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Abstract

Functions that are invariant with respect to the tetrahedral and cubic symmetries are deter-
mined. These invariant mappings are applied to serve as the density functions for automatic
generation of the colorful images with such symmetries in three dimensional space from a

dynamical system’s point of view.
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1. INTRODUCTION

The generation of aesthetic images with symmetry
by means of dynamical systems has been the sub-
ject of considerable study. Such images are simul-
taneously complex and artistically appealing.'? In

53

Field et al.? families of functions which can be
used to create chaotic attractors with cyclic, dihe-
dral and some of the planar wallpaper symme-
tries were investigated. Chaotic attractors with
symmetries from each of the planar frieze and
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crystallographic groups were illustrated in Carter
et al* A group summation technique for gener-
ating chaotic attractors with cyclic and dihedral
symmetry was developed in Jones et al.® Various
colorful attractors with the symmetry of higher
dimensional point groups based on the require-
ment that coefficients of general polynomial func-
tions satisfy certain criterion in order to respect
the desired symmetry group have also been studied.
These have included the attractors with the symme-
try of the cube,% n-cube,” tetrahedron® and dodeca-
hedron.” In addition, a general method to generate
chaotic attractors with crystallographic symmetries
in n-dimensional Euclidean space was considered in
Dumont et al.!® On the other hand, the visualiza-
tion of images in non-Euclidean space is uncom-
mon. Automatic generation of aesthetic images in
two- and three-dimensional hyperbolic spaces was
investigated in Chung et al.,>'12 and the created
images are rather unusual but exotic. The key idea
of the above papers was based on the construc-
tion of equivariant mapping f which satisfies the
condition?

fob=bof (1)

for any element ¢ of a symmetry group. The meth-
ods of coloring the attractors are based on the point-
visiting frequency. Here, one always assumes that
the attractor admits a Sinai-Rulle-Bowen (SRB)
attractor and has an SRB measure. Thus it lends
itself readily to computation of a density function
that approximates the SRB measure.'?14

In this paper we consider an analogous three-
dimensional version of some of the authors’ previ-
ous work!® for the creation of colorful images with
the symmetries of the tetrahedron and cube from
dynamics. We develop general forms for polynomial
functions in three dimensional space that are invari-
ant with respect to the required symmetries. These
invariant functions are then used to determine the
density functions. A map F : R® — R is invariant
with respect to a symmetry group if it satisfies

Fod=F (2)

for all elements ¢ of the group.

2. EQUIVARIANT POLYNOMIAL
MAPS

2.1. Tetrahedron-Equivariant Maps

The group of rotational symmetries of the tetrahe-
dron is isomorphic to the alternating group A4.'

[ > L

Fig. 1 A tetrahedron embedded in a cube and axes of rota-
tion for a third-turn and a half-turn.

This rotation group has twelve elements: two rota-
tional symmetries about axes L labeled in Fig. 1 by
27/3 and 47/3 and one rotational symmetry about
axes M labeled in Fig. 1 by m, which send the tetra-
hedron to itself. Since there are four axes like L and
three axes like M, plus the identity symmetry which
is equivariant to a full rotation by 27 about any
of the symmetric axes, we have the twelve desired
rotations. Suppose that the four vertices of the
tetrahedron are (1,1,1), (1,—1,-1), (—1,1,—1),
(—=1,—1,1), then one can check by direct calcula-
tion that the transformations

—1 0 0
m(z,y,2) = (z,y,2) 0 -1 0 and
0 0 1
0 1 0
TZ(xayaz> = (xﬂyaz> 0 0 1 (3)
1 0 0

generate Ay. If reflections are also allowed, then one
can add

(4)

7—3(1"5 Y, Z) = (xvyv Z)

O = O
O O =
_ o O

as a generator as well. This full symmetry group
that includes reflections has 24 elements, and we
designate it as Ajy.

Theorem 2.1. (i) A polynomial mapping f : R® —
R3 is Ay-equivariant if it can be written as a
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linear combination of functions of the form
Tiji(,y, 2) = (a'y' 28, aby' ) alyb2), (5)

where j and k take the same parity (even or odd)
but different from the parity of 1.

(i) f is Ag-equivariant if it can be written as the
linear combination of functions of the form

ﬂjk(xayaz) +T'1k:]<x7y7z)7 (6)

where j and k take the same parity but different
from the parity of i.

