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Abstract Let C be the classical Cantor triadic set. For «, 8 € [—1, 1], a sufficient
and necessary condition for (C x C) N (C x C + («, B)) to be self-similar is obtained.
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1 Introduction
By a constrictive similitude in R¢ we mean a map S : RY — R such that for some

0<r<1,]8x)—S()| =rlx —y|forall x, y € R?. A constrictive similitude S in
R? has the form

S(x) =rAx+b with x,b € R?

where A is a d x d orthogonal matrix. Thus, when d = 1 we have A = (1) or (—1),
and whend =2
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z(cese —sm@) or (ces@ sin 6 ) 0 € [0.27) 0

sinf cosf sinf —cosd

which correspond to, respectively, a rotation through the angle 6 and a reflection about
the line through the origin making the angle %} with the x-axis.

A nonempty compact set E C R is called a self-similar set if there are constrictive
similitudes Sy, ..., Sy (N > 2) of R4 such that

N
E = U S;(E). ()

i=1

The family of {S; }N | is called a generating iterated function system (IFS) of E. If the

sets of the union in (2) are pairwise disjoint, we say that the IFS {S,} ', satisfies the
strong separation condition (SSC).

We need some notations. For a finite set €2 of integers let ol = {5 ik € Q).

LetQ* = U2 @K, where QF = {(i)) k tij e Qforall 1 < j <k}fork e Nand

= (). We sometimes write a finite sequence 7 ) _ asiy...ik, aninfinite sequence

7 )/ | as iyiz . ... For a finite sequence i € Qk(k e N),i:=ii... € QN denotes the

infinite repeating of i. A sequence i € QN is said strong p-periodic (or simply, strong
periodic) if there exist two finite sequences u, v € Q7 for some p € N such that
i=uvandu < v, whereu < vmeansu, <v,, 1 <n < pforu=uy...u, and
vV =1v]...vp. For (ig)’lle, (jg)/g:1 e QF we write (iz)’g:1 + (je)]g:1 = (ip + je)lzzl.
In addition, a sequence i = (ix)7 ;| € QN is said eventually periodic if there exist two
integers d, m such that ix+4 = iy for all k > m, and the integer d is called a period of
i. Thus a strong periodic sequence is eventually periodic.
The following map 7 on QN will be used. For (x)2, € QN let

o0 X:
T((x)2)) = 3—3.
i=1

Forx € (QY) and (x;)2, € QN the (x1)2 iscalleda Q—code of x if w ((x;)72 | )=x.
The classical Cantor triadic set C is generated by the IFS { folx) = 3x,

fo(x) = 3x + 3} Fori = (ix)i_, € {0,2}" denote fi(x) = f;, o fi, 0+~ 0 fi, (x).
Then

ﬂ U A0, 1.
n=1ie{0,2

The left and right endpoints of f;([0, 1]) belong to C and they are termed as the left
and right endpoints of C.

Clearly, 7 ({0, 2}Y) = C.Infact, 7 : {0, 2} — Cisbijective, i.e.,eachx € Chasa
unique {0, 2}-code. In addition, we have 7 ({0, 1, Z}N) = [0, IJand # ({—2, 0O, Z}N) =
[—1, 1]. Each point of [0,1], except countable many ones, has a unique {0, 1, 2}-code
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Self-similar structure on intersection 593

and each exceptional point has just two {0, 1, 2}-codes of form 7£2, I (£ + 1)0 where
I € {0,1,2}* and ¢ € {0, 1}. Each endpoint of C, except points 0 and 1, has two
{0, 1, 2}-codes. Analogically, each point of [-1,1], except countable many ones, has
a unique {—2, 0, 2}-code and each exceptional point has just two {—2, 0, 2}-codes of
form 102, I(£+2)—2 where I € {—2,0,2}* and £ € {—2, 0}.

One can easily check that C N (C 4+ «) # @ ifandonlyife € C — C =[—1, 1].
In [1], Deng et al. obtained a sufficient and necessary condition for C N (C + «) to be
a self-similar set.

