LONDON

MATHEMATICAL 10P Publishing

SOCIET

Nonlinearity 9

You may also like

- A random version of McMullen—Bedford

Multiscale self-affine Sierpinski carpets Qeneral Sierpingld carpets and s

application
Yongxin Gui and Wenxia Li

To cite this article: Yongxin Gui and Wenxia Li 2010 Nonlinearity 23 495 ) ) )
- Hausdorff dimension of subsets with

proportional fibre frequencies of the
general Sierpinski carpet
Yongxin Gui and Wenxia Li

View the article online for updates and enhancements. - On the packing dimension of box-like self-
affine sets in the plane
Jonathan M Fraser

This content was downloaded from IP address 222.204.242.249 on 02/06/2026 at 03:32


https://doi.org/10.1088/0951-7715/23/3/003
/article/10.1088/0951-7715/21/8/004
/article/10.1088/0951-7715/21/8/004
/article/10.1088/0951-7715/21/8/004
/article/10.1088/0951-7715/20/10/005
/article/10.1088/0951-7715/20/10/005
/article/10.1088/0951-7715/20/10/005
/article/10.1088/0951-7715/25/7/2075
/article/10.1088/0951-7715/25/7/2075

TIOP PUBLISHING NONLINEARITY

Nonlinearity 23 (2010) 495-512 doi:10.1088/0951-7715/23/3/003

Multiscale self-affine Sierpinski carpets

Yongxin Gui'-> and Wenxia Li'-3

! Department of Mathematics, East China Normal University, Shanghai 200241, People’s
Republic of China
2 Department of Mathematics, Xianning college, Xianning 437005, People’s Republic of China

E-mail: wxli@math.ecnu.edu.cn

Received 9 October 2009, in final form 10 December 2009
Published 19 January 2010
Online at stacks.iop.org/Non/23/495

Recommended by C P Dettmann

Abstract

The well-known self-affine Sierpinski carpets, first studied by McMullen and
Bedford independently, are constructed geometrically by repeating a single
action according to a given pattern. In this paper, we extend them by randomly
choosing a pattern from a set of patterns with different scales in each step of their
construction process. The Hausdorff and box dimensions of the resulting limit
sets are determined explicitly and the sufficient conditions for the corresponding
Hausdorff measures to be positive finite are also obtained.

Mathematics Subject Classification: 28A80, 28A78

1. Introduction

Let2<m<nandlet/ ={0,1,...,n—1}and J ={0,1,...,m —1}. Ford € I x J let
fa(x) = diag n ", mY(x +d), x € R%

It is well known that for each nonempty subset D € I x J the family {f; : d € D} of
contractive functions determines a unique nonempty compact set Kp, called a self-affine set
if m < n, such that

Kp = fu(Kp). ¢))

deD

The self-affine set Kp (2 < m < n) were first studied by McMullen [16] and Bedford [2]
independently (there Kp was called the general Sierpinski carpet since Kp is the famous
Sierpinski carpet when n = m). In the past two decades, some further problems related to the
general Sierpinski carpet K p and its various variations have been proposed and considered by

3 Author to whom any correspondence should be addressed.
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(a) (b)

Figure 1. (a) The chosen rectangles in the first step according to D =
{(0,0), (1,2),(1,3),(3,3), (4,2)} with n = 6 and m = 4. (b) The chosen rectangles after
the second step where I';; = {(0,0), (1,2), (1,3), (3, 3), (4,2)} with n;, = 6 and m;; = 4 and
I, =1{0,1),1,0), (3, 1)} with n;, =4 and m;, = 2.

many authors. For instance, readers can refer to Peres [19,20], Kenyon and Peres [13, 14],
King [15], Nielsen [17], Olsen [18], Baranski [1], Gatzouras and Lalley [8], Gui and Li [10],
Falconer [7], He et al [12], etc, just to list a few.

The general Sierpinski carpet K p can be constructed geometrically as follows. We divide
the unit square [0, 1]% into n x m congruent (closed) rectangles by drawing n vertical strips
of equal width and m horizontal strips of equal height. Then we choose those rectangles
according to the pattern D. For each chosen rectangle, we execute the same action as above,
i.e. divide each chosen rectangle into n x m congruent ones, choose the rectangles according
to D. Then the nonempty compact K is just the limit set by repeating the above procedure.
Figure 1(a) shows a pattern D and the chosen rectangles at the first step.

In this paper, we extend the above defined self-affine Sierpinski carpets K by randomly
choosing a pattern from a set of patterns with different scales in each step of their construction
process. Fix a k € N and take a set {(n;, m;) : 1 < i < k} of pairs of positive integers with
m;, n; 22,1 <l<kLet

{01, .. — 1 x{0,1,...,mj— 1) 2 x Jifori =1,2,...,k

We first take a I';, from {I"y, . .., I'x} randomly and divide the unit square [0, 177 into n;, X mj,
congruent rectangles by drawing n;, vertical strips of equal width and m;, horizontal strips of
equal height. Then we choose those rectangles according to the pattern I';,. Taking a I';, from
{I'1, ..., I'x} randomly, we divide each chosen rectangle into n;, x m;, congruent ones and
choose those rectangles according to the pattern I';,. Then we repeat the above procedure by
dividing each rectangle chosen by the last step and keeping those rectangles according to the
randomly selected pattern from {I'y, ..., ['t}. A nonempty compact set is then obtained which
we call a multiscale self-affine Sierpinski carpet. It can be viewed as a randomized version of
the self-affine Sierpinski carpet with respect to {I'y, ..., I'x}. Figure 1(b) shows the patterns
I';,, I'i, and the chosen rectangles after the second steps.
Foreach1 <i < klet

fia(x) = diag (n; ', m; ") (x +d), del; x J;and x € R%.
Foran w = (T2, € {1y, ..., T}V let IT: T2, Ty —> [0, 1]° be defined by

