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1. Introduction

Let β ∈ (0, 1/2) and let

ψk(x) = βx + k(1 − β), k = −1, 0, 1.

The middle-(1 − 2β) Cantor set Γβ ⊆ [0, 1] is defined as the unique invariant nonempty compact set under maps ψ0 and
ψ1:

Γβ = ψ0(Γβ) ∪ ψ1(Γβ). (1)

One also call Γβ , the self-similar set generated by the iterated function system (IFS) {ψ0, ψ1}. The set Γ1/3 is the classical
middle third Cantor set. In the past two decades, intersection of Cantor sets has been the subject of several studies [1–12].
The context and motivation are numerous, but mainly come from the discipline of dynamical systems. A brief history of
why intersection of Cantor sets is important in dynamical systems is described by Davis and Hu in [1]. The intersection
Γ1/3 ∩ (Γ1/3 + t) (or more general, Γβ ∩ (Γβ + t)) has been extensively studied by lots of authors.

When 0 < β < 1/3,Γβ−Γβ is the self-similar set generated by the IFS {ψ0, ψ1, ψ−1} and satisfies the open set condition
(see (3) in Section 2) so that for each t ∈ Γβ −Γβ the set Γβ ∩ (Γβ + t) is just a generalized Moran set (see (5) in Section 2).
Thus, the Hausdorff, packing and box-counting dimensions of Γβ ∩ (Γβ + t) can then be determined. When β = 1/3, it
can be dealt with in the same way though a bit of difficulty occurs. However, when 1/3 < β < 1/2, the set Γβ ∩ (Γβ + t)
presents very complicated geometrical structure (see (4) in Section 2). A natural question is the following.
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Question 1. For β ∈ (1/3, 1/2)what are the Hausdorff, packing and box-counting dimensions of Γβ ∩ (Γβ + t)?
Note that themiddle-(1−2β) Cantor set Γβ is a homogeneous Cantor set since it can be generated by an IFS with uniform

contractive ratio (themapsψ0 andψ1 have the same contractive ratioβ in (1)). Hence, points in setsΓβ−Γβ andΓβ∩(Γβ+t)
have an excellent algebraic representation.

Instead of Γβ , we consider a class of nonhomogeneous Cantor sets. Let

F1(x) = βx and F2(x) = βτ x + 1 − βτ , x ∈ R, (2)

where β ∈ (0, 1) and τ ∈ N are such that β+βτ < 1. It determines a unique nonempty compact setΓβ,τ ⊆ [0, 1] satisfying

Γβ,τ = F1(Γβ,τ ) ∪ F2(Γβ,τ ).

Obviously, Γβ,1 = Γβ and we will use Γβ,1 instead of Γβ below. When τ ≠ 1, the set Γβ,τ is a nonhomogeneous Cantor set
so that we have no analogous representations as shown in (3) and (4) for the homogeneous case. Again the similar question
arises:

Question 2. What are the Hausdorff, packing and box-counting dimensions of Γβ,τ ∩ (Γβ,τ + t)?
We mainly focus on the Question 2 since it reduces to Question 1 when τ = 1. We will analyze the structure of

Γβ,τ ∩ (Γβ,τ + t) by making use of a geometric approach which were employed to investigate the self-similar sets with
overlaps, e.g. in [13–18], just list a few. The main idea is to investigate for which t the set Γβ,τ ∩ (Γβ,τ + t) is of finite type so
that it presents a graph-directed structure and then its Hausdorff, packing and box-counting dimensions can be calculated.
For example, when β−1 is a Pisot number we have (see Proposition 4.3)

Γβ,τ ∩ (Γβ,τ + t) is of finite type for each t ∈ (Γβ,τ − Γβ,τ ) ∩ Z[β].

This allows us to get (see Examples 4.5 and 4.7)
(A) dimH(Γβ,1 ∩ (Γβ,1 + β − β3)) = dimB(Γβ,1 ∩ (Γβ,1 + β − β3)) =

log 2
log(

√
3+1)

where β = (
√
3 − 1)/2 ∈ (1/3, 1/2)

(homogeneous case, see Question 1).
(B) dimH(Γ 1

2 ,2
∩ (Γ 1

2 ,2
+

3
16 )) = dimB(Γ 1

2 ,2
∩ (Γ 1

2 ,2
+

3
16 )) =

log(3+
√
5)−log 2

log 4 (nonhomogeneous case, see Question 2).

In addition, Γβ,τ ∩ (Γβ,τ + t) may present a graph-directed structure for some t even if β−1 is not a Pisot number. For
instance, in Example 4.6 we show that for any β ∈ (0, (3 −

√
5)/2) (note that (3 −

√
5)/2 > 1/3) and any ℓ ∈ N, sets

Γβ,1

(Γβ,1 + (1−β)βℓ) and Γβ,1


(Γβ,1 + (1−β)(1+βℓ)) present graph-directed structures and they all have the same

Hausdorff and box dimensions log 2
− logβ .

For Question 1, an alternative way is to investigate for which β and t the set Γβ,1

(Γβ,1 + t) presents a structure of the

generalized Moran set so that their Hausdorff, packing and box-counting dimensions can be determined. For example, we
obtain (see Theorem 3.5 and Corollary 3.6).
(C) Let t ∈ Γβ,1 − Γβ,1. Then Γβ,1 ∩ (Γβ,1 + t) is a generalized Moran set if #NΓβ,1,k(FJ([0, 1])) ≤ 1 for any k ∈ N ∪ {0} and
any J ∈ Σk

2 .
(D) Let t ∈ Γβ,1 − Γβ,1. If for some m ∈ N there exist no new type for members from


k>m CΓβ,1,k and #NΓβ,1,k(FJ([0, 1])) ≤ 1

for any J ∈ Σk
2 with k ≤ m. Then Γβ,1


(Γβ,1 + t) is a generalized Moran set.

