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1. Introduction

Let B € (0, 1/2) and let
Ye(x) = px+k(1—pB), k=-1,0,1.

The middle-(1 — 28) Cantor set I'z < [0, 1] is defined as the unique invariant nonempty compact set under maps ¥, and

Yy
Tg = Yo(Ip) Uri(Ip). (1)

One also call I'g, the self-similar set generated by the iterated function system (IFS) {v/o, ¥1}. The set I3 is the classical
middle third Cantor set. In the past two decades, intersection of Cantor sets has been the subject of several studies [1-12].
The context and motivation are numerous, but mainly come from the discipline of dynamical systems. A brief history of
why intersection of Cantor sets is important in dynamical systems is described by Davis and Hu in [1]. The intersection
I'1;3 N (I3 + t) (or more general, I’y N (I's + t)) has been extensively studied by lots of authors.

WhenO0 < B < 1/3, I's—I'g is the self-similar set generated by the IFS {vy, ¥r1, ¥_1} and satisfies the open set condition
(see (3) in Section 2) so that for each t € I'y — I'g the set I’y N (I's + t) is just a generalized Moran set (see (5) in Section 2).
Thus, the Hausdorff, packing and box-counting dimensions of I’y N (I's + t) can then be determined. When 8 = 1/3, it
can be dealt with in the same way though a bit of difficulty occurs. However, when 1/3 < 8 < 1/2,the set I's N (I'g + 1)
presents very complicated geometrical structure (see (4) in Section 2). A natural question is the following.
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Question 1. For 8 € (1/3, 1/2) what are the Hausdorff, packing and box-counting dimensions of I'y N (I'g + t)?

Note that the middle-(1— 28) Cantor set Iy is a homogeneous Cantor set since it can be generated by an IFS with uniform
contractive ratio (the maps vy and v, have the same contractive ratio 8 in(1)). Hence, pointsin sets I's—I'g and I's N (I g +t)
have an excellent algebraic representation.

Instead of I'g, we consider a class of nonhomogeneous Cantor sets. Let

Fi(x) = Bx and F(x) =p"x+1-p", x€eR, (2)
where 8 € (0, 1) and t € Nare such that 8+ 87 < 1.Itdetermines a unique nonempty compact set I's , < [0, 1] satisfying
I'g. =F(Ig)UF(Ip).

Obviously, I's 1 = I's and we will use I'g ; instead of I'; below. When t # 1, the set I's ; is a nonhomogeneous Cantor set
so that we have no analogous representations as shown in (3) and (4) for the homogeneous case. Again the similar question
arises:

Question 2. What are the Hausdorff, packing and box-counting dimensions of I'g ; N (I's ; +t)?

We mainly focus on the Question 2 since it reduces to Question 1 when t = 1. We will analyze the structure of
I'g - N (I + t) by making use of a geometric approach which were employed to investigate the self-similar sets with
overlaps, e.g. in [13-18], just list a few. The main idea is to investigate for which t the set I's - N (/s ; + t) is of finite type so
that it presents a graph-directed structure and then its Hausdorff, packing and box-counting dimensions can be calculated.
For example, when 8~ is a Pisot number we have (see Proposition 4.3)

I'g N (Ip+t) isoffinite type for eacht € (I'y. — I'p ) N Z[B].

This allows us to get (see Examples 4.5 and 4.7)
() dimy (Fp.1 N (Tp1 + B = B3) = dimp(Tp1 N (T + B — B7) = =% where p = (v3—1)/2 € (1/3,1/2)
(homogeneous case, see Question 1).

(B)dimy (I'y , N (I, + )= dimg (I , N (I'y 5 + )= W (nonhomogeneous case, see Question 2).

In addition, I's - N (I'g,; + t) may present a graph-directed structure for some t even if 87! is not a Pisot number. For

instance, in Example 4.6 we show that for any 8 € (0, (3 — ﬁ)/Z) (note that (3 — \/5)/2 > 1/3)and any ¢ € N, sets
Tp1(\Tp1+(1— B)B%) and g 1T+ (1-p)1 + %)) present graph-directed structures and they all have the same

Hausdorff and box dimensions J‘l’fgzﬂ

For Question 1, an alternative way is to investigate for which 8 and ¢ the set I's 1 [\(I's,1 +t) presents a structure of the
generalized Moran set so that their Hausdorff, packing and box-counting dimensions can be determined. For example, we
obtain (see Theorem 3.5 and Corollary 3.6).

(C)Lett € I'g1 — I'g,1.Then I'g 1 N (I'g,1 + t) is a generalized Moran set if #Npﬁ_l,k(lfj([o, 1])) < 1forany k € NU {0} and
any] € X%

(D) Let t € I'g,y — I'p,1.If for some m € N there exist no new type for members from |, ,, Cry ik and #Npy | k(F([0, 1])) < 1
forany] € 2§ with k < m.Then I'g 1 (\(I's,1 + t) is a generalized Moran set.