00 i i 00
T(d) =) _ diag (]‘[ Mot Hmw(lk)) d; for d = (di)iz1 € [ [ Two)-
i=1 k=1 k=1

i=1
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So each multiscale self-affine Sierpinski carpet described above can be represented as
H(]_[fil Iw@)) with a sequence w = ()i, € {1, ..., Y. In particular, when all
w (i) are identical, H(]_[?il I',,@iy) reduces to the self-affine Sierpinski carpet defined as in (1).

By |A| we denote the cardinality of a finite set A. Let proj, (proj,) denote the projection
of R? onto its second (first) coordinate. Put

hip =i N (L x {b})] for1<i<k and b € proj,I;. 2)
Aset I'; is said to have uniformly horizontal fibres if h; , = constant for all b € proj,I';. Two
sets I'; and I'; are said to have uniformly horizontal fibres of same type if |proj,I';| = |proj, I'; |

and h;p = h; forall b € proiji, b e proijj. Foran w = (I'yi)2; € {T'1, ..., ;Y and
£ € Nlet
Ne(Tj,w) = Ne(Tj) :i= {1 <i <L€:Tpa =T}, 1<j<k
In this paper we fix a probability vector (pi)fle (i.e. pi €[0,1] and Zle pi = 1) and
assume
k
Zik:1 pilogm, <1
Zi:l pilogn;
where and throughout this paper log denotes the natural logarithm. The requirement ¢ < 1 is
not crucial. In fact, one can rewrite all of the results below for the case { > 1 by exchanging
the roles of x and y axes, e.g. projecting R? onto its first coordinate (for the quantity & i, proj,d)s
considering vertical fibres, etc.
For the Hausdorff, packing, and box dimensions of TT([ ;2 [',)) we obtain the following
results.
Theorem 1.1. Let { be defined as in (3). Let o = (I'yi))2; € {T'1, ..., . If
i N¢(T)
im —— =

{— 00

¢ = (€)

Pjs I<j<k, “

then

k -1
_ Zi:l Pi 10g Zdef‘; hi, proj,d
Z?:l pilogm;

)
dimH IT (l_[ Fw(i)
i=l

and

[ee) o] k .
- pi(Clog ||+ (1 —¢)log |proj, I';
dimg IT ([ [ Toi | = dimp T [ Tui | = 21z Pild log| - [+ {1~ ¢)log lproy, D.
Z,‘:] pilogm;

From above it follows that dimy IT([];2; Tw@)) = dimg T[], Twa) if ¢ = 1. When
¢ # 1 we have the following corollary.
Corollary 1.2. Let o = (I'y4))2, € {T'1,..., [N and (4) hold. Let0 < ¢ < 1. Then
dimH H(Hloil Fw(i)) = dll’l’lB H(H?il Fw(i)) lfal’ld only ifeach Fi, 1 g i < k with Pi 75 0
has uniformly horizontal fibres.

i=1 i=1

Proof. Note that x — x? is a strictly concave function because of 0 < ¢ < 1. Thus, for each
1 <i<kwithp, #0

¢
et . hi b . hf,b
[proj, I'; "~ |T';|> = |proj, I'; | Z |m.—m 2 |proj, I’ Z m
beproj, I'; p -]y ! beproj, T p Jy i
— [ ¢—1
= 2 his=2 hmia
beproj, I'; del’;

where the equality holds if and only if all h; », b € proj,I'; are identical. 0
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When all w (i) are identical, say all I',,;; = D, this gives the Hausdorff, packing, and box
dimensions of the self-affine Sierpinski carpet K defined by (1)(cf [2, 16, 19])

. log, m log, m—1
dimy Kp = log, E hy = log,, E hprojyd
beproj, D deD

and
dimp Kp = dimp K = log,, (proj, D|' & || D|!& ™).

Thus, the following corollary is direct ( [11, theorem 1.1 and proposition 3.1]) and so the
results in this paper greatly extend those in [11] where (n;, m;) = (n,m) forall 1 <i < k.

Corollary 1.3. Letw = (I'y))2, € {T'1, ..., TN, If(4) holds and (n;, m;) = (n, m) (in this
case ¢ =log, m < 1)foralll <i < kwith p; # 0, then

) k k
. 1 —1 .
dlmH IT (l_[ Fw(i)) = E Di IOgm E hi(,)srno_]r"zd = E Pi dlmH KI‘;
i=l

i=1 deT; i=1

and

oo o0 k
dimp I (]‘[ rw(i)> = dimp I (1‘[ rw(i)) = > log,, (Iproj, [ |' %™ || &)

i=1 i=1 i=1

Corollary 1.3 shows that when all patterns I'; with p; # 0 are of same scale, i.e. all (n;, m;)
with p; # 0 are identical, the Hausdorff (box, packing) dimension of ]_[?il LCy) 1s just a
weighted average of the Hausdorff (box, packing) dimensions of KT, according to the weights
( pi)f-‘:l of the frequencies of I';s occurring in ]_[f’il I'ui). However, it is not true for the
general multiscale case shown in theorem 1.1. This is a bit surprising and quite different from
the self-similar case.