For the proof of Theorem 2.1, one can refer to
Reiter.® Based on Theorem 2.1, we here construct
equivariant functions (together with the construc-
tion of invariant functions in Sec. 3.1) to gen-
erate artistic images with tetrahedral symmetry
from dynamics. For example, in Figs. 3, 4 and 5,
we take f(z,y,2) = —1.6122962T1p(x,y,2) +
0.541232824 T30 (x, y, z) + 0.42033344T055 (x, y, ) +
To11(x,y, 2)+0.0000004Tvs3 (x, y, 2), f(z,y, 2) =
0.68074587T100 (x,y,2) +  0.54829554T555 (z, vy,
Z) + 1.67162084T50 (x,y,z) 4+ 1.02000017p11 (I‘,
y,z) — 1.49253822T¢13(x,y,2) and f(z,y,z) =
—1.45139927T¢9 (SE, Y, Z) —0.35444197T51, (I‘, Y, Z) +
059932249T255 (SE, Yy, Z) + 056465346T122 (SE, Yy, Z) +
0.0000344T011 (2, y, 2), respectively.

2.2. Cube-Equivariant Maps

Embedding the tetrahedron in a cube (Fig. 1)
clearly shows that the symmetry group of the tetra-
hedron is a subgroup of the symmetry group of the
cube, but not vice versa, since the cubic symmetry
group has quarter-turns (and some half-turns) that
do not preserve the tetrahedron. As shown in Fig. 2,
there are twenty four rotations that preserve the
eight vertices of a regular cube. These include three
axes like M by 7 /2, m and 37 /2, which together pro-
vide a total of nine rotations, six axes of type N with
just one rotation each, and four principal diagonals
like L about each of which the cube can be rotated
by 27 /3 and 47 /3. Together with the identity sym-
metry which is equivariant to a full rotation by 27
about any of the symmetric axes. This accounts for
all twenty four rotational symmetries. The group of
rotational symmetries of the cube is isomorphic to

Sy, which is generated by two elements,%'¢ such as
01 0
74(x,y,z) = (I‘,y,Z) -1 00 and
0 0 1

i | N

Fig. 3 A colorful image with tetrahedral shape and
Ay-symmetry.

0 0 -1
75(33;%2) - ([E,y,Z) 0 -1 0. (7)
—1 0 0

Moreover, all the rotational and reflectional symme-
tries of the cube are generated by 74 and 75, along
with the reflection 74 where

(8)

7—6(x7y7 Z) = ([L‘, Y, Z)

O = O
O O =
_— o O
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Fig. 4 A colorful image with A4-symmetry.

Fig. 5 A colorful image with A4-symmetry.

as can be verified by checking. These generate the
desired forty eight elements and we denote it by 5y.

Theorem 2.2. (i) A polynomial mapping f : R3 —
R3 is Sy-equivariant if and only if it can be writ-
ten as a linear combination of polynomial maps,
H;jp. of the form

Hiji(x,y,2) = (wiyjzk + (—l)jmiykzj, xkyizj
+ (=1 adyi2k alyk
+ (=1 2ty 2, (9)
where j and k have the same parity, which is
different from the parity of i.

(ii) f is Sy-equivariant if and only if it can be writ-
ten as a linear combination of ngk, where
Hip(x,y,2) = (a'y? 25 + a'yF 2 oy’
+ mjyizk, mjykzi
Tty (10)

where both j and k are even, and i is odd.

Proof. For the proof of (i), one can refer to Ref. 6.

Let f(z,y,2) = Zi,j,kz()(aijkmiyjzkabijkmiyjzka
cijkxj’yjzk),aijk,bijk,cijk € R be an equivariant
function with respect to the rotational and reflec-
tional symmetries of the cube. From the definition
of equivariance, f(7¢(x,y,2)) = 76f(z,y,2) implies
that

g ajprly'z” =

E bijkxiyjzk

i, k>0 i3, k>0
b= ” (11)
S bty = Y aguriyih
1,5,k=>0 1,5,k>0
which shows that
aijk = bjik- (12)

On the other hand, the proof of (i) in Brisson et al.%
shows that a;;;, = (—l)jbjik. Together with Eq. (12),
the term j must be even. From the result of (i), we
see that the terms j and k& must be even whereas ¢
is odd.

Direct computation shows that the functions
HZ,_]k are equivariant when j, k are even and ¢ is odd.
Thus the converse is proven. |

From Theorem 2.2(i), in Figs. 6 and 8
we take f(z,y,z) = 0.5600011H00(z,y,2) —
0.8120001 Hogy (2,9, 2)  —  0.8120001 Hsou (, 3, 2)

N

and f(x,y,z) = —0.6693931H00(z,y,2) —
0.2092961H324((L‘,y,2’) - 05556201H013(l‘y2)
And according to the restriction of Theorem 2.2(ii)
the image shown in Fig. 7 is created by f(x,y,z) =
0.60786767 Higo (,y, 2) — 0.6330149H 99 (2, y, 2) —
18815882H304 ((L‘, Yy, Z).

