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Abstract

Let I'g v be the N-part homogeneous Cantor set with 8 € (1/(2N — 1), 1/N).
Any string (jo)p2, with j, € {0,£1,...,£(N — 1)} such that t =
Z?il jgﬂ‘z’l(l — B)/(N — 1) is called a code of t. Let Ug 1y be the set
of t € [—1, 1] having a unique code, and let Sg +n be the set of t € Upg +n
which makes the intersection I'gy N (I'gny + ¢) a self-similar set. We
characterize the set Ug +ny in a geometrical and algebraical way, and give a
sufficient and necessary condition for t € Sg +x. Using techniques from beta-
expansions, we show that there is a critical point 8, € (1/2N — 1), 1/N),
which is a transcendental number, such that Ug +y has positive Hausdorff
dimension if § € (1/(2N — 1), B.), and contains countably infinite many
elements if 8 € (B, 1/N). Moreover, there exists a second critical point
ac=[N+1—-(N-1D(WN+3)]/2e€ (1/2N — 1), B.) such that Sg 1y has
positive Hausdorff dimension if 8 € (1/(2N — 1), «.), and contains countably
infinite many elements if 8 € [a,, 1/N).

Mathematics Subject Classification: 28A80, 28A78

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Let {fi(x) =rix + bi}f:] be a family of functions on R with 0 < |r;| < 1. It is well known
(cf [5]) that there exists a unique nonempty compact set I' € R such that

p
r=Jsm.
i=1
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In this case, I' is called the self-similar set generated by the iterated function system (IFS)
O,

We will be interested in the self-similar set I'g o generated by an IFS {¢,(-) : d € @},
where 2 is a finite set of integers, and

da(x) =Bx+d(1—B)/(N —1), xeR

for some N > 2 and B8 € (0, 1/N). It is well known that one can establish a surjective map
g 1 Q% — I'g o by letting

mo(J) = (1

Z JelglZ 1(1 - B)
for J = (jo)jo, € . The infinite string J is called an Q-code of mq (J). Note that an element
x € I'g o may have multiple 2-codes. These 2-codes are closely related to the classical beta-
expansions (cf [4,7,12,17-20]). A sequence (s¢)jc, € Q% is called a B-expansion of x with
digit set Q if we can write

oo
X = E s@,BZ, sp € Q.
=1

Let Qy :={0,1,..., N — 1}. We simplify the notation I'g o, to I'g v, so this set satisfies
Cgn = U @a(Tg.N).

dEQN
The set I'g  is called the N-part homogeneous Cantor set. Thus I'y 3 » is the classical middle-
third Cantor set and I'g » is the middle-or Cantor set with o =1 — 28.
In terms of (1), let my := mq,. Thus we can rewrite I'g y as

—1 1—
Cpv =N (QF) = {ZMJZGQN}- (2)

1

We consider the intersection of I'g y with its translation by #. It is easy to check that
Fﬁ’Nﬂ(FﬂqN+l‘)7é@ if and only if l‘EFﬁqN—Fﬂ,N.

Here we denote for a real number a, and sets A, B C R, aA = {ax : x € A},
A+B:={x+y:x€A,ye Bland A+a := A +{a}.
It follows from equation (2) that the difference set I'g y — I'g » can be written as

00 1
teB (1 — B)
Fgy—Tpgn= { E £ 7 N1 tte € Qunp =man(QTy) =Tanys
k=1

where Qyy = Qy — Qy = {0, £1,..., (N — 1)} and mypy = mq,,. Since Qoy_1 =
{0,1,...,2N-2} = Q.y+N—1,itiseasy tosee that (#,)72 , isa Qi y-codeof r € I'g y —I'g v
if and only if (£, + N —1)72, is a B-expansion of (t + 1) B(N —1)/(1 — B) with digit set Qon_;.
Thus some results and techniques from beta-expansions can be used to deal with the difference
set Fﬁ.N — Fﬁ’N.

In the past two decades, intersections of Cantor sets have been studied by several authors
(cf[2,8-10, 11, 13]). Recently, Deng et al [3] have given a necessary and sufficient condition
fort € [—1, 1] such that Iy 3, N (I"{3,2 +?) is a self-similar set. Their results were extended
to the case I'g vy N (I'g y + ) with B € (0,1/(2N — 1)] by Li et al [15], and to the case
[goN(Tgo+1) with B € (1/3,1/2) and ¢ having a unique 24,-code by Zou et al [21].

In this paper we consider arbitrary N > 2,and g € (1/(2N — 1), 1/N). Then Lebesgue
aa.t € 'gy —I'gy = [—1, 1] have a continuum of distinct 4 -codes. This gives the set
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g,y N (I'g,y + 1) a more complicated structure. We summarize the results in the following.
In section 2, an algebraical and geometrical description of the set

Us oy =t € [—1,1]: |7y (@) =1}

(i.e.thesetoft € [—1, 1]having aunique 2 y-code) is given in theorem 2.2, where throughout
the paper |A| denotes the number of members in set A. Section 3 is mainly devoted to
investigating the self-similar structure of I'g y N (I'g v +¢). Let

Span:i=1{t €Ups+n :Tgn N (Tpy+1)is a self-similar set}.

Theorem 3.2 gives a sufficient and necessary condition for¢ € Sg 1. Insection4, we study the
set Ug 1 for different 8 € (1/(2N — 1), 1/N) culminating in theorem 4.6. Using techniques
from beta-expansions, we obtain a critical point . € (1/(2N — 1), 1/N) such that Ug 1y
has positive Hausdorff dimension if 8 € (1/(2N — 1), 8.), and contains countably infinite
many elements if 8 € (8., 1/N). We point out that the critical point B, is a transcendental
number which is related to the famous Thue—Morse sequence (cf [12]). In section 5 we
find the second critical point . = [N +1 — /(N — D(N +3)1/2 € (1/(2N — 1), B.) (see
theorem 5.1) such that Sg 1y has positive Hausdorff dimension if 8 € (1/(2N — 1), a.), and
contains countably infinite many elements if 8 € [«., 1/N). In the following table, we give
the critical points . = B.(N) and o, = «.(N) calculated for different integers N by means of
Mathematica.

N 2 3 4 5 6 7 8 9
Be ~ 0.39433 0.27130 0.21004 0.17221 0.14625 0.12722 0.11265 0.10111
o, ~ 0.38197 0.26795 0.20871 0.17157 0.14590 0.12702 0.11252 0.10102

Thus for B € [ac, B;), the set Upg +n (the set of r € [—1, 1] having a unique Q4 y-code)
has positive Hausdorff dimension, but only countably many ¢ € Ug +x make the intersection
gy N (Ig, v +1) aself-similar set.

2. Geometrical description of I'g y N (I'g,n + 1)

We say that the IFS { f; (~)}f’= | satisfies the open set condition (OSC) if there exists a nonempty
bounded open set O C R such that O D Uf’:, fi(0), with a disjoint union on the right-
hand side. An IFS { f,~(‘)}{’:1 is said to satisfy the strong separation condition (SSC) if the
union I' = (J_, f;(I") is disjoint.