In 1994, Gatzouras and Lalley [9] studied the randomization of the general Sierpinski
carpet by means of branching processes. They gave exact expressions for the Hausdorff and
box dimensions of the random general Sierpinski carpet. The multiscale self-affine Sierpinski
carpets discussed in this paper can be also considered as a random version of the general
Sierpinski carpets if in each step one independently takes the pattern I'; (1 < i < k) with
probability p;. More precisely, this can be described as follows.

We endow {T'y, ..., I';}" with a probability measure PP. For the probability vector ( p,-)f‘=1
(cf (3)), let

k
P:=]] (Z p,-a,-) : (5)
N i=1

where §; denotes the Dirac measure concentrated at I';. From the ergodic theorem (or the law
of large number) it follows that (4) holds for P-a.e = (Fyi))i2; € {T'1, ..., I }N. Thus
theorem 1.1 can be formulated in a random way.

Corollary 1.4. Let ¢ be defined as in (3). Then for P-a.e w = (Uyiy)72, € (I, ..., N

k -1
. o Z,‘:] Di 10g Zdel“,- hi, proj,d
dlmH I 1_[ Fa)(i) = 7
i1 i1 pilogm;
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and

[ee) 00 k .
- piclog|Ti|+ (1 —¢)log |proj,I';
dimp IT Hrw(i) = dimp I1 Hrw(i) = Liz Pil& log| k| ( ¢)log lproj, |).
i=1 Zi:l pilogm;

i=I

As to the Hausdorff measure of l'[(]_[fi1 I',@y) in its dimension we have the following
theorem.

Theorem 1.5. Let o = T2, € {I'n,..., TN and (4) hold. Let y =

dil’l’l[.] H(]—IZI Fa)(i))~

(D Suppose ¢ < 1 (see (3) for its definition). If 0 < 7-[7’(1'[(]_[?2l L)) < 00, then each T';
with p; # 0 has uniformly horizontal fibres;

(ID) If all patterns T'; with p; # 0 have uniformly horizontal fibres of same type and
(n;,m;) = (n,m) and the patterns I'; with p; = 0 only occur finitely many times in
(Fw(i))?il! then 0 < Hy(l'[(]_[fil Fw(,’))) < OQ.

The above (II) is almost theorem 4.1 (II) in [ 1 1] where all I'; are required to have uniformly
horizontal fibres of same type.

By theorem 1.5 and corollary 1.2 we have that in the case of the general Sierpinski carpet
(i.e. the set K defined as in (1) with 2 < m < n) dimy Kp = dimpg K if and only if Kp
has positive Hausdorff measure in its dimension.

The rest of this paper is organized as follows. Section 2 is mainly devoted to establishing
a reformation of Rogers—Taylor density theorem. The proofs of theorems 1.1 and 1.5 are
arranged in section 3. Some examples are given to show that conditions in (I) and (II) of
theorem 1.5 are not necessary.

2. Preliminaries

Fixanw = (Iy))2, € {T, ..., i}, For € € Nlet

¢ v
£* = max {v eN: l_[ma)(i) = l_["w(i)} (6)
i=1

i=1
with the convention max ¥ = 0. Clearly, £* is uniquely determined by ¢ and £* € N if £ is big
enough. In the following we always assume £* € N. Thus

A
1_['=1” i

1<2—"f?< max ;. @)
[licim,e Isist

For x = (X,')?il € l_[?il Fw(,') let

oo
Qi(x) = {l'l(z) 2= @ € [ [Uow X Jow).  zi = xi for 1 <i < €%
=1 ®)
proj,z; = proj,x; for £ +1 <i < Z}, if € < ¢

or
o0
O(x) = {H(Z) rz=(z)2, € H(Ia)(i) X Jo@y), zi=xiforl <i <4l
i= )
proj,z; = proj,x; for £+ 1 < i < 6*}, if £* > ¢.
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The rectangle Q,(x) is an approximate square in [0, 1]*> since whose sides have length
i, n;('i), e, m;gi) comparable by (7). Thus, to evaluate the Hausdorff dimension of
II([172, Twy) one can restrict attention to covers by such approximate squares. We will use

the following lemma which is just a reformation of Rogers—Taylor density theorem [21].

Lemma 2.1. Let o = (T'yi))2, € {1, ..., . Suppose that | is a finite Borel measure
on [0, 117 such that M(H(]_[fil I'u@y)) > 0. Let § be a positive number. For each point

x = ()2 € [12) T, put

{—00 i—1

A(x) = lim sup <8 Zlog My + log M(Qe(x)))

(1) If A(x) = —oo for all x € 172, Toay, then H(TI([T52 Twai))) = +00;

2) IfA(x) = +oofor all x € 1_[21 Fa)(i)» then HE(H(HTEI Fa)(i))) =0;

(3) If there are real numbers a and b such thata < A(x) < b forall x € ]_[fil [y, then
0 < H(MI(T72; Twiy)) < +0o.

