Aequationes Math. 77 (2009) 171-185 ®© Birkhiuser Verlag, Basel, 2009
0001-9054,/09/010171-15 . .
DOI 10.1007/s00010-008-2947-5 Aequationes Mathematicae

Hausdorff and packing dimensions of subsets of
Moran fractals with prescribed mixed group frequency
of their codings

WENXIA Lif, LARS OLSEN AND ZHIYING WEN*

Summary. We compute the Hausdorff dimension and the packing dimension of subsets of Moran
fractals with prescribed mized group frequencies. For example, if E denotes the set of real
numbers z in [0, 1] for which the group of digits {1, 2, 3,4} in the decimal expansion of = occurs
with relative frequency t; € [0,1] and the group of digits {0, 1,2,8,9} in the decimal expansion
of & occurs with relative frequency t2 € [0,1], then our results shows that

iz (1 — 1)Lt (1 — )22 >

. . 1
dimpy F = dimp F = T log 10 log ( ot131—t;

where dimy denotes the Hausdorff dimension and dimp denotes the packing dimension. Observe
that the two groups of digits with prescribed frequencies, namely {1,2,3,4} and {0,1,2,8,9},
are mized, i.e. they are not disjoint. Previous work [LD, O1, V] has investigated the non-mixed
case. In this paper we investigate the more difficult problem of finding the Hausdorff dimension
and packing dimension of subsets of Moran fractals with prescribed mized group frequencies.

Mathematics Subject Classification (2000). 28A80.

Keywords. Hausdorff dimension, packing dimension, group frequencies of digits, mixed group
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1. Statement of results

This paper generalizes a result by Li & Dekking in [LD] on the Hausdorff dimension
of subsets of Moran fractals with prescribed group frequency of their codings.
We first define the notion of a Moran fractal. Fix a positive integer N with
N > 2. Write
> ={1,2,...,N},

and
¥ ={1,2,...,N}",
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= J{L2,....N}",

neN
N ={1,2,..., N},

i.e. X" denotes the family of all finite strings i = 41 ... 14, of length n with entries
i; from {1,2,..., N}, ¥* denotes the family of all finite strings i = 4 ..., with
entries i; from {1,2,..., N}, and XN denotes the family of all infinite strings
i=iyi2... with entries i; from {1,2,..., N}. For i = iyis... € X" and a positive
integer n, let ijn = 4; ..., denote the truncation of i to the n-th place. We can
now define the notion of a Moran fractal, see [MU].

Definition (Moran constructions in R?). A Moran construction in R? is a list

((Ai)iez*, (Ti)izl,...,N)v

where (Aj)iex- is a family of subsets of R< and (ri)i=1,...,~ is a family of positive
numbers with r; € (0, 1) satisfying
(1) For each i € X%, the set A; is a regular subset of R? (here regular means
that the closure of the interior of A; equals A;).
(2) There are positive constants ¢’ and ¢” satisfying the following: for each
i=11...4, € ¥* there are balls B] and B;’ such that B C A; C B}’ and

n

diam(Bj) = ¢ H ri, , diam(Bj) =" H Tip -
k=1 k=1

(3) For each i € ¥* and for each i € {1,2,..., N} we have
Ay CA;.

The limit set (or the Moran fractal set) K associated with the Moran construction

is defined by
K= U &

n iexn

An important class of Moran constructions is formed by constructions gen-
erated by iterated function systems, i.e. finite lists (S1,...,Sn) of similarities
S; : R4 — R?. In this case A; = S;, o---0.5;, (A) for some non-empty and com-
pact set A CR% and i =141 ...i, € £*, and the limit set K is called the self-similar
set associated with the list (S7,...,Sn). Among the many examples of self-similar
sets are the Cantor set and the Sierpinski triangle. We will always assume that
the Moran construction satisfies the so-called Open Set Condition.