This paper is arranged as follows. A geometrical description for the structure of Γβ,τ ∩ (Γβ,τ + t) is arranged in Section 2.
Following the idea in [17], the concept of type is defined for some component sets of Γβ,τ by means of an equivalent
relation and a sufficient and necessary condition for Γβ,τ ∩ (Γβ,τ + t) to be of finite type is then established in Section 3
(see Theorem3.3). The final section ismainly devoted to a scheme for computing theHausdorff dimensions ofΓβ,τ∩(Γβ,τ+t)
(see Theorem 4.4). Some examples are included. This paper is mainly enlightened by [17].

2. Geometrical structure of Γβ,τ ∩ (Γβ,τ + t)

In this sectionwe first explain how to determine the Hausdorff, packing and box-counting dimensions ofΓβ,1∩(Γβ,1+t)
with β ∈ (0, 1/3] andwhat difficulties we encounter for the case β ∈ (1/3, 1/2) and further for the nonhomogeneous case.
Then we introduce some notations and analyze the geometrical structure of Γβ,τ ∩ (Γβ,τ + t).

It is easy to see that

Γβ,1 ∩ (Γβ,1 + t) ≠ ∅ if and only if t ∈ Γβ,1 − Γβ,1,

and the compact set Γβ,1 − Γβ,1 is generated by the IFS {ψ0, ψ1, ψ−1}, i.e.,

Γβ,1 − Γβ,1 = ψ−1(Γβ,1 − Γβ,1) ∪ ψ0(Γβ,1 − Γβ,1) ∪ ψ1(Γβ,1 − Γβ,1). (3)

Thus we have

Γβ,1 =


∞−
k=1

jkβk−1(1 − β) : (jk)∞k=1 ∈ {0, 1}N


,
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and

Γβ,1 − Γβ,1 =


∞−
k=1

jkβk−1(1 − β) : (jk)∞k=1 ∈ {−1, 0, 1}N


.

One can check that for a t ∈ Γβ,1 − Γβ,1 (cf. [8,9])

Γβ,1 ∩ (Γβ,1 + t) =


(tk)∞k=1


∞−
i=1

xiβ i−1(1 − β) : xi ∈ {0, 1} ∩ {ti, ti + 1}


(4)

where the union is taken over all (tk)∞k=1 ∈ {−1, 0, 1}N satisfying t =
∑

∞

k=1 tkβ
k−1(1 − β). When β ∈ (0, 1/3), each

t ∈ Γβ,1 − Γβ,1 has a unique (tk)∞k=1 such that t =
∑

∞

k=1 tkβ
k−1(1 − β) and so

Γβ,1 ∩ (Γβ,1 + t) =


∞−
i=1

xiβ i−1(1 − β) : xi ∈ {0, 1} ∩ {ti, ti + 1}


. (5)

When β = 1/3,Γ1/3,1 ∩ (Γ1/3,1 + t) is either of form (5) or a finite set.
The set on the right side of (5) is called a generalized Moran set and its Hausdorff, packing and box-counting dimensions

can be determined in terms of (tk)∞k=1 (cf. [8,9]).
When β ∈ (1/3, 1/2), a t ∈ Γβ,1 − Γβ,1 may have a uncountable number of (tk)∞k=1 ∈ {−1, 0, 1}N satisfying

t =
∑

∞

k=1 tkβ
k−1(1 − β), which make it hard to determine the Hausdorff, packing and box-counting dimensions of

Γβ,1 ∩ (Γβ,1 + t). Furthermore, the above approaches fail to be effective for the nonhomogeneous case.
Let Σ2 = {1, 2} and Σ∗

2 =


n≥0Σ
n
2 be the set of all finite words, where Σn

2 is the set of all words of length n and Σ0
2

contains just the empty word ∅. For J ∈ Σn
2 let |J| = n denote the length of J . For I ∈ Σm

2 and J ∈ Σn
2 , let IJ ∈ Σm+n

2
be the concatenation of I and J . Let ΣN

2 = {J = (j1, j2, . . .) : ji ∈ Σ2}. For a J = (j1, j2, . . .) ∈ ΣN
2 and k ∈ N let

J|k = (j1, . . . , jk) ∈ Σk
2 . Let β1 = β and β2 = βτ . For a J = (j1, . . . , jk) ∈ Σk

2 denote (recall F1 and F2 are defined in (2))

FJ = Fj1 ◦ Fj2 ◦ · · · ◦ Fjk , βJ = βj1βj2 · · ·βjk ,

where we adopt the convention that β∅ = 1 and F∅ is the identity map on R. Thus

Γβ,τ =

∞
k=0


J∈Σk

2

FJ([0, 1]).

We establish a bijectionΠ : ΣN
2 → Γβ,τ : for J = (j1, j2, . . .) ∈ ΣN

2

Π(J) = lim
k→∞

FJ|k(0) = lim
k→∞


bj1 +

k−
ℓ=2

bjℓ
ℓ−1∏
s=1

βjs


= bj1 +

∞−
ℓ=2

bjℓ
ℓ−1∏
s=1

βjs ,

where b1 = 0, b2 = 1 − βτ , β1 = β and β2 = βτ . For each k ∈ N let

Mk = {J = (j1, . . . , jm) ∈ Σ∗

2 |βτkβjm < βJ ≤ βτk},

and let M0 consist of only the empty word ∅. Then FJ([0, 1]), J ∈ Mk are mutually disjoint and have comparable lengths,
i.e., β < |FJ([0, 1])|/|FI([0, 1])| < β−τ for any I, J ∈ Mk. Moreover,

Γβ,τ =

∞
k=1


J∈Mk

FJ([0, 1]).

Let S1(x) = βx + t(1 − β), S2(x) = βτ x + (t + 1)(1 − βτ ) and SJ = Sj1 ◦ Sj2 ◦ · · · ◦ Sjk for J = (j1, . . . , jk) ∈ Σk
2 with S∅

being the identity map. Then

Γβ,τ + t = S1(Γβ,τ + t) ∪ S2(Γβ,τ + t) =

∞
k=1


J∈Mk

SJ([t, 1 + t]).

