Corresponding author.

An important topic in fractal geometry is to clas-
sify fractals under Lipschitz equivalence. Any two
fractals in the same Lipschitz equivalence class may
be considered to have the same geometric struc-
ture. There are many works on this. For example,
Cooper and Pignataro! studied order-preserving bi-
Lipschitz mappings between self-similar sets in R'.
Falconer and Marsh?®? studied quasi-circles and
dust-like self-similar sets, and obtained a neces-
sary condition for Lipschitz equivalence between
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dust-like self-similar sets, which was further stud-
ied by Rao et al.,* and by Xi.® The Lipschitz
equivalence of totally disconnected self-similar sets
was discussed in Refs. 6-9. Wen et al.,' stud-
ied Lipschitz equivalence of a class of general
Sierpinski carpets in R? which have non-trivial
connected components. Xi and Xiong!! discussed
the Lipschitz equivalence of Moran sets with a
cubic pattern, which generalized results of Ref. 9.
For other works on Lipschitz equivalence, see
Refs. 12-18.

Most work on Lipschitz equivalence focuses on
self-similar sets and self-conformal sets. One advan-
tage of these sets is that there exists an isome-
try between the attractor and the corresponding
sequence space, unfortunately, this property does
not hold generally for self-affine sets due to the com-
plexity of its geometric structure. Up till now, there
has been little work on general self-affine sets. In the
paper, we study the Lipschitz equivalence on a typ-
ical class of self-affine fractals, namely, McMullen
sets.

Let m,n,r be positive integers such that n >
m > 2 and 1 < r < mn. Let r; be nonnegative
integers such that 0 <r; <n—-1,7=0,...,m—1,
and ro + -+ rym_1 =7r. Let R ={dy,...,d,—1} C
{0,...,n—1} x{0,...,m—1} be such that card{i :
(t,j)eR,O<i<n—1}=r;,0<j<m—1.

For each dj, = (d,(cl),d,(f)) € R, we define a self-
affine transformation by

Sp(z) =T(x+dy), x€R?

k=0,1,...,7m—1,

where T = diag(n~!,m~!); then the family {S;}},_§
forms a self-affine iterated function system. Accord-
ing to Hutchinson,'® there exists an attractor
E, called a McMullen set,?%2! such that E =
UrZ6 Sk(E); the set F may also be written as

o 41 0o )
E:{( ;’;,Zﬂ%):ikG{O,l,...,r1}}.
k=1

k=1

Without loss of generality, we always assume that,
for all u,v € {0,...,r — 1},
if u<wv then df) < dUQ)7 or,
d? = d? and dV < dV. (1)

This just implies that the rectangles Sy([0,1]?),
S1([0,1]2),...,5,-1([0,1]?) are numbered from left
to right and from bottom to top.

As stated in Refs. 20 and 21, the Hausdorff
dimension of E is
log ZT:Bl T;ogm/ logn

dimyg F =
logm

The formula indicates that the Hausdorff dimen-
sion depends not only on r but also on r;, that
is to say, moving selected rectangles from a line
to another may cause the change of dimension,
which is very different to self-similar cases. We use
R(n,m,r,10,...,7m—1) to denote the collection of
all such McMullen sets, i.e., with the number of
rectangles in each line fixed. Obviously, dimy F =
dimg F for all E, F € R(n,m,r,ro, ..., "m-1).

We denote the umit square [0,1]?> by Q. For
k = 0,1,2,..., let QF be the set of all k-term
sequences of integers 0,1,2,...,r — 1, that is QF =
{(o1-+-0k) : 0 < oj <r—1}; we regard Q0 as just
containing the empty sequence, that is Q¥ = {0};
We abbreviate members of Q¥ by o = (o1 0p)
and write |o| = k for the number of terms in o.
We write Q = (J72,QF for the set of all such finite
sequences, and 2 for the corresponding set of infi-
nite sequences, so Q> = {(o102---0p--+) : 0 <
op<r—1}.Foro=o01-0, € Q" 7=71--.7y €
QL write o« 7 =01 - - 071 - - -1 € QFFL We write
olk = (o1---0y) for the curtailment after k terms
of 0 = (0109-++) € Q®°. We write 0 < 7 if 0 is a
curtailment of 7. We call the set [0] = {T € Q> :
o X 7} the cylinder of o, where o € Q. If 0 = (), its
cylinder is [o] = Q.