Definition (The Open Set Condition (OSC)). A Moran construction ((A;)ies-,
(ri)i=1,..., N) is said to satisfy the Open Set Condition if
int(Ai) N int(Aj) =J

for all positive integers n and all i,j € ™ with i # j; here int denotes interior.
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We note that the Hausdorff dimension and the packing dimension of the limit
set of a Moran construction satisfying the OSC have been studied in detail during
the past 10 years, see, for example, [Fa]. Define the natural projection 7 : ¥ — R4
by

{m(@®)} = Ain

for i € ¥V, It is clear that K can be symbolically represented as K = 7(XY). This
motivates studying the frequencies of digits (or sets of digits) 7; in the “codings”
i = ipiz... € XN of points # = w(i) in K. We therefore define frequencies as

follows. For a subset I' of ¥ and a finite string i = i1is...4, € X*, let
{1 <j<nli;er}|
n

Ir(i)

denote the frequency of the set I' of digits in the string i = i1i5...4%,. Also, for a
finite family T of subsets of ¥ and a finite string i = ¢142 .. .4, € ¥*, let

Tr (i) = (T (i) ) pep -

If T is a partition of ¥ and t = (¢r)rer is a probability vector, Li & Dekking
in [LD] (and later Olsen in [O1]; see also an earlier paper by Volkmann [V] for a
special case) computed the Hausdorff dimension of the set of points z = (i) for
which the frequency of the set I" of digits among the first n entries of i approaches
tr asn — oo for all T € T, i.e. the set

ﬂ'{i exN ‘ lmIIp(ijn) =t } .
Below we denote the Hausdorff dimension by dimy and we denote the packing

dimension by dimp.

Theorem A ([LD]). Let ((Ai)ieg*, (ri)i=1,..., N) be a Moran construction satisfy-
ing the OSC. Let T be a partition of . For a probability vector t = (tr)rer, let
s(t) be the unique real number such that

Z trlogtr = Z tr log Z rf(t) )
rer rer i€l

For each probability vector t = (tr)rer, we have

dimy w{i € EN} lim TIp(ifn) = ¢ } = s(t).

In the present paper we generalize Theorem A to the case of arbitrary finite
families I of subsets of X. In particular, we will not assume that I" is a partition
of . Specifically, we prove the following generalization of Theorem A using results
from [OW,02]. Below Ps(XY) denotes the family of shift invariant probability
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measures on LN, Also, for a sequence (z,,), in a metric space M, we denote the
set of accumulation points of (x,,), by A(z,), i.e.

A(zy,) = {x eM } there is a subsequence (x,, ); such that z,, — x}

Theorem 1. Let ((Ai)ieg*, (ri)i=1,..., N) be a Moran construction satisfying the
OSC. Let T be a finite family of subsets of X (observe that T' is not necessarily a
partition of ¥). Let

n:{ () Er

rel

Sr € {P,z\r} for allI‘}.
For t = (tr)rer € RY, let

K(t) = {(QH)Hen

(qgn)rien s a probability vector with Z qn = tr for all F} .
ncr

Fort € RT and q € K(t), let s(q,t) be the unique real number such that

Z qrlog qn = Z qn IOgZTf(q’t) )

eIl Ilell i€ll

S

where [i] denotes the cylinder [i| = {iyiz... € XN |i; =i},
(1) If C is not a subcontinuum of X, then

{i e N ’ A(TIp (in)) = O} -2
(2) If C is a subcontinuum of X, then

di 'EN‘AH' —cl= inf 1),
1m|.|7r{1€ ( r(1|n)) } nf qztlé];()t)s(q )

pE PS(EN)} C R,

dimp ﬂ'{i exN ‘ A(Hp(i|n)) = C} = sup sup s(q,t).
teC qeK(t)

(3) If C is closed and convex subset of RY, then

dimy 7T{i € EN‘ A(Hp(i|n)> C C’} = sup sup s(q,t),
teC qek(t)

dimp 7T{i € EN) A(Hp(i|n)) C C} = sup sup s(q,t).
teC qek(t)

Theorem 1 is proved in Section 3. Of course, by putting C' = {t} in Theorem 1,
we obtain the following result.
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Corollary 2. Let ((Ai)iez*, (ri)izl,,,,7N) be a Moran construction satisfying the
OSC. Let T be a finite family of subsets of X (observe that T' is not necessarily a
partition of 3). Let II, K(t), s(q,t) and X be as in Theorem 1. If t € X, then

dimy 7T{i e xN ’ lmIIp(ijn) = t} = sup s(q,t),
" qek(t)

dimp w{i 0 ‘ lim Iy (i|n) = t} = sup s(q,t).
" qeil(t)

It is clear that Corollary 2 simplifies to Theorem A if I is a partition of X.