This paper is arranged as follows. A geometrical description for the structure of I'g ; N (g ; +t) is arranged in Section 2.
Following the idea in [17], the concept of type is defined for some component sets of s ; by means of an equivalent
relation and a sufficient and necessary condition for I's . N (I's; + t) to be of finite type is then established in Section 3
(see Theorem 3.3). The final section is mainly devoted to a scheme for computing the Hausdorff dimensions of I'g - N (g +t)
(see Theorem 4.4). Some examples are included. This paper is mainly enlightened by [17].

2. Geometrical structure of I'g ., N (/g + t)

In this section we first explain how to determine the Hausdorff, packing and box-counting dimensions of I's 1 N\ (I 1 +1t)
with 8 € (0, 1/3] and what difficulties we encounter for the case 8 € (1/3, 1/2) and further for the nonhomogeneous case.
Then we introduce some notations and analyze the geometrical structure of I's ; N (I'g ; + t).

It is easy to see that

Fﬂy] n (Fﬂy] + t) 75 ¢ ifand Only ift € Fﬂy] — Fﬂy],
and the compact set I's 1 — I'g 1 is generated by the IFS {yo, V1, ¥_1}, i.e.,

Tg1—Tp1=v_1Tp1—Tp 1) UboTp1—Tp1)Ui(Tg1— Ip1). (3)
Thus we have

Tga=1> kB (=B : Gy € {0, 1,
k=1
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and

Ty — g = {ijﬂ’”(l — ) GO, € {~1.0, 1}N} :

k=1
One can check thatforat € I'g 1 — I'g 1 (cf.[8,9])

o0

panpa+0= | !inﬁl_](l —B) x {0, 13N{t i+ 1}} (4)
(g, Li=1

where the union is taken over all ()2, € {—1,0, 1}V satisfying t = Zﬁil txB*1(1 — B). When B8 € (0, 1/3), each

t € I's1 — I'p,1 has a unique (&), such thatt = Y 2, 8¢ 1(1 — B) and so

IgaNUg1+1)= {inﬂi_]ﬂ —B):x {0, 1}N{t;, t; + 1}} . (5)

i=1
When B8 = 1/3, I'3,1 N (13,1 + t) is either of form (5) or a finite set.

The set on the right side of (5) is called a generalized Moran set and its Hausdorff, packing and box-counting dimensions
can be determined in terms of (t,)2, (cf. [8,9]).

When 8 € (1/3,1/2),at € Iy, — I'p; may have a uncountable number of (t)p2; € {—1,0, 1}V satisfying
t =Y, txB*"1(1 — B), which make it hard to determine the Hausdorff, packing and box-counting dimensions of
I'g 1 N (I'g1 + t). Furthermore, the above approaches fail to be effective for the nonhomogeneous case.

Let X, = {1,2} and 5 = J,., % be the set of all finite words, where X' is the set of all words of length n and X7

contains just the empty word ¢. For ] € X7 let |J]| = n denote the length of J. ForI € XJ"and ] € Eé, let]] € Z3*"
be the concatenation of I and J. Let 2§ ={ = Gi,Jo,...) 1 Jji € Xp}.Fora] = (j1,j2,...) € X3 and k € N let
Jlk=G1,...,jk) € Eé‘. Let By = Band B, = B*.ForaJ = (j1,...,jk) € Eé‘ denote (recall F; and F, are defined in (2))

F =F oF,0---0F, By = BB, - - - Biw»
where we adopt the convention that 85 = 1 and Fj is the identity map on R. Thus

. =) J Fo, 1.

’{:0]€E£<

We establish a bijection I7 : XY — I .:for] = (j1,j2,...) € 5

Koo oo -1
() = lim F(0) = lim (bjl +2_ by 1‘[&) =b;, + )b, [] A
(=2 s=1 =2 s=1
where by = 0,b = 1— 87, 8y = Band B, = B". Foreach k € Nlet
M= U = G- ojm) € Z31B%Bin < B < B™),

and let M, consist of only the empty word @. Then F; ([0, 1]),] € M, are mutually disjoint and have comparable lengths,
ie, B < |F([0, 1D|/|F ([0, 1])| < B~F forany I, ] € M. Moreover,

o0

ry- = |J Rao, 1.

k=1JeM

LetS1(x) = Bx+t(1 = B), S () = x+ (t+1)(1 = pB7)andS; =S, 0S5, 0--- 08§, for] = (1, ...,jk) € 2§ with Sy
being the identity map. Then