Theorem A ([1, Theorem 1.1]) Let o € [—1, 1]. Then CN(C +«) is a self-similar set
ifand only if o has a unique {—2, 0, 2}-code(ox )2 | € {—2,0, 2 and 2 — ok DR,
is strong periodic. Furthermore, if C N (C 4 «) is a self-similar set with more than
one point, then there exists an IF'S satisfying the strong separation condition.

The following theorem describes the form of a generating IFS of C, defined below
in (3), if it is self-similar (one can refer to [2] for detailed discussion on generating
IFSs of a self-similar set in R).

Theorem B ([1, Theorem 1.2]) Suppose that «€[—1, 1] has a unique {—2, 0, 2}-code
(k)2 |- Let Cy be defined as in (3). If (2 — |ax)ge, # 0 is strong p-periodic, then
any generating IFS { f;(x) = rix + b;, r; € (0, 1)}5\/:1 of Cy satisfies that r; = 374
for some positive integer q; and

=
=

+zbi .
biZ 3—k,l=1,...,N,

~
Il
—_

where all bj = 0 or 2. Moreover; each q; is a period of (2 — |ak |),fil.

We remark that the above results also hold for more general homogeneous sym-
metric Cantor sets in R (see [3,5]).

Now let us consider the intersection of C x C with its translation. Clearly, (C x C)N
(CxCH(x,B) =(CNECHa)x(CN(CH+P)).SoCxCNIECXCH(a,B)) #0
if and only if o, 8 € [—1, 1]. A natural question is that for o, 8 € [—1, 1] when
CxCN(C xC+H(a, p)) is a self-similar set. In the present paper we prove that (see
also Theorem 3.1).

Theorem 1.1 Let o, B € [—1, 1]. Then (C x C) N (C x C + (a, B)) is a self-simi-
lar set if and only if both o and B have unique {—2, 0, 2}-codes (cx)72 |, (Br)ie; €
(=2,0, 2 and both (2 — lox N2y and (2 — |Br|)g, are strong periodic. Further-
more, if (C x C) N (C x C + (a, B)) is a self-similar set with more than one point,
then there exists an IFS satisfying the strong separation condition.

In fact, we obtain a better result, see Corollary 3.2. Below let us recall some basic
properties of C N (C + «).
When o € [—1, 1] has two {—2, 0, 2}-codes, say (ox)72 ;, (a,’:),‘:ozl e {-2,0, Z}N,

CN(Cta)=n (H({o, 2)N({0,2) + ak») Um (H({o, 2} ()0, 2} + a;:»).

k=1 k=1
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Note that the two codes of « are of form £2 and I (¢ 4+ 2)—2. Thus C N (C + «) is
a finite set of more than two points and so is not self-similar (In fact, any finite set E
of more than two points in R is not self-similar since S(E) ¢ E for any constrictive
similitude §). In other words, if C N (C + «) is self-similar, then « has a unique
{—2,0, 2}-code.

Suppose that @ € [—1, 1] has a unique {—2, 0, 2}-code (ex)72; € {—2,0, 2N,
Then

CnC+a)= n(l‘[({o, 21N ({0, 2) +ak>>).

k=1

It is easy to see that the unique {0, 2}-code of min{x : x € C N (C + o)} is ((ox +
loek[)/2)32. 1> and the unique {0, 2}-code of max{x : x € C N (C + a)}is (2 + (ox —
loek[)/2)72,- Denote y, = min{x : x € CN(C +a)} and Cy = C N (C + ) — VYq.
Then,

Ca=CNCH+a) —yo =7 ([0 € 0. 2" x¢ =2 e}

:[Z;C_i:XkG{O,Z—IakaorkeN]. 3)

k=1

Thus, when « has a unique {—2, 0, 2}-code C N (C + «) degenerates to a singleton if
and only if (2 — |ax )72, = 0. And C N (C + «) contains infinitely many points if
and only if (2 — |og[);2; contains infinitely many 2s. The following properties of Cy,
are clear:

0€6Cy CC and —Cy =Cq+2yy —a—1. 4)
The latter property in (4) implies that
—1Coy+r(@a+1—=2y,)+b=rCy+b. (&)

Note that Cy, x Cg is a translation of (C x C) N (C x C + («, B)). We shall consider
the self-similarity of Cy, x Cpg instead of (C x C) N (C x C + (a, B)).