2. An example: mixed group frequencies of N-adic digits

As an application of Theorem 1 we will now compute the Hausdorff dimension and
the packing dimension of various sets associated with mixed group frequencies of
N-adic digits. For = € [0, 1], write

oodn
> n)

where d,(z) € ¥ = {0,1,...,N — 1}, for the unique non-terminating N-adic
expansion of z. For a set I' C ¥ of digits let

IIp(x;n) = |{1§k§n|dk($) EF}|

n

denote the frequency of the set I' of digits among the first n of the N-adic digits
of z. Also, for a finite family I' of subsets of digits, write

Ip(z;n) = (Mr(;n) ) pop -

Defining Si,...,Sy : R — R by S;(z) = **;! and applying Theorem 1 to the
Moran construction defined by A; = S;, 0---05;, ([0,1]) for i =41 ...4, € T* we
immediately obtain the following corollary.

Corollary 3. Let T be a finite family of subsets of ¥ ={0,1,...,N—1} (observe
that T' is not necessarily a partition of ). Let

H:{ () =r

rer

Sr € {r,z\r} for all P} .
For t = (tr)rer € R, let

K(t) = {(QH)HGH

(qn)riem s a probability vector with Z g = tr for all I‘} .
ncr
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Put

1e PS(EN)} C RY,

X = { (N(Uier [i]))rer‘

where [i] denotes the cylinder [i| = {iyiz... € XN |i; =i}.
(1) If C is not a subcontinuum of X, then

{:v €10,1] A(Hp(x;n)) = C} =g.

(2) If C is a subcontinuum of X, then

. . 1 qm
dimpy {:v €[0,1 A(Hr‘ Tn ) = C} = inf sup -— qm log ,
[0,1] (;n) teC gex(r) logN HZGH |T1|

. 1 qn
dimp {a: € 0,1 A(Hp Tn ) = C’} = sup sup — qm log .
0.1] (@;n) teC qek(t) logN 1_;1 |11

(3) If C is closed and convex subset of RY, then

. 1 qn
dimpy {:v € 0,1 A(Hr‘ n ) C C} = sup sup — qm log ,

0.1] (@in) teC qex(t) logN HZGH 1|

. 1 qn
dimp {:v € 0,1 A(Hr‘ n ) - C} = sup sup — qm log .

0. 1] (@;m) teC qek(t) 1og N r%‘[ |11

By putting C' = {t} in Corollary 3, we obtain the following result.

Corollary 4. Let T be a finite family of subsets of ¥ ={0,1,...,N—1} (observe
that T is not necessarily a partition of 3). LetIL, K(t) and X be as in Corollary 3.
If t € X, then

. : 1 qn
dimpy {x € [0,1] ’ limIIp(x;n) = t} = sup — qn log ,
" aek(t) logN 1_;1 I

. : 1 qm
dim {x O,l‘hml‘[ T;n :t}z sup — lo .

€ 0] tinlleen) =€y = sp = 2 e
We now consider a concrete example of Corollary 3 and Corollary 4. In
particular, we consider the following case: N = 10 and I' = {I';,I's} where
I = {1,2,3,4} and Ty = {0,1,2,8,9}; observe that the sets I'y = {1,2,3,4}
and Ty = {0,1,2,8,9} are not pairwise disjoint and do not form a partition of
¥ ={0,1,...,9}. For t = (¢r,,tr,), we will now compute the Hausdorff dimen-
sion and the packing dimension of the set { € [0,1]| lim,, IIr(x;n) =t }. Observe

that it follows from Corollary 4 that

dimy {x € [0,1] ‘ lignl_lp(ac;n) = t} = 7(t),

dimp {x € [0,1] ’ liylgnl_lp(ac;n) = t} = 7(t),
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where )
qmn
y(t) = sup — qulog .
qek() logN HZGH ||
We will now compute (t). However, we first consider a slightly more general
problem. Fix I';,Ts C ¥ and put I' = {T';, T'2}. Also, let t = (tr,,tr,) and write
t; = tp, for brevity. In this case we have I = {II;, Iy, U, V} where II; = T'; \ T'y,
HQ = FQ \Fl, U= Fl n FQ and V = 2\ (Fl U FQ) Finally, for (QHI,QHz,QU, QV) S

