Acta Mathematica Sinica, English Series

Apr., 2010, Vol. 26, No. 4, pp. 731-742 Acta Mathematica Sinica,
Published online: February 15, 2010 Engllsh Series

DOIL: 10.1007/510114-010-7453-8 © Springer-Verlag Berlin Heidelberg &
Http://www.ActaMath.com The Editorial Office of AMS 2010

The Hausdorff Dimension of Sets
Related to the General Sierpinski Carpets

Yong Xin GUI
Department of Mathematics, Fast China Normal University, Shanghai 200241, P. R. China
and
Department of Mathematics, Xianning College, Xianning 437005, P. R. China
E-mail: gyz@xnc.edu.cn

Wen Xia LI
Department of Mathematics, Fast China Normal University, Shanghai 200241, P. R. China
E-mail: wxli@math. ecnu.edu.cn
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1 Introduction

Let T be the expanding endomorphism of the 2-torus T? = R2?/Z? given by the matrix

diag(n, m) where 2 < m < n are integers. The simplest invariant sets for T" have the form

k

KTy =Y (" | de:dpeDforallk>1y,
Pt 0 m~

where D C I x J is a set of digits with I = {0,1,...,n — 1} and J = {0,1,...,m — 1}.

Alternatively, define a map K7 : (I x J)N — T? by

o] -1 k
Kr(z) =Y ( " 0_1 ) 2, o= (1), € (I x J).

Pt 0 m

Then K (T, D) = K7(DY). So each element of K(T, D) can be represented as an expansion in
base diag(n=t,m~!) with digits in D. The set K (T, D), called the general Sierpinski carpet,
was first studied by McMullen [1] and Bedford [2], independently, to determine its Hausdorff
and box-counting dimensions. From then on, some further problems related to the Sierpinski

carpet K(T, D) are proposed and considered by lots of authors. Peres [3—4] studied its packing
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and Hausdorff measures. Kenyon and Peres [5-6] extended the results of McMullen [1] and
Bedford [2] to the compact subsets of the 2-torus corresponding to shifts of finite type or
sofic shifts and to the Sierpinski sponges. King [7] determined the singularity spectrum for
general Sierpinski carpets. Olsen [8] extended King’s results to R? by analyzing the multifractal
structure of self-affine invariant measures supported by the Sierpinski sponges.

Let o denote the projection of R? onto its second coordinate. Let
B=o0(D) and ny = #{d € D : o(d) = b} for each b€ B,

where and throughout this paper we use #A to denote the cardinality of a finite set A. D is
said to have wuniform horizontal fibres if ny = ny for all b,b" € B. Let
a—1

a=log, m and 0 =
a

For any = = ()72, € DN and d € D, set
Ni(z,d) =#{1 < j<k:z; =d}.

Whenever there exists the limit

Nk(l‘, d)
oY 1)

it is called the frequency of the digit d in the coding x. When we write the symbol ((z,d)

¢(x,d) = lim

k—o0

we are already assuming the existence of the limit in (1). As we know, lots of interesting
results have been established for the study of certain subsets of self-similar sets, e.g., the so-
called multifractal analysis. Some detailed description on this topic and recent developments
are included in [9]. Unfortunately, less analogous results have been revealed for the general
self-affine sets. However, some results for a typical subset of the general Sierpinski carpet, a
special class of self-affine sets, were achieved by Nielsen [10].

For a probability vector p = (p4)aep on D, i.e., Y ;. ppa = 1 with each pg € (0, 1), let

Zp = {z = (2;)j2, € D" : {(2,d) = p4, d € D}, (2)

where ((x,d) is defined by (1). A probability vector p = (pg)aep is said to be uniformly
distributed on D if pg = #1D for all d € D. For any Borel subset E of R?, let dimy F and dimp E,
respectively, denote its Hausdorff and box dimensions, and 57(E) denote its y-dimensional
Hausdorff measure. For a probability vector p = (pg)sep on D we denote g5 = ), Do (d)y=b Pd
for b € B = o(D). Then (gp)pep is a probability measure on B. Nielsen in [10] obtained that
for each probability vector p = (p4)acp (see [10, Theorems 1 and 3])
R1]  dimpy K7(Ep) = —a > 4cp Palog, pa — (1 — @) 3 24c g @b 108y, ab;
[R2] dimp K7 (Ep) =dimp K (T, D) = (1 — a)log,, #B + alog,, #D;
[R3] Denote v = dimpy K7 (Zp).

