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1. Introduction

Let T be the expanding endomorphism of the 2-torus T? = R?/Z? given by the
matrix diag(n,m), where 2 < m < n are integers. The simplest invariant sets for T
have the form

K(T, D) = {i (”(;1 mo_l)

k=1

k
dk:al;.ﬂEDf01ralll<;>l}7

where D C I'x.J is a set of digits with I = {0,1,...,n—1}and J = {0,1,...,m—1}.
Alternatively, define a map K7 : DN — T? by

o —~(nF 0
Kr((de)iZy) = Z 0 mFk -
k=1
Then K(T,D) = K7(D") which, as the simplest self-affine set, was named as the
general Sierpinski carpet by McMullen in [8]. Hence, each point of K7 (DY) can
be encoded by elements of DV via the map Kr. We call (dj)52, € D" a location
code of z € Kp(DY) if Kr((d)52,) = x. Note that some points in K7(D") may
have multiple codes. However, one can show that sup, ¢, (pv) #K;l(x) < oo. The
set K (T, D) was first studied by McMullen [8] and Bedford [2], independently, to
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determine its Hausdorff and box-counting dimensions. From then on, some fur-
ther problems related to K (T, D) are proposed and considered by lots of authors.
Peres [11, 12] studied its packing and Hausdorff measures. Kenyon and Peres [5, 6]
extended the results of McMullen [8] and Bedford [2] to the compact subsets of the
2-torus corresponding to shifts of finite type or sofic shifts and to the Sierpinski
sponges. The singular spectrum was studied by King [7] for the general Sierpin-
ski carpet, and later by Olsen [10] for the Sierpinski sponges. Some other results
related to the general Sierpinski carpet can be found, e.g. in [13, 14, 15]. As we know,
many interesting results have been established for the study of certain subsets of
self-similar sets, e.g. in the so-called multifractal analysis. Some detailed descrip-
tion on this topic and recent developments are included in [1]. Unfortunately, lesser
analogous results are discovered for the general self-affine sets.

Let p = (pa)acp be a probability vector on D, i.e. 0 <pg < land ), .ps = 1.
For any x = (x;)%2, € DY, any positive integer k, and any d € D let

Ni(z,d) =|{j:1<j<kanduz; =d}, (1.1)

where and throughout this paper we use |A| to denote the cardinality of a finite set
A. Let

L(D,p) = {x e DV fim M)

k—oo k

=pq foralld e D}. (1.2)

Thus L(D,p) consists of those elements of DY for which each d € D occurs with
the prescribed frequency pg. The resulting subsets K7 (L(D,p)) of Kr(D") were
studied by Nielsen [9] (recall that the multifractal decompositions of dynamically-
defined fractals are, more or less, achieved in this way).

Let o denote the projection of R? onto its second coordinate. Let
a—1

a=log,m, 0= , B=o(D) and ny=|DN(I x{b})| forbe B.
a

For a given probability vector p = (pa)dep, it induces a probability vector on B,

a = (g)vep, Wwhere g, = Z Pd-
deDN(Ix{b})
The vector p is said to be uniformly distributed on D if pg = |D|~! for all d € D
and D is said to have uniform horizontal fibers if n, = ny for all b, b’ € B. Nielson
[9] obtained the following results:

(R1) dimy Kr(L(D,p)) = dimp K7(L(D,p)) = —a 4cppalog,pa — (1 — a)
EbGB ab 1Ogm, qdb-
(R2) dimp K7 (L(D,p)) = dimg K7(DY) = log,,,(|B|'*~*|D|%).
(R3) Let v denote the common value of dimy K1 (L(D,p)) and dimp Kr(L(D, p)),
(a) If p is uniformly distributed on D and D has uniform horizontal fibers
then

0 <H(Kr(L(D,p)) < P"(Kr(L(D,p)) < oo
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(b) If p is not uniformly distributed on D or D does not have any uniform
horizontal fiber then

H'(Kr(L(D,p))) = P"(Kr(L(D,p))) = oc.