K(t) we write ¢; = qm1,, v = qu and v = ¢y for brevity. Using this notation we
clearly have

K(t) = {(Q17Q27U7U) S R4
(¢1,42,u,v) is a probability vector with g1 +u =11, g2 + u = tg}
= {(tl—u,tQ—u,u,l—tl—tQ—l—u) €R4‘

u € [max(0,t1 + t2 — 1), min(tq, to, 1)]}

and so
() = u€[max(0,t1+ts21ili)1min(tlat%l)] - 10;]\] <(t1 T |1fi \_1?2|
+ (t2 —u)log Ej \_13” + ulog Ty :i Iy
+ (1=t —ta+u)log ?E_\térj fj;;;f) :

The number 7(t) can now be found by a simple calculus argument. For example,
if

ITi\To| = T1NTyf, T2\ Ty = [X\ (T UTY)], (2.1)
then
1 t1 — tite to — t1to
t) = — t1 — t1t2) L to — t1ta) L
’Y() 10gN<(1 12) Og|P1\F2|+(2 12) Og|1—\2\1—\1|
tito 1 —t1 —to +tits
t1ta 1 11—t —t t1ta) L
+ 1112 0g|F1mF2|+( 1 2+ tite) log |E\(F1UF2)| )

for t = (t1,t2) € [0,1]?, and

Y(t) =0
for t = (t1,t2) € [0,1]2. Condition (2.1) is, for example, satisfied if N = 10 and
I = {1,2,3,4} and Ty = {0,1,2,8,9}; observe that the sets I'y = {1,2,3,4}
and T'y = {0,1,2,8,9} are not pairwise disjoint and do not form a partition of
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Fi1G. 1. The graph of the function v(t) = — 10g110 log <

t = (t1,t2) € [0,1]2.

k2 (1—1) 71 (1—tp) 02 ‘
oty 31—t7 or

¥ = {0,1,...,9}. In this case we clearly have [I'y \ T3] = |1 N Ty = 2 and
|F2 \ F1| = |2\ (Fl @] F2)| = 3, whence

1 t1 —tite to — t1to
t) =— t1 — t1ta) L to — t1t9) L
v(t) 10g10<(1 1t2) log +(t2 —tatz)log =
t1t 1—t; —to+ 11t
+ t1t2 log 122 +(1 -t —tg-i—tltz)log ! 32 ! 2)

1 thrgl2 (1 — ¢9) 1t (1 — o) 02
log( 1°2 ( 1) ( 2) ) (22)

log10 2131t

for t = (t1,t2) € [0,1]%. Figure 1 shows the graph of the function v(t) in (2.2). If
condition (2.1) is not satisfied it is possible to obtain a rather more complicated
formula for v(t). However, since this formula is easily derived but fairly long we
are omitting it.

3. Proof of Theorem 1

In [OW, O2] (see also [BOS]) Theorem 3.1 below is proved. We note that The-
orem 3.1 is proved in [OW, O2] for so-called graph directed self-conformal sets.
However, the proofs in [OW, O2] only depend on the contracting ratios of the
maps, and the results in [OW, O2] therefore also hold in the Moran case. For a
probability measure p on XN, we let h(u) denote the entropy of u. We also use
the following notation. For a positive integer n and i = i1ip... € XN, let L, (i)
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denote the n-th empirical measure, i.e.
1 n—1
Ly(i) = n ; dsk (1)

where S : ¥ — YN denotes the shift map. For i € {1,2,..., N}, we define the
cylinder [i] by [i] = {i1iz... € ¥N|i; = i}. Finally, recall that Ps(Z") denotes
the family of shift invariant probability measures on X and let P(3ZY) denote the
family of all probability measures on XN,

Theorem 3.1 ([OW, O2]). Let ((Ai)iez*, (ri)izl,,,,)N) be a Moran construction
satisfying the OSC. Let V be a normed vector space and let = : P(XN) — V be an
affine and continuous map. Fort € V let

h(p)
Alt)= sup -— " .
)= S TS (i) log
E(p)=t

Put
X = {E(u) ‘ pe PS(EN)} %

(1) If C is not a subcontinuum of X, then
{i e s ’ A(E(Ln(i))> - c} — 0.
(2) If C is a subcontinuum of X, then

dimy w{i e EN’ A(E(Ln(i))) - O} ~ inf A(t),

dimp w{i exn ‘ A(E(Ln(i))> - c} = sup A(t).