When 8 € (0, 1/(2N — 1)) the IFS {¢,(-) : d € Q4] satisfies the SSC, so each point in
I'g ., has a unique Q4 y-code. Incase B = 1/(2N — 1), the IFS {¢4(-) : d € Q1y} fails to
satisfy the SSC but satisfies the OSC, so each point has a unique €21 y-code except for countably
many points having two Q4 y-codes. However, for the case 8 € (1/(2N — 1), 1/N) the IFS
{pa(-) : d € Q4y} fails to satisfy the OSC and I'g o,, = [—1, 1]. In this case, Lebesgue
a.a.t € [—1, 1] have a continuum of distinct 2+ y-codes (cf [19]). This gives I'g y N (I'g, vy +1)
a more complicated structure, since it follows [13] that fort € I'g o,

Tow N (Cpn+1) = Jmw (1_[ De,i) : 3)

=1
where the union is taken over all 4 y-codes of ¢, and for each code f = )2, € QY

Dii=QyN(Qy+t)=1{0,1,....N=1}n ({0, 1,...., N — 1} +1,).
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Moreover, I'g y N (I'g, v + t) has the following properties:

(P1) the union on the right-hand side of (3) consists of pairwise disjoint sets;
(P2) for each Q4 y-code f = (,);2, of 7, we have

oo o0
1+t—7TN <1_[De,f>=ﬂ]\] (l—[De,[>,
=1 =1

ie. v ([1,2, Dyj) is centrally symmetric. Furthermore, 1 +7 — T'gy N (Tpy +1) =
Fﬂ,N N (Fﬂ’N + t).

These properties can be obtained as follows. Let (#,)72, be a Q1y-code of ¢ and let
J =R, e Qy. If

00 . i1 1 — [eS)
Ty () = ZW €y (HQN N (@ +u>) ,
=1

1
=1

then (je —1,)52, € QY. Note that the IFS {¢,(-) : d € Qy} satisfies the SSC (since § < 1/N).
This implies that each point x € I'g v has a unique Qy-code. Thus (j, — #,)§2, is the unique
Quy-code of my(J) — t, implying (P1). In addition, one can check that for each £ > 1,

N—1+t,—QyN Ry +1t) =Qn N(QLy +1),

implying (P2).
Let  be a nonempty finite subset of Z. Denote by & the empty word and put Q° = {e}.
For I € U2, Q% and J € Q¥ UJj2, Q4 let 1J € Q@ U2, Q° be the concatenation of /

and J. Soin particular e/ = J. For a nonnegative integer k and a finite string € [ Jj~, 2, let
k

—
I* :=1...1I be the k times repeating of I and I*®° := I11 ... € Q be the infinite repeating
of . In particular, I® = &. For J = (j)?2, € Q¥ and k € N, let J|x = (jo)5_, € QF. We
define the algebraic difference between two infinite strings I = (i)72,, J = (jo)2, € Q¥
by I —J = (iy — je)j,, and for a positive integer k let Iy — J | = (I — J) | = (i¢ — jg)’lle.
Given 8 € (1/(2N — 1), 1/N) and t € [—1, 1], for an integer d € Z, let

Ya(x) = Bx+d(1 = B)/(N =1 +1(1 = B), x eR.
Then

Tow+t= ] va@pny+0.

deQy

For J = (jg)lz=1 € Q’l‘v with k € N, let ¢; := ¥, o--- o ¥, (the same for ¢;). For a real
number x, it is easy to see that ¥4(f + x) = ¢4(x) + ¢ for all d € Q. Thus by induction we
obtain

oo
Uit +x)=ds(x)+1 forall J e JQf. xeR )
=1
The sets I'g 5 and I'g v + t can be represented in a geometrical way as (cf [5])

Few =) U ¢s00. 1D and Pow+t=()1J v 1+0.

k=1 jeQk, k=1 jeQk,

We call ¢, ([0, 1]), ¥y ([, 1 +t]) with J € Q’l‘v the k-level components of I'g y and I'g y + 1,
respectively. The 1-level components of I'g x are ¢y ([0, 11), ¢1([0, 11), ..., ¢n—1([0, 1]) of
length B. All gaps between them have the same length (1 — 8)/(N — 1) — B. The left
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1-level © ¢o(00. 1) #1([0, 1) #2(10, 1) i
t Yo, 1 +1]) (s, 1+1)) Yo(lt, 1 +1]) L+t

2 —level

3-leyel —— —— ——

Figure 1. N =3, 8 = 0.28,¢ = 0.19. The 1-level components of I'g x are ¢o ([0, 1]), ¢ ([0, 11)
and ¢2([0,1]). The 1-level components of I'g n + ¢ are Yo([t, 1 + t]), y1([z, 1 + ¢]) and
Ya([t, 1 +¢]). Here Ni(0) = {yo(lt, 1 + D}, Ni(1) = {$o(lt, 1 + D, Y1 ([z, | +¢])} and
Ni2) = {1 ([t, 1+ 2]), Yo ([2, 1 + 2D}

endpoint of ¢ ([0, 1]) is 0 and the right endpoint of ¢ _; ([0, 1]) is 1. For a £-level component
¢;(0,1D, J € Qf\, the (£+1)-level components ¢ ;o([0, 11), ¢;1 ([0, 11), ..., d;w—-1y ([0, 1])
have the same length f“*! and all gaps (called (£ + 1)-level gaps) between them have the
same length B°(1 — B)/(N — 1) — B“*!. The left endpoint of ¢;0([0, 1]) coincides with the
left endpoint of ¢, ([0, 1]) and the right endpoint of ¢;n_1)([0, 1]) coincides with the right
endpoint of ¢, ([0, 1]). The requirement 8 € (1/(2N — 1), 1/N) implies the following simple
properties:

(P3) the length of a k-level gap is less than the length of a k-level component, i.e.
B = B)/(N —1) - B < BY

(P4) if ¢ ([0, 1) Ny ([£, 1+ 1]) # @ for I, J € QK with k € N, then
or([0, 1D Ny ([, 1+t Ny N (Cpn +1) # 9.

For J € Q’,‘V with k € N, the neighbourhood of ¢, ([0, 1]) with respect to the k-level
components of I'g y + ¢ is defined as (see figure 1)

Ny =Y ([t 1 +1]) : T € Q. ¢,(0, 1) Ny (2, 1 +1]) # 0).
The set AV;(J) may be empty and |N;(J)| € {0, 1,2}. Fork > 1 let
Ay ={J QMWD = 1) and A:={J € QY : J| € Ayforallk € N}.
Then I'g y N (I'g, vy +t) can be rewritten in a geometrical way as

Tpn N (Cpn+0) =mn(A) =[] | ¢s00, 1.

k=1 JeAy

A set D C Qy is said to be consecutive if D = Qy N (Q2y +d) for some d € Q4 p.

Proposition 2.1. Given N > 2 and B € (1/2N — 1), 1/N), let t € [—1, 1]. IFIN,(J)| < 1
forall J € |2, QY then

oo
A= ]_[ D,
=1
with each Dy consecutive.

Proof. The condition 8 € (1/(2N — 1), 1/N) implies (P3), i.e. all gaps between the intervals
¢4([0,1]),d € Ky, have the same length strictly less than g, the length of ¢,([0, 1])
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¢,((0, 1]) ¢,(0, 1])

k —level
Vit 1+1])

Figure 2. N =3.Here J' = J|x—11,J" = J|x—12 and N; (J) NN (J) = {¢; (£, 1 +£])}.

(see figure 1). Thus since t € [—1, 1], either |[N;(0)] = 1 or |N;(N — 1)|] = 1, which
implies that

Dy:={d e Qy:IN(@|=1}#0.
It follows from |N;(d)| < 1 for all d € Qy that D, is consecutive and A| = D;.

Now for k € N let the consecutive sets Dy, ..., Dy be chosen such that A; = ]_[ile Dy.
Fix a J € Ay and take

Dy :={d € Qy : IN}(Jd)| = 1}.