[e°]
Tpett=S1(Tp:+0DUSTp.+0 =[St 141D
k=1JeMy

The sets F; ([0, 1]), S;([t, 1 + t]) for ] € M are called the k-level component sets of I's . and I'g . + t, respectively
(so Fz([0, 1]) = [0, 1] and Sy ([t, 1 + t]) = [t, 1 + t] are the O-level component sets).
For a k-level component set, say F ([0, 1]) with] € My, k € NU {0}, of I's  its neighborhood N, . «(F; ([0, 1])) is defined
as the collection of k-level component sets of I . + t which it intersects, i.e.,
Nr, . k(F ([0, 11) = {Si([t, 1+ t]) : I € My, Fy([0, 1]) NS ([t, 1+ t]) # ¥} (6)
Let

A =1{] € Mk : Nry _«(F([0, 1])) # 0}
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We remark that for some F; ([0, 1]) withJ € M, N[‘ﬂvryk(F]([O, 1])) may be empty. If it is the case they do not intersect any
k-level component sets of I . + t and so have no contribution to I's . N (I'g; + t). One can readily check that

oo

MgN e +0 =) JFW0 1. (7)

k=1JeAy

Thus, Ay with k € N U {0} geometrically characterize I'g ; N (I, + t). Let

Cryok = {F(0, 1) :J € A} and erﬂ,,={F,<[o, 1]):JeUAk}.

k>0
A graph with vertex set Cry, is constructed as follows. For I € Ay and] € Ay, if there exists an £ € X3 such that
J = I¢, then we connect a directed edge £ from F; ([0, 1]) to F;([0, 1]) and denote this by F; ([0, 1]) N F; ([0, 1]). In this

case, F ([0, 1]) is called the parent of F; ([0, 1]) and F; ([0, 11) an offspring of F; ([0, 1]). Clearly, each k-level component set in
Cry .. k (k > 1) of I's . has only one parent, but may have no offsprings. The reduced graph is then constructed by removing

those vertexes having no offsprings and the edges going to them. The reduced graph determines a subset A of EZN :

A={]=(i.j2..) € T} : thereexistn(J, 1) < n(J,2) < --- such that (j1, ..., jng.k) € Ar} . (8)

Then I'g ; N (Ig,r +t) = IT(A) by (7). In addition, the concept of parent and offspring can be defined in the same way for
the component sets in {S;([t, t + 1]) : I € {J;-o Mk} of I's + t. Note that each component set of I ; + t has only one
parent, but at least two offsprings. B

3. Equivalence relation and type

We now establish an equivalence relation for members in Cry,.Forni € Cry, i and n, € Cry; ky»> M and ), is said
to be equivalent, denoted by 1, ~ 1, if there exists a similarity map of form &(x) = g**2~®)x 4+ ¢ with ¢ € R such that
§(n1) = n2 and

(us €N 1,12} = {EW) 1 v € Npy iy (7).
It is easy to check that ~ is indeed an equivalence relation. We shall use [n] to denote the equivalence class, and call it the

type of n.
The following lemma describes some properties related to the offsprings, neighborhood of a pair of equivalent component
sets.

Lemma 3.1. For I € Ay, and] € Ay, let Nry .k (Fi([0, 1) = {Sp e, 14+¢D, ..., S,t, 14+t])} and Nry . ko (F ([0, 1])) =
{S,({t, 1+tD, ..., S, ({t, 1+ t]}. Suppose F; ([0, 1]) ~ F ([0, 1]). Then

(D n=m,If € Ay, yqifandonly if J€ € Ay,41;
(I1) Let Fip, ([0, 11), 1 < i < s be all offsprings of F;([0, 1]) in the order from left to right, I:JQj([O, 1]), 1 <j <t be all offsprings
of F;([0, 1]) in the order from left to right. Then s = t and [Fjp, ([0, 1])] = [Fjo;([0, 1D]fori=1,...,s.

Proof. Let & (x) = g7 *~k)x + ¢ be such that F;([0, 1]) = £(F([0, 1)), equivalently & o F; = F,.
(I) n = m just derives from the definition of equivalence. Without loss of generality, we assume that S, ([t, 1 + t]) =
E(S,([t, 1+¢]), 1 <i < m(equivalently £ o S;, = S},). We first prove I{ € M, 11 ifand only if J¢ € My, . Recall that

My ={P=(p1,....pm) € Z5|1B™Bp, < Br < B™}.

with 81 = B, B, = B*.Supposell € My, 41 withe = (¢4, ..., £s).Then (BHMH1B, < BB < (BT)M1+1, By the equivalence
of Fi([0, 1]) and F ([0, 1]) we have g; = (B7)*2~%1 g, which implies that (8%)2*18,, < BB, < (B9)2*,i.e., J€ € My, 11.
The converse is given in the same way.

It remains to check that I£ € Ay, ifand only if J¢ € Ay,44. Recall that

Ak ={P € My : Nry  «(Fp([0, 1])) # @, k > O}.

So one only needs to show that Nry o g +1(Fre ([0, 1)) # ¢ if and only ifNFﬁYT_kTH (Fje ([0, 11)) # @. By symmetry, we merely
show the “only if” part below. Suppose Npﬁj,k]ﬂ(Fm([O, 11)) # @. Then there exist some 1 <i < mand £* € XJ such that

Ii£* € My, 11 and  Fe([0, 1]) N S ([t, £ 4+ 1]) # 2.

