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UNIQUE EXPANSION OF POINTS OF A CLASS OF
SELF-SIMILAR SETS WITH OVERLAPS

YURU ZOU, JIAN LU AND WENXIA LI*

Abstract.  For g > 1, the set F; of real numbers which can be expanded in base
q with respect to the digit set {0, 1, g} is just a self-similar set with overlaps. We
consider the subset of F,;, whose elements have a unique expansion and calculate its

Hausdorff dimension for the case where ¢ > (3 + v/5)/2.
§1. Introduction. We consider the iterated function system (IFS)
1
or(x)=—(x+k), ke{0,1,g}andqg > 1.
q

We denote by F, the self-similar set generated by the IFS {¢y, ¢1, ¢4}, 1.€. Fy is
the unique non-empty compact set invariant under the IFS {¢o, ¢1, ¢y}

Fq =¢O(Fq) U¢1(Fq) U¢q(Fq)-

It is well known that points in F,, can be encoded by digits from {0, 1, g}. This
is done by the so-called coding map T1 : {0, 1, ¢}~ — F, defined as follows. For

J =02, €f0,1, g},
o0 .
Z Ji
i=l1

We will write (j;);2, as simply (j;) if no confusion is likely to arise. We
have T1({0, 1, q}N) = F,. An alternative definition of the map IT is that for

J=(ji)efo, 1, g},
A~ q
(J) _,Ql ¢Jn<[o, - 1])

where J|n = (ji)7_, and ¢y, =¢j o---0¢; . Note that the right-hand side
above is a singleton. Thus, for (j;) € {0, 1, q}N,

x=II((j;)) &= x€¢pjo--- oqun<|:0, %]) for any n € N.
q —
For an x € F; and a (ji) € {0, 1, q}N, (Jx) is called a g-expansion (with respect

to {0, 1, ¢}) of x if IT((jx)) = x. Clearly, some x € F,; may have multiple (even
infinitely many) g-expansions.

Received 9 January 2011, published online 25 April 2012.
MSC (2010): 41A99 (primary).
* Wenxia Li is the corresponding author.


http://crossmark.crossref.org/dialog/?doi=10.1112%2FS0025579312000083&domain=pdf&date_stamp=2012-04-25

372 Y. ZOU et al.

One can check (and it also follows directly from the “Pedicini condition”
in [15]) that for 1 < g < (3 4+ v/5)/2,

[0.q/(g = D]
=¢0([0, ¢/(q = DD U 110, /(g — DD U ¢4([0, /(¢ — DD);

that is,
3 5
qu[O,L} forl <gq < 5 (1)
qg—1 2
This can be seen from the following observations: with I = [0, ¢/(g — 1)],
3445
do(D) NP1 #D, pi(H)Npg(I) =0 ifqg > 5
. 3+45 . 2
G NG #AD if2<q< and i, j) € (0. 1), (L}
¢i(HNe;i(I)#0 ifl <qg<2and (i, j)€{(O,1),(, q), O, q)}
Ngai and Wang proved in [14, Example 5.4] that
log(3 5) —log2 3 5
dimy F, = & +1‘/_) %% forg> 5 3)
0gq

From (1) and (3) it follows that the generating IFS {¢g, ¢1, ¢4} fails to satisfy
the open set condition (OSC) (so Fy is a self-similar set with overlaps), since
dimy F, does not equal its similarity dimension log 3/log g (see [5, 7, 17]).
The reader can refer to [2, 11, 12, 16, 18, 20] for the Hausdorff dimensions of
various self-similar sets with overlaps.

Forg > 1, set

U, = {x € F, : x has a unique g-expansion}. @

The failure of the OSC implies that I/, has small size. In this paper we
mainly investigate the size of U{,. We establish the following result (see also
Theorem 3.4).

THEOREM 1.1. Let g, (=2.32472...) be the positive solution of the
equation x> — 3x% +2x — 1 = 0. Then:
(@) when 1 <q <q. Uy just consists of the endpoints of [0, q/(qg — 1)], i.e.
Uy =10, q/(q — D},
(b) wheng. <qg <3+ V5) /2, Uy consists of 280 many points;
(c) wheng> 3+ \/g)/Z, we have

1
dimy U, =dimg U, = 024 _, y and 0<H"Uy) < oo.

log g

Concerning (a) above, we remark that when 1 < g < 2, each point of F;; has 280
g-expansions, except for the two endpoints; see Theorem 4.1.
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 373

In 2001, Glendinning and Sidorov [6] considered the set of points x €
[0, 1/(g — 1)] with g € (1, 2) for which there is only one (&,);2, € {0, ny
satisfying x = ZZOZI &nq~". Our results are analogous to [6, Theorem 2];
however, they are non-trivial because we allow the digit set {0, 1, g} to contain
a non-integer real number ¢ and we obtain the exact Hausdorff dimension
of U,. Doing so requires new techniques. Unfortunately, we have not been
able to give a uniform characterization of the Hausdorff dimension of I/, for
e <q < (3+\/§)/2'

Theorem 1.1(c) tells us that points in F, typically have multiple g-
expansions, since dimy (F,;\U,) = dimy F,.