Then Dy, is nonempty by (P3), and is consecutive by the same argument as above. Note
that Dy, is independent of the choice of J € Aj. Thus Ay = IE:] D, which implies

A =12, D, by induction. O

The following theorem characterizes the set of ¢+ € [—1, 1] having a unique 24 y-code
from a geometrical and an algebraical aspect.

Theorem 2.2. Given N > 2and B € (1/(2N — 1), 1/N), let Ug +n be the set of t € [—1, 1]
which has a unique Q2+ y-code. Then the following conditions are equivalent.

(A) t €eUp+n;

(B) IN,())| < 1forall J € U2, Q:

(O) t has a Qin-code (1¢)72, such that for all k > 1

> 1-N
leﬁ_gﬁe < 'B, iftyy <N —1,
=1 -5

&)

> 1—N
Zlk+gﬂe>— IB, ifty >1—N.
=1 I-8

Proof.

(A) = (B). Suppose that |[N;(J)| = 2 for some J = (jg)’,}=1 € Q’jv with £ > 1.
Then either [N, (J[x-10)| = 2 or [N;(J|r_1(N — 1))| = 2. Without loss of generality, let
[NV (J|k=10)| = 2. Then there exists d € Qp such that |N;(J|x_1d)| = 1 by the geometric
structure of I'g y N (I'g, v + 1) (see figure 2).
Let J/ = J|)_1(d — 1) and J” = J|;_1d. Then

NUNONI") = (Y ([t 1+ 1D}
for some I = iji---ir_1(N — 1) € QK. By (P4) we can pick

xe€¢y([0, 1D NY; ([, 1+t NTgyN(Tpn+1)
and

y € @0, 1D N[z, 1+t N Ty N (g n +1).

Let (x¢)72, and (y¢)g2, be the unique Qy-code of x and y, respectively. Then x; = d — 1
and y; = d. On the other hand, x — ¢,y —t € I'g v and by (x;)72,, (¥;)72, we denote their
unique 2y-code, respectively. It follows from (4) that

x ey ([r, 1+1]) = ¢;([0, 1]) +1 and yey(r,1+1]) = ¢,([0, 1] +1,
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¢1,(0)

k—level - - -
Yy (1)

Figure 3. N = 3. Here ¢, (0) is the left endpoint of the k-level component ¢, ([0, 1]) of I'g_y,
and v+, (¢) is the left endpoint of k-level component ¢+, ([t, 1 +¢]) of g v +1.

which imply x — ¢,y — ¢ € ¢;([0,1]). Thus x; = y{ = N —1. Hencet =x — (x —¢t) =
y — (y — t) has two distinct Q4 y-codes: (x; — x;)72, and (y¢ — y;)52,-

(B) = (A). By proposition 2.1, we have I'g y N (I'g.y +1) = ”N(H;?; Dy) with D,

consecutive. Thus, it follows from (3) that ¢ has a unique Q1y-code (#,)72, with each 7,
determined by D, = Qn N (Qy +17).

(B) = (C). It follows from proposition 2.1 that I'g y N (T'gy +1) = TL’N(HZI Dy) with
each Dy consecutive. Take J = (j)?2, € [[jo; D¢. Then my(J) € Tpy N (Tgn +1). Let
J* = (j)i2, be the unique Qy-code of my(J) —t € I'g y. Thus it follows by (4) that for
eachk > 1

an(J) € ¢y, ([0, 1D N (@, ([0, 1D + 1) = ¢, ([0, 1]) Ny, ([2, 1 +2]),
and

J=J" = (e —JDiz = ()2,
is the unique Q24 y-code of ¢ (the uniqueness is given by (B) = (A)). We shall prove (#)72,

satisfies (5) in the following.

Case I. tp # £(N — 1). In this case, (ji, ) ¢ {(N —1,0),(0,N — 1)}. This
together with the requirements in (B) implies that the distance between the left endpoints
of ¢, ([0, 11) and v« ([2, ¢ + 1]) must be less than the length of the kth gap (see figure 3),
Le. Y (1) = ¢ (0)] < 1A = )/ (N — 1) — p.

Thus (5) follows by the following computation.

k

i wﬂ“(l—ﬂ)’ e tzﬂ“(l—ﬂ)’ . tzﬂ“(l—ﬂ)’
- =~ vz =’3 = =~ 7 =’3 t — = =~ 7
; N—1 g;l N —1 ; N —1
ko opp—1 k xpe—1
s JB A=) BT =B
S e )|
= Bt — (¢11,(0) — @14, ()] = B [W s, (1) — ¢, (0)]
1—NB
<
B(N — 1)

Case Il tp = N — 1. In this case, (ji, j;) = (N — 1, 0). This together with the requirements
in (B) implies that ¢, (0) — ¥+, (t) < B1(1 — B)/(N — 1) — pk. By a similar argument
as in case I, we have

[ee]

B = B)
2 N

1 -NB

_ p—k ) _ "
=B Wy (1) — @5, (0)) > BN D)’

=1

leading to (5).
The final case #; = 1 — N can be done in the same way as above.
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(C) = (B). We will prove by induction that for any k > 1 and J € Q]]‘V
Wy (141D}, if T e [Ti_, (Qu N (2 + 1),

, otherwise.

N(J) = { ©)

Fork =1,let J € Qy N (Qy +1). In view of the proof of (B) = (C), (5) becomes
Yy () —¢,(0) < (1 —=B)/(N—-1) -8, itn <N-—1,
¢s0) =Y, @) <A1 —=B)/(N—-1) - B, ify>1—-N.

This implies (6) from the geometrical structure of I'g y N (g x +1).

Suppose that (6) is true for k = n. Let J = (jo)it, € Q4. Then N;(J) = @
if JI, ¢ [, (@y N (Qn + 1¢)). Thus we assume J|, € [[;_;(2y N (Ry + 7). For
Jn+1 € Qn N (2 +1,41), (5) becomes

Yy () — ¢5(0) < B"(1 = B)/(N — 1) — !, if tpe1 <N —1,
$7(0) = Yy (1) < B"(1 = B/ (N — 1) — g, if tyy1 >1—N,

which implies (6) fork =n + 1. O

3. The self-similar structure of I'g vy N (I'g,nv + 1)

Let Q be a nonempty finite subset of Z. An infinite string K € Q% is called strongly
periodic with period q (or simply, strongly periodic) if there exist two finite strings I =
(io)i_J = (jo)i_, € Q9 withqg > 1 suchthat K = [ J® and I < J, where I < J means
i < je, 1 < € < g. For two infinite strings 1, J € Q*, wesay I < J if I, < J|; for all
k € N. The following lemma (cf [15, lemma 3.1]) gives a description of strongly periodic
infinite strings.

Lemma 3.1. Let (j,)2, € QY. If there exists a positive integer q such that jo., = jg for all
£ e N, then (jo)72, is strongly periodic with period q.

When ¢ has a unique 2. y-code ()72, from the proof of theorem 2.2 it follows that there
exists a sequence of consecutive subsets Qy N (Qy + #¢) such that

00
Fﬂ’N N (Fﬁ’N+t) =T7N (HQN n (QN+tg)> .

=1
Let y, be the smallest member of I'g y N (I'g v +¢). It is easy to check that

o0
Iy := Fﬁ,N N (Fﬁ,N +1) — Ve = TIN <l_[{0’ L, N—1-— |t€|}) ) %
t=1
Thus the Hausdorff and packing dimensions of I'g 5 N (I'g v + t) are given by (cf [14])
i i . e )
dimg gy N (Tpy+1) =dimy I, = _logﬁh—mk—’m&f{v
k
' i Tim (Y — |
dimp gy N (Tpy+1) =dimp [, = _logﬁhm"_”’ozg_lTK-

The following properties make it easier to deal with I';.