3. INVARIANT POLYNOMIAL
FUNCTIONS

In this section we consider the general forms
for tetrahedron- and cube-invariant polynomials
respectively. These functions are used for creating
our 3D images.
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Fig. 8 A colorful image with S4-symmetry.

Theorem 3.1. (i) A polynomial function F : R3 —
R s invariant with respect to the rotational
symmetries of the tetrahedron if and only if it
can be written as a linear combination of the
functions defined by h;j;j., where

hijk<xa Y, Z)
= afzlyl2F 4+ abytzd + aiyF 2t + Batyt S
+ alyiZF 4 xkyjzi), a,feR (13)

and 1, j, k have the same parity.

(ii) F is invariant with respect to the rotational and
reflectional symmetries of the tetrahedron if and
only if it can be written as a linear combination
of hiji, where i,j,k have the same parity and

a=/f.

Proof. (i) Let F: R — R be a polynomial func-
tion invariant with respect to the rotational
symmetries of the tetrahedron. Since F is a
polynomial, we can write F' in form

F(.Cl?,y,Z) = Z bijkxiyjzka (14)
4,7,k>0

Fig. 7 A colorful image with Ss-symmetry.

3.1. Tetrahedron-Invariant

Functions

.. . . . . where b1 € R.
Similar to the equivariance, if a function is invariant K

with respect to the generators of a group then it is Thus the invariance corresponding to
invariant with respect to every element of the group.

So we only need to develop a function invariant with F(z,y,2) = F(ni(z,y,2))
respect to 71 and 79 (and 73). F(x,y,2) = F(ma(x,y, 2))

(15)
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implies that

Z bijrr'y’ 2 = Z biji(—2) (—y)’ 2"
i,j, k>0 i, k>0
= Z bkijaziyjzk. (16)
i,5,k>0

Compare coefficients for the z’y? 2 term which
appears in each sum in Eq. (16), then

bijka:iyjzk = bijk(—l)iﬂxiyjzk
= byijaty’ 2F. (17)
and therefore
biji = (=1) ™ bijk = byij. (18)

We repeat this procedure for all six possible
permutations of the exponents, then

birg = (—1)Fbiy; = by,
brij = (1) by = bjps,
bjik = (—1)"bji = by, (19)
biri = (=1)7 s = bij,
brji = (—=1)"bgij = bjik.-
Simplifying Eqgs. (18) and (19), we have
{a C

and
(=)™ = (=1)*F = (=1 =1 (21)

Equation (21) shows that non-zero terms i, j, k
have the same parity. Thus any invariant func-
tion that satisfies Eq. (20) can be written as a
linear combination of the function h;j.

Conversely, direct calculation shows that h; ;.
is invariant when 1, j, k have the same parity,
thus completing the proof of (i).

(ii) Let F' be an invariant function with respect
to the rotational symmetry and reflectional
symmetry of the tetrahedron, with the form
of Eq. (14). Then, besides Egs. (20) and
(21) for the rotational symmetries, F' satisfies
F(x,y,z) = F(m3(z,y,2)) for the reflectional
symmetry. That is,

bijka:iyjzk = bjika:iyjzk and hence
bijk = bjik- (22)
Together with Eq. (20), we see that
bijk = brij = bjki = binj = bjir = brji  (23)

which completes the necessity of (ii).

Moreover, we can directly check that such func-
tions are invariant with respect to 7, ™ and 73
giving the desired result. O

It follows directly from the definition of invari-
ant mapping in Eq. (2) that for any real function
g: R — R, go F is also an invariant function if
F'is an invariant function. So, together with Theo-
rem 3.1(i), we construct F(z,y,z) = |cos(z3yz® +
25y3 2+ ayd 2B+ adyPz+ ayB20 + 20y |+ a2 o2+ 22
to create the image shown in Fig. 4. Figure 4
appears to roughly form six conch-like components
about a cube. However, notice that quarter-turn of
each of the conch-like components cause the oscil-
lations to be misoriented. And four surfaces each
of which is represented by three conch-components
contain all rotational symmetries of the tetrahe-
dron. So, although there is a cubical underlying
form at first glance, the image is of the sym-
metries of the tetrahedron and not the symme-
tries of the cube. By Theorem 3.1(ii), we take
F(z,y,2) = 0.5|x2y* + 224 + 2422 —|— 2224+ atey? +

422 + 3 cos?(xyz + 22yt 2 + 2%y 2 + 2y?2?) and
F(z,y,2) = |vyz + 3sin(x?y?2? + 22 y z4+a:4y z 3
+ 22+ y?+ 22+ cos? (zy3 22 + 2Py + adyd 2+ wyP 23+
23yz® + 25y32) to generate the images shown in
Figs. 3 and 5, respectively. Besides rotational sym-
metries of the tetrahedron, these figures also have
reflectional symmetry. Notice that the underlying
shape of a tetrahedron in Fig. 3 consisting of four
concave surfaces is apparent. In Fig. 5, we take the
four horns as the vertices of the tetrahedron shown
as in Fig. 1, it is definitely of the symmetries of the
tetrahedron.