Although, as a special class of self-affine sets, the general Sierpinski carpet
K7 (DY) is generated in a simple way and so has a simple algebraic representation.
It essentially differs from self-similar sets, such that unless D has uniform horizontal
fibers, dim g KT(DN) < dimp KT(DN) and dimp KT(L(D, p)) < dimp KT(DN) for
each p = (pd)den-

In the present paper, we like to investigate another class of subsets of the gen-
eral Sierpinski carpet, which extends Nielson’s results, in some sense, into a more
complicated case. Now let T’y C D, Ty C D such that Ty (T2 # 0 and Ty T2 is a
proper subset of D. Let 0 < ¢; < 1,j = 1,2. Similar to (1.1) and (1.2), a subset of
D" now can be defined as follows. For any = = (z;)32, € D", any positive integer
k,and any d € D, ¢ = (¢1,¢2) let

Np(z,T;
L(D,T'1,T9,c) = {x e DV . klim % =cjfor j=1,2, }7 (1.3)
where
Np(z,Tj)={i:1<i<kanduaz; €I} (1.4)

Thus L(D,T'1,T3,c) consists of those elements of DY for which the digits in
each I'; occur with the prescribed mixing group frequency c;. It is clear that
Kr(L(D,T1,T'9,¢)) is T-invariant, dense in DY but not compact . Let

E={p=(pa)aep :pa€(0,1), Y pa=land Y pi=c¢;, j=12¢. (15)
deD der;
Obviously, Z # (). Let
As=T1NTy; A= Fl\Ag; Ay = FQ\Ag and Ay = D\Fl uUTs.

Then {Ai}le is a partition of D and Ay U Az = T'1, Ay U Az = T'y. Clearly, we
have

L(D,T1,T3,¢) 2 | J L(D,p) (1.6)

PEE

with proper inclusion and uncountable union on the right side. From (1.6) and (R2)
it follows that

dimB KT(L(D7F17F27C)) = 10gm(|B|1_a|D|a)'
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For each p € Z, let

fp)=—a ) palog,,pi—(1—0a) ) alog,, a

deD beB
= —« Z palog,, pa — (1 — ) Z Pa10g,, 4o (d)- (1.7)
deD deD

One can continuously extend f(p) to cl(2) by taking 0log0 = 0. Then f(p) can
obtain its maximum fiax on cl(E). In fact, as shown in Proposition 2.1 fiax is
uniquely attained at some p* = (p})acp € = which is determined by (2.1) in a
more explicit way. Therefore, dimy K7 (L(D,I'1,T2,¢)) > fmax = f(p*) by (1.6)
and (R1). However, our main result shows that the opposite inequality also holds.
Therefore,

dimy Kr(L(D,T1,T5,¢)) = meazdimH Kr(L(D,p)), (1.8)
pPEE

i.e. the Hausdorff dimension of Kr(L(D,T'1,T2,c¢)) is carried by a single subset for
which all the digit frequencies are known. In this paper, we obtain the following
results.

Theorem 1.1. Let 0 = O‘Tfl Let p* = (p})aep € E be the unique point such that
f(P*) = fmax and (g} )ven be the probability vector induced by p*. Then

dimy K7 (L(D,T1,T3,¢))

= magdimH Kr(L(D,p)) = f(p")
pe=

2 > o0 > o0

den; 9o(d) deAy Yo(a)

=« E ¢ilog,, —————+a(l —c1 —c2)log,, ————
j=1 " ZdGAJ‘ p:; " ZdEA4 p:;

)

2 E *0 *0
q Dden, d
_ Z ¢ 10gn deA; a(*d) + (1 —e — 62) 10gn deAy U(*d)
j=1 ZdEA]‘ pd ZdEA4 pd

where L(D,T'1,T2, c) is defined as in (1.3).