(P5) ForI,J € Q¥,if I < Jand ny(J) € Iy, thenty (1) € T'y;
(P6) T, = y* — T, where y* = 7y (N — 1 — [£,)2,) is the largest member in T',.
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Thus, when I'; is generated by an IFS, say { f; (x) = rix+b; }l s werequire allr; > O:ifr; <0
we can replace f;(x) by f*(x) = —rix + b; + r;y*. This follows from a simple computation
(cf [3,15])
@) =—rli+bi+ry*=ri(y*—T)+b =rT,+b = fi(I').

Furthermore, we can assume 0 = by < by < -+ < by, since 0 = 7y (0°) € T, by (PS).

The following theorem gives a sufficient and necessary condition for ¢ € Sg 1y, i.e. the
set of t € [—1, 1] which has a unique €24 y-code and at the same time makes the intersection
gy N (g n +1) aself-similar set.

Theorem 3.2. Given N > 2and f € (1/(2N — 1), 1/N), let (t,)72, be the unique Q24 y-code
oft eUg.+n. Thent € Sy if and only if (N — 1 — |t¢])j2, is strongly periodic.

Proof. Itsuffices to prove that I';, given by (7), is a self-similar setif and only if (N —1—|#¢])72
is strongly periodic. First, we prove the sufficiency. If (N — 1 — [#])72, € QF is
strongly periodic, it can be written as (N — 1 — |72, = o (0 + 1) € QF where
o= (0)i_,t=(r)l_ € Q} forsomeq e Nand o + 1 = (00 + 7)]_, € Q2%. Let

=11 _
Z”B —— sz%a(ﬂ)ﬁ"_lwr}.

One can check that I'; can be generated by the IFS { f;(x) = B9(x +5) : s € S} (cf [15]).

Next, we will prove the necessity. By (P6), we can assume that I'; is generated by an IFS
{fix) =rix+ b,-}f=1 withr; € (0,1) and 0 = by < by < --- < by,. Note that the union
0,1 = U;":O[ﬂ"” , B9) is disjoint, there exist some g > 0 such that r; € [, B9).

Casel ry = ,Bq”. Then for each £ > 1, it follows from (P5) that

(N=1-]tDp" "1 - p)

N1 =an (07 (N = 1= 12)0%) € T;.

Thus
i ((N — 1=t~ - /3)) _ W1 |t DB (1 — B)

r )
N-1 N-1 €l

which implies that N — 1 — [tg]| < N — 1 — |tg4q41| foreach £ > 1. So (N — 1 — [#])72, is

strongly periodic with period g + 1 by lemma 3.1.

Casell. B7*' < r; < B9. Letr; = B9* with0 < y < 1.

(ITa) y is rational. Take k € N such that ky € N. Note that the IFS { fo(x) = r{‘x, fikx) =
rix +b;, 1 <i < p} generates [';. Thus the conclusion can be proved in the same way
as in case L.

(IIb) y is irrational. Take k € N such that

- B

~ " 8

N1 (3)

Thisis possible since the set {ky —[ky] : k € N}isdenseintheinterval (0, 1). Let fo(x) = r{‘x.

Then for some B~'(1 — B)/(N — 1) e T, we have

B < ﬁlfkﬂlkyl <

f 13871(1 _ :3) _ ﬁkq+ky+ﬁfl(1 _ ,3) S _ Iqu+[ky]+Z 1(1 ﬁ)
A N-1 N-1 '
On the other hand, from (8) it follows that
kq+ky+€—1
pravr+=i(1 — B) > = IquJr[ky]Jrz'

N -1
Thus fo(%) ¢ T', (see figure 4), leading to a contradiction. O
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kg + [kyl + ¢ Level 0 nog

kq + [ky]+¢+1 Level S -

Figure 4. & = (ra+kvIH=1(1 _g)) /(N — 1), n = gF+kv+¢_ Erom the geometrical construction
of I'y, it is easy to see that (n, &) N[y = @.

In fact, the above proof gives a general result on the structure of a class of subsets of the
N-part homogeneous Cantor set.

Corollary 3.3. Given N > 2 and B € (0,1/N), let (i))}2,, (JOg2, € QF satisfying
(), < (o2,. Then ﬂN(HZI{i(, ic+1,...,j¢}) is a self-similar set if and only if
(je — 10§, is strongly periodic.

4. The critical point for U3 + v

According to a result of Sidorov [19, proposition 3.8] pertaining to the general digit sets,
we have that Lebesgue a.a. 1 € [—1, 1] have a continuum of distinct 24 y-codes if § €
(1/(2N — 1), 1/N). However, we will show in this section, for the same set of Ss, that there
are infinitely many ¢ € [—1, 1] having a unique Q24 y-code. Note that these ¢ form exactly the
set Up +y defined earlier. Moreover, there is a critical point 8. € (1/(2N — 1), 1/N) such
that Ug 1 has positive Hausdorff dimension if 8 € (1/(2N — 1), B.), and contains countably
infinite many elements if 8 € (8., 1/N). This can be seen in theorem 4.6 which is proved
using techniques from beta-expansions.

Givenm > 2and g € (1/m, 1), let 2,, := {0, 1, ..., m — 1}. Recall that the sequence
(50)2, € Q2 is called a B-expansion of x with digit set Q,, if we can write x = Y, 58"
with s, € €2,,. The largest number we can obtain in this way is xmax = (m — 1)8/(1 — B).
Now for any x € (0, xmax], let us define a sequence (s¢)7c, € €27 recursively by the quasi-
greedy algorithm (cf [20]): let sy = 0, and if s, is already defined for all £ < n, then let s,
be the largest element in €2,, satisfying > ;_, s¢8° < x. Obviously, > 72, s¢8* = x, and we
call (s¢)72, the quasi-greedy B-expansion of x with digit set Q,,. We always call (s¢);2, a
quasi-greedy expansion of x if there is no confusion about 8 and the digit set €2,,. It is easy to
see that (s¢)72, is an infinite expansion (i.e. infinitely many s, are non-zeros).

We use systematically the lexicographical order between sequences: we write (a;)y2; <
(be)g2, or ()72, > (ag)y2, if there exists an n € N such that a;, = b, for £ < n and
a, < by,. Furthermore, we write (a,)jc, < (b)j2, or (b)72, = (a2, if we also allow
the equality of the two sequences. Similarly, for two s-blocks c; - - - ¢; and d; - - - d, we write
(ce)j—y < (dp)j_, if there exists 1 < n < ssuchthatcy---c,oy =dy---dp_y and ¢, < d,.
Moreover, we write (c¢);_; < (d¢)j_, if we allow the equality of the two blocks.

Therefore, the quasi-greedy expansion of x € (0, xmax] is the largest infinite expansion
among all the B-expansions of x in the sense of lexicographical order. Note that 1 € (0, xax]
since B > 1/m. In the rest of the paper we will reserve the notation (8,);2, = (8,(8))72, for
the quasi-greedy f-expansion of 1 with digit set €2,,. The following important properties of
the quasi-greedy expansion of 1 will be used in the proof of theorem 4.6.

s
B € (1/m, 1), is strictly decreasing in the sense of lexicographical order. Moreover, the map is
continuous w.r.t. the topology in Q:; induced by the metric d ((as) 2, (be)52,) =27 min{j:a;#b;},

Proposition 4.1 (Parry [17]). Given m > 2, the map B — (8(B))j2, € K2, with
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Proposition 4.2 (de Vries and Komornik [20]). Givenm > 2 and B € (1/m, 1), let (y¢)2,
be an infinite B-expansion of 1 with digit set Q,,. Then (y,)}2, is the quasi-greedy expansion
of 1 if and only if forall k > 1
YerlVis2 - < V1ya - ©)
in the lexicographical order.
Givenm > 2,letd = m — 1 — d be the reflection of the digit d € ,,. For a sequence

(a)je, € @, let (ag)fe, = (@2, = (m — 1 — a2, be the reflection of the sequence
(ae)72, € ;7. Asequence (ag)72, € 2,7 is said to be admissible if for all k > 1

A1 Q2+ - < ayag -+, ifap <m—1,
Qre1li42 - - < apdz---, if ap > 0.