Proof. For each ¢ € N put

Qg:[Qj(x):erFw(,-)andj>Z} and  M=]JQ.

i=1 1

Let 7 be a finite or countable index set. A covering {E; : i € Z} of H(]_[fil [yy) is called an
L-level Q-type covering if all E; € Q,. Then for each E; in an £-level Q-type covering there

exists a unique positive integer, denoted by 6(E;)(=£), and x € ]_[lool | ) (not unique) such

that E; = Qgg,)(x). By (7) the diameter of E; is comparable to ]_[GI(E1 2 mw(l), more exactly

diam E; diam 3(x
V2 < . L — Qo () < /14 (max n;)2.
l_[(E/) mil. HG(E/) m*ll lgigk
j=1 o)) j=1 o)
Now for § > 0 let
00 0(E;) 8
s . J—
M\ <1'I (H l"w(,)>> 11m En}ﬁf . 1_[] mw(j) ,
i= i€ j

where the infimum is taken over all ¢-level Q-type coverings of IT1([ =, ['y)). It is easy to
check that there exist positive numbers ¢ and ¢; (they depend on &) such that

o) o) <o)

This implies that

S T
:inf{5>0:H<‘M< (]:! w(l)>): }

For each x € []2, '@y and § > O put

8
(Hf=1 m;(]i)>
C(x) = hmmf _—,
t=oo u(Qe(x))

where we adopt the convention ¢/0 = +oo for positive real number c.
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The following relations between A(x) and C(x) are clear.

(I) A(x) = —oo if and only if C(x) = +o0;
(1) A(x) = +o0 if and only if C(x) = 0;
() a < A(x) < b < +oc if and only ife™” < C(x) < e .

Therefore, to finish the proof it suffices to show that there exist positive constants cs, ¢4
such that

o0 o0
. S
(” (H)) (“ (W))

<ap(0,11)  sup  Cx).

x€[ T2 oty

We first show the right inequality. Without loss of generality, we assume K =
SUP, %, Ty C(¥) < 00. Then forall x € 12, Tww

(M)’ | wQ)
llgg}fmgK or h?iigpe——la>K .
(Hi=1 mw(i))
This implies the right inequality (cf [21, lemma 2] and [6, proposition 2.2(b)]). The left
inequality can be shown by the same argument. ]

The Borel measures on [0, 11> to which the above lemma will be applied are constructed
as follows. Let p; = (pi.a)aer; be a probability vectoron I';, 1 < i <k, i.e. Zdepl Dia =1
with each p;; € (0,1). This, for each 1 < i < k, induces a probability vector
(q,-,;,),,epmjyr[ on projyl"i and a probability vector (Gi.b)beproj,T; ON proj, I'; by letting

Giv= Y. Did and Gis= Y. Pia (10)

deTly, proj,d=b derl';, proj,d=b
Denote P = (pi, p2, - - ., pr). Then P determines a unique infinite product Borel probability
measure, denoted by wp, on l_[,oil I'yg): For any finite sequence (xi,x2,...,Xx¢) €
[Tizi Tu let
¢
wp([x1, x2, ..., x¢]) = pr(i),x,-a (11)
i=1
where [x1, X2, . .., x/] = {y =002, €12 Tww = yi = x; for 1 <i < £} is a cylinder
set of Hﬁl Iy with base (xy, x2,...,x¢). Let fip be the Borel probability measure on
H(]_[;.’il I',,iy) which is the image measure of xp under IT, i.e.
fip(A) = up(IT~1A) for Borel set A C R. (12)

From the definition of the approximate square Q(x) it follows that for any x = (x;){2, €
[T2: To

* €
1_[ Pw(i), x; 1_[ qu(i), proj}.x[ if £* < 14

i=1 i=0*+1

:CLP(QZ(X)) = ¢ o (13)
pr(i)., xi* l_[ do (i), proj,x; if £* > ¢,
i=l i=0+1

where £*, q,,@), proj, x; and g.,(;), proj,x; are defined as in (6) and (10), respectively.



502 Y Gui and W Li

Let us recall the definition of the Hausdorff dimension of a measure . It is defined as the
infimum of Hausdorff dimensions of sets of full u-measure. The following lemma is a version
of the well-known Billingsley lemma [3] for which the ball is replaced by the approximate
square.

Lemma 2.2. Let jip be the probability Borel measure on TI([ ;= T)) defined by (12). If

lim inf log fip(Qe(x)) _p

¢ 1
tooo 37 log m, i

for wp-almost every x € ]—[?il Cw), then dimpy fip = B.

We now point out that when an w = (I'y,))2, € {I'y, ..., )Y satisfies (4)
. N 10g My — Yoi logmum) + €71 Y log ma)

lim — = lim -

tmoo £ Lo ety Tog e
k
\ 1 .

= L PIOE (14)
Zi:l Di 10g n;

by (3) and (7). For this case we have £* < £ if { < | and £ big enough, and so Q,(x) takes
the form (8). While Q,(x) may take the form (8) or the form (9) when ¢ = 1.

By means of lemma 2.2 the Hausdorff dimension of fip defined by (12) can be obtained
explicitly.

Proposition 2.3. Let o = (I'y))i2; € {I'1, ..., 3N satisfy (4). Let fup be the probability
Borel measure on H(H;’il ['wy) defined by (12). Then

S pi(=¢ > der, Pialog pia — (1 =8) 3 cr, Pi.a10gqi, proja)
k b
> i1 pilogm;

dimy fip =

b pilogm,

where £ = .
¢ S pilogn;

Proof. For j € N let X; be the random variable on (I—[;’i1 Twy, B, np) such that for
o0 oo
x =) € [T Tow
X;(x) =108 puiiy; = D Poid 108 Puiy.a-
dely ()

Then, {X;}7Z, is a sequence of independent random variables with

© £(X3?
EX;)=0 and § (. /)
, J
Jj=1

< 00,

where £(X ;) denotes the expectation of the random variable X ;. From the strong law of large
numbers (cf [4, theorem 1 in section 5.2]) it follows that