Since & o F; = Fjand & o S, = S;;, we have & (Fi¢ ([0, 1])) = Fj([0, 1]) and & (Sy,¢x ([t, t + 1])) = Sjex([t, t + 1])
Jit" € My, and  Fe([0, 1) NSy ([t, £ 4 1]) # 4,

leading to N , k,+1(Fje ([0, 11)) # 0.
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(I) Since I£ € Ay, 41 ifand onlyif J¢ € Ay,+1 by (I), wehaves =tandP; = Q;for1 <i <s.
For simplicity, it suffices to show [Fip, ([0, 1])] = [Fp, ([0, 1])]. Note that

Nl"ﬁ_,,k]«l»l(FlP] ([Os ]])) = {Slj(’,([tv t+ 1]) : FlP] ([Os ]]) msli@([t’ t+ ]]) # @, 1= i =n, IlZ € ‘Mk1+1} P

and

Nry , ko+1(Fpy ([0, 1]) = {Sjil([t» t+ 1D : Fp, ([0, 1D NS ([t, £ + 1)) #P, 1 <i<n,Jil € Mkzﬂ} .
Therefore, the desired result follows from the fact§ o F; = F;and§ oS, = §;,. O

Definition 3.2. ' ; N (I . + t) is said to be of finite type if and only if {[w] : w € @pﬂyr} is a finite set.

Theorem 3.3. Let t € I, — I'p . For acomponent set n of I'g , or I's ; +t we denote by 7 its left endpoint. For ak € N U {0}
andann € Cry, .k let

Rry, () ={B"™ @ —A) :v €N, «(} and Rp,, ={Rpy () :n € Cry i ke NU{O}.
Then I'g ; N (I'g . + t) is of finite type if and only if Rry . is a finite set.
Proof. Let us first recall that for n; € Cry .k
g(x) = pTk2=k)x 4 ¢ with ¢ € R such that

,and n, € Cry . hy> 11 ™~ M2 if and only if there exists a linear map of form

§m) =mn2 and {u:u€Np 2} ={EW) v eNr, k)

By Lemma 3.1(I) one can assume Nry ok = {uy = n2,uz, ..., uy} and Nry .k (n1) = {v1 = n1, v, ..., vy} which satisfies
Ew)=u,i=1,2,...,n.Thusn; ~ ny ifand only if foralli=1,2,...,n
Bl = B~ w| and BT — A1) = BTl — Fo). 9)

This means that R[‘ﬂ'r,]ﬁ (m) = Rpﬂ_r,k2 (n2) when n; ~ n,.So the necessity is true. On the other hand, for a k-level component
setnof I's , or I’y + t we have B~"|n| € {*: £ =0, 1,..., T — 1}, which implies the sufficiency. O

Remark 3.4. For the case T = 1, each k-level component set of Ig ; is uniquely determined by its left endpoint. Thus, for
M € Cry .k and m2 € Cry  k,, M ~ 12 if and only if

BH@—m)lve Nry 1 (M)} = (BR@—y)lu e Nry 10 (12)}
where 7 denotes the left endpoint of the component set n of I's ; or I's 1 + t.

Whent = 1,letusrecall that I's 1 = I'g and, correspondingly, My = Z‘é‘. Asshownin(5), I's 1N (I 1+t) is a generalized
Moran set when 8 € (0, 1/3). The following theorem shows that I's 1 N (I'g 1 + t) sometimes may be a generalized Moran
set without the restriction on f.

Theorem 3.5. Let t € Iz — Igq. Then I'g 1 N (I'p1 + t) is a generalized Moran set if #Nrﬁvl’k(F]([O, 1)) < 1 for any
k€ NU{0}and any] € X¥.
Proof. We begin with k = 1. Then there are two possible cases.

Case 1. #Npﬂylvl(F]([O, 1) = #Npm,](Fz([O, 1])) = 1. In this case, N[‘ﬂj,](Fl([O, 1)) = Si([t,t + 1]) and
Nry , 1(F2([0, 1) = Sz ([t, t + 11), implying F1([0, 11) ~ F>([0, 1]).

Case 2.0nlyonej € 221 is such that #Npm,](Fj([O, 1)) = 1. Surely F;([0, 1]) ~ F;([0, 1]) in this simple case.