As done in [9], the proof of our Theorem 1.1 is also based on Lemma 2.1
(cf. [9, Lemma 4; 12, Sec. 2]). Hence, we need to estimate limsup,_, . k~!log,,
tp(Qr(z)) for each z € Kp(L(D,T'1,T9,c)). When z € Kp(L(D,p)) (the case
considered in [9]), this supremum limit (in fact, the limit) equals to a constant
independent of x. Unfortunately, it is not the case if 2 € Kp(L(D,T'1,T,c)) (the
case considered in the present paper), and furthermore it is hard to investigate the
infimum limit. This, as well as the overlap of I';,i = 1,2, makes the present prob-
lem more complicated, and so some delicate techniques are needed. This is why we
only consider the relatively simple case related to only two sets I'y and I's and lack
obtaining its packing dimension. However, we believe that the property shown in
(1.8) still holds for multiple I';’s (this is true, given by the authors in [3], when
all T';’s are pairwise disjoint). To prove it, some new ideas and techniques may be



Subsets of the General Sierpinski Carpet 1293

needed since the method used in the present paper depends on the relatively more
explicit expression, shown in (2.1), for p* = (p})aep. For the general case, such
expressions are hard to find. As to the Hausdorff measure of Kr(L(D,T'1,T'3,¢))
in its dimension, we have the following theorem. The first part can be deduced
similarly as [9], while the second part follows directly from (b) in (R3).

*

Theorem 1.2. Let v = dimy Kp(L(D,I'1,T's, ¢)).

M) I e; =

for all 1 < j <2 and D has uniform horizontal fibers, then

0< H’Y(KT(L(D7F17F27C))) < 00;

(IT) If there exists some 1 < j < 2 such that ¢; # % or D does not have uniform

horizontal fibers, then HY (K (L(D,T'1,T,¢))) = 0.

The rest of this paper is organized as follows. In Sec. 2, some basic facts
and known results needed in the proof of our theorems are described. Proofs of
Theorems 1.1 and 1.2 are arranged in Sec. 3.

2. Preliminaries

Following [9], one can use approximate squares as covering sets to calculate dimen-
sion. For each point = = (x,)%°; € (I x J)N and each positive integer k, we denote
by Qk(z), the set consisting of all points K7(y), with y € (I x J) satisfying y; = z;
for 1 < j <[ak|, and o(y;) = o(x;) for [ak] +1 < j < k. Here [t], as usual, denotes
the greatest integer not more than ¢ (€ R). The sets Q(z) are approximate squares
in [0,1]2, whose sides have length n~[** and m~*. Note that the radio of the sizes
of Qg (z) is at most n, and their diameters diamQy(x) satisfy

V2om™F < diamQp () < v2nm™*,

and so in the definition of Hausdorff measure, we can restrict attention to covers by
such approximate squares since any set of diameter less than m ™" can be covered
by a bounded number of approximate squares Q(z).

The following lemma comes from Lemma 4 in [9] which will be used in this

paper.

Lemma 2.1. Suppose that u is a finite Borel measure [0,1)?, and that E is a subset
of (I x )Y such that K1 (E) is a Borel subset of [0,1]? with u(K7(E)) > 0. Let §
be a positive number. For each point x € E, put
A(z) = limsup(kd + log,,, w(Qr(z))).
k—oo
(1) If A(x) = —o0 for all v € E, then H°(Kr(E)) = +oc;
(2) If A(x) = +oco for all x € E, then H°(K7(E)) = 0;
(3) If there are real numbers a and b such that a < A(x) <b for all x € E, then
0 < HY(Kr(E)) < +oo.
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The Borel measures on [0,1]2, to which the above lemmas will be applied,
are constructed as follows. Let p = (pa4)aep be a probability vector on D, i.e.
> dgepPa = 1 with each pg € (0,1). Then p determines a unique infinite prod-
uct Borel probability measure, denoted by pp, on DY. For any finite sequence
(r1,29,...,2) € D¥

k
MP(C(JH,ZUQ, s 7'2:]6)) = Hprj7
=1

where C(x1, za,. .., x1) := {d = (d;)32, € D" : dj = x; for 1 < j <k} is a cylinder
set of DY with base (z1,z2,..., 7). Let Ip be the Borel probability measure on
Kr(DV) which is the image measure of p, under Krp, i.e. fip(A) = pp(K;"A) for
Borel set A C R?. From the definition of Q(x), it follows that for any x € DY (cf.
[9, formula (4)], also [4, formula (4.4)])