The sets FJ([0, 1]), SJ([t, 1 + t]) for J ∈ Mk are called the k-level component sets of Γβ,τ and Γβ,τ + t , respectively
(so F∅([0, 1]) = [0, 1] and S∅([t, 1 + t]) = [t, 1 + t] are the 0-level component sets).

For a k-level component set, say FJ([0, 1])with J ∈ Mk, k ∈ N ∪ {0}, of Γβ,τ its neighborhood NΓβ,τ ,k(FJ([0, 1])) is defined
as the collection of k-level component sets of Γβ,τ + t which it intersects, i.e.,

NΓβ,τ ,k(FJ([0, 1])) = {SI([t, 1 + t]) : I ∈ Mk, FJ([0, 1]) ∩ SI([t, 1 + t]) ≠ ∅}. (6)

Let

Λk = {J ∈ Mk : NΓβ,τ ,k(FJ([0, 1])) ≠ ∅}.
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We remark that for some FJ([0, 1]) with J ∈ Mk, NΓβ,τ ,k(FJ([0, 1]))may be empty. If it is the case they do not intersect any
k-level component sets of Γβ,τ + t and so have no contribution to Γβ,τ ∩ (Γβ,τ + t). One can readily check that

Γβ,τ ∩ (Γβ,τ + t) =

∞
k=1


J∈Λk

FJ([0, 1]). (7)

Thus,Λk with k ∈ N ∪ {0} geometrically characterize Γβ,τ ∩ (Γβ,τ + t). Let

CΓβ,τ ,k = {FJ([0, 1]) : J ∈ Λk} and CΓβ,τ =


FJ([0, 1]) : J ∈


k≥0

Λk


.

A graph with vertex set CΓβ,τ is constructed as follows. For I ∈ Λk and J ∈ Λk+1, if there exists an ℓ ∈ Σ∗

2 such that

J = Iℓ, then we connect a directed edge ℓ from FI([0, 1]) to FJ([0, 1]) and denote this by FI([0, 1])
ℓ

−→ FJ([0, 1]). In this
case, FI([0, 1]) is called the parent of FJ([0, 1]) and FJ([0, 1]) an offspring of FI([0, 1]). Clearly, each k-level component set in
CΓβ,τ ,k (k ≥ 1) of Γβ,τ has only one parent, but may have no offsprings. The reduced graph is then constructed by removing
those vertexes having no offsprings and the edges going to them. The reduced graph determines a subsetΛ ofΣN

2 :

Λ =

J = (j1, j2, . . .) ∈ ΣN

2 : there exist n(J, 1) < n(J, 2) < · · · such that (j1, . . . , jn(J,k)) ∈ Λk

. (8)

Then Γβ,τ ∩ (Γβ,τ + t) = Π(Λ) by (7). In addition, the concept of parent and offspring can be defined in the same way for
the component sets in {SI([t, t + 1]) : I ∈


k≥0 Mk} of Γβ,τ + t . Note that each component set of Γβ,τ + t has only one

parent, but at least two offsprings.

3. Equivalence relation and type

We now establish an equivalence relation for members in CΓβ,τ . For η1 ∈ CΓβ,τ ,k1 and η2 ∈ CΓβ,τ ,k2 , η1 and η2 is said
to be equivalent, denoted by η1 ∼ η2, if there exists a similarity map of form ξ(x) = βτ(k2−k1)x + c with c ∈ R such that
ξ(η1) = η2 and

{u : u ∈ NΓβ,τ ,k2(η2)} = {ξ(v) : v ∈ NΓβ,τ ,k1(η1)}.

It is easy to check that ∼ is indeed an equivalence relation. We shall use [η] to denote the equivalence class, and call it the
type of η.

The following lemmadescribes someproperties related to the offsprings, neighborhood of a pair of equivalent component
sets.

Lemma 3.1. For I ∈ Λk1 and J ∈ Λk2 let NΓβ,τ ,k1(FI([0, 1])) = {SI1([t, 1 + t]), . . . , SIn([t, 1 + t])} and NΓβ,τ ,k2(FJ([0, 1])) =

{SJ1([t, 1 + t]), . . . , SJm([t, 1 + t])}. Suppose FI([0, 1]) ∼ FJ([0, 1]). Then

(I) n = m, Iℓ ∈ Λk1+1 if and only if Jℓ ∈ Λk2+1;
(II) Let FIPi([0, 1]), 1 ≤ i ≤ s be all offsprings of FI([0, 1]) in the order from left to right, FJQj([0, 1]), 1 ≤ j ≤ t be all offsprings

of FJ([0, 1]) in the order from left to right. Then s = t and [FIPi([0, 1])] = [FJQi([0, 1])] for i = 1, . . . , s.

Proof. Let ξ(x) = βτ(k2−k1)x + c be such that FJ([0, 1]) = ξ(FI([0, 1])), equivalently ξ ◦ FI = FJ .
(I) n = m just derives from the definition of equivalence. Without loss of generality, we assume that SJi([t, 1 + t]) =

ξ(SIi([t, 1 + t])), 1 ≤ i ≤ m (equivalently ξ ◦ SIi = SJi ). We first prove Iℓ ∈ Mk1+1 if and only if Jℓ ∈ Mk2+1. Recall that

Mk = {P = (p1, . . . , pm) ∈ Σ∗

2 |βτkβpm < βP ≤ βτk},

withβ1 = β, β2 = βτ . Suppose Iℓ ∈ Mk1+1 with ℓ = (ℓ1, . . . , ℓs). Then (βτ )k1+1βℓs < βIβℓ ≤ (βτ )k1+1. By the equivalence
of FI([0, 1]) and FJ([0, 1]) we have βJ = (βτ )k2−k1βI , which implies that (βτ )k2+1βℓs < βJβℓ ≤ (βτ )k2+1, i.e., Jℓ ∈ Mk2+1.
The converse is given in the same way.