Thus, for both cases described above we have that all F; ([0, 1]), I € A; are equivalent. Now suppose that all F; ([0, 1]),I €
Ay are equivalent. From Lemma 3.1(1I) it follows that either each F; ([0, 1]) with I € A has only one offspring and they are

equivalent, or each F; ([0, 1]) with I € Ay has two offsprings and all these offsprings are equivalent (F;; ([0, 1]) ~ F;»([0, 1])
derives from the same argument as that in case 1; F;([0, 1]) ~ Fj;([0, 1]) fori = 1, 2 follows from Lemma 3.1(II)). Therefore,

foreachk € N, F ([0, 1]), I € Ay are equivalent, i.e., they are of same type. Hence, Ay is of form ]_[;‘=1 D;with@ # D; C {1, 2},
ie, I'g1 N (I'g1+t) # @isageneralized Moran set. O

Corollary 3.6. Let t € [y — Ip1. If for some m € N there exist no new type for members from ., Cryy .k and
#Npﬁ_lyk(F,([O, 1])) < 1forany] € 2;‘ with k < m.Then I'g 1 (\(I's,1 + t) is a generalized Moran set.

Proof. We claim that #Nry 1 k(F([0,1]) < 1 still hold for any J € 25 with k > m and so the desired result follows from
Theorem 3.5. In fact, if#Npﬂ_l,k(Ifj([O, 1])) > 1forsome] € 2§ and k > m, then the type of F;([0, 1]) isnew. O

As adirect application, one can see that when 8 € (0, 1/3), I's1 [ \(I’5,1+t) is ageneralized Moran set forall t € I's 1 — 1,1
since #Nrﬁ,l,k(F]([O, 1])) < 1always hold (also see (5)). When 8 = 1/3, for each t € I'y3 1 — I'/3,1 there existsanm € N
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such that #Nn/”k(F]([O, 1])) < 1forany] € Ef with k > m. Thus, foreach t € I'ys1 — I'ysq, Dz (s +t)isa

finite union of generalized Moran sets. As will be shown in Example 4.6, for each 8 € (1/3, (3 — ﬁ)/Z), Ig 1T +1)
are generalized Moran sets for some .

4. Finite type conditions and graph-directed structure

4.1. Finite type conditions

In this subsection a condition is given such that I's ; N (I's . + t) is of finite type. The following well-known result about
Pisot numbers can be found in [19].

Lemma 4.1. Suppose that B~ is a Pisot number. Let M, N be two positive constants and let

k
Qun = iZa,ﬂ" lail <M, a; € Z,k € NU {0}} N[—N,N].
i=0
Then 2y y is a finite set.

Let Z[B] = {Z;ﬂ:o ap g €Z,meNU {0}}. The following derives directly from Lemma 4.1.

Corollary 4.2. Suppose that S~ is a Pisot number and that N is positive constant. Let D C rZ[B] be a finite set with r € R.
Then

k
Bpy = {Ze,ﬂ—" eieD keNU {O}I N[-N,N]
i=0

is a finite set.
Proof. Let

pi
D={rZa,jﬁj:aijeZ,p,-eNU{O}, i=1,...,€].

j=0
Let s = maxj<j<¢ p;. Since h = max{|a;| : 1 <i<¢,0 <j<p;} <ooand

i=0

k .
Bpy = B°r ({Z %ﬂ*"*s cegeD keNU {0}} N[-NB~*r", N,Bsrl]) ,

the desired result follows from Lemma 4.1. O

Proposition 4.3. Suppose that B~ is a Pisot number. Then I'g - N (I'g,r +t) is of finite type for each t € (I'p  — I'p -) NZ[B].
Proof. Let Rry, be as in Theorem 3.3. By Theorem 3.3 it suffices to show Rry, is a finite set. For an n = F;([0, 1]) with
J=0G1,...,jm) € Arandad = S;([t,t+1]) € Npﬁyr,k(n) withl = (i, ..., i) € My, we have (recall 8; = B and B, = 87)

m -1
7 =F0 =b,+) b []5
=2 s=1
and

n

-1
SO =c, + Y c [] B+ At

=2 s=1
whereb; =0,b, =1— 8%, ¢c; =t(1—B)andc; = (t + 1)(1 — B7). Thus

5

n -1 m -1
BTG — i) = (c, —b)B  + BB+ e, BT B = Db BT [ B
(=2 s=1 =2 s=1

Note that ] = (j1,...,jm) € AcandI = (i, ..., i) € My, which implies that both g~7* ]_[f;l1 Bi; and Bk ]_[f;ll Bj, in
above formula are of form 8P with1 <p <tk —1, ,3,/3*”‘ e{1,B,..., B '}.Since |;3*”‘(3 — )| < 1, we have

14
BTG —f)eBpi=1{)> ep:eeD L eNU {0}} N[-1,1]
i=0

where D C Z[f] is a finite set independent of k. Therefore, Ry, isa finite set by Corollary 4.2. O
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4.2. Graph-directed structure and examples

Forafixedt € I's ; — I ¢, suppose that I'g . N (I'g; + t) is of finite type. Let V = {w1, @y, ..., wy} be the set of all
types for the vertexes of the reduced graph where w; = [F4([0, 1])] (recall that Fy is the identity map on R). For each pair
1 < i,j < mthe set E;; is defined as follows. Take a vertex of type w; from the reduced graph, say F; ([0, 1]) € Cry, .k

with [F ([0, 1])] = ;. Suppose that all offsprings of F;([0, 1]) in the reduced graph are Fy, ([0, 1]),£ = 1,...,p, ie,
J,
Fy, ([0, 1]) € Cry . k+1 and F ([0, 1]) — Fy, ([0, 1]). Let
Eij={e¢: [Fy, (0, 1D)] =w;, £ =1,...,p}.