This paper is organized as follows. In order to characterize the set U4, we
discuss the lazy, greedy and quasi-greedy g-expansions of x € F; and give a
characterization of the greedy g-expansion in §2. The proof of Theorem 1.1 (or
Theorem 3.4) is presented in §3. Section 4 is devoted to a discussion of the
g-expansions of 1 and g — 1.

§2. Characterization of the greedy expansions. 1In this section, we character-
ize the greedy g-expansions of points in F,. The reader can refer to [1, 3, 4, 6, 8—
10, 15, 19] for studies of g-expansions in various settings.

We use the lexicographic order for elements in {0, 1, ¢}": for two distinct
(u;i), (v;) €{0, 1, q}N, we say that (u#;) < (v;) (or (v;) > (u;)) if there exists an
n € Nsuch that u; = v; fori < n and u, < v,. The expression (u;) < (v;) means
(i) < (v;) or (u;) = (v;).

For (u;) € {0, 1, q}N, we say that (u;) is finite if there exists n € N such that
u; =0 fori > n. We say that (u;) is infinite if it is not finite. For an x € F;, the
greedy g-expansion of x is defined to be the biggest element in I[T~! (x) (the set
of all g-expansions of x); the quasi-greedy gq-expansion of x is defined to be the
biggest infinite element in T1~!(x); and the lazy g-expansion of x is defined to
be the smallest element in IT~1(x). We will use (G), (Q7) and (L7) to denote
the greedy, quasi-greedy and lazy g-expansions of x, respectively. Statements
(D—(VII) below are then clear.

(I) Any x € F; has a unique greedy g-expansion and a unique lazy
g-expansion, but it may have not a quasi-greedy g¢-expansion.
Furthermore, the quasi-greedy g-expansion of x is unique if it exists, and
(L) <(Q7) < (GF) always holds.

1)) (g?) = (E?) = (0); that is, 0 has unique g-expansion (0) and has no
quasi-greedy g-expansion. We also have (gf/“f*”) = (Q?/(qfl)) =
(L£497Dy = (g). If (G?) is infinite, then (GF) = (Q)).

(II) x € F,; has a unique g-expansion if and only if its greedy and lazy
g-expansions coincide.

(IV) Let (1;) € {0, 1, ¢}" be a g-expansion of x € F,. By the definitions of lazy,
greedy and quasi-greedy g-expansions, we have

—1
n 7

(i) = (G;) if and only if Z —+ in > x
i—1 4 q
i=1

when 7, <g and 7, <a €{0, 1, g},
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374 Y. ZOU et al.

(r;) =(Q7) if and only if Zq—<xand Zq_—i_in
i=1 i=1

when 1, <gand 1, <a€{0, 1, g},

n—1

o0
. . Ti a q
(i) = (L)) lfandonlylfg qli+q_"+_§ - <x
l

when t, > 0and 7, >a € {0, 1, g}.

i=1

(V) (This statement can be obtained directly from (IV).) Let x € F; and let
k € N. Then

k
G =G withy=g"x-) G'¢* " eF,

i=l1
and
k .
(,Cl.)) = (Liy) withy= q*x — Z ,quk_’ e F,;
i=1
that is, (G; ;) 1s still a greedy g-expansion of some element of F; and
(L%4;) is still a lazy g-expansion of some element of F,. In addition,

if (Q7) exists, then y = gFx — le quk_i € F; has quasi-greedy g-
expansion (Qiy) = (Q;(‘JH.).
VD If l<g <3+ «/5)/2, then each x € (0, ¢/(¢ — 1)] has a quasi-greedy

g-expansion. This can be seen from (1) or (2).
(VI Let x, y € F,. Then x < y if and only if (GF) < (G).