(a) If p is uniformly distributed on D and if D has uniform horizontal fibers then

0 < 7 (Kp(Ep)) < +00;
(b) If p is not uniformly distributed on D or if D does not have uniform horizontal fibers

then
AV (K (Ep)) = +oo.
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In the present paper, we like to investigate another class of subsets of the general Sierpinski

carpet. For any fixed two distinct digits ds, d; € D and > 0 we consider the set
Qds, dy, B) = {z = (2:)721 € DN : {(x,d,) = B¢(z,d;) > 0} . (3)

Then Q(ds, dy, 3) is the subset of DY such that for each x € Q(ds, dy, 8), the frequency of d is 3
times the frequency of d;. And so K (2(ds,dy, 8)) is the subset of the K (T, D) whose elements
have their codings with a prescribed proportional frequencies for two prescribed digits. Clearly,
Kr(Q(ds,ds, 3)) is T-invariant, dense in K (T, D) but not compact in general. Let

r= {P = (Pa)aep :pa € (0,1), Y pa=1andpa, = ﬁpdt}- (4)
deD

To avoid triviality, we assume that #D > 3 since X is a singleton when #D = 2 (and so
Q(ds,dy, 8) = Zp with p= (1 + 8)71, 3(1 + B3)~1)). It is easy to see that

Er(Qdy, di, 8) > | Kr(Ep)- (5)
peEX

We emphasize that the inclusion is proper since K (Q(ds,d;,3)) contains points for which
((z,d),d € D\ {ds,d:} are not well-defined. Thus, it directly follows from [R2] that

dimp K7 (Q(ds, dy, 8)) = dimp K(T, D) = (1 — a) log,,, #B + alog,, #D.
We define a function on ¥ by

f(p) =« Z Pa logﬂ’L Pad — (1 - Oé) Z Pa logm 9o (d)

deD deD
=—a Y palog,pa—(1—a) ) glog, a (6)
deD beB

Thus we have

dimpy K (Q(ds, di, 8)) > sup dimy K (Zp) = sup f(p),
pEX pex

by (5), (R1) and (6). Note that the function f(p) can be continuously extended to cl(X)
(the closure of X) by interpreting Olog,, 0 as 0. Then f(p) can obtain its maximum fiax
on cl(¥). Indeed, the maximum fp,.x can not be reached on the boundary of cl(X), and
there exists a unique point p* = (p}j)aep € ¥ such that f(p*) = fmax = Maxpea(x) f(P) =
maxpey f(p). This fact is shown in the next section as Proposition 2.4. Throughout this
paper, the notation p* = (p})4ep is always assumed to be the unique maximum point of f(p)
and ¢ = ZdeD,a(d):b py for b € B whenever they occur. More precisely, as we can see in

Proposition 2.4, p* = (p}))aep is determined by (9) and so

s =a(omn 3 ah g1 (54 n) ).
deD\{ds,d+}
Therefore, we can obtain a lower bound for the Hausdorff dimension of K1 (Q(ds, d¢, 8)), i.e.,

dimy; K7 (QU(ds, dy, 8))) > a(logm > gyl —log,(1—(B+ 1)192))-
deD\{ds,d:}
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However, our main result shows that the opposite inequality also holds. In this paper, we obtain
the following results.

Theorem 1.1 Let f(p) be given by (6). Let p* = (p})aep € cl(X) be such that f(p*) =
maXpecl(s) f(p). Then

dimpy Kr(Q(dy, du, B)) = F(p*) a(logm S @l —log,(1— (5 + 1>pzt>),
deD\{ds,d:}

where q; = ZdeD,U(d):bpfi forb e B.
Remark As shown in Proposition 2.4, p* = (p})dep is determined by (9). By means of the
third equality in (9), an alternative expression for dimy Kr(Q(ds, d¢, 3)) is given by

. a *
dlInH KT(Q(dS,dt; 6)) = _1 +ﬁﬁ logm ﬂ - alOgmpdt
(1 - O‘)ﬂ * (1 - a) *
_ 115 logm A5(d,) — 148 logm A5(dy)- (7)

Generally, it is difficult to give an explicit expression for the maximum point p* = (p})aep.