It remains to check that Iℓ ∈ Λk1+1 if and only if Jℓ ∈ Λk2+1. Recall that

Λk = {P ∈ Mk : NΓβ,τ ,k(FP([0, 1])) ≠ ∅, k ≥ 0}.

So one only needs to show that NΓβ,τ ,k1+1(FIℓ([0, 1])) ≠ ∅ if and only if NΓβ,τ ,k2+1(FJℓ([0, 1])) ≠ ∅. By symmetry, wemerely
show the ‘‘only if’’ part below. Suppose NΓβ,τ ,k1+1(FIℓ([0, 1])) ≠ ∅. Then there exist some 1 ≤ i ≤ m and ℓ∗

∈ Σ∗

2 such that

Iiℓ∗
∈ Mk1+1 and FIℓ([0, 1]) ∩ SIiℓ∗([t, t + 1]) ≠ ∅.

Since ξ ◦ FI = FJ and ξ ◦ SIi = SJi , we have ξ(FIℓ([0, 1])) = FJℓ([0, 1]) and ξ(SIiℓ∗([t, t + 1])) = SJiℓ∗([t, t + 1])

Jiℓ∗
∈ Mk2+1 and FJℓ([0, 1]) ∩ SJiℓ∗([t, t + 1]) ≠ ∅,

leading to NΓβ,τ ,k2+1(FJℓ([0, 1])) ≠ ∅.
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(II) Since Iℓ ∈ Λk1+1 if and only if Jℓ ∈ Λk2+1 by (I), we have s = t and Pi = Qi for 1 ≤ i ≤ s.
For simplicity, it suffices to show


FIP1([0, 1])


=

FJP1([0, 1])


. Note that

NΓβ,τ ,k1+1(FIP1([0, 1])) =

SIiℓ([t, t + 1]) : FIP1([0, 1]) ∩ SIiℓ([t, t + 1]) ≠ ∅, 1 ≤ i ≤ n, Iiℓ ∈ Mk1+1


,

and

NΓβ,τ ,k2+1(FJP1([0, 1])) =

SJiℓ([t, t + 1]) : FJP1([0, 1]) ∩ SJiℓ([t, t + 1]) ≠ ∅, 1 ≤ i ≤ n, Jiℓ ∈ Mk2+1


.

Therefore, the desired result follows from the fact ξ ◦ FI = FJ and ξ ◦ SIi = SJi . �

Definition 3.2. Γβ,τ ∩ (Γβ,τ + t) is said to be of finite type if and only if {[ω] : ω ∈ CΓβ,τ } is a finite set.

Theorem 3.3. Let t ∈ Γβ,τ −Γβ,τ . For a component set η of Γβ,τ or Γβ,τ + t we denote by η̂ its left endpoint. For a k ∈ N ∪ {0}
and an η ∈ CΓβ,τ ,k let

RΓβ,τ ,k(η) = {β−τk(v̂ − η̂) : v ∈ NΓβ,τ ,k(η)} and RΓβ,τ = {RΓβ,τ ,k(η) : η ∈ CΓβ,τ ,k, k ∈ N ∪ {0}}.

Then Γβ,τ ∩ (Γβ,τ + t) is of finite type if and only if RΓβ,τ is a finite set.

Proof. Let us first recall that for η1 ∈ CΓβ,τ ,k1 and η2 ∈ CΓβ,τ ,k2 , η1 ∼ η2 if and only if there exists a linear map of form
ξ(x) = βτ(k2−k1)x + c with c ∈ R such that

ξ(η1) = η2 and {u : u ∈ NΓβ,τ ,k2(η2)} = {ξ(v) : v ∈ NΓβ,τ ,k1(η1)}.

By Lemma 3.1(I) one can assume NΓβ,τ ,k2 = {u1 = η2, u2, . . . , un} and NΓβ,τ ,k1(η1) = {v1 = η1, v2, . . . , vn} which satisfies
ξ(vi) = ui, i = 1, 2, . . . , n. Thus η1 ∼ η2 if and only if for all i = 1, 2, . . . , n

β−τk1 |vi| = β−τk2 |ui| and β−τk1(v̂i − η̂1) = β−τk2(ûi − η̂2). (9)

Thismeans that RΓβ,τ ,k1(η1) = RΓβ,τ ,k2(η2)whenη1 ∼ η2. So the necessity is true. On the other hand, for a k-level component
set η of Γβ,τ or Γβ,τ + t we have β−τk

|η| ∈ {βℓ : ℓ = 0, 1, . . . , τ − 1}, which implies the sufficiency. �

Remark 3.4. For the case τ = 1, each k-level component set of Γβ,1 is uniquely determined by its left endpoint. Thus, for
η1 ∈ CΓβ,1,k1 and η2 ∈ CΓβ,1,k2 , η1 ∼ η2 if and only if

{β−k1(v̂ − η̂1)|v ∈ NΓβ,1,k1(η1)} = {β−k2(û − η̂2)|u ∈ NΓβ,1,k2(η2)},

where η̂ denotes the left endpoint of the component set η of Γβ,1 or Γβ,1 + t .

When τ = 1, let us recall thatΓβ,1 = Γβ and, correspondingly,Mk = Σk
2 . As shown in (5),Γβ,1∩(Γβ,1+t) is a generalized

Moran set when β ∈ (0, 1/3). The following theorem shows that Γβ,1 ∩ (Γβ,1 + t) sometimes may be a generalized Moran
set without the restriction on β .

Theorem 3.5. Let t ∈ Γβ,1 − Γβ,1. Then Γβ,1 ∩ (Γβ,1 + t) is a generalized Moran set if #NΓβ,1,k(FJ([0, 1])) ≤ 1 for any
k ∈ N ∪ {0} and any J ∈ Σk

2 .