LEMMA 2.1. Let x, y € Fy. If (GF) > (Q)), then (GF) > (G)).
Proof. Let £ € N be such that
G, >Q) and GF=Q fori<¢.
Thus, by (IV),

| =

X
l

00 4 g
; ;?23’

Hence (G) > (gl.y ) directly from the definition of greedy g-expansions. O

The following lemma characterizes the greedy g-expansions. When 1 <
qg<@3+ \/5)/2, it is included in [15, Theorem 2.3] (in fact, it works in a
more general setting). For a finite sequence €1, ..., & we use (& ... &) to
denote repeating of ¢ . .. g; for example, (0gq)*>° =0gq0qq ...0qq ... and
1®°=111....

LEMMA 2.2.

(@ Let1<qg<@B+4++5)/2. Forxel0,q/(g—1]and (¢) € (x), we
have that (g;) = (G}') if and only if

(Q ) ifen =0,

QY ifen=1. ®

(enti) <
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 375

() Letqg> 3+ «/5)/2. For x € F; and (&;) € 1~ (x), we have that (¢;) =
(G}) if and only if
(en+i) < g0 ife, =0.
Proof. (a) When1 <qg <3+ \/5)/2, this is given by [15, Theorem 2.3], so
in the following we consider only the case where ¢ = (3 + v/5)/2.
Note that we have 1, ¢ — 1 € (0, ¢ /(g — 1)]. Suppose that (¢;) = (G'). Then
by (IV) we have

"—1g9€ 1 n—1
0 O S YL IR
i- 7 4 i=1 iz 4

nflgx 00 gx
Z—+— x—Z— —+Z — ifGF=1.
i:lq l—n+1q

Thus
o0 gx .
1>y = if G¥ =0,
iz 4
o g)C .
q—1>Z;—j’ ifGr=1.
Note thatg = (3 + \/5)/2 impliesg — 1 =¢q/(qg — 1), so that

QI H=@"h=¢®  (GH=g0® ad (QH=1¢%. (7

Therefore, (5) follows from (6) and (7).
Now we prove the sufficiency. Suppose (¢;) < (G7'). Let n € N be such that

(6)

en<@G, and & =G fori <n.
Case I: ¢, = 0. Then we have G, = 1 and
X o0 .
REAEEE pici
i-1 4 i-1 4
So

_+ZC]_ Zenﬁ'

12q llql

Thus we have either (g,4;) = 1¢*° = (Ql.l) or &,4+1 = ¢, contradicting (5).
Case II: ¢, = 1. Then we have G, = ¢ and

So

00 00 )
Zi:q—lézgn—ﬂ.

ql — ql

Thus we have (g,4;) =g = (Ql‘.’_l), contradicting (5).
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376 Y. ZOU et al.

(b) Wheng > (3 + \/5)/2, we have ¢go(1) N1 (1) D but 1 (1) Ny (1) =
# (also see (2)).
Suppose &; = (G). Then when &, = 0 we have

gx 1 o .
I
i<n i<n i=1

This implies that

o0
En+i
-5 e

o ¢

yielding &,41 € {0, 1} and hence (g,4;) < g0°.
Now we prove the sufficiency. Suppose &; < (G). Let n € N be such that

en<G, and g =G fori <n.

Then it must be that ¢, = 0 and Gy = 1. Hence
o0

n .
2?§<x=23'
i=

i=1

This gives
9] P 4
1<) 4,
implying €,41 = ¢ and hence (g,4;) = g0*°. O

§3. Proof of the main theorem. In this section we give the proof of
Theorem 1.1 (see also Theorem 3.4 below). We first give a characterization
of points in U4,;. To do this, we consider the self-similar set F;, generated by the
IFS

{pr(x) =(x+k)/q:k=0,q9 1,4},
ie. Fq is the unique non-empty compact set satisfying
Fy = ¢0(Fy) U dy—1(Fy) U g (Fy).

Thus, we have
o) ] N
{Z—l )e{Oq—lq}}

and so for each x € F there exists at least one (j;) € {0,q — 1, q}N, called
the g-expansion of x w1th respect to the digit set {0, ¢ — 1, g}, such that
x =12, ji/q". For each x € F, one can define its lazy, greedy and quasi-
greedy g-expansions in the same way as was done for points of F;. One can
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 377

check (and it also follows directly from the “Pedicini condition” in [15]) that for
1<g<(B+V5/2,

[0, /(g — D] = ¢o([0, /(g — D) U ¢g—1([0, g/(g — D]
U ¢, (10, g/(g — DD);

that is,

~ 3 5
Fq=|:0, 4 :| ifl <g < +f.
qg—1 2
Note that1,g — 1 € Fq =F,=[0,q9/(g—1D]whenl <g <3+ \/3)/2.