This paper is arranged as follows. In the next section, we give a new condition
for Cy to be self-similar. In the last section, we give the proof of Theorem 1.1 (see
Theorem 3.1). We also describe the form of generating IFSs of Cy x Cg when it is
self-similar (see Proposition 3.4).

2 A new condition for C, to be self-similar

In this section, we give a new condition for C,, to be self-similar, i.e., Cy, is self-similar
if and only if there exists a constrictive similitude S such that S(Cy) C C,.

Lemma 2.1 Suppose that a € [—1, 1] has a unique {—2, 0, 2}-code (ay);2, and
Q— o2, #0. LetO <r < Landb € R IfrCq +b S Cq, then 0 < r < 1.
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Self-similar structure on intersection 595

Proof By (4) and the assumption rCy + b € C, we have

rCat (r—DQyy—a—1)—b=r(Cot Qru—-a—1)—Quu—-a-1—b
=—71Cqg— Yy —a—1)—b<C —Cy — LYy —a—1) =C,.

Thus, the self-similar set F' generated by the IFS {rx+b, rx+ (@ —1)2yy —a—1)—b}
is a subset of Cy. When b #= (r — 1)(2yy — o — 1) — b this implies 0 < r < % since
F is an interval if r > %

In the following we show that the case b = (r — 1)(2yy — « — 1) — b doesn’t
happen.

Suppose b = (r — 1)(2yy —a — 1) — b. Then by (4)

2b
—Cy =Cy —
1—r
and so by (3)
2b — 2 — o
T—, :maxCazz T
k=1
Thus
b ad 174
= 2k ¢ Cy
— k
1—r o 3
since by the assumption # = # € {0, 1} contains infinitely many 1s. However,
the point %, as the fixed point of the map g(x) = rx + b, should lie in Cy,. O

We will need the following

Lemma 2.2 (see Lemma 2.6 in [1], Lemma 3.1 in [3]) Let 2 be a finite set of inte-
gers. Let (xp)72 | € QN If there exists a positive integer q such that Xk+q = Xi forall
k € N, then (xx);2, is strong periodic and q is a period of (xy)2 ;.

Proof Put t; = max{x;yry : k e NU{0}},1 <i <gq.Let

m = max k; where k; = min{k € NU {0} : x; yxy = 7;}.
1<i<q

Then (xp)72; = X1... xgifm = 0,0r (X2, = X1 ... XmgX1tmq - - - Xgtmq ifm > 1.
Thus, the desired results follow.

Lemma 2.3 Suppose that o € [—1, 1] has a unique {—2,0, 2} — code ()72 . Let
0<r<landbeR IfrCqy+b C Cqy, then (2 — |og|);2, is strong periodic.
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Proof 1f Cy = {0}, then 2—|ax )72, = 01is strong periodic. Suppose Cy, # {0}. Then
the condition that rC,, + b C C,, ensures that the set A = {r € N : o, = 0} is infinite.
Label Aas {t : k € N}. By Lemma 2.1 we have 2r € (0, 1). Let (px)72; € {0, 1, 2N
be a {0, 1, 2}-code of 2r, i.e., 2r = > 2, g—,ﬁ Let s = min{k € N : px # 0}. By
Lemma 2.2 it suffices to show

tx +s €A forallk € N,

Otherwise, there exists an i € N such that #; + s ¢ A. Note that 3% e Cy and
2 — |ag 45| = 0. Hence we have

ti+s—1
2r !

b ,+b
=X it t > neth

k=1 k=t;+s+1

where (b)) is the {0, 2}-code of b (note that b € Cy). Put

z Dk— t, +bk
3tl+5
k=tj+s+1

Then

1 4
3ti+s = S = 3tl+f

Case A & = 3,,% In this case, we have

By taking t,,, t,, € A with t,, > f,,, > t; we have yim + 3% € Cy but

2 2 (AL 1
r (3t,,, + 3[,1) +b= Z 3k + 35+tm + 35+tn ¢ Co,
k=1

a contradiction.

CaseB & = 3,;% In this case, (br);2; contains only finitely many Os. So b is a right
endpoint. Sorx + b & C, for x € C,\{0} close enough to 0, a contradiction.