However, this is possible for some special cases.
Corollary 1.2 Suppose o(D \ {ds,d}) No({ds,d¢}) = 0.
(1) If o(d,) = o(ds), then

af

dlmH KT(Q(dsvdhﬂ)) = 71 + B

aB _ o
g 0410, (55 S5 asha 1490,

deD\{ds,d:}
(1) If 0(dy) # o(dy), then

B

dimp Kr(ds.dr9) == |

8 o
log,,, 8 + log,,, (ﬂlﬂf Z ng(cg + 6+ 1).

deD\{ds.,d¢}

Proof The first equality in (9) gives that
* q* 0
Pa _ ( ;’(d)) for d,d" € D\ {d,d:},
Pa Do ()
implying that p}; = p} whenever d,d" € D \ {d,,d;} lie on the same horizontal fibre, i.e.,
o(d) = o(d'). Under the condition that o(D\{ds, d;})No({ds,d;}) = 0, we have @) = No(d)Pd
for any d € D\ {ds,d;}. Thus,
% a—1
Pa _ ("”(d> > for d,d € D\ {ds,d}.
Py No(d)

Therefore, for any d € D \ {ds, d,}, we have

. "5 .
Pg = a1 (1= (B+1)pg,),
> deD\{d..d:} "o (d)
and
”?(d)
Ty = L@ = (B+1)py).

> _deD\{du s} Mo (d)
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By the third equality of (9), we obtain
(1+p)!

Da, ﬂﬁgﬁ ZdeD\{dsydt} n?@; (4 when o(ds) = o(dy),
and
p= 1 when o(dy) # o(dy).
pres ZdeD\{dS,dt} n?&% +1+4+0
Hence, (I) and (II) are then established by (7). O

Remark Under the condition of Corollary 1.2, we have that if, furthermore, all n,4),d €
D\ {ds,d:} are equal, then

dlmH KT(Q(dSa dt7 ﬂ)) = dlmP KT(Q(dSa dt7 6))

This can be established since one can get that limg_.o ; log,, fip«(Qx(z)) = — in the proof
of Theorem 1.1 where we only obtain that limsup,_, ., ; log,, fip- (Qk(z)) > —~ for the general

case.
As to the corresponding Hausdorff measure, we have the following theorem:

Theorem 1.3  Denote v = dimpy K7 (Q(ds, dy, 5)). We have

() If B #1, then Y (Kr(Q2(ds, dt, 8))) = +00;

(I) If 8 =1 and D has uniform horizontal fibres then 0 < 77 (Kr(Q(ds, dt, 3))) < +o0;

(IIT) If 8 =1 and D does not have uniform horizontal fibres then 7 (K (QUds, dt, 5)))
= +o00.

The rest of this paper is organized as follows. In Section 2, some basic facts and known
results needed in the proof of our theorems are described. Proofs of Theorems 1.1 and 1.3 are

arranged in Section 3.

2 Preliminaries

As in [1, 3-4, 10], a class of approximate squares are used to calculate the various dimensions
of the general Sierpinski carpets and its subsets. For each z = (z;)52, € (I x J )N and each
positive integer k, let
Qr(z) = {Kr(y) 1y = (y;)52, € (I x NN, y; =5 for 1 <j < [ak]
and o(y;) = o(z;) for [ak] +1 < j < k},
where, as usual, [a] with a € R denotes the greatest integer function. The sets Qi (z) are

approximate squares in [0, 1], whose sides have length n~[*] and m~*. Note that the ratio of

the sides of Qp(z) is at most n, and their diameters diamQy (x) satisfy
VvVom™F < diamQ(z) < Vonm™F.