We denote by (Ql.l) and (Q?_l) the quasi-greedy g-expansions of 1 and g — 1
with respect to the digit set {0, g — 1, ¢}. Recall that we use (Ql.l) and (Q?_l)
to denote the quasi-greedy g-expansions of 1 and ¢ — 1 with respect to the digit
set {0, 1, g}.

The following lemma characterizes points that have a unique g-expansion.
When 1 <g <3+ NG /2, this characterization was given by Pedicini in [15]
(in fact, he studied a more general setting).

LEMMA 3.1.

(@ Let1l<q<(3++/5)/2 Forxel0,q/(q— 1]and (&) € 7' (x), (&)
is the unique q-expansion of x if and only if

(en+i) < {(Q})_l Yen=0.
Q) ifen=1
and ®)
(q — enti) < {@)_1 en=1.
Q) ifea=gq.

() Letg> 3+ \/5)/2. For x € F; and (&) € I '(x), (&) is the unique
q-expansion of x if and only if

<q0* ife, =0,
(&n+i)

~1%°  ife, = 1.

Proof. (a) When 1 <¢g < 3+ V5) /2, this statement is included in [15,
Theorem 3.1], so we will only consider the case where g = (3 + \/g)/Z.

Suppose that (g;) is the unique g-expansion of x. Then the first part of (8)
holds by Lemma 2.2. Since (¢;) is the lazy g-expansion of x, by (IV) we have

n—1 & 0 0 q o .
Z—li+—n+ —i<x:Z—’l~ when g, =1,
i=1 q q i=n+1 q i=1 q
n—1 00 00

& 1 &

-+ —+ —<x=Z—’ when ¢, = ¢q;
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378 Y. ZOU et al.

that is,
o0
— e
Zq—in—H<1 when ¢, = 1,

Z—inﬂ<q—1 when ¢, =q.
i q

Note that (¢ —euti)i2, €{0,q — 1, g}N is a g-expansion of y:=
Z?ol(q enti)/q' €10, g/(g — 1)] with respect to the digit set {0, ¢ — 1, ¢}.

Case I y < 1. We claim it must be true that (g — &,4;) < (Q )= (g — D*>.
Otherwise, we would have (¢ — &,4i) = (¢ — - lq(q — 8@.;,_1)1:1 for some

£ € N, so that
N
Z 9

which is a contradiction. N

Case II: y < g — 1. Clearly, we have (¢ — ep4) < (Ql.q_l) = ¢ (note that
q—1=4q/(q@—1).

Now we turn to proving the sufficiency. We will prove that the second part
of (8) implies that (&;) is the lazxq expansion of x.

Suppose that (g — €,,4i) < (Q )=(¢ — 1)*ande, = 1. Then (¢ — &,4;) =
(g — Dt 1O(q — 8n+g+l)l:] for some ¢ € N, and so (also note that ¢ — 1 =
q/(q—1)

Zq Sn—H ZQ_+Z‘1_]__<]

i<t i>0 C]
Thus
n—1 q o) &
ob _+ Z S <x=) — wheng,=1. €]
i i
i=1 i=n+1 q i=1 4

Suppose that (g — &,4) < (Qiq_l) =qg*®and g, =q.
Then (g — &,1i) =q* lal(q — Enteri)iey for some £eN and ac
{0, g — 1}; hence (also note thatg — 1 = q/(q - 1))

I ) I R

i<t q z>€
Thus
n—1 O
_t __|_ Z _<x—Z—Ii when8n=q. (10)
i=1 q i=n+1 q i=1 q

So (g;) is the lazy g-expansion of x by (9), (10) and (IV).

(b) Suppose that (g;) is the unique g-expansion of x. Then Lemma 2.2 tells
us that (g,4;) < g0 if &, = 0. Note that (g;) is the lazy g-expansion of x. Thus,
when g, =1,

&
q
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 379

by (IV). This is equivalent to
o.¢] o0
I R
s pri
We claim that (g,,4;) > 1°°. Otherwise, we would have

(ensi) = 1710 n4044)52,

for some £ € N, so that

which is a contradiction.
For the sufficiency part we need to check that the condition “(g,4;) >
1% if g, = 1” implies that (g;) is the lazy g-expansion of x. Let (g,4;) =

17 g (€n4-04i) 00 for some £ € N. Then
iswi >Zi+i_q£71+q—2> |
i 7 ¢ —1(, _ L
= 4 =44 -1 q-1
which implies that
n—1 00 00
& 0 &
_;+_n+ %<X=Z—li when ¢, = 1.
i=l q i=nt1 4 i—1 4

1 a_4a
" Sie 4"
or, equivalently,
n_lg_ii_;_in_{_ 3 _,<x:i8_ when g, =¢q
-7 T S5d i=1 4
Therefore, (&;) is the lazy g-expansion of x. O