Let E € R(n,m,r,ro,...,"m—1). We call the
McMullen set E dust-like, if S;(E)NS;(E)=0 for
all © # j € {0,...,r — 1}. We denote by DR(n,m,
T Ty .. Tm—1) the collection of all dust-like
McMullen sets in R(n,m,r,rg,...,rn—1). When E
is dust-like, for every x € E, there exists a unique
sequence {0;}2°; C Q°°, such that z = Y 0, T'd,,.
We call {o;}22, the Q-sequence of = throughout this

paper.
We are also interested in another class of
McMullen sets, written as SR(n,m,r ro,...,

Tm-1) C R(n,m,r,ro,...,7m—1), which are not
generally dust-like.

Let A be a subset of R? and b a point in R?. We
write A+b = {a+b:ac A} C R% Let E €
R(n,m,r,7q,...,"m_1). For each 0 € QF, we call
Jy = S,(Q) the basic rectangle of level k for o,
and write £y, = (J,cqr Jo for the union of all basic
rectangles of level k.

We say that the McMullen set F satisfies hori-

zontal block separation condition (HBSC') if one of
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the following properties holds:

(I) Let J # J € {Si(Q):i=0,...,r —1}. Then
J and J' are disjoint;

(I) Let J # J' € {Si(Q).8:(Q) + (1,0) : i =
0,...,7 — 1} such that J N J" # (. Then J
and J' lie in the same horizontal line.

It is equivalent to say that, in each level, if two
rectangles are connected, then they are located in
the same line. In particularly, the second condition
plays the essential role in Sec. 3, which enables us
to divide the rectangles into blocks line by line.

We write SR(n,m,r,rg,...,rm—1) for the collec-
tion of all McMullen sets in R(n, m,r,79,...,Tm—1)
satisfying HBSC. It is easy to see that if the
McMullen set E satisfies HBSC, then for all £ > 1
and any two distinct J, J' € E},

J =J+0n"0), or J=J-(nF0),
whenever J N.J" # ().

Obviously, every McMullen set in SR(n,m,r,
T0y---,"m—1) is totally disconnected, but may not
be dust-like, see Example 4.1 in Sec. 4.

The main results in the paper are

Theorem 1.1. Let E and F' be two McMullen sets
in DR(n,m,r,ro,...,"m—1). Then the sets E and
F' are Lipschitz equivalent.

Theorem 1.2. Let E and F be two McMullen sets
in SR(n,m,r,rg,...,"m—1). Then the sets E and
F' are Lipschitz equivalent.

The proof of Theorem 1.1 is given in Sec. 2. Sec-
tion 3 is devoted to the proof of Theorem 1.2. After-
wards, we gives some examples and further remarks
in Sec. 4.

2. LIPSCHITZ EQUIVALENCE OF
DUST-LIKE MCMULLEN SETS

The following lemma gives the geometric interpre-
tation of dust-like set.

A McMullen set E is dust-like if
and only if there exists a monnegative integer M,
such that

Lemma 2.1.

U SiUl"'UM (Q)

0'1"'0']\4€QJM

U

T TM GQM

foralli#j5€{0,1,...,r—1}.

SjTl“‘TJ\/I (Q) =0, (2)

Lipschitz Equivalence of McMullen Sets

Proof. Suppose that E is dust-like, and assume
that for each integer M > 0

w- U U

i#5,0<0,j<r—1 \o1--op €QM

U

T TM cQM

Sim"'UM (Q>

SjTl"'TM (Q) U 0,

we will obtain a contradiction. Since A,s is a non-
empty compact set, and Apr+1 C Ay, the intersec-
tion ﬂﬁ:o Ay is also a non-empty compact set.