[ork] k
Ip( Q@) =[] pe; - [l oty
j=1 j=[ak]+1

By means of the Law of Large Numbers, we have pp(Kr(L(D,p)) = 1
for any p € =. So

tp(Kr(L(D,I'1,T'3,¢))) =1 forany p€E,
since KT(L(D7F17F27 C)) 2 KT(L(D7p))

The following proposition shows that the function f(p) attains its maximum
fmax uniquely at some point p* = (p})aep € E and characterizes p* in a more
explicit way.

Proposition 2.1. Let f(p) be given by (1.7). Then there exists a unique point
P* = (p)icp € E (E is defined in (1.5)) such that f(p*) = fmax. Moreover, this
point p* = (p)acp is uniquely determined by

0
d; .
(@) E pa, fordeA;, j7=1,2,3,4,

Pa= g
ZdGAJ Qo (a) deA;

2 0 4 0
Z log ZdeAi qa‘(d) _ Z log ZdEAi qa‘(d) -0
— 7" Yaea, Pd = " aeabd 7

Z Pa + Z pqg=ci, fori=1,2, (2.1)

deA; deAs

iZPdZL

i=1deA;
0<pg<1, fordeD.

where, as before 6 = %7 and (qp)pep s induced by (pa)depn-

Proof. Clearly, f(p) can obtain its maximum on cl(Z), since f(p) is continuous
and cl(2) is compact. We first show that the maximum point is unique. Note that
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f(p) is a strictly concave function in p. In fact, the first summand of f(p) is
strictly concave and the second is concave. On the other hand, cl(E) is convex, the
constraint inequalities are both convex and concave and its constraint equalities are
all linear. By a well-known property of convex programming , there exists a unique
p* = (p})aep € cl(E) such that f(p) attains its maximum at the point p*.

We then show that the maximum of f(p) is obtained in Z, equivalently, that
p* € =. Let

Zi(p) = —a» palog,,pa and Za(p) = (a—1))  glog,, q
deD beB

Then f(p) = Zi(p) + Z2(p). Suppose p* = (p})acp € cl(E)\Z. Let D1 = {d €
D : pj = 0} and Dy = D\D;. Then both D; and D are nonempty. Take p =
(]7(1)ng cZ. Let py =tp+ (1 —t)p* = (tﬁd—F (1 —t)p;‘l)ng, te [O, 1]. Then p; € =
for t € (0,1] and pg = p*. Note that

d
—7
p 1(Pt)

o (Z(tﬁd + (1 = t)pg) log,, (tpa + (1 — t)p2)>

d
deD
—a > (Pa — pj)10g,, (tpa + (1 — t)p})

deD
=-a ( > Balog,(tha+ (1= t)pi) + Y (Pa — pi) log,, (tpa + (1 - t)PZ)) -
deDy deDs

Thus we have lim¢ .o Z1(py) = +4o0o. The same argument shows that
lim; o4 Z5(pt) = 400 if gf = 0 for some b € B, or equals to a finite real num-
ber. Therefore, lim; o+ f'(p:) = +oo. Note that lim; o4 f(p:) = f(p*). Thus,
f(pt) > f(P*) = fmax when ¢ is small enough, leading a contradiction.