14 o0
1
ell)rgo 7 E 1 Xix)=0 for up-a.e x = (x;)72, € l_! Coi)-
j= =

Similarly, by letting

Yj(x) =108 Guw(j), proj,x; — Z Po(j). d 102 qw()). proj,d
deTl ()
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and
Y j(x) = 10gquj), proj,x; — Z Po(j). d 108 Gu (), proj,d
dely, ;)

we have
1 14
Jim 2 Yi(x) =0 and
j:

12

hm ZY(x)_O for up-a.e x = (x;);2 1eHFw(l)
i=1

By (13) we have (1f 5 < )
¢

* 0
log fip(Qe(x) = D Xi(x)+ > i)+ > D> Puir.a10g Puiy.d

i=1 i=0*+1 i=1 del,u
4
+ 3> Pod 108 Gu i) proj,d
i=0*+1del ;)
or (if £* > ¢)
-
log fLp(Q:(x)) = ZX W+ Y Y (x>+Z > Puiir.a 108 Puiiy.a
i=1 i=0+1 i=1 del,g
e*
+ Z Z Poi).d 102 4w (i), proj,d-
i=0+1 del"w(,»)

Therefore, we have that for pp-almost every x € ]_[?i 1 T (recall that ¢ < 1 implies

£* < { for € big enough)
k
. logup(Qe(x))
Zlioo gp—e Z —¢ Z pialogpia— (1 —1¢) Z Pia 108 i, proj,a

del‘i deri
by (14). This gives
k
log Ar(Q(x) _ Diz1 Di (-C > dger, Pial0g pia — (1 = &) D yer, Pialogq;, proj}.d)

Z*)OO Z 10gmw([) Z;{:] pi logml
leading to the desired result by lemma 2.2. ]

’

The following proposition shows that dimy fip can attain its maximum at some P* =
* * >k
T, P35 - PP)-

Proposition 2.4. Let o = (I'y))2, € {I'1, ..., N satisfy (4). Let jip be the probability
Borel measure on 1'[(]_[1001 Cuiy) deﬁned by (12). Let P* = (pj,p5,...,Dp;) where
= (p}Pder, = (h; ;lroj af Deer, i proj Jaer,, 1 < i < k with ¢ defined as in (3). Then
P* is the unique point such that
k 1
Zi:l Di IOg Zdel" hl{ proj,d

Sk pilogm;

dimy jip- = maxdimy fip =
P
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Proof. Fix ani € {1, ..., k}. Consider the function
A
R(pi) = =2 Y pralogpia — (1 —=¢) Y pialogai. poja-
derT; deT;

We adopt the convention that 0log0 = 0. Thus R(p;) is a strictly concave function in
pid,d € I'; on the closed convex set {p; = (pi.d)der; : Zder‘. pia = 1,0 < pig < 1}
By a well-known property of convex programming, there exists a unique p;’ = (p; ;)aer, €
{pi = (pi.a)der; : Zder‘,- Di.a = 1,0 < p; 4 < 1} such that R(p;) attains its maximum at p}.
However, it is easy to prove that p;' = (p; ;)aer, € {Pi = (Pi.a)aer; : Zdel“,- pia =10 <
pia < 1}. A direct calculation by Lagrange’s method of multipliers gives pj = (p; ;)aer; =

¢—1 -1
(hl prOJ‘d/ Zeer h; p[‘Q] e)del“,w

O

3. Proofs

This section is devoted to the proofs of theorems 1.1 and 1.5.

Proof of theorem 1.1. The lower bound of the Hausdorff dimension of IT([];2; T'w)) just
follows from proposition 2.4, i.e.

0
dimH IT (1_[ Fw(i)) 2 dlmH ﬂp* =
i=1

k 1
Zi:l Di IOg Zdel" hf proj,d

Yoi_y pilogm;
Forx = (%)%, € [172; Twq) and £ € N let
¢
Se(x) =Y 108 Ay, proj,x,- (15)
i=1
Let P* = (pj, p5, ..., p;) be the unique maximum point given in proposition 2.4. Recall that

each p;' = (p] 4)aer, induces a probability vector (g b)heproj)‘r/ on proj, I'; via (10), and each
£ € N determines £* via (6).
Case I { < 1. By (13) we have (for £ big enough)
I ¢
log fip-(Qe(¥)) = Y log pliy  + D 10845, b,
i=1 i=0+1
C 1 ¢ 4

Rstiy. proj,x Reriiy. proj,x
= E log + E log
-1 —1
Zeer(,(,) w(i), projye  i=C*+1 Zeel“wm (i), proj,e

o*

14
=0 Y 108 o, projyr — Y108 Ry, projyx, — Zlog > R, proj, e*

i=1 i=1 eelyi)

Thus, by (15)

1
hmsupzlogup*(Qg(x))_hmsup <§Sg(x) Sp(x) — Zlog > hw(,)pm] )

{—00
eel i)

= lim sup — ({S{(X) S@* ()C)) - Z Di IOg Z hz .proje*

t—o0 i=1 eecl;
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Note that by (15) we have lim sup,_, ., S¢(x)/£ is finite for each x = (x;){2, € ]_[fil Cuiy-

Thus
. Se(x) . Sex (x)
lim sup — ({Sg(x) Sex(x)) = ¢ lim sup — lim sup ——
=00 {—o00 =00
S S *
= ¢ lim sup e lim sup( e () . —) =0,
{—00 E —00 2* Z

by (14). Therefore

1
. ~ E E ¢—1
hgnljip Z 10g MU p* (Ql(x)) Di IOg hz proj,d
del;
Yy pilog D der; hi{ip]mjyd