For the purpose of establishing the following lemma, we would like to project
the coding spaces {0, 1, ¢} and {0, ¢ — 1, ¢}" into the coding space {1, 2, 3}V.
For (e1) € {0, 1, ¢}"" (or (&) € {0, ¢ — 1, ¢}") let

A((e) = (") where 0P =1, [P = (g — 1P =2 and ¢P" =3,

This allows us to compare elements taken from different coding spaces:
for (e) €10, 1, g1} and (¢f) €{0, 1, g2} (or (&) €{0, g1 — 1, g1} and
() ef0,q2 -1, ¢ }Y) we say that (&) < (e]) if h((e;)) < h((ef)) in the
lexicographic order, and we write (¢;) < (&7) if 7i((&;)) = h((¢])).
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380 Y. ZOU et al.

LEMMA 3.2. Let g > 1; then the following properties hold.

(A) We always have that (@i]) =(qg— D>

(B) When 1 <q < (3++/5)/2 we have (Q1) = 1(Q!™"), while (G!) = g0
is the unique q-expansion of 1 when g > (3 ++/3)/2.

(C) Letl<g<(3+ \/g)/2. Then (Q?fl) (or (é?fl)) is strictly increasing
in g in the sense that (Q?z_l) < (Q?l_l) (or (é?z_l) < (@?1_1)) if
q2 < q1 where, for £=1,2, (Q?e_l) (or (é?z_l)) is the quasi-greedy
qe-expansion of q¢ — 1 with respect to the digit set {0, 1, q;} (or

{Ov 6]1& - 11 QZ})
Proof. (A) and (B) can be verified directly. We now prove (C). Note
thatfor1 <g < 3+ «/_)/2 wehaveg — 1€ F; = F; =0, g/(qg — 1)] so that

q — 1 has quasi-greedy g-expansions with respect to the digit sets {0, 1, ¢} and
{0, g — 1, q} (one can easily check thatg — 1 ¢ F, U F ifg> @G+ \/_)/2)
We first consider the digit set {0, 1, g}. The desued result is implied by the
following discussions.
Case 1: suppose that (Qq]_l) = (qu_l). In this case we always have

Q1 1/q1 Qr~ ! /4%, and strict inequality holds for infinitely many i. Thus

q1—1 q2—1
ql—l_zg ZQ P

i=1 i=1

which is a contradiction.

Case 1I: suppose that (Q?l_l) < (Q?Z_]). Then (o;) := h((Qiql_l)) <
Bi) == h((Q;”_l)). Let n € N be such that ,, < 8, and o; = B; fori < n. Let
a €{l, q} with aP™ = B,. Thena > Qq'fl and so

o
q1—1<2 pr _<Z

i<n q; i<n

<q2—1

which is a contradiction.

For the digit set {0, ¢ — 1, g}, the corresponding result follows from a similar
argument.

Now suppose that (é?'_l) = (é?z_l). In this case we always have
that é;“_l / (qi(ql - 1)< @?2_] / (qé(qz — 1)), and strict inequality holds for
infinitely many i. Thus

611 1 00 éfnfl

=§: <) =1

611((11—1) = 92— 1)

giving a contradiction. Suppose that (@?'_1) < (é?z_l). We can choose
a € {q1 — 1, g1} in the same way as in Case II above. Then

Aq1—1 Aq2—1
R g 7= D D Sl

i<n 511(91 - q (@1 =D i<n qZ(Q2 -1

which also leads to a contradiction. (|
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 381

We let | A| denote the cardinality of a set A.

PROPOSITION 3.3. Let U, be defined by (4) with q > 1. If q1 > q2, then
Uy, | = Uy, .
Proof. We divide the proof into three cases.

Case I: q1, g2 € (1, B3+ +/5)/2). Let x € Uy,, with (g;) being the unique
g»-expansion of x. Then

QhH=1(Q"™") ife, =0,

(Ensi) < {(Q?z‘l) if e, =1

and -

@h=(@-D> ife,=1,

QF™ it e =g

by Lemmas 3.1 and 3.2(A),(B). Take (8;) € {0, 1, g1} such that A((8;)) =
h((&;)). Then I1((5;)) € Uy, by Lemmas 3.1 and 3.2(C). Thus |Uy, | = [Uy,|.