Now let

G(p, M, Ao, u) = —a Y palog,,pa— (1 —a) Y gylog,, ¢

deD beB
Ry u
j
—¢; —1).
+.zzlogm Zpd K +logm (Zpd )
j=1 der; deD

Since p* = (p)aep € E is the unique point such that f(p*) = maxpe= f(p) and
f(p) is a strictly concave function in p, p* is uniquely solved by method of Lagrange
multipliers

oG

— =0, de D,
Opd

oG .

on =0, 1=1,2,
8G_O;

=
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ie.
—aflogpg +1) — (1 — a)(log gyay + 1) + A1 +u =0, de A,
—a(logpa+1) = (1 = a)(log ¢oa) +1) + A2 +u =0, d € Ay,
—aflogpg+1) = (1 —a)(log goay +1) + A1 + A2 +u =0, de Az,
—a(logpa+1) = (1 — a)(log ¢o) +1) + u =0, d € Ay, (2.2)
Zpd+ Zpdzcj7 j:1727
dGAJ‘ deAs
Zpd =1
deD

From the first equality of (2.2) it follows that
—1
Pa = 45 gye” Gute=b) - de Ay,
which gives
a t(Atu—1) _ Zd€A1 Pd
e —_— 70.
Ddea, 95(d)

Thus,

a™t u— s d)
pa = dyge” MY = > ( > pa, de A
ded: o) dez,

Therefore, we have (the first equality in (2.1))

0
qa(d)

Pa = Zpdv fOI'dEAj, j:17273747

0
ZdGAJ Uo(d) de Aj

in the same way. Note that the probability vector (p4)aep described above (i.e.
the probability vector p* = (p})dep) has a uniform distribution on each horizontal
fibre of Aj, i.e. pg = par for d,d’" € Aj with o(d) = o(d').

Taking logarithm of above expression we have

log pa = 010g q,(a) + log Z pa — log Z qg(d)7 forde Ay, j=1,2,3,4.
den; den;

It follows that for d € Aj,5=1,2,3,4,

alogps+ (1 —a)loggey =a [log > pa—1log > ¢l |- (2.3)
den; den;

Combining this with (2.2) we have (the second equality in (2.1))

4

2
D (log > pa—log 3 iy | =D |log D pa—log 3 da | =0.

7j=1 dEA]‘ dEA]‘ 7j=3 dEA]‘ dEA]‘

Therefore, p* = (p})aep is uniquely determined by (2.1). O
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By means of (2.1) we can rewrite f(p*) as

ZdeA qo(d) > den qa(d)
=a) cjlog, +a(l —c1 —c)log, ————. (2.4)
Z ’ " Dden, Pi >den, P

In fact, from the second equality in (2.1) it follows that

*0 *0
log ZdeA3 22:1 2 dea, 45 (a) " log Dden, qo(d)' (2.5)
" Zd6A3 B ZdeAipz " Zd6A4 Py
Thus we have
FP*) ==Y pilog, pi—(1—a) Y pilog,, ¢
deD deD
== pilalogpy+ (1 —a)log g}y
deD
4
==Y Y pilalogpi+ (1 - a)logqy)
j=ldeA;
4
=aY > pi{logn > aily —log, > P
j=1deA; den; den;
ZdeA qa(d Dden. q;?d)
=a > D pilog, <= = 4a ) pilog, 5=
jE{1,2,4} dEA; 2 ae Aj P deAs ZdeAs Pq
Yden, 4
o Y3 il e
je{1,2,4} deA; den; Pa

Daea, 43 Daea, 10
+a Z pd Zl deA; (*d) —logm deAy 1o (d)

m *
dens DOFEING ¥ >den, P

ZdeA qo(d) > den qo(d)
=a ¢jlog, 2D L o1~ ¢ — ) log,, acB 7@
Z ! ZdeA Py D den, Pi

where the fourth equality follows from (2.3), the sixth equality from (2.5) and the
last equality from the third and fourth equalities in (2.1).