Fix an arbitrary § >
y by pilogm;

. Then for each x € [];2, T() we have

4
A(x) = lim sup <8 Z log m, ) +log MP*(Q@(X))>

{—00 i=1

= limsup ¢
£—00

(6 iz logmayq | log ﬂp*(Qz(x))> _
14 14

Now lemma 2.1 (2) implies that

)
dimH IT (l_[ Fw(i)

k
i=1 Zi:l pilogm;

k -1
) < Zi:lpi log ZdeF hz proj,d
~X

Case II: ¢ = 1. For this case we have p] = (p];)aer, = (..., =), the uniformly

[l ’ \1" I
distributed probability measure. By (13) we have

¢ 14
— Z 10g |Fw(i)| + Z 10g hw(i),proj‘.x,- if ¢* < L

log fip-(Qe(x)) =1 7 =
= > log [Tu| + Y 108 M) proj, if € > ¢.
i=1 i=(+1

By the same argument as above we get
oo
; log |T';
dimy; T (l—[ Fw(i)) < Yy pilog| |
i=1 Zl | i logm;
As to the box dimension of IT([ ]2, [y()) it is easy to see
[o¢] (o¢]
. . log{Qe(x) 1 x € [TZ Tuil
d I ooy ] =1 =
ims (H <>) s

14
>i—1logme)
IOg(Hf 11 Twa)] H[ ¢*+1 1PTOj w(i)l)

if £ < ¢

hm[—)oo
Z égmw i)

IOg(l_L ]Irw(l)ll_[z —¢+1 |PIOj, m(l)l)
Yizi logmg

. Yoy pi(¢ log Ty + (1 — ¢) log [proj, T |)

S, pilogm;

limy— oo if £ > ¢
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Finally, for any open set V with V NII([]2; Twi)) # ¥ we have dimg (VNI Twi))) =
dimB H(l_[?il Fw(i)), leading to dlmp H(l_[?il Fw(i)) = dlmB H(l_[?il Fa)(i)) by
[5, corollary 3.9] O

Proof of theorem 1.5. Without loss of generality, we assume that p; > Ofor1 <i <? (f <k)
and p; =0fort <i <k.

(D) By the structure of TI([];2; w()) we have

IT <l_[ Fw(i)) = U IT (l_[ Fw(i)) N fom.a(l0, 117,
i=1

deT,q) i=1
where the sets on the right side are translations of each other. Thus,

oo 1 0
HY (H <1_[ Fw(i)) N fom), a([0, 1]2)> =T (1)|Hy (H (l_[ Fw(i))) ;
i=I © i=l

foralld € T'y(1). Forany d = (di)f:l € ]_[f=1 ', the same argument yields that

oo 1 o0
H” (H (l_[ 1ﬂm(i)) N fa([0, 1]2)> = Z—Hy (H (l—[ Fw(i))> ,
i-1 [Tizi ITwi] plin

A = _
where f4 = fu().d, © fo@)d © O fow.4,- Now we take P = (P, Py, . .., P;) Where
p; = (0|7, ..., |Iy|™") is a probability vector on I';, 1 < i < k. Let i be the
probability measure on H(I—[fi] I'w)) defined as in (12). Then

fip (H <ﬁ me) N £4(10, 1] x [0, 1])> — l;
[Tz Mol

i=1

for any d = (di)f=1 € ]_[f=1 [wq). Therefore, for any Borel set A C [0, 117

oo ({170 7)oz (7 ([ 04)

Note that
dimpy iy = inf dimy A = inf dimy A = y.
ACI(TE, Tua) AcC (T Tuwm)
ip(A) = 1 4y = (1 (TS, Porn)

On the other hand, from proposition 2.3 it follows
_ ~1
it Pi Yer, ITil ™ 10g (TR i o)

dimy /:l,p =

Z,t‘:l pilogm;
Recall that y = (3_i_, pilog D der, hz?,;ri)jyd)/(zgzl pi logm;) by theorem 1.1. Since
log x is a strictly concave function in x we obtain that foreach 1 < i < rall h,-,pmjyd, deTl;
are identical, i.e. each I';,i = 1, 2, ..., t has uniformly horizontal fibres.

(Il) This essentially is just theorem 4.1 (II) in [11] with a bit difference. For reader’s
convenience, we still give its proof. Under the conditions, we have

¢ =log,m < 1,c;+Llog,m < £* < cy+Llog, m for some constants ¢y, ¢, € R

and

= ¢logh +1logn
i=1

where h = h;p, n = proij,» for p; # 0.
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We take P = (py, pa2, ..., pr) Where p; = (pai)aer, = (I0;171 T3~ o T 1) s
a probability vector on I';, 1 < i < k. The probability measure fip on H(]_[?il Iyay) is
constructed in the way shown by (11) and (12).

Case I: £* < £ for £ big enough. This happens when ¢ = log, m < 1 (and may happen when
; = lognm = ])

Then there exists some constant ¢ such that for any x = (x;);>1 € ]_[fil I', ) and any
£ € N (£ big enough)

4
Y Z log m ) +log ip(Qe(x)) = £(¢ logh +1ogn) — Llogn — £*logh + ¢

i=l
= (Llog, m — £*)logh +c,
which gives 0 < HV(I'[(]_[?i1 I'wi))) < oo by lemma 2.1 (3).