Choose any x € (37_oAm, we have there exist
i # j such that

:ceMFjO U

= 01---UM€QM

Sio’1---01w(Q> = S’L<E)’

and

xe]ﬁo U

= 0'1"'0']\469]\4

Sjal“'UM(Q> = S](E>

This implies S;(E) N S;(E) # 0, which contradicts
the assumption that the set F is dust-like.
Conversely, we know that

E=() U S a@)

k=0 gq---0,€0F
obviously E' C U,,..5,,eqM Soy-01,(Q). Hence, for

each ¢ =0,1,...,r — 1,

Sz(E) C Sz U SUl---UM (Q)

ay--aMeQM
= U Sieron(@.
0'1"'0']\4€QJM
Similarly, we have
sieyc
Ty--T]uEQJM

foreach 7 =0,1,...,7r—1. By (2), we obtain S;(E) N
S;(E) =0 for all i # j € {0,1,...,r — 1}, which
implies the set E is dust-like. |

SjTI"'T]M (Q)7

The next easily proved lemma is frequently used.

Lemma 2.2. Let m,n,l, k be positive integers, such

that n >m > 2 and | = [kllzggzl], where [ | denotes

the floor function. Then 7’;—; € (%, 1].
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Proof of Theorem 1.1. We first construct a bijec-
tion g from E to F.
Let E and F' be two McMullen sets in DR (n, m

TyT0y -y Tm—1), given by
{(an7z > xkayk) GR}7
k=1
F = 3 $—?€ iy;“ (x GR'
n7 mk k:ayk:
k=1 k=1
where
R={dy,...,dr—1} C{0,...,n—1}
x {0,...,m — 1},
R ={dj,....d._;}c{0,...,n—1}
x {0,...,m —1}.

Then the corresponding self-affine IFS {Sj(z)},_f
and {5} (z)},_y are given by Sk(z) = T(z + dy),
k=0,...,r—1,and S(z) =T(z+d)), k=0,...,
r—1, respectively, and clearly, £ = U;:é S;(F) and
F =y Si(F).

For each # = Y 32, T%d,, € F, we define a map-
ping g : E — F by

ZT’“ (3)

where {o;}72, € Q. As E and F are dust-like,
the mapping ¢ is well-defined and bijective from E
to F.

We must prove that the bijection ¢ is bi-
Lipschitz. Since the sets E and F are dust-like, by
Lemma 2.1, there exists a nonnegative integer M,
such that

U SiUr"UM (Q>

0'1"'0']\4691\4

U

T T EQM

SjTl“'TM (Q) =0, <4>

U Sioron(@)

0'1"'0']\469]\4

n U Sjmem@ ] =0, (5)

T TM EQM

foralli#£j€{0,1,2...,r—1}.

We choose any z,y € E such that = # y, and
let {0;}22, and {7;}32; be the Q-sequences of x and
y respectively. Suppose o; = 7; for ¢ = 1,...,1 —
M — 1, and oj_p; # T1_p, Where [ > M 4+ 1 is
an integer. By (4), we have Sy, 0 piy00 (@) N
St arminrsr-m(Q) = 0, so that

SUl"'Ul—M—1 (SO'Z—JVIO'Z—JVI+1"'UI (Q)>
N STl"'TZ—M—l (STZ—JVITl—A{+1"'Tl (Q)> = Q)a

i.e., Soi0y(Q) N Sr..r, (Q) = 0. By the same argu-
ment we have S, (Q)NS; .. (Q)=0.

Let k = min{s € N : [s}&7] —

[}, and write

logn
(551,552) = SUl'“Ul (Oa O)a
(553,554) = SUl'“Uk (Oa 0)

Obviously, the sets Sy,...0, (Q) and Sy, ..., (Q) satisfy

SUl-“Uk (Q) C [$1,331 + nil]

X [xg, 24 + M~

"] C So1n (Q),

where the rectangle [x1, 71 +n7!] X [z4, 14 +m~F] is
often named the approximating square of x, written
as A\g, and clearly x € A,.

