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We consider a class of non-symmetric Cantor sets C' determined by C' = agC U (a1C +
1 —a1), ap,a1 € (0,1). Under certain conditions on ag and a1, the upper and lower
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1. Introduction

Let C' C R be the unique nonempty compact set invariant under hg, hy:

C = ho(C)U i (C), (1)
where hj(z) = ajx + b;, j = 0,1, with 0 < a; < 1. The set C is also termed as
Cantor set, or the self-similar set determined by hg and hy. C' is called a symmet-
ric Cantor set if ag = aq, otherwise, a non-symmetric Cantor set. Without loss of
generality, we shall assume that by = 0,a; + by = 1, equivalently, ho(0) = 0 and
hi(1) = 1. Furthermore, we assume that the images h;([0,1]),j = 0,1 are pair-
wise disjoint, i.e. the h;’s satisfy the strongly separated condition. Thus, the above
assumptions indicate that

ho(z) = apz, hi(z) =arz+1—a; with ag+a1 < 1.
It is well known that (cf. [1, 7]) dimy C' = dimp C = dimp C = £ and H*(C) = 1
(cf. [1]), where £ is given by
ag + a§ =1. (2)

The set C' has a natural symbolic representation defined as follows. Let

U{o 1}" and =N ={0,1}",
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i.e. 3* is the family of all finite strings j; ...J, with entries j; from {0,1} and
YN denotes the family of all infinite strings jijo ... with entries j; from {0,1}. For
w = j1j2 ... € XN and a positive integer n, let w|n = j; ... j, denote the truncation
of w to the nth place. Finally, we define 7 : ¥ — C by

}—ﬂhﬁ -+ o hy, (10,1])
for w = ji1jo... € ¥N. It is easy to check that 7 is a bijection and for w =
jijz ... € XN,
ﬂ—(w) = hm hwln - b]l + Z a]l . a]n 1 ]n’ (3)

n—oo

where by = 0 and b1 = 1—a;. It is well known that C' can be symbolically represented
as C' = m(X"). Thus, each point of C can be encoded by a unique element from
YN, Throughout this paper, by t = tit5..., we denote the code of t € C, i.e.
t =tity... € XN with 7(f) = t. Alternatively, we have

C: ﬂ U hw([()?]'])v
n=1we{0,1}n

where hy, := hj, o---oh;, for w = ji1...j, € {0,1}". The endpoints of h,([0,1])
for all w € ¥* will be called the endpoints of C.
Let p be the restriction of the Hausdorff measure H¢ over the set C, i.e.

w(A) :="H¢|c(A) = HS(C N A) for any Borel set A C R.

Note that H*(C) = 1 (cf. [1, Corollary 4.5]). Thus, an alternative definition of j is
that p is the unique probability measure satisfying

(A) = aSpu(hg H(A)) + aSpu(hi*(A))  for any Borel set A C R, (4)

where ¢ is given by (2). Obviously, u is atomless and called the Cantor measure.
Two well-known properties of i are (cf. [5, Chap. 6] and [6])

(i) there exist finite positive numbers a and b such that ar® < pu([x—r,x+r]) < bré
foranyx € C and 0 <r < 1;
(ii) there exist 0 < d < d* < 0o such that for p-a.e. x € C

:d>~<

€ p) e i ME ) L CH(CA e -t )
O ) =l T e BT 2

and

¢ T u([x—r,a:—!—r]):, . Hf(Cﬂ[x—r,a:—Fr]):
05 (i, ) : hrﬁl&)nf B hr?ibnf @ dy.
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The quantities ©*¢(u, ) and @i(/hx) defined above are called the upper and
lower £-densities of C at x, respectively. Unfortunately, few results have been
obtained for the exact values of d* and d,, or more general, for the exact val-
ues of ©*(u,z) and O5(u, ) for each z € C. When ag = a; = 3 (so C is the
classical middle-third Cantor set), the exact values of ©*¢(y, z) and ©5(u, x) were
obtained for each € C by Feng, Hua and Wen in [2]. As the authors pointed
out, their approaches are effective for the case that ag = a1 € (0,1/3), i.e. Cis a
symmetric Cantor set. To our knowledge, for the case of non-symmetric Cantor set,
the exact values of ©*¢(u, z) and ©%(y, z) are still unknown.

In the present paper, we try to determine the exact values of ©*¢(yu,z) and
o8 (1, x) for certain non-symmetric Cantor sets. We will focus on those Cantor sets
which have “big gaps” in their geometrical structure. In other words, we assume

1 —ag — a1 > max{ag, a1 }. (5)

Thus, in each step of the process to geometrically generate the Cantor set C', one
removes an open interval of length not less than that of each of the remaining two
closed intervals. It is easy to see that

1—ag —a; > max{ag,a;} if and only if ag+2a; <1 and 2a9+a; <1.
Let T': [0,a0] U [l — a1,1] — [0,1] be defined by
— z €10, ao),
T(z) = (6)
(11—
z-(-a) z €[l —ap,l].
ai

Then, T is a two-to-one mapping satisfying T(C) = T~}C) = C. Its inverse
consists of two branches: hg and hi. Therefore,

Toho(x) =T ohy(z)=x foreachz € [0,1],
and
ho o T(x) = x for each x € [0,a0], h1oT(x) ==z for each x € [1 —aq,1].

Based on [2], we develop some techniques and obtain the following theorem in
the present paper.