3.2. Cube-Invariant Functions

As discussed in Sec. 2.2, the cube-symmetry is
isomorphic to Sy group (or Sy group for plus reflec-
tional symmetries). We require the functions invari-
ant with respect to 74 and 75 (and 7).

Theorem 3.2. (i) A polynomial function F : R? —
R is invariant with respect to group Si if and
only if it can be written as a linear combination
of the functions defined by g;;r, where

giji(@,y,2) = 'y 2F + (=1 a'yh I
+aly'd 4 (1) aly
+9:jy 2 +( )Jazkyjzi (24)

and 1, j, k have the same parity.
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(i) F is invariant with respect to Sy if and only if it
can be written as a linear combination of g;jk,
where

Gijn(@,y, 2) = 'yl 2P + atyhd

byt 4oy

+alyk Lt 4 akyist (25)
and 1,3, k are all even.

Proof. The proof of (i) appears in Ref. 6.
Let F(x,y,z) = Zi,j,kzo aijkxzyjzk,aijk € R be
an invariant function with respect to the rotational
and reflectional symmetries of the cube. Notice

that the invariance corresponding to F(z,y,z) =
F(T4(.CE, Y, Z)) and F(QZ‘, Y, Z) = F(T6(xa Y, Z)) lmphes

that
Z aijpx'y’ 2" = Z aijp(—y)' a2
1,5,k>0 1,J,k>0
= Z aijkyiszk. (26)
i,j,k>0

Compare coefficients for the z'y/zF term which
appears in each sum in Eq. (26), then

aijr = (=1) ajir = ajik, (27)
which shows that the term j must be even. Together
with the results of (i) discussed in Ref. 6, the terms
1, j, k all must be even. Conversely, direct calcula-
tion checks that ¢/ j); 18 invariant when i, j, k are all
even, thus completing the proof of (ii). O

From Theorem 3.2, we construct F(z,y,z) =
|2 cos(x3yz® — x3ySz + 2Py32 — 220 + 2yt —
2oy23) |+ +y?+22 and F(z,y, 2) = |sin(z?y?2%)+
22 4% + 22 4 cos(x?y?2?)| +sin? (wty? 20 + 2y022 +
wOyt2? 4 22y125 + 22024 + 26y22%) to create the
images shown in Figs. 6 and 7, respectively. The
image in Fig. 6 contains all rotational symmetries
of the cube and its six Eiffel Tower-like compo-
nents can be regarded as the central axes for rotat-
ing around, just like M labeled in Fig. 2. Besides
rotational symmetries of the cube, the image in
Fig. 7 also has reflectional symmetry. Notice that
the underlying shape of a cube in Fig. 7 consisting
of six bulging components is apparent.

Theorem 3.3. Let P : R?> — R be an arbitrary
function and G be a finite group realized by 3 by 3
matrices acting on R by multiplication on the right.
Then F(x,y,2z) = Y _cq P(t(z,y,2)) is invariant
with respect to G.

Proof. Let v € G. Then

F(y(z,y,2) = Y_ P(r(v(x,y.2)))

TEG

= 3" P((m) (2,9, 2)

TEG
= F(z,y,2). (28)

by the linearity of v and the fact that 7y runs
through as 7 does. |

From Theorem 3.3, we take the function
P(z,y,z) = ‘Z?:l Z?=1 Zi:l aijkﬁyjzl‘a where
the coefficients a;j;, are selected randomly between
—0.005 and 0.005. As described in Sec. 2.2, the
Ss-symmetry group is represented by twenty four
3 by 3 matrices denoted by I; for i = 1,...,24,
which are generated by using matrix multiplica-
tion to compose the two generators 74, and 75
and repeating that on the resulting matrices until
the set stabilizes. Therefore, we create our func-
tion with the desired symmetry by F(z,y,z) =
Z?il P(I;(x,y,z)). By the same argument, we can
create the invariant function for S;-symmetry group
by Fla,y.2) = Y05, P(I/(,y,2)), where I,i =
1,...,48, are generated by the three generators
74,75 and 7¢. As an example, we use F(z,y,z) =
Z?il P(I;(x,y,2)) to produce the image with Sy-
symmetry as shown in Fig. 8. Just like Fig. 6, six
tower-like components in Fig. 8 can be taken as cen-
tral axes for rotating around.