Similarly, we have

Yy S Ay == [yl;yl +n_l] X [y473/4 + m_k]a

—k]

)

where

Since a = St T, wq = S0 % g(2)y =
4\ d? 2 2
Zi 1 s 9(x)a = Zf:l =, and that d( )= d;( )

foralli € {0,1,2,...,r—1}, due to property (1), we
have g(z)2 = x2, g(x)4 = x4. Similarly, g(y)2 = v2,
9(y)1 = ya.
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Recall that Sy,..0;(Q) N Sry..r (Q) = 0, S, ..., X
@ nN Sﬂl-lfl(Q) = (), and SO'I"'UZ(Q)7STl"'Tl(Q) -
Soro1_p1(@). To show g is bi-Lipschitz, we
have to take account of the relative positions of
So10,(Q) and Sr .., (Q), that is, the two cases
lze — yo| > m~" and |zo — yo| < m~

For the case of |z — yo| > m™!, we are able to
estimate the distances p(z,y) and p(g(x), g(y)) by

m™ < p(z,y)
\/(m—(l—M—l))Q + (n=(=M=1))2,

N

m~" < plg(x), 9(y))

N
<

(m=(=M=1)2 4 (n=(-M=1))2,

Immediately,

1
Wﬂ(%y) < plg(x),9(y))
< V220 ()

For the case of |xo — y2| < m™, according to the
relative position of A, and A, we consider two dif-
ferent cases: |z4 —y4| > m ™" and |z4 —ys| < m~F.

For the former case, we know

V(@ —2m+)2 + (n1)2

< pla,) < ylam—*)2 4 (=202,

V(@ —2m=+)2 + (n1)2

< p(g(z),9(y)) < \/(am*k)2 4 (n-(=M-1)y2,

where the constant a is an integer such that 3 <
a < 2m*~!. By Lemma 2.2, we have

\/(am—k)2 + (n—(=M-1))2
\/<(a - Q)m—k)Q + (n_l)g < W

Hence, we have

1
9 1 n200+2)

p(x,y) < p(g(r),9(y))

< VO + 2 ().

For the latter case, we know

< play) </ @moF)? + (noU-MDY2,

! < plg(2),9(0) < \/(@mF)2 + (n(=M-D)2,

Lipschitz Equivalence of McMullen Sets

By Lemma 2.2, this gives
1

\/Wp(x, y) < plg(z),9(y))

S VA +n2MHD p(z, ).
Finally, we combine all cases, and obtain that

C~'p(z,y) < ply(x), 9(y)) < Cp(z,y),

for all z,y € E with x # y, where

C= max{\/QmQ(M-H)7 V9 + n2(M+2),
V4 1 2D,

As the constant C' only depends on n,m, M, the
bijection g is bi-Lipschitz, i.e., the McMullen sets
E and F' are Lipschitz equivalent. O

3. LIPSCHITZ EQUIVALENCE
OF MCMULLEN SETS
SATISFYING THE HBSC

To prove Theorem 1.2, we must find an appro-
priate bijection from F to F. Normally, the nat-
ural projection mapping from the sequence space
to the attractors plays an important role. Unfortu-
nately, this does not work in our case, since the
projection is not bijective. More precisely, given
E € SR(n,m,r,ro,...,"m—1), let {Sk}z;%) be the
generating IFS of E. For each k € N, there exists a
one-to-one correspondence II;, between Ej and QF
given by

1,(S,(Q)) = o for all 0 € QF.

Recall that Fj is the union of all basic rectangles
of level k. The projection mapping II : Q*° — F is
given by

DL

H((ok)5Z1) = [ ] So1-0,(Q)-

/=1

For each z € E, we denote by Uy, .. the collection of
all k-level basic rectangles containing x. Let U}, , =
{I1x(V) : V € Uk »}. Then

DL

O (z) = U ).

k=1

Since the cardinality of II™!(x) may be greater than
1, the mapping II need not be injective although we
have I1(Q°*°) = E. Therefore, the projection II is not
the proper candidate for our purpose.
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Instead of the projection II, we define new bijec-
tions fp : E — Q% for each E € SR(n,m,
7,70, .. ,"m—1). Then by the composition of two
bijections fg and f;l, we are able to set up a bijec-
tion g from F to F'. Then, we use the approximating
squares to show that it is bi-Lipschitz. The idea to
construct bijections fr : E — Q% is inspired by
Xi and Xiong’s work,'! and we believe their idea
is very important to solve such Lipschitz equivalent
questions for the fractals with connected patterns.