Let (70)2, € 25° be the classical Thue-Morse sequence, i.e. 79 = 0, and if 7, is already
defined for some £ > 0, set 7oy = 7¢ and 1041 = Ty = 1 — 7,. Then the sequence (7,);2,
begins as follows

0 1101 0011 0010 1101 0010 1100 1101 0011 0010 1100....

We construct a sequence (A,)72, = (Ae(m));2, € Q5 for the even and odd numbers m,
respectively.
D r=qg—1+71forf>1, if m =2¢g withg > 1, (10)

Im rx=q+tv—1_1forf>1, if m =2¢g +1withg > 1.

Komornik and Loreti [12] showed that (1,)§2, is the smallest admissible sequence in Q25 in
the sense of lexicographical order. Moreover, they gave the following proposition.

Proposition 4.3 (Komornik and Loreti [12]). Let (A¢)72, € Q3 be defined in (10). Then
forallk > 1

Aerthgaa s < Ajhg-e-, Agrthgaz s < Aphg-e-.

For a more general digit set €2, there also exist some results on the smallest admissible sequence
which is related to the Thue—Morse sequence (cf [1]).
The following important theorem on the set

o0
Agm = {x € [0, xmax] : x = Zé‘(ﬁl, &y € Q,, has a unique ﬂ-expansion}
(=1
is due to Parry [17], Erdos et al [4], Komornik and Loreti [12] and de Vries and Komornik [20].

Theorem 4.4. Given m > 2 and B € (1/m, 1), let (§;)72, be the quasi-greedy B-expansion
of 1 with digit set 2,,,. Then'y_,-, gBt e Ag m if and only if for all k > 1

8k+|8k+2~'~<8]52..., if£k<m—1,
Ek+1€k+2 - < 5152---, if Er > 0.

For m > 2, let B, ,, be the unique positive solution of the following equation:

o
1= np", (1)
=1
where (A¢)j2, = (Ae(m))32, € Q5 is defined in (10). We remark here that f.,, is a

transcendental number for all m > 2 (cf [12]). For m = 2, Glendinning and Sidorov [7]
have shown that the critical point for Ag, is B2, i.e. Ag > has positive Hausdorff dimension
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if B < B2 and Ag > contains at most countably many elements if 8 > B.,. Their results can
be generalized to the even number case, i.e. for an even number m > 2, the critical point for
Ag m is Bc.m. However, it is more intricate to find the critical point for Ag ,, for an odd number
m. Inspired by [7] we show that for an odd number m > 3, the critical point for Ag ,, is still
Be.m» the unique positive solution of equation (11).

Given N > 2and B € (1/(2N —1), 1/N), we will find the critical point for Ug 1, which
is the set of # € [—1, 1] having a unique 2 y-code.

To make the connection with the theory of beta-expansions we shift 4y to the set

Quv+N—1=1{0,1,...,2N —2} = Qon_i.

Thus from [—1, 1] = 74y (Qy) it follows that

o0 e, 811 = )
021 = mx @55 = {3 P CP e o, av -yt
=1

where mon_1 1= 7g,, , 1sasin (1). Let
Ugon—1 :=1{t €10,2]: 5y ()] = 1},

i.e. the set of # € [0, 2] having a unique €2;y_1-code. Thus, it is easy to see that
uﬁ,2N—l = uﬂ,iN +1.

For g € (1/2N — 1), 1/N), note that
1-B
BN —1)
Thus theorem 4.4 yields the following important theorem which could also be shown in a

different way using (5).

X € A5,2N71 < X € Uﬁyszl.

Theorem 4.5. Given N > 2 and 8 € (1/(2N — 1), 1/N), let (8;);2, be the quasi-greedy
B-expansion of 1 with digit set Qon_1. Then (g¢)j2, € n{h}_l(uﬂ’m,l) if and only if for
allk > 1

(12)

8k+18k+2---<5182~-~, ifSkE{O,...,ZN—S},
8k+18k+2~'~<5152“-, ifSkE{l,...,ZN—Z},

where €i1€xs2 - - . is the reflection of gxp16k42 ... € Q5%

Therefore, dealing with the set U 4y is equivalent to dealing with the set of sequences
(e0)p2, € Q5%_, which satisfy (12). Substituting m = 2N — 1 in (10), we get the smallest
admissible sequence (A¢)72, € Q5% _,; which starts with
NIN—D(IN—-2)N (N—-2)(N—DHNN-1) (N—2)(N—-—1)N(N-2)....

It is helpful to give another equivalent definition of the sequence (A¢)72, € Q5% _, (cf[12]),i.e.
M=N, At =Aim+1=2N—1—=Am forn=0,1,..., 13)
Aygr =hg =2N —2 — Xy forl<¢<2", n=12,....

Soitiseasytosee Apn = N forn =0,2,4,...and Apn = N —1forn=1,3,5,....

Theorem 4.6. Given N > 2, g € (1/2N —1),1/N), let Ug 1y be the set of t € [—1, 1]
having a unique Q2yy-code and B. € (1/(2N — 1), 1/N) be the unique positive solution of
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equation (11) with (A¢)72, € Q33,_, defined in (13). Then

(1) if B € (1/(2N — 1), Be), then dimy Uy 1y > O;
(2) lf‘B = ﬂc, then |uﬁc,iN| = 2R0 and dlmH uﬂ,,,:tN = O;
(3) If B € (B, 1/N), then [Up +n] = Ro.

Since Up +n = Ug rn—1 — 1, the critical point of Ug 1y is equal to the critical point of Ug sy 1.
Thus we only need to show the corresponding conclusions for the set g oy 1.

Using propositions 4.2 and 4.3, we obtain (8¢(8:))72; = (A¢)j2;,1.e. (A¢)72, is the quasi-
greedy B.-expansion of 1 with digit set 2,5_;. The proof of theorem 4.6 will be divided into
several lemmas.

Lemmad.7. Ay - Agyonn < Ay---Ao_y foranyn > 2 and any k € {2,...,2" — 1};
Ak Aggan—ny < Ap---Aom_y foranyn 22 andany k € {1,...,2" — 1}.

Proof. Since for n = 2 the lemma is quickly checked, let n > 3 and k € {2,...,2" — 1}.
Then by proposition 4.3 AgAgsp - -+ < AjAy .-+, which implies Ay - - - Aggon—p < Ap-- - Agn_g.
It is easy to check that Ag -« Adgyon_p < Ay---Am_y for k < 7. For all other k we can write
k=2"+2P+jwithl < p<s<nand1 < j < 2P. It follows from [12, lemma 5.4] that

)\.k s ')\.k+2p+1,j < )"j . ')\,2p+l < )\,1 . ~)\,2p+1,j+1,

which implies Ay ... Agpon—p < Aj...A_j, sincen > p + 1.
For the second inequality, ignoring the trivial cases k = 1 and 2, suppose k = 27 + j with
1 < j<2%and 1 < g < n. Then it again follows from [12, lemma 5.5] that

AjsooAggoa—j < AjoorAoa S Ape-Apajur,

which implies that Ay - - - Aggon o < Ay« -+ Agu_q, since n > q. O

Lemma4.8. Let n > 3 be an odd integer. If Aj---Apm_1 = Ay---Am_i for some k €
{l, ey 2" — 1}, then )\.2“,/{4_] = N.