3. Proofs
We first prove Theorem 1.1.

Proof. [Proof of Theorem 1.1] Now let p* = (p}})aep € E be the unique point such
that f(p*) = fmax, as described in Proposition 2.1. As discussed in Sec. 1, we only
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need to prove

2 %0
> q,
dimpr K7(L(D,I'1,Ta,¢)) < f(p*) = a Y ¢;log,, a2 70

" ZdeAj Pa
+a(l —c —co)log, 7251@&1 old)
Zd6A4
By (2.1), we have
log pg —log gy gy = (0 — 1) log g5y + log Z py — log Z qg(d (3.1)

deA, deA,
for d € Aj, j =1,2,3,4. By the definitions of Ny(x,d) and Ny(z,T';) in (1.1) and
(1.4) respectively, we have that for any = = (7;)22; € DY and any k € N
Ni(z,T;) = > Ni(a,d), j=1,2.
der;

Let

Si(k,z) = Y Ni(x,d)log,, ¢5a. J=1,2,3,4. (3.2)

den,

For any = = (z;)i2, € L(D,T'1,T's,c), we have

log,,, fip~ (Qk())
[ock]

i=[ak]+1

4 4
=> > N, d)log, pi+ > > (Ne(x,d) — Niagj(2,d)) log,, ¢

j=1deA; j=1deA,

4

4
=> > Niaw(w,d)(log,, ps —1og,, @) + > Y Ni(w,d)log,, ¢

j=1deA,; j=1deA,;

deA; deA;

4
Z Z N[ak] (Jf, d) (9 - 1) 1ogm QO'(d) + logm Z pd 1ogm Z qo’(d
j=1deA;

4
+ 3 ) Nilw,d)log,, 454

j=1deA,
4
=> > Nagle,d) | log,, Y pi—log, > @
i=1den,; den; den,;
4
+ > (Ni(w,d) — (1= ) Njay (z, d)) 108,,, ¢3a) (3.3)

j=1deA,;
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by (3.1). Note that

Z N[ak](xvd) = Z N[ak](xvd) + Z N[ak](xvd)v fOI‘j =1,2,

del; deAj deAs3
and
Z N[ak] Z, d Z N[ak] €, d Z N[ak](a:,d) + Z N[ak](a:,d).
deAy del’y dels deAs

Thus we can rewrite (3.3) to be

log,,, fip (Qk(x))
2den, Pa
= Z Z N[ak] x, d Z N[ak] x, d 1ogm€7]*0
j=1 dGF]‘ deAs ZdEAJ‘ qo’(d)
3 Nowg(ad) log,,, <2t P
deAs > dens 45 (a)
+ ([ak] = > N, d) = > Niggg(z,d) + Y Niap (2 d)
der dely deAs
1
x log,, <—d&8a—d_ Zde“pd +Z< —Sj([ak],x)>
Zd€A4 o'(d j=1 @
ZdEAj Pa

2
N[ak] z,I';)log,, "
Z:: D dea, qo?d)
Zd€A4 p:;

2
+ | [ak] — Z Niag) (2, 1) | log,, S q*?d)
1 4 1o

2 Z 4 *0
deA; q d) 2den, 4o (a)
+ Niok (a:,d) log,, log,, 7J*
d;A:s . Z Laen, Pi ng 2den, Pi
1
+ > (Sik2) = ~5;([ak],2)
j=1
2 Z * 2
deA; Pa
= ZN[ak](x7Fj)logm Z = [Oék] - ZN[ak] (x7Fj)
j=1 den; qo—(d —
Dden pd .
x log,, 5 +Z< (k, ) S»([ak],x))
Ed€A4 O'(d) j=1
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Therefore, for each z = (z;){2, € L(D,T'1,T's, ¢), we have

4
1imsup%logm fp- (Qr(z)) = —f(p¥) -Himsupz (Sj(z,a?) B Sj([ak],x)> 7
Jj=1

k—o0 k—o0 ak

where f(p*) is given in (2.4).
In the following, we will show that for each x € L(D,T'1,I's, ¢),

: (sjoc,x) Sjaak],x)) o (3.4)

lim sup Z B ok

k—oo
j_

Essentially this can be derived from [5, Lemma 4.1]. Note that for each point z €
L(D,T1,To,¢) and any j = 1,2,3,4

sup |S;(k+1,2) — S;(k,2)| < o0 (3.5)

k
by (3.2). For afixed z = ()32, € L(D,I'1,T2,¢),let Tj(k) = S;(k,z),j = 1,2,3,4.
We extend each T}, = 1,2,3,4, to [1,400) by piecewise linear interpolation. Then

each T;, j =1,2,3,4, is a Lipschitz function by (3.5). Now define g; : [0,00) — R,
J=12.3,4, by

9(z) = e " T;(e7).