(3) If C is closed and convex subset of RY, then

dimy w{i exn ‘ A(E(Ln(i))> c c} = sup A(t),

dinp w{i exh ‘ A(E(Ln(i))) c c} = sup A(t).

The following result follows immediately by applying Theorem 3.1 to the map
Z:P(EN) — RF defined by

and noticing that in this case

E(Ln(i)) = Hr(in) .
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Theorem 3.2. Let ((Ai)iez*, (ri)i:17,,,7N) be a Moran construction satisfying the
OSC. Let T be a finite family of subsets of X (observe that T' is not necessarily a
partition of ). Fort = (tr)rer € RT, let

h(w)
Alt) = sup — . .
uePs(=Y) Zz w([]) log r;
w(User[i))=tr for all T

X = { ((ier 1) pep | w € Pot=) | < B,

(1) If C is not a subcontinuum of X, then
{i € EN‘ A(Hp(i|n)> - c} - .
(2) If C is a subcontinuum of X, then

dime{i eV A(Hp(i|n)) - O} = inf A(t),

dimp ﬂ'{i exN A(Hp(i|n)) = C’} = sup A(t).
teC
(3) If C is closed and convex subset of RY, then

dimy w{i e N A(Hp(i|n)) c C} = sup A(t).
S

dimpw{i e s A(Hp(i|n)> c C} = sup A(t).
te

We see that Theorem 1 follows from Theorem 3.2 provided we can prove that
A(t) = L(t). This equality is proved as follows. For a probability vector p =
(pi)ies, define H(p) and R(p) by

H(p) = - pjlogp;,
J

R(p) =—> pjlogr;.
J
Next, for t = (tr)rer € RT, define L(t) by

H
L(t) = sup (p) .
p = (pi)iex is a probability vector R(p)
Z'LEF p;=tr for all T"

In Lemma 3.3 and Lemma 3.4 below we prove the following two equalities

A(t) = L(t) [this is proved in Lemma 3.3 below], (3.3)
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L(t) = sup s(q,t) [this is proved in Lemma 3.4 below]. (3.4)
qeER(t)
Combining (3.1) and (3.2) we conclude that
A(t) = sup s(q,t). (3.3)
qER(t)

Theorem 1 follows immediately from Theorem 3.2 and (3.3).

Lemma 3.3. For t € RT, we have

Proof. Write t = (tr)rer-
Part 1. We prove that A(t) < L(t). Let p € Ps(XN) with u(Uier[i]) = tr for
all T'. Now define p = (p;)ies by p; = p([i]) for all i. We have

h(p)  _ Zip(i)logpu(lil) _ X pilogpi _ H(p) (3.4)
) .

S Xin(iDlogri = Xy u([d)logrs  Xipilogri  R(p
Next, we observe that p is a probability vector with >, .pi = > ,cppu([i]) =
w(Uier[i]) = tr for all T, and we therefore conclude from (3.4) that

h H
LM _HB)
22 (i) logr; — R(p)
Finally, taking supremum over all measures pu € Pg(XV) with p(Userli]) = tr
shows that A(t) < L(t).
Part 2. Next we prove that L(t) < A(t). Let p = (p;)icx be a probability

vector with Zier p; = tp for all . Next, define the Bernoulli measure v on LN
by v =[[y(3_, pid:) (here d; denotes the Dirac measure concentrated at 7). Since

v is a Bernoulli measure, we conclude that h(v) = — 3" v([i]) logv([i]), whence
Hp) _ Y,pilogp _ Sv(iDlogw(i) _ h(v) )
R(p)  Xpilogri > v([i])logr: >iv(li)logri - '