4. COLOR SCHEME

We consider the density value of the orbit {z; €
R3|k > 0}. Let X denote a tetrahedral /cubic images
in three-dimensional space, 1(X) be the associated

symmetry group, the density F'(z) is defined by
F(z) = @ where F' is an invariant function, r
is an empirically determined constant and r € RT.
For an orbit, we define p¥(20) = F(f*(20)) where
f is an equivariant mapping with respect to ¥ (X)
and f* is the kth iteration of f. For given n € Z7,
we compute the p-values {p¥(z0)}7_,. If p¥(20) < 1
for some k < n, the iteration exits and the p¥(z)
is used to determine the color at zy. Otherwise, the
pixel zy is colored by the background color. As the
function p is invariant under ¥(X), i.e. p(z) = p(v=2)
for any v € 1 (X), the y-symmetrical points have
the same color. It follows that the generated image
exhibits the required symmetry. Outstanding fea-
tures of this color scheme are described in Lu et al.l”



60 J. Lu et al.

ACKNOWLEDGMENTS

The authors would like to thank the anonymous
referees for their careful reading, helpful comments
and suggestions that lead to the improvement of
the manuscript. This work was supported by NSFC
#61003178, #10926142, #11026159, #60873168,

#60972011, Guangdong  NSFC  #2008257
and  Shenzhen  MSTP  #JC200903130224A,
#JC201005280522A.
REFERENCES

1. C. A. Pickover and S. K. Tewksbury, Frontiers
of Scientific Visualization (John Wiley Press, New
York, 1994).

2. K. W. Chung and B. N. Wang, Tessellations with
symmetries of the triangle groups from dynamics,
Int. J. Bifurc. Chaos 13(11) (2003) 3505-3518.

3. M. Field and M. Golubitsky, Symmetry in Chaos
(Oxford University Press, New York, 1992).

4. N. C. Carter, R. L. Eagles, A. C. Hahn, S. M. Grimes
and C. A. Reiter, Chaotic attractors with discrete
planar symmetries, Chaos Solitons Fractals 9(12)
(1998) 2031-2054.

5. K. C. Jones and C. A. Reiter, Chaotic attractors
with cyclic symmetry revisited, Comput. Graph.
24(2) (2000) 271-282.

6. G. F. Brisson, K. M. Gartz, B. J. McCune, K. P.
O’Brien and C. A. Reiter, Symmetric attractors
in three-dimensional space, Chaos Solitons Fractals
7(7) (1996) 1033-1051.

7. C. A. Reiter, Attractors with the symmetry of the
n-cube, Exp. Math. 5(4) (1996) 327-336.

10.

11.

12.

13.

14.

15.

16.

17.

C. A. Reiter, Chaotic attractors with the symmetry
of the tetrahedron, Comput. Graph. 21(6) (1997)
841-848.

C. A. Reiter, Chaotic attractors with the symme-
try of the dodecahedron, Visual. Comput. 15 (1999)
211-215.

J. P. Dumont, F. J. Heiss, K. C. Jones, C. A. Reiter
and L. M. Vislocky, n-Dimensional chaotic attrac-
tors with crystallographic symmetry, Chaos Solitons
Fractals 12(4) (2001) 761-784.

K. W. Chung, H. S. Y. Chan and B. N. Wang,
Tessellations with symmetries of the wallpaper
groups and the modular group in hyperbolic 3-
space from dynamics, Comput. Graph. 25(2) (2001)
333-341.

K. W. Chung, H. S. Y. Chan and B. N. Wang,
Efficient generation of hyperbolic symmetries from
dynamics, Chaos Solitons Fractals 13(6) (2002)
1175-1190.

M. Field, Designer chaos, Comput. Aided Des.
33(5) (2001) 349-365.

R. L. Devaney, An Introduction to Chaotic Dynam-
ical Systems, 2nd ed. (Westview Press, New York,
2003).

J. Lu, Y. R. Zou and W. X. Li, Colorful patterns
with discrete planar symmetries from dynamical sys-
tems, Fractals 18(1) (2010) 35-43.

M. A. Armstrong, Groups and Symmetry (Spring-
Verlag, New York, Berlin, Heidelberg, 1988).

J.Lu, Z. X. Yeand Y. R. Zou, Automatic generation
of colorful patterns with wallpaper symmetries from
dynamics, Visual. Comput. 23(6) (2007) 445-449.