Case C 3,1% <& < #. In this case we have

1 ap ai
3lits + 3tit+s + 3tit+s+1

é:
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where each a; € {0, 1,2} and (ax){2, ¢ {0, 2}. Hence

2r it b, 1ta
34 +b= Z 3k ks + Z 3t,+v+k
k=1

When ag = 0, then > 22, 7 JfHk > 0. Thus -+ b ¢ Cy by the fact #; + s¢A.
When ag = 1, we also have 2= o L +b¢Cy by the fact; + s ¢ A.
When ag = 2, f—,f +b € C,, forces (a {0, 1, 2}-code of a point of C, either contains
no digit 1 or contains just one digit 1 of the form /10 or 712, I € {0, 2}*)

—1 qg—1 00
2r b 1 b 2
g+b=k2_]3—k+3—q=k2_l3—k+ 2 5

k=q+1

with ¢ < ; +s — 1. This is impossible by the fact#; + s ¢ A. O

Comparing with Theorem A, the following theorem gives a new equivalent condition
for C,, to be self-similar.

Theorem 2.4 Suppose that a € [—1, 1] has a unique {—2, 0, 2}-code (a);2 ;. Then
the following two statements are equivalent:

(D Cq is self-similar;

(IT) there exists a constrictive similitude S such that S(Cy) C C,.

Proof (1) = (II) is clear. (II) = (I) can be deduced by Lemma 2.3 and Theorem A. O
Combining with Theorems A and B, the following corollary is direct.

Corollary 2.5 Suppose that o« € [—1, 1] has a unique {—2, 0, 2}-code and that C,, #
{0}. LetO <r < landb € R IfrCy + b C Cq, then r = 3% with q € N and the
{0, 2}-code of b contains finitely many 2s.

Proof Let (ax)g2 be the unique {—2, 0, 2}-code of a. The assumption C,, # {0}
means that (2 — |(xk|),f‘;1 # 0. Let S(x) = rx + b. Then C, is self-similar by
Theorem 2.4. From Theorem A it follows that (2 — |ax|)72 ; is strong periodic. Let
{fitx) = rix + b;, r; € (0, 1)}{\’:] be a generating IFS of Cy. Then {S(x) = rx +
b, fi(x) = rix +bj,ri € (0, 1)}?]:1 is also a generating IFS of C,. Thus we have
r= 3%, with ¢ € N and the {0, 2}-code of b contains finitely many 2s by Theorem B.

3 Proofs of main theorems

It is clear that C, x Cg is not self-similar if either o or 8 has two {—2, 0, 2}-codes.
For example, let o have two {—2, 0, 2}-codes. Then C,, is a finite set of more than
two points. If Cg is a singleton, then Cy x Cg is not self-similar. Suppose Cg is not a
singleton. Take P € C, x {0} and § > 0O such that Bs(P) N (C, x {0}) € Cy x {0}
where B;s(P) denotes the ball of radius § and center P. Thus Bs(P) N (Cy x Cg)
cannot contain any similar copy of Cy, x Cg, implying Cy x Cg is not self-similar.
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Theorem 3.1 Let o, B € [—1, 1]. Then (C x C) N (C x C + (&, B)) is a self-simi-
lar set if and only if both « and B have unique {—2, 0, 2}-codes (ak),fil, (,Bk),fozl €
(2,0, 2N and both (2 — lox N2, and (2 — |Br|)g | are strong periodic. Further-
more, if (C x C) N (C x C + (a, B)) is a self-similar set with more than one point,
then there exists an IFS which satisfies the strong separation condition.

Proof The ‘if” part can be directly verified. Let the sequences (2 — |Otk|)/‘:i1 and
(2 = 1Bz, be strong p-periodic and strong g-periodic, respectively. Then there
exist Iy, Ig, Jo, Jg € {0, 2}P9 such that I, + Jy, Ig + Jg € {0,2}79 and

Q2 —loauge) = Il + Jo and 2 — |BrDie; = Iglp + Jp.

One can check that the TFS {/, . (x,y) = 3774(x,y) + (7(00), 7(z0)) : ¢ =<
Iy Jo, T < IgJg} generates Cy x Cg and satisfies the SSC.