Proof. We begin with k = 1. Then there are two possible cases.
Case 1. #NΓβ,1,1(F1([0, 1])) = #NΓβ,1,1(F2([0, 1])) = 1. In this case, NΓβ,1,1(F1([0, 1])) = S1([t, t + 1]) and

NΓβ,1,1(F2([0, 1])) = S2([t, t + 1]), implying F1([0, 1]) ∼ F2([0, 1]).
Case 2. Only one j ∈ Σ1

2 is such that #NΓβ,1,1(Fj([0, 1])) = 1. Surely Fj([0, 1]) ∼ Fj([0, 1]) in this simple case.
Thus, for both cases described abovewe have that all FI([0, 1]), I ∈ Λ1 are equivalent. Now suppose that all FI([0, 1]), I ∈

Λk are equivalent. From Lemma 3.1(II) it follows that either each FI([0, 1])with I ∈ Λk has only one offspring and they are
equivalent, or each FI([0, 1])with I ∈ Λk has two offsprings and all these offsprings are equivalent (FI1([0, 1]) ∼ FI2([0, 1])
derives from the same argument as that in case 1; FIi([0, 1]) ∼ FJi([0, 1]) for i = 1, 2 follows from Lemma 3.1(II)). Therefore,
for each k ∈ N, FI([0, 1]), I ∈ Λk are equivalent, i.e., they are of same type. Hence,Λk is of form

∏k
i=1 Di with∅ ≠ Di ⊆ {1, 2},

i.e., Γβ,1 ∩ (Γβ,1 + t) ≠ ∅ is a generalized Moran set. �

Corollary 3.6. Let t ∈ Γβ,1 − Γβ,1. If for some m ∈ N there exist no new type for members from


k>m CΓβ,1,k and
#NΓβ,1,k(FJ([0, 1])) ≤ 1 for any J ∈ Σk

2 with k ≤ m. Then Γβ,1

(Γβ,1 + t) is a generalized Moran set.

Proof. We claim that #NΓβ,1,k(FJ([0, 1])) ≤ 1 still hold for any J ∈ Σk
2 with k > m and so the desired result follows from

Theorem 3.5. In fact, if #NΓβ,1,k(FJ([0, 1])) > 1 for some J ∈ Σk
2 and k > m, then the type of FJ([0, 1]) is new. �

As a direct application, one can see thatwhenβ ∈ (0, 1/3),Γβ,1

(Γβ,1+t) is a generalizedMoran set for all t ∈ Γβ,1−Γβ,1

since #NΓβ,1,k(FJ([0, 1])) ≤ 1 always hold (also see (5)). When β = 1/3, for each t ∈ Γ1/3,1 − Γ1/3,1 there exists an m ∈ N
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such that #NΓ1/3,1,k(FJ([0, 1])) ≤ 1 for any J ∈ Σk
2 with k > m. Thus, for each t ∈ Γ1/3,1 − Γ1/3,1,Γ1/3,1


(Γ1/3,1 + t) is a

finite union of generalized Moran sets. As will be shown in Example 4.6, for each β ∈ (1/3, (3 −
√
5)/2),Γβ,1


(Γβ,1 + t)

are generalized Moran sets for some t .

4. Finite type conditions and graph-directed structure

4.1. Finite type conditions

In this subsection a condition is given such that Γβ,τ ∩ (Γβ,τ + t) is of finite type. The following well-known result about
Pisot numbers can be found in [19].

Lemma 4.1. Suppose that β−1 is a Pisot number. Let M,N be two positive constants and let

ΩM,N =


k−

i=0

aiβ−i
: |ai| < M, ai ∈ Z, k ∈ N ∪ {0}


∩ [−N,N].

ThenΩM,N is a finite set.

Let Z[β] =
∑m

i=0 aiβ
i
: ai ∈ Z,m ∈ N ∪ {0}


. The following derives directly from Lemma 4.1.

Corollary 4.2. Suppose that β−1 is a Pisot number and that N is positive constant. Let D ⊆ rZ[β] be a finite set with r ∈ R.
Then

BD,N =


k−

i=0

eiβ−i
: ei ∈ D, k ∈ N ∪ {0}


∩ [−N,N]

is a finite set.
Proof. Let

D =


r

pi−
j=0

aijβ j
: aij ∈ Z, pi ∈ N ∪ {0}, i = 1, . . . , ℓ


.

Let s = max1≤i≤ℓ pi. Since h = max{|aij| : 1 ≤ i ≤ ℓ, 0 ≤ j ≤ pi} < ∞ and

BD,N = βsr


k−

i=0

ei
r
β−i−s

: ei ∈ D, k ∈ N ∪ {0}


∩ [−Nβ−sr−1,Nβ−sr−1

]


,

the desired result follows from Lemma 4.1. �

Proposition 4.3. Suppose that β−1 is a Pisot number. Then Γβ,τ ∩ (Γβ,τ + t) is of finite type for each t ∈ (Γβ,τ −Γβ,τ )∩ Z[β].
Proof. Let RΓβ,τ be as in Theorem 3.3. By Theorem 3.3 it suffices to show RΓβ,τ is a finite set. For an η = FJ([0, 1]) with
J = (j1, . . . , jm) ∈ Λk and a δ = SI([t, t +1]) ∈ NΓβ,τ ,k(η)with I = (i1, . . . , in) ∈ Mk, we have (recall β1 = β and β2 = βτ )

η̂ = FJ(0) = bj1 +

m−
ℓ=2

bjℓ
ℓ−1∏
s=1

βjs

and

δ̂ = SI(t) = ci1 +

n−
ℓ=2

ciℓ
ℓ−1∏
s=1

βis + βI t

where b1 = 0, b2 = 1 − βτ , c1 = t(1 − β) and c2 = (t + 1)(1 − βτ ). Thus

β−τk(δ̂ − η̂) = (ci1 − bj1)β
−τk

+ tβIβ
−τk

+

n−
ℓ=2

ciℓβ
−τk

ℓ−1∏
s=1

βis −

m−
ℓ=2

bjℓβ
−τk

ℓ−1∏
s=1

βjs .