Case II: £* > ( for £ big enough. For this case ithas tobe { =log, m = 1,1.e.n = m.
In this case there exists ag € N such that £* = £ +¢g when £ big enough. Thus the desired
result is obtained since for £ big enough

4
v Y logme +log fip(Qi(x) = c,

i=l1

with ¢ € R a constant. O

Let 0 < ¢ < 1. Combining theorem 1.5 (I) with corollary 1.2 we have that
dimy M1, Twa)) = dimp II([]72, Twa)) if (]2 Twe)) has positive Hausdorff measure
in its dimension. Let us recall that in the case of general Sierpinski carpet (i.e. the set Kp
defined as in (1) with 2 < m < n) we have dimy Kp = dimp Kp if and only if Kp has
positive Hausdorff measure in its dimension. However, this is not true for the case discussed
in this paper. In other words, the condition shown in theorem 1.5 (I) is not necessary. This is
shown by the following examples 1 and 2. Moreover, the following example 3 shows that the
condition shown in theorem 1.5 (II) is also not necessary. For simplicity, we only consider the
case that k = 2 although it becomes more complicated for k > 2.

Examplel. Letw = (I'y(jy)j >1 € {T'1, ">}V satisfy (4) with p; = 1and p, = 0. Suppose that

HD) 2<m;y <nand2 <myp < ny (sol* <L),
(H2) limy—, oo N¢(I'2) = 005
(H3) I'; have uniformly horizontal fibres.

Then ¢ = log,, m; and

o0 o0
y =dimg I1 <1_[ Fw(i)) = dimp I1 (H r‘w(i))
i=1

i=1
log,, m
=log,, |proj,I'|+ log |F—1| |
BT TS Jproj, T ‘
We claim that H}’(I'I(]_[;.’i1 I',(y)) may take oo or 0 if I'; and I'; are properly selected.

Proof. Take the probability vectors p; on I'; as p; = (pi.a)der; = A1~ . mY, i =
1, 2. The probability measure [ip on H(]_[fil I'w()) is constructed in the way shown by (11)
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and (12). Then for any x = (x;)%2, € []72; Tw() and any £ € N

- 1 1
log ftp(Qe(x)) = Ne=(I'y) log —— + Ne=(I'2) log —— + (Ne(I'1) — Ne«(I')) log ——+—
Ty || [proj, "1

+ Z log 4q2,proj, x;

1K<, w(i)=2

|F | Ny (1)
= —log [ ——— — log [proj,['y| V™™ — Ny (I') log [T

+ Y 10gqapmy (16)

i<l w(i)=2

and so

4
¥ D logm +log fip(Q(x))

i=1
"1 |

= (N¢(I'1) log,, my — N+ (T'y)) log ———— + y Ne(I'2) logm,
[proj, Iy |

—Np(M)logTal+ Y 10gq2.projy -
1< <l w(i)=2
where £* is determined by (6) and lim,_. o, £*/€ = log, m; by (14). From (7) it follows that
mi\’i(rl)mNz(rz)

2 o
1< S/ vomy < max{ng, na} i= fimax,
ny n,

ie.,
Ne:(I2) logny — Ne(T') logma < Ny(I'y) logmy — Ne«(T'y) logny
< Ng=(T'p) logn, — Ne(I's) log my + 10g Biax -
Let hpmax = max{hy, : b € proijz} and hpi, = min{hy,, : b € proijz} where h; j 1S

. . Pmax O _ humin
defined as in (2). Then g* := MaXpeproj, I, 42,5 = TE and g, := Minpeproj,r, 42,6 = Tt Then

¢
y > logmg +log fip(Q(x))
i=1

< Ne«(I'2) logny — Ne(I'2) log my + 108 Ripax log [T

= logn, |proj,I'1]

+yNy(I'y) logmy — Ne=(I'2) log [Tz| + (Ne(T2) — Ni«(I'2)) log g™
[Ty

|proj, I'y |

IT'1]
log ————
Iproj, 'y

= <10gn, ny - log —log|I'2| — log q*) Np+(T2)

+ logn1 Nmax *

151

——— | N (T 17
IprijF1|> () a7

+ (y logm, +log g™ —log, ms - log



Multiscale self-affine Sierpinski carpets 509

and

ya
Ny« (') 1 — N/(I'»)) 1 r
v logma +log fip(Qu(r)) > NeT2logn: = N logma o, 1T

Py logny £ |pr0ij1|
+yNe(I2) logmy — Ne=(T2) log [Tz | + (Ne(I'2) — Ne=(I72)) log g
[T
= | log,, n2 - log ————— —log|I"2| —logq. | Np<(I'2)
Iproj, I'1 |
I
+ | v logm; +log g, — log, my -log ————— | N¢(I'2) (18)
Iproj, I'1|
Note that
. 1T
y logm, = log,, m; - log |proj,I'1| +log, ms - log —————. (19)
[proj, "1

Furthermore we require that

|F1| *
=2, |I2g" =hmx =3 and

ny=~ny, — =
" [proj, Iy |

hm X
log,, m> - log|proj,I'y| + log | T <.

|
Then for any x = (x;){2, € [[r2; T

¢

A(x) = lim sup <7/ Zlog My() + log /lp(Qg(x))> = -0
{—00 i=1

by (17), (19) and (H2). Thus H? (IT([ 7=, T'w@))) = +00 by lemma 2.1 (1). Similarly one can

put additional conditions on I'y, I'; such that A(x) = +oo forall x = (x;)72, € ]_[fil Cuiys

leading HV(H(]_[,?'; Fw(,‘))) =0. O

Let (p;, p2) be a probability vector with 0 < p; < 1. Let IP be the probability measure
defined as in (5) on {I';, I,}Y. Define random variables X;jon{Iy, )N by letting

l—p  fo()=1

Xj(w) = { for w = (Cu(j))j>1 € (M1, Do}

— D1 if w(j)=2

Then {X};> are independent (identical distributed) r.v.s with EX; = 0. From law of the
iterated logarithm (cf [4, theorem 1 in section 10.2]) it follows that