Now suppose (C x C) N (C x C + (a, B)) is self-similar. Then Cy x Cg is self-
similar and both « and 8 have unique {—2, 0, 2}-codes. Let S(x) = r Ax + b be such
that S(Cy x Cg) € Cy x Cg wherer € (0,1), b = (by, by)T and A is of form (1).
Without loss of generality, suppose cos 8 # 0 (otherwise use S o S instead of S). Thus
one has

tCy +5Cg + b1 C Cy
where [t| € (0, 1). This leads to
tCy +by CCy

and so (2 — |ak|)g2, is strong periodic by Theorems 2.4 and A. That (2 — |B[)p2, is
strong periodic can be obtained in the same way. O

The above proof indeed proves the following

Corollary 3.2 Leta, € [—1, 1]. Then (C x C) N (C x C + (a, B)) is a self-similar
set if and only if there exists a constrictive similitude S such that S((C x C) N (C x
CH+(a,p)) S(CxC)N(C xC+(a,p)).

In the following we shall explore the form of a generating IFS of C, x Cg when it is
self-similar. To do it we need the following lemma.

Lemma 3.3 ( [4, Theorem 5)) Let E C R? be a self-similar set generated by the IFS
{Si(x) =riApx+Db; :1r; €(0,1),b; € RZ1<ic< n} where each Ay, is of the form
(1), corresponding to 6;. Suppose that the group G generated by {Ag, : 1 < i < n}is
such that the set {0 : Ag € G} is dense in [0, 27). Then

dimy P:(E) = min{dimy E, 1} forall § € [0, ),

where Pg denotes the orthogonal projection onto the line through the origin and mak-
ing angle & with the x-axis, dimy denotes Hausdorff dimension.
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Self-similar structure on intersection 599

When C, x Cg degenerates to the singleton {(0, 0)}, any IFS {S;(x) =r;A;jx :r; €
(0, 1), 1 <i < n} will generate C, x Cg. For general case we have

Proposition 3.4 Let a, B € [—1,1] and let Cy, x Cg be not a singleton. Suppose

that Cy x Cg is a self-similar set generated by the IFS {S;(x) = riAjx +b; : r; €
0,1),b; € R%, 1 < i < n} where each A; is of the form (1). Then

N +1 0 0 =+1 L=
iMoo 1) \x1 o) ‘==

Proof One can check that by (5)

- cosf® sinf Cqy " c1

sinf —cos® ) \ Cg &)
_, cosf —sinf Cy c1 — 2rygsinf + rpfsinf + rsinf
~ " \sinf  cos6 Cg ¢2 +2rygcost —rpcost) —rcost

where yg = min{x : x € C N (C + B)}. Thus, without loss of generality we assume

A — cos2mwl; —sin2mh; l<i<n
"7 \'sin276; cos2m6; )’ =E=m

We claim all 6; are rational. Otherwise, the set of rotation angles in the group generated
by {A; : 1 <i <n}isdensein [0, 27). From Lemma 3.3 it follows that

dimpy Cy = dimy Cg = min{dimy (Cy x Cp), 1},

implying dimy C, = dimpg Cg = dimp(Cy x Cg) = 0. However, we have
dimp (Cy x Cg) > 0.

Since S; (Cy x Cg) € Cy x Cg we have that for some d;, e; € R
2

[rj cos2m6;|Coy +d;i € Cy and r; sin? 2776; Cy + ¢; € Cq.

We claim that cos 27 6; € {0, =1}, i.e., either cos 2w6; = 0 or sin2w6; = 0. Other-
wise, by Corollary 2.5 there are p, g € N such that

rilcos2mw6;| =377 and ri2 sin 270, = 379.

Thus ri2 = 372P 4379 Now take m € Nsuchthatm6; € Z and consider the similitude
S (x), the mth iteration of S;. By the same argument we have r/" = 37¢ with £ € N.
Therefore, we have

37 =3 437"

which is impossible. O
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We remark that A; may take the form (:E] :|(:) 1
by the IFS

L/0 1 0 .
50 o)+ () weoar)
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