Proof. Suppose A - - - Ao = Ay ---Ax_g. It cannot happen that k < 2"~! since then we will
obtain that Ay - - - Agyon-1_5 = Aj - - - An—1_1 Which contradicts lemma 4.7. It is also impossible
that k = 2"~ ! since then N — 2 = Ay—1 = A; = N. Thus we must have k > 2"~!. From the
definition of (A¢)72, in (13) it follows that

)\.k_zn—l e )\.2:1—1_1 = )"k e )\.2;1_1 = )\.1 c }"2”—/(’
which implies N > Ayi_j41 = Aot = N by proposition 4.3. O

We want to approximate (1¢)72, by eventually periodic sequences which satisfy (9). This
does not work for the obvious choice (Aj ... A2:)%. Thus we define forn > 0

Cl = A1 Aon(Agngr - - Agus )™
Since for all n > 0 we have Ay > Ay, we obtain that

Ao A (gt =+ Agun )Y > Ay s Aguet Agunigg -+ + Agun,
which implies
(P7) C° > C° > -+ > C® > -+ > (Ag)2, in the lexicographical order.

Lemma 4.9. Letn > 3 be an odd number. Then for any k > 1 we have ok(C,?o) < C°, where
o is the left-shift map.
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Proof. Since C;° is an eventually periodic sequence in 533,_,, we only have to check the
lemma for k € {1,...,2""! —1}. For k = 2" — 1 or 2"*! — 1, it is easy to check that
o*(C°) < C. Then we only need to consider the following two cases.

@D ke{l,...,2" —2}. It follows from lemma 4.7 that
OF(C2) = Miat ++ At =+ < g+ Aan_ 1A (nag =+ Ay ) = C2°.
) k e {27, ...,2" — 2}, Write k = 2" + £. Then, by the definition of (A¢)72,,
o (C) = Aar -+ At Ayt Qo -+ Ay )™
= hest - Aot Ao (hng -+ Agee ).

If Xppp oo~ Apni_y < Ay -+ Axm_y_1, we have shown that a"(Cjo) < C;°. Otherwise, £ > 2 and
we have by proposition 4.3 that Agyp --- Aoy = Ay -+ - Apn_yg—1. Using lemma 4.8 we obtain
that also Ayt = N = Agn_g. Thus it is enough to show

)\,2/x+1 s )»2%171 < )"2”7[+1 s )\2;”17[,1.

Taking reflections on both sides, this is equivalent to showing Aj---Am_; >
Aon_g41 + -+ Agwei_g_1, Which is true by lemma 4.7 since £ > 2. U

Lemma4.10. Let n > 3 be an odd integer and & = (N — DXi;---Amp_y,
Ny = (N —2)Ay---Am_1. Then for any k € {0, ...,2" — 1}

X&) < Ao damg, 0FEmn) < Apccc Ao, 0N (1E) <A Agen g,

o k) < hi-ohpig, 08 EED) KA hamig, 08 (EaE) < Apec Ay

Proof. Since the lemma is quickly checked fork = O and 1, we canassume k € {2, ...,2"—1}.
It follows by A»» = N — 1 (since n is odd) that

oK Eatn) = M+ Aarmf (N = DAy - Aareg < Ao+ Ao Aan -+ - Aguni_g K A=+ Agwet ..

For the second inequality, note that o Eamn) = Ak A ANA - Ay g Ay <
Al Apn_g, wehave shownok(%) < Ap--- Ay, Otherwise, it follows by proposition 4.3
that Ag---Apn_; = Ay---Am_g which implies k > 2. Thus we obtain by lemma 4.8 that
Am_g+1 = N. Hence we only have to show Aj---Ay_| < Agn_p4p -+ Agwi_y Which is
equivalent to showing Aj---Am_; > Ap_g4p -+ Apsi_g. This is true by lemma 4.7 since
k > 2. Therefore, cX(&,1,) < Ay---Agwi_g fork € {2,...,2" —1}. The remaining four

inequalities follow from lemma 4.7 and the fact that for k € {2, ...,2" — 1}
o* (&) = 05 (EnEn) = M-+ Apo (N — DAy Agiog = Ag o= Agwei_y,
" (ngn) = 0" Eabn) = hic- Ayt (N = Dy -+ Aoy = M- Agmi 1. D

From lemma 4.9 and proposition 4.2 it follows that C:° is the quasi-greedy expansion of
1 for some base B,,1.e. (8:(B,))72; = C°. Then we obtain from (P7) and proposition 4.1 that
B, increases to B, as n — oo. Thus for 8 < B, there exists a large odd number n > 3 such
that 8 < B, < B., which together with proposition 4.1 implies that

Ge(BNZ > Ge(B))gey = C° = Ap o Ay (Agngg o Agnn) ™
It follows from lemma 4.10 and theorem 4.5 that

-1
XXL) C Tyt (uﬂ,2N71)7
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where X" is a subshift of finite type X" := {e)f2, € A™ : Aler, err1) = 1} over the
alphabet A = {£,, n,, S_n 7, } defined by the matrix

01 10

0 010
A=

1 0 0 1

1 0 00

It is easy to obtain that r(A), the spectral radius of A, equals '3‘5 . Since mon_| (XX')) isa

graph-directed set satisfying the OSC for large n, we conclude from [16] that
logr(A)  logits

= >
—2"logB  —2"logp

dimy Usay—1 > dimpy moy—1 (X)) = 0,

which establishes parts (1) of theorem 4.6.
In the following we will show parts (2) and (3) simultaneously. Let
Wy i = Ay - Aon.
Then by the definition of (A¢)72, in (13) it is easy to check that w,w, < w,41, which implies

(P8) (wowg)™ < (wiw)™ < -+ < (W,w,)* < -+ < (A¢)y2, in the lexicographical order.

. 1 .
Lemma 4.11. Given N > 2, B > B. and (g0)72, € my_ (Ugan-1), if ex < 2N — 2 and
Ek+l - Eksan = Wy, for some k,n > 0, then iy ... Epat = WW, OF Wyy1. Similarly, if
& > 0and gpyy - - - Exqon = Wy, for some k,n = 0, then €y . . . Syt = W W, OF Wpy.

Proof. Let (8,)72, := (8¢(B))72,. 1t follows from B > B. and proposition 4.1 that

()72 < Ge(Be))iZy = (ho)g2y-
Using (12) and the assumption ¢; < 2N — 2, we obtain that €41 - - - Egqmet < 81 -+ - Sonet <
A - At Note that gpyq - - - Epyon = Wy, = Ay -+ - Aon, then gpypngq - - - Epqonrt < Aonygy - - Aousl.
On the other hand, from (12) and the fact ;401 = Ay > 0 it follows that gy - - - Eggomt <
8-+ -8 < Ar--- Ao, Thus by the definition of (A¢);2, in (13), we obtain
Agngy s e Aonri _{Agntt 2 Epangl tt Epqant 2 Ay e Aon = Agngy +c - Aowri (e — 1),

which implies €i41 - - - Epqomt = W, Wy, OF Wiy
The result for g, > 0 and g4 - - - Eg40n = Ay - - - Aon follows similarly. O

Lemma 4.12. Let N > 2 and B € (B, 1/N). Then there exists some integer n* = n*(f) > 0
such that n{,\}_, Upon-1 \ {0, 2}) contains only eventually periodic sequences, either with
period 1 and period block N — 1 or with period 2! and period block w, w,, for some n < n*.