CaseIl: ¢» € (1, 34+ +/5)/2] and ¢1 > (3 + +/5)/2. Let x and (g;) be as in
Case I. Then

(ensi) < 1(QPTY ife, =0, (g2 —enpi) < (@2 — D ife, =1;

equivalently,

(@2 — enti) < {

(Entd) < 1QPTY) ife, =0, (en4i) > 1% ife, =1
Also take (§;) € {0, 1, q]}N such that ((6;)) = fi((g;)). Then
o) < QM) <10 6, =0,  (Sup) > 1% 6, =1,
so that I1((8;)) € Uy, by Lemma 3.1, implying that {4, | > |Uy, .

Caselll: g1, g2 € (3 + «/5)/2, 00). We have |y, | = [Uy,| by Lemma 3.1(b).

This completes the proof of the proposition. (

Now we are ready to prove our main theorem.

THEOREM 3.4. Let g, be the positive solution of the equation x> — 3x? +
2x —1=0. Then:

(a) when 1 <q <q. Uy just consists of the endpoints of [0, q/(q — 1)], i.e.
Uy =1{0, q/(q — D},

(b) wheng. <qg <3+ «/5) /2, Uy consists of 2% many points;

(c) whengq > 3+ 5)/2, we have

log g
log g

dimy U, =dimp U, = =1y and 0<H"U,) <oo.

Proof. (a) We first consider the case where ¢ = g., the unique real root of
the equation x> —3x? 4+2x — 1 =0. Recall that g. =2.32472...€ (2, 3 +
V/5)/2). Recall that (Qiqc_l) and (Qiqc_l) are the quasi-greedy g.-expansions
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382 Y. ZOU et al.

of g, — 1 with respect to the digit sets {0, 1, g} and {0, g — 1, g}, respectively,
and (Qil) and (Qil) are the quasi-greedy g.-expansions of 1 with respect to the
digit sets {0, 1, g.} and {0, g, — 1, g.}, respectively.

Note that q? — 3qc2 + 2q. — 1 =0. Thus we have

2
q: —qgc+1 g
q—l:—_ —_
‘ a2—qc  4qc quc

It is easy to check that g./q. + qc/qc2 > g, — 1. And, for k > 2,

k—1
qc 1 qc qge  +qc—2
ettt T 2
- qc qc qc

where the last inequality is equivalent to g, — 2 > qf‘l (qg - 3q3 +2g.—1)=
0. By (IV) we have (Q?“'_l) = ¢.1°°. Moreover, we have

C4q2-3qc+2  gd+qi—qc+1

q . — = =
‘ 32 —2qc+ 1 q?
- —1 0 > -1
Jeanl 0 S
qc qc qc =g 4c

and

2‘]3_2‘10-{‘1 1 qc CIL_I
==V =-*15 Z Z

qc qc qC qc n=3 qc n=1

One can verify in the same way as above that these, in fact, give (Q;’"_l) =

9c(ge — DO(ge — D™, (Q]) = 1g,1%° and (Q}) = (g — D™.
Let x € U,,, and let (&;) be its unique g.-expansion. Then

(enyi) < 1ge1®° ifg, =0, 1% < (gp1i) < qel1® ife, =1,
(&n+i) > 01‘]0100 if e, =qc (11)

by Lemma 3.1(a). This implies that the sequence (&;) cannot contain the words
0g. or 10. We claim that the sequence (&;) cannot contain the digit 1. Otherwise,
without loss of generality we can assume 1 = 1. By the second condition in (11)
we would have (&) = 1¢gc(¢414:) with £ € Nand 01,1 < (gp414i) < 1%

Case I: 945 = 1. This forces (&¢41+i) to contain the word 10, which gives a
contradiction.

Case 1I: €94 = 0. In this case, we have &/42&¢43 = 01 (note that Og, is
a forbidden word). Thus (g¢41+;) = 01gc(g¢+4+;) and (ep444;) > 1°°, which
contradict the first condition in (11).

Therefore (¢;) € {0, g.}". This forces (¢;) = 0> or ql°. For 1 < g < g, the
desired result just follows from Proposition 3.3.

(b) Fix a g € (ge» 3 ++/5)/2). Then (Q/") > g0, By Lemma 3.2(C)
we have (Q?_]) - (Q?"_l) = q.1°°, which implies that (Q?_l) > g1%g0>
for some positive integer k. Thus we have (Q}) = 1(Qiq_1) > 1g1%g0.
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 383

Lemma 3.2(A) shows that (@l.l) = (g — 1)*°. So it follows from Lemma 3.1(a)
that for an (g;) € {0, 1, ¢}, we have [1((&;)) € U, provided that

(enti) < 1q1%q0> if e, =0,
1%° < (gp4i) < q1%g0>® ife, =1, (12)
(g — enti) < q0> ife, =q.