Next, we observe that v(Uier[i]) = > ,cr v([i]) = D ,cppi = tr for all T', and we
therefore conclude from (3.5) that

Hp) b
Rp) ~ Suw(ihlogr = MO

Finally, taking supremum over all probability vectors p = (p;)iex with >, . pi =
tr shows that L(t) < A(t). O
Lemma 3.4. Fort € RY, we have

L(t) = sup s(q,t).
qEL(t)
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Proof. Write t = (tr)rer-

AEM

Part 1. We prove that L(t) < supge) s(a,t). Let Ry = [0,00). Define

G,GF:RJZF—HRforFEFby

G(u) = Zui, Gr(u) = Zui,

iel
for u = (u;)iex, and let

oz{ueRi‘G(u):L Gp(u):tpforallf}.

Since C' is compact and g is continuous, the function g restricted to the set C

attains its maximum at some point p € C, whence

-1

Now let q = (gr1)mem be defined by
qm = Zpi .
i€l
Since p € C, it is easily seen that q € K(t). We now claim that

H(p)

R(p) sla®)-

(3.6)

In order to prove (3.6) we use Lagrange multipliers. Indeed, it follows from an
appropriate version of Lagrange multiplier theorem (cf., for example, [O1]) that

there exist real numbers A\, Ar for I' € T’ such that

H

Vv, (p) = AVG(p) - XF: ArVGr(p) =0.

Performing the differentiation in (3.7) shows that for all i € ¥ we have

(-1 —logpi)R(p) + H(p)logri | -
R(p)? PP

Rearranging (3.8) shows that for all ¢ € ¥ we have

A N H(p)
pi = e~ (A icr Ar)R(p)—1 TiR(p) ]

Fix IT € IT and write i1 = > ;e Ar. Observe that for all i € IT we have

(3.7)

(3.8)
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H(p)
pi = e*(AJFZier Ar)R(p)—1 riR(p)

H(p)
— e‘O""HH)R(P)_l TiR(p) . (39)
Summing (3.9) over i € II and then taking logarithms gives

log g = log Z bi
i€l

A H(p)
= log E e_( +Mn)R(p)—1 TZ_R(F’)
€Il

H(p)
=—(A+pm)R(p) -1+ 1ongiR(") :
iell

Finally, multiplying both sides by ¢ and then summing over II € II yields

H(p)

> anloggn =—R(p) Y (A +pm)an =1+ qulogy ™. (3.10)
11 11

II €Il

Rearranging (3.8) once more shows that for all i € ¥ we have
(—1 — log ) R(p) + H(p) log r; = (A s AF)R@)? .
i€l

Fix IT € IT and recall that ppn = ZHQF Ar. Observe that for all i € II we have

(=1 —logpi)R(p) + H(p)logri = <A +) Ar>R(p)2
iel
= (A +pm)R(p)*.

Multiplying this equality by p; for ¢ € II, summing over all ¢ € II and finally
summing over all IT € II, gives

<— ZZPZ - ZZPZ logpl-> R(p) + H(p) ZZPz log r;

II Zell II Zell II Zell
=R(P)’Y D> A +pum)pi -
II Zell

This clearly simplifies to

(—1+ H(p))R(p) — H(p)R(p) = R(p)* > (A + purr)qu -
II
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It follows from this that

—1=R(p) Y (A + pn)qn - (3.11)
IT

Finally, combining (3.10) and (3.11) shows that

H(p)

Z qu log g = Z qu log Z "
il il

i€l
and since q € K(t) this implies that g((g)) = s(q,t). This completes the proof
of (3.6).

Since q € K(t), (3.6) implies that L(t) = g((g)) = 5(q,t) < supyer) s(v, t).

Part 2. Next we prove that supgery) $(a,t) < L(t). Fix q € K(t), and note
that

{i exh ’ lim TIy (i|n) = q} c {i exh ‘ lim Iy (in) = t } . (3.12)
Hence
s(q, t) = dimy 7T{i e xN ‘ lim I (ijn) = q} [by Theorem A]
< dimy w{i e xN ‘ lim Ip (i) = t} by (3.12)]
= A(t) [by Theorem 3.2]
= L(t) [by Lemma 3.3].
Taking supremum over q € K(t) gives the desired result. O
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