To define the bijection fgr, we make fol-
lowing conventions and notations. Let E €
R(n,m,r,10,...,"m—1). For k > 1, a block B of
level k is a sub-collection of basic rectangles of level
k such that (J Joep Jo 1s a connected component of
Ej. The cardinality of a block B is written as {5,
and we denote by B the collection of all blocks of
level k. From the horizontal block separation con-
dition, especially the property (II) in the definition
on page 3, all basic rectangles in the same block B
of level k lie in the same line of Ei, and 8 < n —1,
whenever E € SR(n,m,r,rg,...,"m—1). (Recall
that 0 < r; < n—-1,35 = 0,....,m — 1, and
ro+ - rme1 =1)

For W C QF, we write [W] = |,y o], where [o]
is the cylinder set of o € QF. For every collection
A of sets, we write [JA = (Jy 4 A for the union
of all sets in A. For each B € B, we write W& as
the collection of sequences of the basic rectangles of
level k contained in B.

We first establish the following lemma which is a
self-affine version of Lemma 11 from Ref. 11. The
lemma is essential preparation for the construc-
tion of fg, and its proof relies on the geometry
of McMullen sets. We shall redefine the mapping
I : Br, — QF, k € N in the lemma, which sets up
a one-to-one correspondence between all basic rect-
angles of level k and Q¥ so that each basic rectangle
of level k is endowed a unique code in QF. The key
idea to it is the “equal grouping” which originated
from Rao et al. work.%

Lemma 3.1. There exist one-to-one correspon-
dences Iy, : E, — QF, k € N such that

W8 = {II,(J) : J € B e B} (6)
satisfying
(a) WB' NWB" =0 whenever B # B € By;
(b) for each B € By, and each B' € By1 such that

UB c UB, there exists some o € W& such
that

W¥] C [o].

Proof. We construct 1I; by induction.
Let k=1. Then Ey ={Sk(Q) : 0<k<r—1}. The
correspondence II; between E; and Q! is defined by

T, (Sk(Q) =k for k=0,1,..

Thus for each B € B; with B = S,(Q) U

Ss11(Q) U --- U Syy4p-1)(Q) for some s €

{0,1,2,...,7r — 1}, we have
WE={s,s+1,...,5+ (#B —1)}.

(See (a) in Fig. 1, where o = ().)

Suppose that for £ — 1 (k > 2), we have estab-
lished a one-to-one correspondence Il;_; between
Ej_1 and QF~1. Then for each B € Bj_;, we have
obtained

Lr—1.

WE = {11, _1(J): J € B}

Fix a basic rectangle U € Ej, then there exists a
unique k-level block By € By containing U. Corre-
spondingly there exists a unique (k — 1)-level block
Byu € 9Bj_1 containing B;;. We define the mapping
II;(U) as follows.

Case 1. fByy = 1. By induction there exists a
unique finite sequence 7 € QF~! such that W5uvv =
{7}. For the time being, the block Byy just con-
sists of a single (k — 1)-level rectangle, say J. Hence
II;—1(J) = 7, keep in mind that J = S-(Q) may not
hold. Let 7/ € Q%=1 be such that J = S./(Q). Then
J contains r basic rectangles of level k, namely,
S (Sk(Q)),k=0,1,...,r — 1. We define

(S (Sk(Q)) = 7k for k=0,1,...

Note that U is one of S.(Sp(@)),k=0,1,...,
r — 1. This completes the definition of II(U). On
the other hand, for each k-level block B contained in
J, we have a unique index set Iz C {0,1,...,r—1}
such that

W8 ={rxk:kelg} andso[W5]c]r

,r— 1.