So in the definition of Hausdorff measure, we can restrict attention to covers by such approx-

k can be covered by a bounded number

imate squares since any set of diameter less than m™
of approximate squares Qi (x). The following lemma appears in [10] in which the approximate
square Qg (z) behaves as an analogue as the ball does in the classical density theorems. It is

just a reformulation of the Rogers—Taylor density theorem as stated by Peres in Section 2 of [4].
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Lemma 2.1 [10, Lemma 4]  Suppose that § is a positive number, that u is a finite Borel
measure in [0,1)%, and that E is a subset of (I x J)N such that Kr(E) is a Borel subset of
[0,1)%, and p(Kr(E)) > 0. Put
A(w) = lim sup(kd + log,, 1(Qk()))

for each point x € E.

1) If A(z) = —co for all x € E, then 7#°(K7(E)) = +o0;

2) If A(x) = +oo for all x € E, then #°(Kr(E)) = 0;

3) If there are numbers a and b such that a < A(x) < b for all x € E, then 0 <
HO(Kr(E)) < +oc.

The Borel measures on [0, 12 to which the above lemmas will be applied are constructed as
follows. Let p = (pa)dep be a probability vector on D, i.e., >, pa = 1 with each pg € (0,1).
Then p determines a unique infinite product Borel probability measure, denoted by pp, on DN,

For any finite sequence (z¢)f_, € D,

Hp Ige 1 Hpac]a

where [(z¢)5_,] == {y = (y;) 52, € DV :y; =x; for 1 <j <k} is a cylinder set of DY with base
(z¢)k_,. Let fip be the Borel probability measure on Kz (DY) which is the image measure of
pp under K7, i.e., fip(A) = (K A) for Borel set A C R2. From the definition of Q. () it
follows that for any 2 = (2;)52, € DN (cf. formula (4) in [10], also formula (4.4) in [11]),

[ak] k
Fp(Qu(x Hp’h ’ H Qo (z;)- (8)
J=[ok]+1

Then the Kolmogrov Strong Law of Large Numbers shows that i (K71 (Zp)) = 1. We give the
proof for completeness.

Lemma 2.2 Let p = (pa)aep be a probability vector. Let pip and Zp be given by (8) and (2).
Then fip(Kr(Ep)) = 1.

Proof For d e D, let

Ty = {z = (2j);72 € D" : ((w,d) = pa}-

Then Ep = (yep Ta- So it suffices to show that up(I'y) = 1. Consider a sequence of random
variables {X;}22, on the probability space (DN, Z, up) (F is the Borel o-algebra) by letting

w={y 22

j )
for each = = (xj);?‘;l € DY. Then X;,X,,... are independent and identically distributed
random variables with pp (X1 = 1) = pg and pp(X; = 0) =1 — pg. By Kolmogrov Strong Law
of Large Numbers, we have that for pp-a.e. = ()32, € DN,

. o k
vy = i FEETER0 =0 57 ) = B00) =

k—oo k k—oo
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implying pp(Tq) = 1. d
Note that Q(ds,ds, 8) D Zp for each p = (pa)aep € . The following corollary follows

immediately from Lemma 2.2.
Corollary 2.3  Let Q(ds, d, 8) and X be defined as (3) and (4). Then fip (K1 (Q(ds, di, 8))) =1
for any p = (pa)acp € X

Our next target is to maximize the expression (6) under the constraint p € . We use the

notation log to denote the natural logarithm.

Proposition 2.4 Let f(p) be defined by (6). There exists a unique probability vector p* =
(ph)dep € X such that

f(p*) = fmax = pglc?()é) f(p)

More precisely, p* = (p})aep € X is uniquely determined by

*0

. 45(d *

Pd:Z . 0 (= (B+1py,), de D\{ds d},
deD\{ds,d,} 9o(d)
Py, = By,
a(f+1)log(1— (3 +1)pi) —a(B+Dlog > gy —aBlogs
dED\{dsadt}
—a(B+1)logpy, — (1 - a)Blog g}, — (1 —a)logqs,,, =0,

where, as before, q; = ZdeDJ(d):bp’:l forb e B.
Proof Clearly, f(p) can obtain its maximum on cl(X) since f(p) is continuous and cl(X) is
compact. We first show that the maximum point is unique. Note that f(p) is a strictly concave
function in p. In fact, the first summand of f(p) is strictly concave and the second is concave.
On the other hand, cl(X) is convex, the constraint inequalities are both convex and concave
and its constraint equalities are all linear. By a well-known property of convex programming ,
there exists a unique p* € cl(X) such that f(p) attains its maximum at the point p*.