Note that J = (j1, . . . , jm) ∈ Λk and I = (i1, . . . , in) ∈ Mk, which implies that both β−τk∏ℓ−1
s=1 βis and β

−τk∏ℓ−1
s=1 βjs in

above formula are of form β−p with 1 ≤ p ≤ τk − 1, βIβ
−τk

∈ {1, β, . . . , βτ−1
}. Since |β−τk(δ̂ − η̂)| ≤ 1, we have

β−τk(δ̂ − η̂) ∈ BD,1 =


ℓ−

i=0

eiβ−i
: ei ∈ D, ℓ ∈ N ∪ {0}


∩ [−1, 1]

where D ⊆ Z[β] is a finite set independent of k. Therefore, RΓβ,τ is a finite set by Corollary 4.2. �
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4.2. Graph-directed structure and examples

For a fixed t ∈ Γβ,τ − Γβ,τ , suppose that Γβ,τ ∩ (Γβ,τ + t) is of finite type. Let V = {ω1, ω2, . . . , ωm} be the set of all
types for the vertexes of the reduced graph where ω1 = [F∅([0, 1])] (recall that F∅ is the identity map on R). For each pair
1 ≤ i, j ≤ m the set Ei,j is defined as follows. Take a vertex of type ωi from the reduced graph, say FI([0, 1]) ∈ CΓβ,τ ,k
with [FI([0, 1])] = ωi. Suppose that all offsprings of FI([0, 1]) in the reduced graph are FIJℓ([0, 1]), ℓ = 1, . . . , p, i.e.,

FIJℓ([0, 1]) ∈ CΓβ,τ ,k+1 and FI([0, 1])
Jℓ

−→ FIJℓ([0, 1]). Let

Ei,j = {Jℓ : [FIJℓ([0, 1])] = ωj, ℓ = 1, . . . , p}.

Obviously, Ei,j may be empty, but
m

j=1 Ei,j ≠ ∅ for each 1 ≤ i ≤ m from the definition of the reduced graph. By
Lemma 3.1 the set Ei,j is independent of the choice of FI([0, 1]). By means of Ei,j, 1 ≤ i, j ≤ m a directed graph IFS
{φi,j,J : 1 ≤ i, j ≤ m, Ei,j ≠ ∅ and J ∈ Ei,j} is defined by

φi,j,J(x) = FJ(x) = βJx + FJ(0) for 1 ≤ i, j ≤ m and J ∈ Ei,j

when Ei,j ≠ ∅. This directed graph IFS satisfies the strong separation condition since for each 1 ≤ i ≤ m

[0, 1] ⊃


1≤j≤m,Ei,j≠∅


J∈Ei,j

φi,j,J([0, 1]) with disjoint union on the right hand,

and it determines unique compact sets Ti, 1 ≤ i ≤ m such that (cf. [20,21])

Ti =


1≤j≤m,Ei,j≠∅


J∈Ei,j

φi,j,J(Tj), i = 1, 2, . . . ,m. (10)

For s ≥ 0 let As = (As(i, j))m×m be the incidence matrix where

As(i, j) =


−
J∈Ei,j

βs
J if Ei,j ≠ ∅

0 if Ei,j = ∅.

Let λs be the spectral radius of As. Then

dim
H

m
i=1

Ti = dim
B

m
i=1

Ti = s,

where s is the unique non-negative real number such that λs = 1 (cf. [20,21]).

Theorem 4.4. Let t ∈ Γβ,τ − Γβ,τ be such that Γβ,τ ∩ (Γβ,τ + t) is of finite type. Let the compact subsets Ti, 1 ≤ i ≤ m be
defined as in (10). Let s ≥ 0 be such that the spectral radius of the incidence matrix As = (As(i, j))m×m equals to 1. Then

dim
H
(Γβ,τ ∩ (Γβ,τ + t)) = dim

B
(Γβ,τ ∩ (Γβ,τ + t)) = s.

Proof. From the construction of the reduced graph it follows that dimH T1 = dimB T1 = s since the root vertex [0, 1] =

F∅([0, 1]) is of type ω1 and so T1 contains a copy of Ti for all 2 ≤ i ≤ m. However, we have Γβ,τ ∩ (Γβ,τ + t) = Π(Λ) = T1
by (8). �

In the following, we consider some examples for which the sets Γβ,τ ∩ (Γβ,τ + t) are of finite type and then compute
their Hausdorff dimensions by Theorem 4.4.

Example 4.5. Take β =

√
3−1
2 ∈ (1/3, 1/2), τ = 1 and t = β−β3. ThenΓβ,1∩(Γβ,1+ t) is of finite type by Proposition 4.3.

and so we have dimH(Γβ,1 ∩ (Γβ,1 + t)) = dimB(Γβ,1 ∩ (Γβ,1 + t)) =
log 2

log(
√
3+1)

by Theorem 4.4.

We can find out all types of Γβ,1 ∩ (Γβ,1 + t) by means of Remark 3.4. First we have RΓβ,1,0([0, 1]) = t which gives the
type ω1 = [[0, 1]]. For k = 1 we have (Readers can learn information from Fig. 1)

NΓβ,1,1([0, β]) = {[t, t + β]}, NΓβ,1,1([1 − β, 1]) = {[t, t + β], [t + 1 − β, t + 1]},

and so

RΓβ,1,1([0, β]) = β−1t, RΓβ,1,1([1 − β, 1]) = {β−1(t − 1 + β), β−1t}.

Then one gets two new types ω2 = [[0, β]] and ω3 = [[1 − β, 1]] following ω1, which is represented symbolically as
ω1 → ω2 + ω3. For k = 2, [0, β] has unique offspring [β − β2, β] ∈ CΓβ,1,2 for which NΓβ,1,2([β − β2, β]) = {[t, t + β2

]}
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Fig. 1. The first five levels of component sets of Γβ,1 and Γβ,1 + t with β =

√
3−1
2 and t = β − β3 . Gray and dark intervals denote the component sets of

Γβ,1 and Γβ,1 + t , respectively.

and RΓβ,1,2([β − β2, β]) = {β−2(t − β + β2)}. We denote ω4 = [[β − β2, β]] and so ω2 → ω4. Using the same argument,
one can check that

ω3 → ω4 + ω5, ω4 → ω6, ω5 → ω6 and ω6 → ω6 + ω6.