Moreover, any two distinct k-level blocks B’, B” con-
tained in J satisfy

w5 nws =9,
(See (a) in Fig. 1).

Case 2. §Byy > 2. The rectangles in Byy are con-
nected, and we assume that

1Buu

UBww=U 7
=1

where J; € Ej_1 are numbered from left to right.
Each J; contains r basic rectangles of level k, so the

1350022-6
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25 35
4 5| 6 15
14 16 24 26 34 36
|t
pre -
(a) (b)
JP—
205 215 LZZ‘ 1235
204 206 14 21§ 4 228 1234 234

(c)

Fig. 1 Assume the square in (a) is a block in Bj_; consisting of a rectangle, the corresponding sequence is o. The graph

indicates rules in Lemma 3.1 to assign sequences to blocks. Not
front of all numbers in (a), (b) and (c).

block Byy contains riByy basic rectangles of level
k, which are located in m horizontal lines.

Suppose that U is located at the (j + 1)th hor-
izontal line with 0 < j < m — 1 (counted from
bottom to top). Let J; = S,(Q) with o € QF1,
(Note that IT;_1(J;) may not equal o.) Note that
Si(Q) € Ev,i =19+ +rj_1,r0+ - +rj1 +
1,...,70+--+rj_1+7;—1 are all rectangles of level
1, located at the (j + 1)th horizontal line. Here and
below we adopt the convention 79 + -+ + 1,1 =0
if j=0.Let Ty C J1,£=1,...,7r; be all the k-level
basic rectangles, from left to right, located at the
(j + 1)th horizontal line. Then

Tg == SO(ST0+...+7»J._1+€_1(Q)), {= 1, RN ,Tj.

Thus all the k-level basic rectangles in the same line
of JByy are

T+ (sn=®=D00), ¢=1,...,r,
820,1,...,ﬁBUU—1.

We now regroup these rectangles into 5y collec-
tions as follows. Let us focus on rectangles T, C
J1,£ = 1,...,rj, which can be divided into v con-
nected parts, denoted by Q;,7 = 1,...,~ from left
to right. Obviously, the sets Q;,i = 1,...,v — 1

e that o is omitted in the figure, i.e., o should be added in

belong to B;. We let

v—1
g1 = <U Qi) U(Q, + ((tByy — 1)
=1

xn~ =D 0))  and so 4G, = 7,

where Q. + ((1Byy — 1)n~ =1 0) € By is just
the last connected part contained in Jys,,. For
the remaining rectangles in {Ty + (sn~( =1, 0),¢ =
1,...,r5,s = 0,1,...,8Byy — 1}\Gi, we regroup
them equally into By — 1 collections from left to
right, denoted by Go, ..., G5, - In this way, we can
see that G; has cardinality r; and each connected
part in G; belongs to By. For 1 < ¢ < tByy and a
k-level basic rectangle J € G; define

Hk(J) = kal(Jz) * (7”() +---+ ri—1 + 0 — 1),

if J is the fth (note that 1 < £ < ;) k-level basic
rectangle from left to right. This completes the def-
inition of IIx(U). (See (b) and (c) in Fig. 1)

With the above definitions for 11, one can check
that (a) and (b) are satisfied. O

Using this Lemma, we are ready to construct a
bijection from E to Q°°. For each z € FE, there exists
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a unique sequence of blocks By € By, k =1,2,...,
such that

{z} =) UBs

k>1

For each block B, let the collection W5 consist of
those sets defined in Lemma 3.1. The bijection fg :
E — Q% is defined by

{fe@)} =)W

k>1

Obviously, the mapping fr is well-defined and
bijective.

We now define the prospective bi-Lipschiz map-
ping. Let g : E — F be given by g(z) = fl,?le(a:),
which is well-defined and bijective for all McMullen
sets B, F € SR(n,m,r,10,...,"m—1).