Proof. For B € (Bc, 1/N), let (8¢)72, := (8¢(B))52,. The proof will be split into two cases:
case I treats (8¢)72; > (wowp)*°, and case II treats (8¢)72; < (wowp)™.

Fix a sequence (£,)3°, € 75y (Upon—1). In terms of theorem 4.5, it is easy to see
that w5y, (Us an—1) is reflection invariant, i.e. it contains (,)%, if and only if it contains
(72, = 2N —2 —g)%,. Note that N —1 = N — 1 and that the existence of a period
block w,w, implies the existence of a period block w,w,. So we can assume by reflection
thate; € {0, ..., N — 1}. Ignoring the trivial case ()72, = 0, let j > 1 be the least integer
such that ¢; > 0. By proposition 4.1, it follows from . < B < 1/N that

(N =D =((1/N)Zy < B2y < Ge(Be)iZy = Mgy,
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which together with (12) implies ¢; € {1, ..., N}. Moreover, we obtain from this with (12) that

einein- € [(N-2.N—1,N}.
1

Case I. (wowo)™ < (80)52, < (Le)72,.
It then follows from (P8) that there exists an integer n* > 0 such that (w,w,)® <
(85)?11 < (Wyrg 1 Wr=1) ™.

(Ia) &j € {1,..., N — 1}. One case is that gj,1&j»--- = (N — 1)*, otherwise, let first
s > j be the least integer such that ¢,y € {N, N — 2} = {wo, wp}, and then let
p = p(s) = 0 be the largest integer such that &, ...600 = w, or w,. Note

that when s > j, then 0 < ¢ = N —1 < 2N — 2 or when s = j, then
0<1<e <N-—1<2N —2. Thus substituting k = s and n = p inlemma 4.11 we

obtain ggy1 ... Egport € {WW,, WHW),, Wpit, Wyt )

If 541 ... 64001 = Wyy OF W,Hiq, sSubstituting k = s andn = p + 1 in lemma 4.11, we
s S+2. 4 4 p

can determine the next 2P*! terms as above. Otherwise, using that g,,00 = Az» OF Agp,

and then substituting k = s +2” and n = p in lemma 4.11 we can determine the next 27
terms. This procedure can be continued.

Note that &;,1&42 ... cannot have block w,:,;, otherwise, it follows from (P8) that for
some ¢ > s, either

Eor1€042 = (W1 Weer )™ 2= (80) 52
witheg, < N < 2N — 2, 0r
Eirr - 2 Wprn W)™ 2 (80) 2
with &, > N — 2 > 0. This is in contradiction with (12).
Therefore, ()72, must be eventually periodic either with period block N — 1 or with

period block w,w, for some n < n*.
(Ib) e; = N. Lets = j — 1 in (Ia) and then the result follows by the same argument.

Case II. (N — D> < (6072, < (wowp)™. We conclude in this case that
€jr1€j42 - = (N — 1)*°. Otherwise, there exists a s > j such that g,y = wo or wy.
Thus by the same argument as in case I, we obtain for some integer £ > s that either
Eox18042 -+ = (Wowo)™® = (80)p2, with gy < 2N — 2, 0r gg418¢42 - -+ = (Wowo)™ = (Se)je
with &, > 0, leading to a contradiction with (12). O

Lemma 4.12 yields part (3) of theorem 4.6 directly. Let G be the set of sequences in Q55,_,
which are eventually periodic with period block N — 1 or w,w,, for some integer n > 0. Then
the set G is countable. When 8 = f,, it follows from lemma 4.11 and the proof of lemma 4.12
that rrz—[\}fl (Ug, 2v—1 \ {0, 2}) \ G is included in the set of sequences of the form

—\k ——\k] ——\k ——k ——\ky — K
T (wowp)"™ (Wow;y)™ (w;, wi,)"™ (Wi, Wir)™ - - - (Wi, Wi, )™ (Wi, wir ) - -,
where T € U,inQSN_I, ky e NU{0}, k, € {0,1}and 0 < i < i1 < i)y <ip <--- <y <
i,y < ipe1 < ---, together with their reflections. Thus, since the length of the block w, is

growing exponentially, dimy Up, oy—1 = 0 (cf [6,7]). Note that 7, ]\}71 (Ug, 2n—1) contains the
set of sequences of the form

——k —
(wowg)™ - - - (W wy)™ - - -, k, € N,
and the fact that w,w, cannot be written as concatenation of two or more blocks of the form

wewyg with £ < n. Therefore, [Ug on—1] = 2% which yields part (2), and so finishes the proof
of theorem 4.6.
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5. The critical point for S 1 v

In this section we show that there exist infinitely many ¢ € Sg 1y, i.e. there exist infinitely
many ¢ € [—1, 1] having a unique Q;x_;-code and making the intersection I'g y N (I'g x + 1)
a self-similar set. Moreover, we find the critical point «, for Sg 1y, i.e. the set Sg +y has
positive Hausdorff dimension if 8 € (1/(2N — 1), @), and contains countably infinite many
elements if B € [a,, /N). We are able to prove that «, is strictly smaller than S, the critical
point of U 4y which is the set of r € [—1, 1] having a unique Q24 y-code.

In order to use techniques from beta-expansions, we consider the set Sg oy—1 = Sg 4y +1.
Thus it follows from theorem 3.2 that for 8 € (1/(2N — 1), 1/N),

Sgan—1 = {man-1((e0)52) € Ugon—1: (N — 1 —|gg — N + 1])72, is strongly periodic}.
Let W be a map from Q,y_; to Qy defined by
VE)=N—-1—]e—N+1]|,

then W induces a map on blocks (for§ =&, --- & € Q’;N_l we let W(E) = V(&) - V(&)
and amap W, : Q53 — QF given by W ((e0)52,) = (W(e))72,. Then Sgon—_1 can be
rewritten as

Sgan—1 =Ugan_1 NmaNn_1 ( U v (C)), (14)

where the union is taken over all strongly periodic sequences ¢ = (c)j2, € QF.

Theorem 5.1. Given N > 2 and € (1/2N — 1),1/N), let T'gn be the N-part
homogeneous Cantor set, and Sg 1y be the set of t € [—1,1] having a unique Q4y-
code and making the intersection I'g y N (I'gy + t) a self-similar set. Denote o, :=

[N+1— (N =1(N +3)1/2. Then
() if B e (/2N = 1), &), dimy Sy > 0;
(2) If B € lac, 1/N), [Sp.en] = Ro.

Since Sgon—1 = Sg+n + 1, we only need to consider the corresponding conclusions for
Sp.on—1. A simple computation yields that o, satisfies the equation

oo
l=Na+Y (N-Def.
j=2
Then it follows by proposition 4.2 that (8 (ctc));2; = N(N — 1) = A1A5° is the quasi-greedy
a.-expansion of 1. It follows from proposition 4.1 and
Be(ac))iZy = MAT > ()2 = (Be(B))eZy
that o, < B.. The proof of theorem 5.1 will be divided into several lemmas.

Lemma 5.2. Given N > 2 and n € N, let a,, be defined by (§¢(at,))2, = (N(N — 1)r=1yee,
Ifﬂ < oy, then dimpy Sﬁ,2N—l > 0.