Thus these give all types and then the incidence matrix is

As =


0 βs βs 0 0 0
0 0 0 βs 0 0
0 0 0 βs βs 0
0 0 0 0 0 βs

0 0 0 0 0 βs

0 0 0 0 0 2βs

 .
The spectral radius of As is 2βs and so the desired result follows.

Example 4.6. Let τ = 1. Then for any β ∈


0, 3−

√
5

2


and any t ∈ {(1 − β)βℓ, (1 − β)(1 + βℓ) : ℓ ∈ N} the set

Γβ,1

(Γβ,1+t) is of finite type and is a generalizedMoran set.Moreover, dimH(Γβ,1∩(Γβ,1+t)) = dimB(Γβ,1∩(Γβ,1+t)) =

log 2
− logβ by Theorem 4.4.

Fig. 2. The first six levels of component sets of Γβ,1 and Γβ,1 + t for β = 0.38 and t = (1 − β)β3 . Gray and dark intervals denote the component sets of
Γβ,1 and Γβ,1 + t , respectively.

It is easy to check that {(1 − β)βℓ, (1 − β)(1 + βℓ) : ℓ ∈ N} ⊆ (Γβ,1 − Γβ,1). Let t = (1 − β)βℓ with some ℓ ∈ N.
For k ∈ N we denote by 1k the member ofΣk

2 consisting of only the digit 1, i.e., 1k = (1, . . . , 1) ∈ Σk
2 . Then F1k([0, 1]) and

S1k([0, 1]) are the most left k-level component sets of Γβ,1 and (Γβ,1 + t), respectively. Note that for j = 0, 1, . . . , ℓ− 1

(1 − β)βℓ < βℓ−j and (1 − β)βℓ + βℓ−j < βℓ−j−1
− βℓ−j, (11)

where the second inequality follows from the condition β ∈


0, 3−

√
5

2


. The first inequality in (11) shows that the

left endpoint of S1ℓ−j([0, 1]) is behind the right endpoint of F1ℓ−j([0, 1]), the second inequality in (11) shows that the
right endpoint of S1ℓ−j([0, 1]) is behind the left endpoint of F1ℓ−j−12([0, 1]). Considering into account the geometrical
symmetry of Γβ,1 and Γβ,1 + t , this implies that #NΓβ,1,i(FJ([0, 1])) = 1 for all J ∈ Σ i

2 with 1 ≤ i ≤ ℓ. Furthermore,
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F1ℓ2([0, 1]) = S1ℓ+1([0, 1]) since these two intervals have same length and common left endpoint t = (1−β)βℓ. Therefore,
#NΓβ,1,i(FJ([0, 1])) = 1 are also true for J ∈ Λi

2 with i ≥ ℓ+1. SoΓβ,1∩(Γβ,1+t) is a generalizedMoran set by Theorem 3.5.
On the other hand, from the proof of Theorem 3.5 it follows that for each 1 ≤ k ≤ ℓ all members of CΓβ,1,k have the same
type, sayωk, and all members of


k>ℓ CΓβ,1,k share the same type, denoted byωℓ+1. ThenΓβ,1∩(Γβ,1+t) is of finite type. By

usingω1 to denote the type of the 0-level component [0, 1]we have (see Fig. 2 for the case that β = 0.38 and t = (1−β)β3)
ωk → ωk+1 + ωk+1, k = 1, . . . , ℓ− 1; ωℓ+1 → ωℓ+2 and ωℓ+2 → ωℓ+2 + ωℓ+2,

which gives the incidence matrix

As =



0 2βs 0 · · · 0 0 0
0 0 2βs 0 · · · 0 0
0 0 0 2βs

· · · 0 0
...

...
... · · ·

...
...

...
0 0 0 · · · 0 2βs 0
0 0 0 · · · 0 0 βs

0 0 0 · · · 0 0 2βs


and so dimH(Γβ,1 ∩ (Γβ,1 + t)) = dimB(Γβ,1 ∩ (Γβ,1 + t)) =

log 2
− logβ . Finally, the case t = (1− β)(1+ βℓ) can be dealt with

in the same way.

Example 4.7. Take β =
1
2 , τ = 2 and t =

3
16 , Then dimH(Γ1/2,2 ∩ (Γ1/2,2 + 3/16)) = dimB(Γ1/2,2 ∩ (Γ1/2,2 + 3/16)) =

log(3+
√
5)−log 2

log 4 .

Fig. 3. The first six levels of component sets of Γ1/2,2 and Γ1/2,2 + 3/16. Gray and dark intervals denote the component sets of Γ1/2,2 and Γ1/2,2 + 3/16,
respectively.

Proof. The setΓ1/2,2∩(Γ1/2,2+3/16)(≠ ∅) is of finite type by Proposition 4.3.We find all types ofΓ1/2,2∩(Γ1/2,2+3/16) as
follows. By ω1 we denote the type of [0, 1] = F∅([0, 1]). Direct computation (also see the Fig. 3) gives thatΛ1 = {11, 12, 2}
and

NΓ1/2,2,1(F11([0, 1])) = {S11([3/16, 1 + 3/16])}, NΓ1/2,2,1(F12([0, 1])) = {S11([3/16, 1 + 3/16])}

and

NΓ1/2,2,1(F2([0, 1])) = {S2([3/16, 1 + 3/16])}.

Thus F11([0, 1]) ∼ F2([0, 1]) (simply obtained by (9)) and we denote by ω2 the corresponding type. Let ω3 denote the type
of F12([0, 1]). So ω1 → ω2 + ω3 + ω2. Note thatΛ2 = {112, 121, 22} and

NΓ1/2,2,2(F112([0, 1])) = {S1111([3/16, 1 + 3/16])} and NΓ1/2,2,2(F121([0, 1])) = {S112([3/16, 1 + 3/16])}.