We then show that the maximum of f(p) is obtained in ¥, equivalently, that p* € 3. Let

Zy(p) = —a Y palog, pa and Za(p) = (a— 1) gy log,, g
deD beB

Then f(p) = Z1(p) + Z2(p). Suppose p* = (pj)acp € cl(X) \ X. Let D1 = {d € D : pj = 0}
and Do = D\ D;. Then both D; and Dy are nonempty. Take p = (py)aep € X. Let
pt =tp+ (1 —t)p* = (tpa + (1 — )p})aep, t € [0,1]. Then p, € ¥ for ¢t € (0,1] and py = p*.
Note that

Zi(b1) = fy 2p0) = —at gy ( 3 4B+ (1= i) o+ (1~ ) )

deD

—a Y (Pa— p)log,, (tpa + (1 — t)p})

deD
= —a( > Balog,,(tpa) + Y (Pa — pj)og,, (tPa + (1 — t)pf;))-
deDy de Doy

Thus we have lim;_o4 Z7(pt) = +00. The same argument shows that lim;_oy Z5(pt) = 00

if ¢ = 0 for some b € B, or is equal to a finite real number. Therefore, lim;_o4 f'(p:) = +00.
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Note that lim; o4+ f(p:) = f(p*). Thus, f(p:) > f(P*) = fmax When ¢ is small enough, leading
to a contradiction. Now let

L(p, A1, de) == Y palog,pa— (1 —a) D q1og,, g

deD beB
A A
+ 0 (pa, — Bpa) +, Zpd—l .
logm logm ey

Since p* = (p})aep € X is the unique point such that f(p*) = maxpex f(p) and f(p) is a

strictly concave function in p, p* is uniquely solved by (method of Lagrange multipliers)

oL

=0, deD,
Opq
oL

=0,:=1,2
aAZ ’Z )~

i.e.
_a(logpd + 1) - (1 - a)(logQU(d) + 1) + )‘2 = Oa deD \ {dS7 dt}a
—a(logpa, +1) = (1 = a)(log gs(a,) + 1) + A1 + A2 =0,

—a(logpg, +1) — (1 — a)(log gy(a,) + 1) — BA1L + A2 = 0,

Pd, — Bpa, =0,
Z pa—1=0.
deD

So p* = (p})dep € X satisfies

*0
9o (d)

pa = (1= (B+1)pg,), de D\{ds,di},

*0
ZdeD\{ds,dt} 9o (d)
pzs = Bpj;t’

a(B+1)log(1— (B+1)p;,) —a(B+1)log > ¢y —aplogp
deD\{ds,d+}

—a(B+1)logpg, — (1 —a)Blogqy ) — (1 —a)logqy,,) = 0. O

By means of (9) we can rewrite f(p*) as

f(p*)=a<10gm 3 q;?@—logm(l—(ml)pzt)).

deD\{ds,d:}

In fact, from the first equality in (9) it follows that

> pilog,pi= Y. pilog,pi+ Y, pilog,ph
deD deD\(d..dy} de{dudy)
= (1 ) (o1 = (L B)) ~low S aily )
deD\{ds,d:}

+> gilog, g’ = > pilog, aily + > pilog,, pi
beB de{ds,d;} de{ds,di}
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Thus
fp*) =—a) pilog,p;—(1-a))_ q¢log, ¢
deD beB
=« ( > gilog,q’ = > vy longZ)
beB deD

a{<1<1+mpzt>(logm 3 q;‘édwogm(l(uﬂ)pzt))

deD\{ds,d+}

+ > pilog, iy — Y. i logmpZ}
de{ds,d:} de{ds,di}

= a(logm Z q;?d) - 1Og?ﬂ(l - (B + 1)p;§t))

deD\{ds,d:}

+a{—(1+6)p2t(logm > qi?d>—10gm(1—(1+ﬁ)p2t))

deD\{ds,d¢}

+ Y pilog.dily— Y. bl longZ}
de{ds,d:} de{ds,d:}

= a<logm > gty —log,,(1—(B+ 1)p2t)>~
deD\{ds,d:}
The last equality above is obtained by the second and third equalities in (9). Its verification is

left for readers.