Set
A={g"(p), 1"(p): (p) =q1"q12q15 ... €;>k,m>0,n>1}.

Then A is uncountable and all its elements satisfy (12).
(c) Asin [14, Example 5.4], we will show that the set U4, is actually a graph-
directed self-similar set removing a countable set.
Fixaqg> @G+ «/5)/2. From Lemma 3.1(b) it follows that for an (g;) €
{0, 1, ¢}, T((e;)) € U, if and only if
(enai) <q0® ifg, =0, (enai) > 1 ifg, =1. (13)
Set G = {00, 01, 11, 1¢, g0, g1, gq}. Then the condition (13) is equivalent to

sigiy1 € Gfori > 1 and (g;) does not end with 1%,

Let
1 0
S = (si,)10,1,4)x{0,1,¢ = | O 1
1 1 1
and
Vo =T({(1) €{0. 1, ¢} t 56,1, = 1 foralli € N}). (14

Then V), is just the graph-directed self-similar set (see [13]); that is,
Vy=A)UA UA, whered;= [ ] ¢;(A).

jZS,',jzl
Note that the incidence matrix S is irreducible and the corresponding graph-
directed IFS satisfies the open set condition with the open sets Og = (0, 1), 01 =
(0,g — 1) and 04 = (0, g/(g — 1)). Thus we have
log g,

dimy V; =dimp V,; = Tog g =1y and 0<H"(V,) <o

where g, is the spectral radius of S, which is the positive root of x> — 3x2 +
2x —1=0.

Note that U, =V, \W, where W = {x =TI((¢;)) : (&) € {0, 1, g} are the
sequences ending with 1°°}, is countable. Thus

log g,
log g

dimy U, =dimp U, = =1y and 0<H"U,) < occ. (15)

For the case where ¢ = (3 + +/5)/2, we have
Ql=1¢  Ol=@-n>  Q'=0I"=4>
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384 Y. ZOU et al.

From Lemma 3.1(a) it follows that for an (g;) € {0, 1, q}N, IT((&;)) € U, if and
only if it satisfies

(enti) < 1% if e, =0,
1€ < (gp4i) < q=° ife, =1,

(en4i) > 0% ife, =q.

Let W={x=TII((¢)): (&) €{0, 1, q}N are the sequences ending with
1%°, 1g*° or g0°°}. Thus we have U, =V, \W where V, is defined by (14),
and so (15) holds. O

§4. g-expansions of 1 and g — 1. In this section we discuss the g-expansions
of 1 and g — 1. Theorem 4.1 is devoted to the g-expansions of 1 and Theorem 4.2
to the g-expansions of g — 1.

THEOREM 4.1.

(@ 1 has a unique g-expansion q0%° with respect to {0, 1, q} when g >
B+ +5)/2

(b) 1 has two g-expansions with respect to {0, 1, q}, which are 1¢°° and g0
whenqg = 3+ \/g)/Z.

(¢) Each x € (0, q/(qg — 1)) has 2% g-expansions with respect to {0, 1, q}
when 1 < g < 2.

Proof. The first two assertions are clear. Let us now prove (c); in the case
where g < (1 + \/3)/2 this is covered by [4, Theorem 3].

We have F; =1[0,q/(q — D] if 1 <gq <2. Thus each x € [0, g/(qg — 1]
has a g-expansion with respect to the digit set {0, 1, g}. It is clear that O and
q/(g — 1) have unique g-expansions 0% and ¢, respectively, with respect to
the digit set {0, 1, g}.

As before, let I = [0, g/(q — 1)]. Let

1 1 1
11: 0’_ ) 12: _91 ) I3= 17—1 )
q q q —
1 2g — 1 2g — 1
14=(_, ‘f_} and 15=<q_,L].
g—1 qg—-1) q(g—1) qg—1

Then we have [ = UiS:l I; with disjoint union and
dpo(H)=1LVUDLUI;, d1(1) =L U3 U Iy, Q1) =13 U 14U Is.

Let us make a geometrical observation: if x lies in the interior of
¢r(I) with k € {0, 1, g}, then x has a g-expansion o_f the form k(g;) with
(&) €{0, 1, g\ {0, ¢}, ie. x =k/q + Y70, &/q'T!. 1In fact, we have
gx — k= ¢k_1(x) el°=(0,q/(qg — 1)), and gx — k has a g-expansion (g;) €
{0, 1, g}M\{0>, ¢*}.
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 385

The desired result can be obtained by repeating the following claim.