Proof. Letv, = N(N — 1) ! and 7, = (N — 2)(N — 1)"~! be its reflection. It follows from
B < a, and proposition 4.1 that (8,(8))72, > (8¢(cty))72, = (N(N — 1)"~1*°, which implies
that forany k € {0, 1,...,n — 1}

ak(vllvil) < 51 (an) e 32n7k(05n), O'k(U_”Un) < 51 (an) e 52n7k(an)»

o (Ua0) < 81(atn) -+ - San—i (), o (Uav) < 81(atn) - - - San—r ().
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Thus by theorem 4.5 we obtain that
H{Um T} C ooy Usan—1).
1
Since W (v,) = (N —2)(N — 1)"~! = W(v,), it is easy to see that
oo
[ Jtwn, o} € W (v = 2)(N = 1)" ")),
1

Thus noting that (N — 2)(N — 1)"~1)> is obviously a strongly periodic sequence in Q%, it
follows from (14) that

[ Ttwn: o0} S 750 Upan—1) DWW N = 2)(N = 1" H™) S 50 (Span—1),
1

which implies dimH Sﬁ,zN_1 2 dim[-] TTON—1 (]_[TO{Un, v_n}) > 0. U

Since (8¢ (ap))ge; = (N(N — 1)1 decreases to N(N — 1)® = (8, (@c))72, inthe sense
of lexicographical order as n — oo, we obtain from proposition 4.1 that ¢, increases to ..
Thus for each 8 < o, there exists some n € N such that 8 < «, and then dimy Sgoy—1 > 0
by lemma 5.2. This finishes the proof of part (1) of theorem 5.1.

In the following we will show part (2). For 8 € [a,, 1/N), it follows by proposition 4.1
that (8¢(8))72; < (Se(ac))ge; = N(N — 1), which together with theorem 4.5 implies the
following property:

(P9) For N > 2 and 8 € [«., 1/N), any block in F is forbidden in 712*,\}_1(2/{,3,21\;_1) where
oo N-1

F=J U NN = DN, TV = 2)(V — DXV - 2)).
k=0t=N-2

For a positive integer n, let B, be the set of blocks of length n occurring in elements of
”2_1\}—1 Upgan-1), i.e.
By = {eisi&iv2 - 8imn 11 20, (8032 € mon_Usan-1)}-

Lemma5.3. Given N > 2 and B € [ac, 1/N), let b = by---b, € {N -2, N — 1}/
with by = N — 1 for some p € N. Then W~ (b) N B, = {(N — 1)’} or {§, &} for some
Ee{N—-2,N—1,N}".

Proof. Leté =& ---§, € w-1(b) N B,. Then it follows from b € {N — 2, N — 1}? and
the definition of W that £ € {N — 2, N — 1, N}?. Note that W~'(N — 1) = {N — 1} and
U (N-2)={N—-2,N}.

M b= (N —1)?. Then U~ (b) N B, ={(N — 1)"}.

D) b# (N —-1P. Letby, =by,=---=b, =N—-2forl <k <ky<---<ks <p,
and by = N — 1 for k # k;. Then also § = N — 1 for k # k;. Moreover, if &, = N,
then it follows from (P9) that &, = N — 2, &, = N, &, = N — 2 and so on. Similarly,
if &, = N — 2 we will obtain by (P9) that &, = N, &, = N — 2, &, = N and so on.
Thus, ¥~1(b) N B, = {&, £). O

Lemma 5.4. Given N > 2 and B € [a., 1/N), let ¢ = (c0)j2, € QY be a strongly periodic
sequence. Then 15, 1\}71 Ugon-1) N \Ilo_ol (c) is at most countable.
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Proof. Note by 8 > o, that (6,(8))52, < (de(ae));2; = N(N — 1)*°. Thus for any sequence
(e, € n{,\}_] (Up on—1), we obtain by the same argument as in lemma 4.12 that

o0
ekt € [ [(IN =2, N — 1, N}
1

for some large £k € N, which implies that Woo(gr&ps1--+) € {N — 2, N — 1}*°. Let
c =a;---agby---by)® with a; < by, 1 < £ < g be a strongly periodic sequence in
Q% such that 5 (Us an—1) N W' (c) # @. Then

by- by € {N—2,N—1}.
Case I by ---b, = (N — 2)4. It follows from W~'(N —2) = {N — 2, N} that W' (c) <

vl(g-- ~ag){N — 2, N}*°. Note by (P9) (with t = N — 2, k = 0) that blocks N(N — 2)?
and (N — 2)N? are forbidden in 7,y (Up2n—1). Thus

Ton—1Upon-1) NV (e) S W7 a1 -ag) (N (N(N = 2)%, (N =2)N)*, (N = 2)%}

which is at most countable.

Casell. by ---b, # (N —2)4. Then there exists by = N —1forsomek € {1, ..., g}. Note that
c=aj---agby--b)® =ay---aghy - -by_1(bg---byby - bp_1)™.

It follows from lemma 5.3 that there exists ag-block§ =§,---§, € {N -2, N —1, N}¥ such
that W~ (b - <obgby - b)) N B, = {&,&}. Thus

T Usan—1) N (e) C oy Ugan—1) N (‘I’_l(al cooagby - br_y) 1_[{5, E})
!

Note that since ¥~!(c) and JTZ_A}_I(U&QN_]) are all reflection invariant, nz_,\}_l(uﬂ,m_l) N
W_!(c) is also reflection invariant. Thus we only need to consider the following three cases.

(ITa) & = (N — 1)4. Then ]_[fo{é‘, &} collapses to a single point (N — 1)*°,

(Ib) € = (N — 1)!Né&ps . &g tN(N = 1" with€ > 1,r =2 0and £+r < g — 1 (note that
£E=(N—-1D'NWN = 1) if¢+r =g —1). It follows lzy (P9) that blocks £& and éé_are
forbidden in ”{1\}_1 Ugon-1) N \IJO‘O1 (¢). Thus I—[TO{S, &} collapses to two points (§€)>
and (§€)*.

(Ilc) € = (N —1)!Né&s . & (N=2)(N=1)"withe 2 1,r 2 0and £+r < g —2. By
the same argument as in (IIb) we also obtain that n{b}_l(uﬂg}v,l) N W~1(c) is at most
countable. 0O

It follows from lemma 5.4 and (14) that for 8 € [«,, 1/N), the set

N1 (Span—1) =Ty Ugav—1) N J W (@ = oy, Uson—1) N W (©)

is at most countable since the union on the right is countable. Note that for § € [a., 1/N),
{O4(N — 1)*® :q € N} C ﬂz_j\},l(gﬁ,zzvql This gives part (2), finishing the proof of
theorem 5.1.
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6. Final remarks

In this paper we determined the size of two types of sets Ug 1y and Sg 1, where Ug 4y is the
setof t € I'g vy — I'g v having a unique Q. y-code and Sg -+ is the set of ¢ not only having a
unique code but also making the intersection I'g y N (I'g v + t) a self-similar set. It follows
from [19] that for 8 € (1/(2N — 1), 1/N) there also existalotoft € I'g v — I'g y = [—1, 1]
having exactly p different 2 y-codes for any integer p > 2. Let

f,éﬁ)m :={t el'gn —Tgn:t hasexactly p different Q. y -codes},
and

Sé’fiN ={re -7'_/;{11\1 :Tg .y N (Tgy +1) is a self-similar set}.

Problem. How large is the set F, ;p i  for a given positive integer p > 27 How to characterize

this set? This is also an open problem for beta-expansions. Moreover, how large is the

setSé’jEN?
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