Obviously, E;; may be empty, but UJ'": 1Eij # @ foreach1 < i < m from the definition of the reduced graph. By
Lemma 3.1 the set E;; is independent of the choice of F ([0, 1]). By means of E;j, 1 < i,j < m a directed graph IFS
{¢ij;: 1 <i,j<mE+#*@Pand] € E;;} is defined by

@ijjx) =F(x)=Bx+F(0) forl<ij<mand]e€E;
when E; ; # . This directed graph IFS satisfies the strong separation condition since foreach 1 <i <m

[0,1] D U U ¢i;([0, 1]) with disjoint union on the right hand,
1<j<m,E; j#0 J€Ej

and it determines unique compact sets T;, 1 < i < m such that (cf. [20,21])

T, = U U(/J),‘,j,](Tj), i= 1,2,...,m. (10)

1<j<m.E; j#0 J€E; j
Fors > 0 let A; = (As(i, j))mxm be the incidence matrix where
(Y i
As(i, j) = ek
0 ifEjj = 0.
Let A be the spectral radius of A;. Then

m m
dLmUT,- = diBmUTi =5,
i=1 i=1

where s is the unique non-negative real number such that A; = 1 (cf. [20,21]).

Theorem 4.4. Let t € I'g, — I'p . be such that I'g . N (I'g; + t) is of finite type. Let the compact subsets T;, 1 < i < m be
defined as in (10). Let s > 0 be such that the spectral radius of the incidence matrix As = (As(i, j))mxm equals to 1. Then

d}_’m(f‘ﬁ,, NI +1) = diBm(I"ﬁ,T NI +1t)) =s.

Proof. From the construction of the reduced graph it follows that dimy T; = dimg T; = s since the root vertex [0, 1] =
Fy([0, 1]) is of type w; and so T; contains a copy of T; for all 2 < i < m. However,we have I3 ; N (I3 +t) =11(A) =T,
by (8). O

In the following, we consider some examples for which the sets I's - N (I3, + t) are of finite type and then compute
their Hausdorff dimensions by Theorem 4.4.

Example 4.5. Take 8 = @ € (1/3,1/2),t = 1andt = B — B> .Then I'g 1N (I1+1) is of finite type by Proposition 4.3.

and so we have dimy (I'g 1 N (I'g1 +t)) = dimg(Ig1 N ([p1 + 1)) = log;(j/g;+l) by Theorem 4.4.

We can find out all types of I'g 1 N (I's,1 + t) by means of Remark 3.4. First we have RFB.LO([O, 1]) = t which gives the
type w; = [[0, 1]]. For k = 1 we have (Readers can learn information from Fig. 1)

Nfﬁ.l,l([oa ﬁ]) = {[ta t+ ﬂ]}’ Nfﬂ.1,1([1 - :37 1]) = {[t7 t+ ,B], [t +1-— /35 t+ 1]}5
and so
Rry,1(10, ) = 7't Ry a((1—= B, 1) ={B" 't —1+p), 't}

Then one gets two new types w, = [[0, B]] and w3 = [[1 — B, 1]] following w;, which is represented symbolically as
w1 — wy + ws3. For k = 2, [0, B] has unique offspring [8 — B2, B] € Cry,.2 for which Npy, ([ — B, B]) = {[t, t + B2}
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Fig. 1. The first five levels of component sets of I' ; and I'p 1 + t with 8 = @ and t = B — B3. Gray and dark intervals denote the component sets of
I'g 1 and I'g 1 + t, respectively.

and Ry, 2([8 — B2, BD) = {B72(t — B + B?)}). We denote ws = [[8 — B2, B]] and so w, — w4. Using the same argument,
one can check that
w3 —> w4 + ws, wy —> W, ws —> wg and wg —> wg + we.

Thus these give all types and then the incidence matrix is

0 8 B 0 0 0

0 0 0 g 0 O
a0 0 0 g g 0
s=lo o0 0o 0o o g
00 0 0 0 g

0 0 0 0 0 28

The spectral radius of A is 28° and so the desired result follows.

2
I 1 ((Ip,1+t) is of finite type and is a generalized Moran set. Moreover, dimy (I's,1N (I 1+t)) = dimg(Ip,1N(Ip,1+t)) =

log2
_‘l’fg 5 by Theorem 4.4.