¥4
_ 1 Xj(w)
1=P{we{r1,r2}N:anm 21X :ﬁ}
VIpip2v/log, Epi pa

¢
i1 Xj(w)
=P{we{r1,r2}N:1i_mboo 21 % =—«/§}.
Vpip2y/log, tpip:
Note that Y_°_| X (@) = N(T') — pi£. Thus
1 =P{w e (T, T} 1 im0 (Ne(T'y) — p1€) = +00}

=Plow € {T, [} : lim,_,  (No(Ty) — p1£) = —o0). (20)
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Example 2. Let o = (I'y(j))j>1 € {I'1, 1"2}N satisfy (4) and (20) with 0 < p; < 1
(so p» =1 — p; > 0). Let both I'} and I', have uniformly horizontal fibres. Denote
I; .
4= L and si := |proj,I';|  fori =1,2.
|proj, I |

Then by theorem 1.1 and corollary 1.2

00 00 £ 5
. . pilog(sit;) + (1 — p1) log(saty)
i=dimy I [ [ [Toe) | = dimg T Fow) | = ‘
y imy ( ()) 1mp (H ”) pilogm; + (1 — py)logm;

i=1 i=I

We claim that H” (TT([ 72, T'»))) may take O for some properly selected I'y, I'.

Proof. Let2 < m; < n;,i = 1,2. We first assume that my = m, = m. With
the same probability measure fip as that in example 1, it follows from (16) that for any
X = (xj)j >1 € l_[;)ozl Fw(j) and any teN

¢
Y Z logm ) +log ap(Qe(x))
i=1
_ prlogGsity) + (1 — p1) log(sat)
pi1logm; + (1 — py)logm;
—Ng(I'y) logty — Ne(T'y) log sy — Ne«(I'2) logt, — Ne(I',) log s,

(N¢(T'1) logmy + N¢(I'2) log my)

Ky t
= (p1£ — Ny(T'y)) logs—l +(pit* — Nz*(rl))logt—1
2 2

+ (¢ —£)(prlogt; + prlogtr). (21)
We further assume #; = #, =¢. Soforany x = (x;); > € ]_[7’:] [y(j)and any £ € N

12
~ s *
y Y _logm) +log fip(Qe(x)) = (p1€ — Ne(I'1)) logs—1 + (¢l —€")logr. (22)
i=1 2
By (7) we have

0 < llogm — Ng«(I') logny — Ne«(I') logn, < logmax{n, ny} := 10g nmax

and so
0<ct— Neg(I'1) logng + Ng=(I'p) logny - log nmax
pilogny + palogn, pilogn; + palogn,
: _ logm
since ¢ = Togmapslonm Therefore,
1 —1 Ne<(T) 1 + N« () 1
ogm —logns r ) puety = vy logn, + Np-(y) logny
p1logny + pylogn, pilogn; + palogn,
(1 «(p) 1 1
<{K—Z*<N£( 1)logng + Ne«(I'2) 082 _ 08 Nmax
p1logn; + prlogn, p1logn; + pylogn,

logn; —logn;

N log 1 max
= (Ne«(I'y) — p1€5) + .
p1logny + palogn, p1logn; + palogn,

By (20) one can take £; 1 oo such that lim;_,(p1€; — N¢;(I'1)) = +oo. With Ef; being
determined by (6), let

(23)

n = limsup(Ne: (I'y) — pity).

j—o0
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Thus, by (22) and (23) we have for any x = (x;); > € ]_[jil Lo

¢
A(x) = lim sup <y Z log m i) +log ﬂp(Q@()C))) = +00

{— 00 i=1

if s; > s, and (logn; — logn,)n > 0. So H”(H(]—[fil I'u@y)) = 0 by lemma 2.1 (2). O

Example 3. There exists = (I'y(j));j >1 € {I'1, '} satisfying (4) with 0 < p; < 1 such
that the Hausdorff measure of 1'[(]_[;'21 I',,@iy) 1n its dimension is positive finite but I'; and I',
are not of same type.

Proof. Let2 < m; < n;i = 1,2, Take o = (Ty))jz1 € (T, Y such that
—c < p1€ — N¢(I')) < c for some positive constant ¢ (this kind of w always exists, e.g.
one can take w(2¢ — 1) = 1 and w(2¢) = 2 for £ € N when p; = p,). Let both I'; and
[', have uniformly horizontal fibres. Let s;,#, i = 1,2 be defined as in example 2. Let
my = my := m. Then by (21)

‘ - N 151
y Y _logma) +log fip(Qe(x)) = (pi1£ — Ny(I'1)) log 5t (p1€" — Ne=(I'1)) log H

i=1

+ (&€ — £)(p1logt; + pylogtr).
for any x = (x;)j>1 € ]_[‘j’o=1 I'wj) and any £ € N. By (23) we have that for any
[o¢]
x =)z €[Z Tog

¢

A(x) = lim sup (V Y logme +log ﬂP(Qe(x))> € [a, b]
{—00 i—1

for some (finite) real numbers a and b. This implies that the Hausdorff measure of

H(]_[fil I'w)) in its dimension is positive finite by lemma 2.1 (3). O
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