In the rest of the paper, we use B and Bj to
denote a block and the collection of all blocks of
level k corresponding to F, respectively. And we use
B and B, to denote a block and the collection of all
blocks of level k corresponding to F', respectively.

The following straightforward lemma gives us the
geometric relationship between x € E and g(z) €
F', which plays an important role in the proof of
Theorem 1.2.

Lemma 3.2. Given x € E, suppose that for each

integer k > 1 there exists B € %k,g € %k such
that x € UB and g(x) € UB. Then x5 = g(x)s,

where xo and g(x)y are the vertical coordinates of
the left-lower vertexes of | J B and Ug respectively.

Proof. Suppose W8 = {r x o',...,7 x ofB},
where 7 = 71+ 7,1 € QF 1 and o!,..., 08
{0,1,...,7 — 1}. From the proof of Lemma 3.1, we
know dfl) == dgj)g. So the vertical coordinate

To is given by

m=) T+t
i=1
By the definition of g, we have Wb — {rxwh, ...,
T*ww} where w!, . ,wﬁBE{O,l,...,r—l}, and
2 _ 2) )
di=:= dww = :
Hence, g( o = 2. O

Proof of Theorem 1.2. Given two distinct points
x,y € F, there exists a positive integer [ such that

T,y EUBQW, T € UB$’ Yy € UBy,

where B, , € B;_1, and B,, B, € B; with B, # B,.

For the corresponding points g(x) and g(z) € F,

we assume that
€ U By(y)

€ U gg(z)

By(z), By(y) € Bu-

Recall that it is possible to have gg(x) = By(y)-

Let x5, ys be the vertical coordinates of the left-
lower vertexes of the rectangles |J B, J B, respec-
tively. We divide the argument into three cases to
prove g is bi-Lipschitz according to geometric posi-
tion of x,y and g(z), g(y).

(1) |2 = yo| >m™".

Since §B;, < n — 1, B, # B,, we have

m < p,y) < /(D)2 4 ((n — 1)n-
If §B,, = 1, write WBew = {0} c Q-1 So
9(2),9(y) € UBy() () where B <) o) € By,

(=12,

and by Lemma 3.2 and since j:tB ) Sn—1, we
have
< plg(x),9(y))
\/ ~=1Y2 4 ((n — 1p—0-1)2,
If 4B,y > 2, rlte Whew = {oxr,...,0xmp, },
where 0 € Q72 7, ... TﬁBm,G{Ol Tfl}

S0 g(x),9(y) € UBy(a).g()> Where By o) € B2,

and by Lemma 3.2 and since j:tB
have

7()§n—1 we

m~" < p(g(x), 9(y))
<

VD)2 4 (0 — n(t-2))2.

Since
\/(Tn(ll)q);vlL (n-(=9)) < vV/m? + nS,
we have
m21+ 1o pla,y) < plg(2), 9(y))

< vVm? +nSp(z,y).

(2) ‘.’L'Q — yg‘ < m’l, and ggl($) 7& gg(y)
ogm

Let k = min{s € N : [s77

ze B,y e UBP, BY B € By Let 24,14
be the vertical coordinates of the left-lower vertexes
of the rectangles UB;gk),UB?Sk) respectively, and
let x1,17 be the horizontal coordinates of the left-
lower vertexes of the rectangles |JB,,|JBy. Then

| = 1}. Suppose

1350022-8



the approximating squares A, and A, of the points
x and y are given by

Ny = [, 21 + (8B:)n "] x
Ay = [y1, 91 + (EBy)n7"] x
Clearly, we have

velJBW cn, B,

yel B ca,cl B,

Depending on the relative positions of A, and A,
we consider two different cases: |z4—y4| > m~* and
|4 — ya| <.