Example 4.6. Let T = 1. Then for any 8 € (0, 3;@) andany t € {(1 - B)B% (1 —pB)1A+ 8% : £ € N} the set

Fig. 2. The first six levels of component sets of I’ ; and I ; + t for 8 = 0.38 and t = (1 — B)p°. Gray and dark intervals denote the component sets of
I'g 1 and I'g 1 + t, respectively.

It is easy to check that {(1 — B)B*, (1—B)(1+ B%) : € € N} C (I's,1 — I'p1). Lett = (1 — B)B" with some £ € N.

For k € N we denote by 1, the member of E§ consisting of only the digit 1,ie., 1, = (1,...,1) € 25‘. Then Fy, ([0, 1]) and
51, ([0, 1]) are the most left k-level component sets of I'g ; and (/g1 + t), respectively. Note thatforj=0,1,...,£ —1
(1= < B and (1-p)p' +p7 <p~7" -7, (11)

where the second inequality follows from the condition § € (0, 3_2—6) The first inequality in (11) shows that the

left endpoint of SlH([O, 1]) is behind the right endpoint of Fuﬂ.([O, 1]), the second inequality in (11) shows that the
right endpoint of Su_j([O, 1]) is behind the left endpoint of Fi,_;_;2(10, 1]). Considering into account the geometrical

symmetry of I's 1 and I'g 1 + t, this implies that #Nrﬂ.hi(F]([O, 1])) = 1forall]J € Z‘; with 1 < i < /. Furthermore,
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Fy,2([0, 1]) = Sy, ([0, 1]) since these two intervals have same length and common left endpoint t = (1— B)B¢. Therefore,

#N,-ﬁ.l,i(F] ([0, 1])) = 1arealso true for] € A"2 withi > £+41.S0 I'g 1N (I 1 +t) is a generalized Moran set by Theorem 3.5.
On the other hand, from the proof of Theorem 3.5 it follows that for each 1 < k < £ all members of Cryy.k have the same

type, say w, and all members of | J,._, Cry 1k share the same type, denoted by w1. Then I'g 1 N (I, +t) is of finite type. By
using w; to denote the type of the 0-level component [0, 1] we have (see Fig. 2 for the case that 8 = 0.38 and t = (1—8)8°)

W —> W1+ o1, k=1, -1, Wep1 = Wppp ANd - @py —> Wpyp + Weq2,
which gives the incidence matrix
0 28 0 -+ 0 0 0
0o 0o 28 0 --- O 0
0 0 0 2p 0 0
Ag=11 : R :
0 0 0 0 28° 0
0 0 0 0 0 B’
0 0 o --- 0 0 2p

and so dimy (I'p,1 N (Ip,1+t)) =dimg(Ip 1N (I 1+1t)) = 1082 Finally, the case t = (1 — B)(1 + B%) can be dealt with

) —logp”
in the same way.

Example4.7. Take 8 = 1, r =2andt = =, Thendimy(I'22 N (22 + 3/16)) = dimp(I'j22 N (INj22 + 3/16)) =

log(3++/5)—log 2
log4

(5]

5]

1212
ml ——  — 3
lzl\ll 12112

11211 11212

Fig. 3. The first six levels of component sets of I ; and I'1/2 > + 3/16. Gray and dark intervals denote the component sets of I3 > and I3, + 3/16,
respectively.

Proof. The set Iy 5 , N (I 22+ 3/16) (5 ¥) is of finite type by Proposition 4.3. We find all types of I'1 ;2 » N (I1/2,2+3/16) as
follows. By w; we denote the type of [0, 1] = F4([0, 1]). Direct computation (also see the Fig. 3) gives that A; = {11, 12, 2}
and

Nry,,,1(F11 ([0, 11) = {S1:([3/16, 1 + 3/16])}, Nryp,,1(F2([0, 11) = {S11([3/16, 1 + 3/16])}
and

Nry,,,1(F2([0, 1) = {S2([3/16, 1+ 3/16D)}.

Thus F1([0, 1]) ~ F([0, 1]) (simply obtained by (9)) and we denote by w, the corresponding type. Let w3 denote the type
of F15([0, 1]). So w1 — wy + w3 + w,. Note that A, = {112, 121, 22} and
Nryj,5,2(F112([0, 1)) = {S1111([3/16, 1+ 3/16])} and Np,,, 2(F121([0, 11)) = {S112([3/16, 1 + 3/16])}.

Hence, F112([0, 1]) ~ F21([0, 1]) by (9) which corresponds to a new type w4. As a result, w; — w4 and w3 — wq.
Now we only need consider the offsprings of Fy51([0, 1]) and their corresponding types. F121([0, 1]) has three offsprings
F ([0, 1]),] € A5 = {12111, 12112, 1212} and

Nry)5.3(Fi2111([0, 11)) = {S11211([3/16, 1 + 3/16])}, Nry)55.3(Fi212([0, 11)) = {S1122([3/16, 14 3/16])}
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and
Nry)55,3(F12112([0, 11) = {S11212([3/16, 1 + 3/16])}.