3 Proofs

In this section, we give the proofs of Theorems 1.1 and 1.3. It will be done based on Lemma 2.1
and [R3].
Proof of Theorem 1.1  As discussed in Section 1, we only need to show dimpg K7(Q(ds, dy, 3)) <
fp).
For any = = (r;)32; € Q(ds,dy, 3), any k € N and any d € D, set
Sk(z) = Z Ni(z,d) log,, ¢5a)- (10)
deD\{ds,d:}

For simplicity, denote

v=f(p*) = a(logm > gy —log,,(1—(B+ 1)p2t))~

deD\{ds.ds}
As shown in (9), we have that for any d € D\ {d;,d.},
* * *9
1Ogm Pg = Glogm Ao (a) + 1Ogm (1 - (6 + 1)pdt) - 1Ogm Z 4o (d)-
deD\{ds,d:}
Thus we can rewrite (8) as

log,,, fip=(Qk(2))
(k]

k
= log,pi, + D 108, @,
j=1 j=lak]+1
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= Niar)(2,ds)10g,, i + Nigwy(z,di) log,, pi, + Y Niaw(,d)log,, pj
deD\{ds,d}

+ (Nk(z,ds) — Niag)(z,ds)) log,, q;(ds) + (Ni(,dy) — Niggy (2, dy)) log,, q;(dt)
+ Y (Ni(w,d) = Ni(,d))1og,, @5 a)
deD\{ds,d+}
= Nian) (@, ds) log,, Bpj, + Niar) (7, d;) log,, pg,

* * %
+ Z Niak) (z,d) (9 10g,,, 45 (q) + 108, (1 — (8+ 1)pg,) — log,, Z qa(d))
deD\{ds,d+} deD\{ds,d:}

+ (Ni(z,ds) = Niaw) (2, ds)) l0g,, ¢4,y + (Ni (2, di) — Nijak) (2, dv)) log,, 454,
+ Z (Nk(z,d) = Niary (2, d)) log,, ¢;a)
deD\{d,di}
= N[ak] (SU, ds) 1Ogm 5 + (N[ak] (.’I}, ds) + N[ak] (‘T7 dt)) logm p:;t
+ ([ok] = Niar)(z, di) = Niagy (2, ds)) log,,, (1 = (B + 1)pg,)
*9
— ([ak] = Njak) (@, de) = Niagy (2, ds)) log,,, > qia
deD\{ds,ds }
+ (Nk(z, ds) — Niag) (2, ds)) 108, 454,y + (Ni(2, di) — Niary (@, dt)) log,, 54,

Therefore, for each x = (z;)2,; € Q(ds, d;, 5) we have

_ 1.
lim sup i log,,, fip- (Qk(7))

k—oo

— al(w, dy) log,, B+ (al(x, dy) + a((x, dy)) log,,, P},
+ a1 = C(x,dy) — C(x,dy)) log,, (1 — (B+ 1)pj,)
—a(l —((z,d) ~ C(z,d))log,, Y T
deD\{ds,d¢}
+ (C(xa ds) - OZC(.’E, ds)) logm Q;(ds) + (C({E, dt) - OéC(:Ev dt)) logm q;(dt)

S
+ lim sup Si(@) _ Plokl (z)
k— 00 k ak

= _a<10gm Z qz?d) - logm(l - (ﬁ + 1)p§t)

deD\{ds,d:}
(o, dt){oz(ﬁ 1) log,,(1— (84 1)p5,)