CLAIM. For each x € (0, q/(q — 1)) there exist k € N, a finite sequence
(t;) €10, 1, ¢}*=1, distinct a, B € {0, 1, ¢} and distinct

(@), (Bi) €10, 1, )\ {0, g™}

such that

PR ST IO W TS I Y S I

i 4 i1 4

(where {0, 1, ¢}° denotes the empty set).

We verify this claim as follows.
Case 1: x € I. Let k € N be such that g¥x € [1/g, 1) = I, (this k exists and
is unique).
I It qu € (1/q, 1) then qu lies in the interiors of both ¢o(1) and ¢1([1).
Thus there exist distinct («;), (8;) € {0, 1, q}N\{O"O, q°°} such that

0 X, 1 X B

k 2 : i 2 : i
q x—_+ _—_+ _,
q ‘Za9t q o gt

so (16) is true for x.
(I) Suppose that g¥x = 1/¢. Then g**'x = 1 lies in the interiors of both ¢ (1)
and ¢ (/). We only need to repeat the above argument.

Casell: x € I =[1/q, 1). Then we have x = 1/q or x € (1/q, 1). We only
need to repeat the arguments in Case 1. The same idea works for x € I3 U I4.
Case IIl: x € Is. Let k € N and (¢;) € {0, 1, q}N with €1 # ¢ such that

x222+ii
~ qi i gitk’

If (&;) # 0%, then the claim is true for y :=) 2, &;/q" € I\Is and hence for x.
If (g;) = 0°°, then

q 1 T; o >0 o
= T+ﬁ(_ 7+7+qu>

9 i3

=Y+ Y k+@1+Z—l+k+“

= a i<t—14

q 1 i B = B
= ;+ﬁ( —+7+qu
i i=1

i<k q iS4 4
q T
= _'+Z'kl kel+Z k(l’
L q' ) qH- - + 4 z+ +
i<k i<t—1
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386 Y. ZOU et al.

where (1;) €{0, 1, ¢}*~!, the distinct o, B €{0,1,¢} and the distinct
(), (B) €10, 1, ¢}N\{0°°, g*°} are such that

. 00 . B 00 B;
1=ZT—§+%+ZQ% > pr Zq—

<14 14 o i1 4
The proof of the above claim is thus complete. O

THEOREM 4.2.

(@) g — 1 has 2% g-expansions with respect to {0, 1, q} when 1 < g < 2.
b)) Let2<g< 3+ \/3)/2. If (&) € I'I_l(q — 1) satisfies

(e) e (L.} and 1% < (ensi) < (e)) whene, =1,

then (&;) is the unique q-expansion of q¢ — 1.
(c) Let 2<q<(B++5)/2  Suppose that ()%, =q"112¢"31% ..
(g —1). Then (i)72, is the unique q- expanszon ofq —1ifit satlsﬁes

2<ty and 1<ty_1 <ty —1fork> (17)

or
1<, 1<t 1 <ty and t <ty fork > 2.

(d) There exist 280 many q € (2, 3+ \/5) /2] such that g — 1 has a unique
q-expansion.

Proof. Part (a) is clear from Theorem 4.1(c). Part (c) follows directly
from (b).

Next, we prove (b). We first point out that ¢ — 1 has quasi-greedy g-
expansions with respect to the digit sets {0, 1, ¢} and {0, ¢ — 1, g} when 2 <
g3+ V5) /2. By Lemma 3.1(a), we need to check the following (note that
(Q ) = (g — 1)*> by Lemma 3.2 (A)):

1 < (gn4i) < Q1Y) ife, =1,
(Entt) > (@ — QI ife,=gq.

In fact, when ¢,, = 1 we have
-1
1 < (engi) < (&) <(Q7 7).

On the other hand, we have é(f_l =g since g > 2. This implies the second
inequality. Thus (b) is true.

To prove (d), we let £ = (g;)72, = ¢"112¢" 1" ..., with 1; satisfying (17).
Let

o0

1 &i_1 3445
M = — —_—, 2, .
@ q+z q' qe[ 2 ]

i=2
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UNIQUE EXPANSION OF POINTS OF A CLASS OF SELF-SIMILAR SETS 387

Then M(gq) is continuous and strictly decreasing. Note that M(2) > 1 and
M((3 ++/5)/2) < 1. Therefore, there exists a unique gs € (2, (3 ++/5)/2)
such that

o0 8i
M(gy) =1 andso Z—izq*—l.
i=1 q*

Now, g« — 1 has a unique g.-expansion by (c). Moreover, for different choices
of & = (g;)72, the corresponding g, are different by the uniqueness of their

expansions. This finishes the proof of (d). d
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