For the first case, we have

\/((a —2)m=F)2 4 (n=1)2
< pla.y) < /(@m0 4 (=92,

where a is an integer and a > 3.
We estimate the distance of g(z) and g(y) in the
same way, and by Lemma 3.2, we obtain that

V(@ —2)m=k)2 4 (n-1)2

< plg(x),9(y)) < \/(am*k 2

By Lemma 2.2, we have following inequality
“k)2 —(—3))2

V(am=*)? 4 (n S < /o T s,
Vi@=2m 7+ o)

which gives
1

ﬁp(:c,y) < pl9(2), 9(y) <

For the second case, we follow the same argument
and obtain

n~ < pla,y) < \/(2m*’“)2 + ((n — )n-0-D)2
< JE T
< plg(a),9(y))
< Jiam

< \/(2mfk)2+ (n—(-3)2,
Hence, we have

\/ﬁp(:c,y) < pl9(2), 9(y) <

(3) 22 = y2, and Bg(:f) = Bg(y)'

[334, T4+ m_k]a

[y4a Yq + mik]-

n—(-3)2,

9+ nBp(z,y).

l)nf(l72))2

44 nbp(z,y).

Lipschitz Equivalence of McMullen Sets

Consider
vel B, ye UB““), ) e UB;(S ,
(141)
) € U Bg(y ’
where

g(lﬂ) g(lﬂ) €%l+1-

Bg—‘rl)aBg(/H—l) (& %H—la g(a:) ’ g(y)

Since B, # By, we know

l+1) ” B+

B 4 B BT 2 B

By considering the approximating squares in the
same way as in case 1 and case 2, we can find Cy > 0
such that

Cr ' p(x,y) < plg(x), 9(y)) < Cip(,y).

Finally, combining cases 1, 2 and 3, we have

C™p(x,y) < plg(x), 9(y)) < Cplz,y),

for z,y € FE, where C is a constant. Therefore
E~F. m|

4. EXAMPLES AND FURTHER
REMARKS

Let TR(n,m,r,r9,...,7m—1) be the collection
of all totally disconnected McMullen sets in
R(n,m,r,10,...,"m—1). We give an example here
to illustrate the difference of these four class of
McMullen sets.

Example 4.1. Let n =7, m = 3 and r = 6. We
take 1o = 3, r1 = 1 and ro = 2, and choose four
different subsets of {0,...,6} x {0,1,2} (see Fig. 2)
as following

Ry = {(0,0),(2,0),(5,0),(6,1),(0,2), (4,2)},

={(0,0),(1,0),(6,0),(3,1),(0,2), (6,2)},
Ry = {(0,0),(2,0),(6,0), (4,1),(0,2), (6,2)},
R, ={(0,0),(1,0),(3,0),(1,1),(4,2),(6,2)}.

These give four McMullen sets, and we write them

as
Tk N Yk
EiZ{(Z?k, 3—k> f($k7yk)€Rz},

k=1 k=1
i=1,2,3,4.

1350022-9
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E, £

E; Ey

Fig. 2 FE; and Es3 are dust-like; Fo and F3 satisfy HBSC; Ey is totally disconnected.

It is easy to check that
E, € DR(7,3,6,3,1,2),
By e SR(7,3,6,3,1,2),
Es € SR(7,3,6,3,1,2) N DR(7,3,6,3,1,2),
E, € TR(7,3,6,3,1,2)\(SR(7,3,6,3,1,2)
UDR(7,3,6,3,1,2)).

( )
( )

By Theorem 1.1 and Theorem 1.2, any two of
{E1, Ea, E5} are Lipschitz equivalent.

There are still many open problems. For example,
are the sets Fq and FEj Lipschitz equivalent? Our
result does not cover such cases.

Furthermore, does there exist a necessary and
sufficient condition for two totally disconnected
McMullen sets in 7R(n,m,r,rg,..., m—1) to be
Lipschitz equivalent? Unfortunately, the method we
used does not work for this general question, since
the ratio of the height to the width is unbounded
with respect to the positive integer k.

Alternatively, one can consider general self-affine
sets. Let S; = T; + a; be affine contractions of the
plane, where ||T;|| < 1/2, for ¢« = 1,...,N. For
fixed T;, let E(ai,...,ay) be the attractor. Are
E(ay,...,ay) bi-Lipschitz equivalent for almost all

(ai1,...,ay) for which strong separation condition
holds?
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