Hence, F112([0, 1]) ∼ F121([0, 1]) by (9) which corresponds to a new type ω4. As a result, ω2 → ω4 and ω3 → ω4.
Now we only need consider the offsprings of F121([0, 1]) and their corresponding types. F121([0, 1]) has three offsprings
FJ([0, 1]), J ∈ Λ3 = {12111, 12112, 1212} and

NΓ1/2,2,3(F12111([0, 1])) = {S11211([3/16, 1 + 3/16])}, NΓ1/2,2,3(F1212([0, 1])) = {S1122([3/16, 1 + 3/16])}
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and

NΓ1/2,2,3(F12112([0, 1])) = {S11212([3/16, 1 + 3/16])}.

So we have F12111([0, 1]) ∼ F1212([0, 1]) ∼ F121([0, 1]) but F12112([0, 1]) has a new typeω5. Soω4 → ω4 +ω5 +ω4. Finally,
the same argument yields ω5 → ω4 + ω5. Therefore, the incidence matrix

As =



0 2

1
4

s 
1
8

s

0 0

0 0 0

1
4

s

0

0 0 0

1
2

s

0

0 0 0 2

1
4

s 
1
8

s

0 0 0

1
2

s 
1
4

s


and dimH(Γ1/2,2 ∩ (Γ1/2,2 + 3/16)) = dimB(Γ1/2,2 ∩ (Γ1/2,2 + 3/16)) =

log(3+
√
5)−log 2

log 4 by Theorem 4.4. �

The scheme described in this paper can be employed to deal with a more general case. For instance, one can consider
the self-similar sets E generated by the IFS {hk(x) = βτkx + bk : β ∈ (0, 1), τk ∈ N, 1 ≤ k ≤ ℓ}. When bk ∈ rZ[β] and
t ∈ rZ[β] ∩ (E − E)with some r ∈ R, E ∩ (E + t) present a graph-directed structure. We give an example as follows.

Example 4.8. Let β be the positive root of 3x3 + 2x − 1 = 0. Let the compact set E ⊂ R be generated by the IFS {h1, h2, h3}

where

h1(x) = βx, h2(x) = β2x +
2
3
(1 − β2) and h3(x) = β3x + 1 − β3.

Then dimH

E ∩


E +

2
3 (1 − β2)


= dimB


E ∩


E +

2
3 (1 − β2)


=

log γ
−3 logβ where

γ =
7
3

+
34

3(199 + 3
√
33)

1
3

+
(199 + 3

√
33)

1
3

3
≈ 6.22226.

Proof. For simplicity, we denote t =
2
3 (1− β2). First let E + t =

3
k=1 Sk(E + t). The k-level component sets of E and E + t

are determined by

Mk =


J = (j1, . . . , jm) ∈

∞
n=0

{1, 2, 3}n : β3kβjm < βJ ≤ β3k


,

where we denote βJ = βj1 · · ·βjm for J = (j1, . . . , jm) and βj := β j for j ∈ {1, 2, 3}. For I ∈ Mk1 and J ∈ Mk2 we say that
hI([0, 1]) and hJ([0, 1]) have the same type if there exists a similarity map of form ξ(x) = β3(k2−k1)x + c with c ∈ R such
that ξ(hI([0, 1])) = hJ([0, 1]) and

{u : u ∈ NE,k2(hJ([0, 1]))} = {ξ(v) : v ∈ NE,k1(hI([0, 1]))},

where as in (6) NE,k(hJ([0, 1])) is the neighborhood of hJ([0, 1]). Also byΛk we denote the set {J ∈ Mk : NE,k(hJ([0, 1])) ≠

∅}. Now we are ready to decide all types of E ∩ (E + t). By ω1 we denote the type of [0, 1] = h∅([0, 1]). Direct computation
(also see the Fig. 4) yields thatΛ1 = {21, 22, 23, 3} and

NE,1(h21([0, 1])) = {S111([t, 1 + t])}, NE,1(h22([0, 1])) = {S112([t, 1 + t])},
NE,1(h23([0, 1])) = {S113([t, 1 + t])}, NE,1(h3([0, 1])) = {S13([t, 1 + t])}.

Let ωi, i = 2, 3, 4, 5 denote the types of h2k([0, 1]), k = 1, 2, 3 and h3([0, 1]), respectively. We obtain

ω1 → ω2 + ω3 + ω4 + ω5.

Note that h2k([0, 1]) = S11k([t, 1 + t]) for k = 1, 2, 3. Therefore any J = (2, k, . . . , jm) satisfying β6βjm < βJ ≤ β6 belongs
toΛ2. It is easy to check that

{21111, 21112, 21113, 2112, 2113, 2121, 2122, 2123, 213} ⊂ Λ2
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Fig. 4. The first four levels of component sets of E and E + t . Gray and dark intervals denote the component sets of E and E + t , respectively.

and then we have

ω2 → 4ω2 + 3ω3 + 2ω4.

Similarly, we can obtain

ω3 → 2ω2 + 2ω3 + ω4, ω4 → ω2 + ω3 + ω4.

Now we only need consider the offsprings of h3([0, 1]) and their corresponding types. Since β is the positive root of
3x3 +2x−1 = 0, h3([0, 1]) and S13([t, 1+ t]) have the same left endpoints. Moreover we have h31([0, 1]) = S13([t, 1+ t]).
Consequently, {31111, 3112, 3113, 312, 313} ⊂ Λ2 and

ω5 → 2ω2 + 2ω3 + ω4.

Therefore, the incidence matrix is

As =


0 β3s β4s β5s β3s

0 4β3s 3β4s 2β5s 0
0 2β2s 2β3s β4s 0
0 β1s β2s β3s 0
0 2β3s 2β4s β5s 0

 ,
whose spectral radius is

7
3

+
34

3(199 + 3
√
33)

1
3

+
(199 + 3

√
33)

1
3

3


β3s

=: rs.

Thus dimH(E ∩ (E + t)) = dimB(E ∩ (E + t)) = swhere s satisfies rs = 1. �
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