—a(f+1log,, > ¢y —aBlog, - a(B+1)log,,pj,
deD\{ds,d}

— (1 —a)Blog,, 4y(4,) — (1 — a)log,, q;(dt)}
(Sk(iv) B S[ak](x))

4+ lim sup

k—oo

k ak

Sk(®)  Stax] (ff))

v+ 1msup( i ok

k—o0

where the last equality is obtained by the third equality in (9). In the following, we show that
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for each point = = (z;)32,; € Q(ds, dy, B),

lim sup <Sk(x) _ Ston (x)) > 0. (11)

k—o0 k ak
Obviously, for every point = = ()52, € Q(ds,d;, f) and any k € N, from (10) it follows that
sup | Sk 11 (2) — Si(2)] < ma|log,, i (12)
k beB
For a fixed z = ()32, € Q(ds,dy, ), let T'(k) = Sk(x). We extend T to [1,+00) by piecewise
linear interpolation. Then T is a Lipschitz function by (12). Now define g : [0,00) — R by
g(z) = e *T(e).
We claim that ¢g(z) is bounded and uniformly continuous on [0, 0c0). Indeed,
l9(2) < lg(0)]e™* +1g(2) — g(0)e 7| < [T(1)[ + e *[T(e*) = T(1)| < |T(1)| + LipT,
and for any § > 0,
l9(2 +0) — g(2)] = |e”CFIT () — e T (%))
< e HFT(e*) = T(e%)] + |g(2)|(1 — ™)
< (1 —e O)LipT + (1 — e %) (|T(1)| + LipT).

Now for any v > — log «,

’/vloga(g(z) —g(z +loga))dz

z)dz —/ g(z + loga)dz
loga log

/v+log «@
—loga
loga /'qulog [eY

—loga v+log o
[ s
v

limsup(g(z) — g(z + loga)) > 0.

z—+00

Il
N\;\

< g(z)dz| + < 00,

h

since g is bounded on [0, +00). Therefore,

By letting z = logt, this gives

sy (70T 5

t—-—+oo at o
Note that
@) T(at) (T(t)-T(t) T(at)=T(lat])\ | T([t]) ([t
t ot :< t - at o (t_1>
Star) (@) Sy () Sw(x)  Spag(2)
(=) O ), "

where, as before, [t] with ¢ € R denotes the greatest integer function. However, the first three

terms on the right side of (13) tend to zero as ¢ — +oo by the facts that both functions
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|T(t) — T(t])| and g(z) are bounded, and g(z) is uniformly continuous. Hence (11) holds.
Therefore, for every z = (7;)52; € (d;, di, ) we have

. 1 -
lim sup B log,, fip* (Qr(x)) > —,

k—oo

which leads to

i sup (18 + 1o e (Q4(2)) = imsup k(54 | o e (Qu(2)) ) = 425,

k—o0 k—o0 k
for any 6 > . Now Lemma 2.1 2) and Corollary 2.3 imply that dimpg Kr(Q(ds,d:, 3)) <~. O

Proof of Theorem 1.3 As shown in Theorem 1.1, we have
dlmH KT(Q(ds;dtaﬁ)) = dlmH KT(E’P*) = f(p*)

Note that the probability vector p* = (p})aep is not uniformly distributed on D if 5 # 1. So
both (I) and (IIT) can be deduced directly from [R3] since Kr(Q(ds,ds, 5)) D Kp(Ep+).
To prove (II), we first claim that p* = (p})aecp is uniformly distributed on D, i.e., p* =

( #1D, #ID, cee #1D), when § = 1 and D has uniform horizontal fibres. This is done by simply
checking that the probability vector ( #1D, #1D ey #ID) € Y satisfies (9). At this moment, we
have

v = f(p*) = (1 —a)log,, #B + alog,, #D.
Therefore,

kv +log,, fip (Qk(z)) = k((1 — ) log,, #B + alog,, #D)

1 1
+ [ak]log,, 4D + (k — [ak]) log,, 4B
= (ak — [Oék‘]) log,, ig

for all x € Q(ds, d;, 8) and all k € N. Then (II) is justified by Lemma 2.1 3) and Corollary 2.3. O
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