So we have Fi3111([0, 1]) ~ F1212([0, 11) ~ Fi21([0, 1]) but F12112([0, 1]) has a new type ws. S0 w4 — @4 + ws + w,. Finally,
the same argument yields ws — w4 + ws. Therefore, the incidence matrix

1\° 1\°
0 2(- — 0 0
4 8
15
0 0 0 (7> 0
4
15
As=1|0 0 0 (7> 0
2
1\’ 1\’
0 0 0 27> <7)
4 8

o

o

o
N =
N————"
I
S
N,
N——
“»

and dimy (122 N (/2.2 + 3/16)) = dimg(I2, N (22 + 3/16)) = W by Theorem 4.4. [

The scheme described in this paper can be employed to deal with a more general case. For instance, one can consider
the self-similar sets E generated by the IFS {hy(x) = B™*x + b, : B € (0,1), 7, € N,1 < k < £}. When b, € rZ[8] and
t e rZ[B1N (E — E) withsomer € R, E N (E + t) present a graph-directed structure. We give an example as follows.

Example 4.8. Let 8 be the positive root of 3x> + 2x — 1 = 0. Let the compact set E C R be generated by the IFS {h;, h,, h3}
where

2
hi(x) = Bx,  hy(x) = p*x + 5(1—;32) and h3(x) = p’x+1— B>

Then dimy (E N (E + 3(1— %)) = dimg (E N (E + 3(1 — $9))) = —EL; where

1
7 34 199 + 34/33)3
y=-+ L U9 )~ 6.22226.

3 3(199 + 34/33)3 3

Proof. For simplicity, we denote t = %(1 — B%).FirstletE+t = Ui:] Sk(E + t). The k-level component sets of E and E + t
are determined by

My = {] = (j]v . -~7jm) € U{]7273}n : :33k:3jm < :B] = ﬂ3k} )
n=0

where we denote §; = B, - - - Bj,, for] = (i1,...,jm) and B == B forj e {1,2,3).Forl e My, and | € My, we say that
hi([0, 1]) and h; ([0, 1]) have the same type if there exists a similarity map of form & (x) = p>*2=*¥)x 4 ¢ with ¢ € R such
that & (h; ([0, 1])) = hy([0, 1]) and

{u:u € Ney, (([0, 1])} = {§(v) : v € N, (i ([0, 1]))},

where as in (6) Ng «(h; ([0, 1])) is the neighborhood of h; ([0, 1]). Also by A, we denote the set {J € M : Ng ,(h; ([0, 1)) #
#}. Now we are ready to decide all types of E N (E + t). By w1 we denote the type of [0, 1] = hy([0, 1]). Direct computation
(also see the Fig. 4) yields that A = {21, 22, 23, 3} and

NE1(h21([0, 1D)) = {S1na([t, T+ tD}, Ne1(h22([0, 1) = {Si2([t, 1+ €D},
Ne1(h23([0, 1)) = {Suis([t, T+ tD}, Npa(hs([0, 1)) = {Sis([t, 1+ tD}.

Let w;, i = 2, 3, 4, 5 denote the types of hy ([0, 1]), k = 1, 2, 3 and h3([0, 1]), respectively. We obtain
w1 —> wy + w3 + wg + ws.

Note that hy ([0, 1]) = Sy1k([t, 1+ t]) for k = 1, 2, 3. Therefore any | = (2, k, .. ., jn) satisfying 88, < B; < B° belongs
to A,. It is easy to check that

{21111, 21112, 21113, 2112, 2113, 2121, 2122, 2123, 213} C A,
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Fig. 4. The first four levels of component sets of E and E + t. Gray and dark intervals denote the component sets of E and E + t, respectively.

and then we have

wy —> 4wy + 3wz + 2w4.

Similarly, we can obtain

w3 —> 2wy + 2w3 + Wy, wyq —> Wy + w3 + wy.

Now we only need consider the offsprings of h3([0, 1]) and their corresponding types. Since g is the positive root of
3x34+2x—1 =0, h3([0, 1]) and S13([t, 1+t]) have the same left endpoints. Moreover we have h3; ([0, 1]) = Sy3([t, 1+¢t]).
Consequently, {31111, 3112, 3113, 312, 313} C A, and

ws = 2wy + 2w3 + w4.

Therefore, the incidence matrix is

0 ﬂ35 ,345 IBSS ﬂ35
O 4ﬂ35 3ﬂ45 2[355 O
As — 0 21325 2[335 /345 0 ,
0 /315 ﬂZS /335 0
0 2ﬂ3s 2ﬂ45 ﬂSS 0
whose spectral radius is
1
7 34 199 4+ 34/33)3
z+ 1+( 2 g
3 3(199 4 34/33)3 3

Thus dimy (E N (E 4 t)) = dimg(E N (E 4+ t)) = s where s satisfiesr; = 1. O
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