We claim that each g;(z), 7 = 1,2,3,4, is bounded and uniformly continuous on
[0,00). In fact,

195(2)] < 195 (O)]e™ + Ig;(2) — g;(0)e ]
< Ty(1)] + e*Ty(e%) — Ty(1)
< [T;(1)] + LipT},
and for any § > 0
195 (2 +8) = g;(2)] = |e” I () — e Ty (7))
< e CENT () = Ty(e)| + 1g;(2)I(1 = ¢7?)
< (1 — e *)LipTy + (1 — e~ °)(|T;(1)] + LipT}).

Now for any v > — log a,

/”loga i(gj(z) —gj(z +loga))dz
- i (/_”logagj(Z)dz B /_”logagj(z + ],oga)dz>

= 24: (/vlogagj(z)dz - /Ovﬂogagj(z)dz)
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= i (/O_logagj(Z)der/vaogagj(z)dz)

v+log o
/ gj(2)dz

)

By letting 2z = logt, this gives

hmsupz (Tjt(t (ijt)> > 0.

t—+oo 7
Note that
Ty(t) _ Tj(et) _ (Tj(f) —T5([t)  Tj(ot) —Tj([aﬂ)> () (ﬂ B 1)
t ot t ot f \t
Ti([eft]) — Ti([at]) (1) Ti([eft])
() () e

where, as before, [t] with ¢ € R denote the greatest integer function. However,
the first three terms in the right side of (3.6) tend to zero as t — +oo by the
facts that both functions |T;(t) — T;([t])| and g;(z) are bounded, and that g;(z) is
uniformly continuous for all j = 1,2,3,4. Hence (3.4) holds. Therefore, for every
r = (7;)52; € L(D,T'1,I'2, ¢) we have

lim sup % log,, fip- (Qr(x)) > —f(p"),

k—o0

which leads to

lim sup(ko + log,,, fip+ (Qx(z))) = limsup k (5 + —log,, fip+ (Qr(x ))) = +o00,

k—o00 k—oo
for any § > f(p*). Now Lemma 2.1, (2) implies that dimy K7 (L(D,T'1,T2,c)) <
f(p7). O
Proof. [Proof of Theorem 1.2] (I) If ¢; = DI‘ for all 1 < j < 2, and D has
uniform horizontal fibers, we first claim that p* = (p})aep determined by (2.1),
is uniformly distributed on D, i.e. p* = (ﬁ ﬁ ‘D‘) This is done by simply
checking that the probability vector (ﬁ7 ﬁ ﬁ) € E satisfies (2.1) because

of its uniqueness. At this moment, we have

f(p*) = (1 —a)log,, |B| + alog,, |D|.
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Therefore,

kf(p*) +1og,, fip- (Qr(x)) = k(1 — a)log,, | B| + alog,, | DI)

+ [ak] log,, ﬁ + (k — [ak]) log,, ﬁ
_ |D|
= (ak — [ak]) log,, B

for all x € L(D,T'1,T3,¢) and all k € N. Then (I) is justified by Lemma 2.1, (3).
(IT) As shown in Theorem 1.1, we have

Y= dimH KT(L(D7 F17 F27 C)) = dimH KT(L(D7 p*)) = f(p*),
where p*, as described in Proposition 2.1, is such that f(p*) = fmax. Note that
HY(Kr(L(D,T1,I'2,¢))) > R (Kr(L(D,p"))),

since Kp(L(D,T'1,T2,¢)) D Kr(L(D,p*)). As a result, (b) in (R3) shows that
HY(Kr(L(D,p*))) = oo under the given assumptions. m|
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