Theorem 1.1. Let C, &, p and T be defined as in (1), (2), (4) and (6). Suppose
that ag and a1 satisfy (5). Then,

(i) for a non-endpoint x of C,

0 (u, )
—_— 1 .
~ 2¢(min{1 — ag limsup,_, ., T*(z),a; liminfy oo T*(x) + 1 —a1})s’
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(ii) for an endpoint x of C,
@*g(ﬂvx) = 275;
(iii) for p-a.e. x € C,

1
2¢(min{l — ag,1 — a1 })¢"

0% (u,z) =

Furthermorq Zf (1+ 1—aa£)1—a1 )5 S 1+(13111 )E and (1+ 1—;)0—0.1 )E S 1+(1icc)l.o )57
then,

(i") for a mnon-endpoint x of C,
§
a
CH = mi 0
(1, ) mln{ 2% (1 — ay — liminfy_oo TF(2))E

ai .
%mmwhmwwwww}’

(it") for a right endpoint x of C,

S p—
*:U“7x _25(1_a0)£7
for a left endpoint x of C,
§
3 _ 4o
9*(/1‘7x) 25(1—0/1)57

(iii") for p-a.e. x € C,

¢ ag aﬁ

05 (u, ©) = mi , .

H, @) = miny S e 21— ag)e

Remark 1.2. (i) As we can see in Theorem 1.1, to determine the upper density

O©*¢(u, r), we require that ag and a; satisfy condition (5). However, in order
to determine the lower density ©5(u, ), we need, besides (5), additional con-

ditions that
13 13
<1+71 4 ) <1+<1a1 )
—ap — ax — a1
(7)

1 1
T —0 ) <1 ().
l—ao—a1 1—&0

Here on, we like to point out that (5) plus £ < £ (recall £ = dimy C) implies
(7). In fact, it is easy to verify that

(a4+b)P >a? +0° +pa®'b ifa,b>0 and p>2.
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Thus, when & < %7

1
&\ € 13
ai ay 1 ax
1 >1 - .
<+<1—a1>> - +1—a1+§<1—a1)
So, we have

ay
1
( +<1—a1

~_
oy
N———
=
|
7N
—
+
—_
|
Sle
|
IS
=
~__

B apay 1—a 1=¢ (1 —ag — Cll) B

o f(l—al)(l—ao—al) (( aq ) aq g)
apay 1—a; 1=¢

{1 —a)(l—ao—a) (( a1 ) _€>
o (1-6>0

by (5). This gives the first inequality in (7) and the second inequality can be

proved in the same way. As an application, we know the conditions (5) and (7)

hold when ag = %7a1 = %.

(ii) One can check that the conditions (5) and (7) hold when ag = a1 € (0,1/3].
Thus, Theorem 1.1 extends those given in [2].

The proof of Theorem 1.1 is given in the next section, Theorem 2.5 for the
results of upper density and Theorem 2.7 for the results of lower density.

2. Proof of Theorem

As stated in Sec. 1, for t € C, we use t = tita... € XV to denote its (unique)

code (so m(t) =t by (3)). In addition, we denote by y(t,n) the position of the nth
occurrence of digit 1 in # and by z(¢,n) the position of the nth occurrence of digit
0in ¢, e.g. for = 00101101110... we have y(¢,1) = 3,y(¢,5) = 9 and 2(¢,3) = 4.
We adopt the convention that

y(t,n) =400 it #{keN:tp =1} <n
and
z(t,n) = +oo U #{keN:t, =0} <n.

Therefore, for a t € C, we have

t= Z a’f_lag(t’ k)_k(l —ay) and u([0,t]) = Z ag(y(t’ k)_(k_l))ai(k_l)7 (8)
k=1 k=1
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where we adopt the convention aj ™ = a] > = 0. The first identity follows directly
from (3). To verify the second identity, let x, = m(tita ...ty n,)00...). If t =z,
for some n € N, then

s ,k)—(k—1 k—1
(10, 1)) = (0, z]) = 3 a§ ¥ M=) g0,
k=1

by (4). Otherwise, we have

([0, t]) = Tim_u([0, zn])

— nler;o Z ag(y(t, k)—(k—l))ai(k—l)
k=1
= Z a§v(t B~ (k=1)) € (k1)
k=1

The following lemma was obtained in a more general setting in [3]. For readers’
convenience, we give a distinct proof here.

Lemma 2.1. Let p be defined as in (4). Then, for any t € [0, 1], we have

aigtﬁ < u([0,) <& and L

(T—ape ~ M= (1 — ao)é
Proof. First, the inequalities 1([0,¢]) < & and pu([t,1]) < (1 — ¢)¢ simply come
from a well-known result that HS(C' NU) < |U|¢ for any U C R (cf. [4]). We now
prove the left part of the first inequality. When ¢ € C,|

_ 00 t, k)—k 13
1([0,]) aga, : D k=1 (ag( ) af) > ag
k - (1 — al)f’

(1=1)* < p(lt, 1)) < (1 -1)°

'3 — 00 ,k)—
T (S D )

by (8), where we have used an elementary inequality that (3o, cx)” < Spe, cf
if 0 <s<1andall ¢ >0. When t € [0,1]\C, let t,. = inf{x € C : z > t}. Then,
t. is a left endpoint of C' and

a$ ag
p0,8) = pl10,8]) = G et > T et™

In the following, we prove the left part of the second inequality. Put

fo(z) =aiz and fi(z) = apr + 1 — ao.

It is easy to check that 1 — C' := {1 — 2z : x € C} is the (compact) attractor of IFS
{f07 f1}7 ie.

1-C=fo(1-C)U f1(1-0O).

Thus, each element of 1 — C can be encoded uniquely by an element from XN =
{0,1}N in the same way as the elements of C do via (3). Note that for each t € C with
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codet =tity... € XN, 1—t €1—Cisencoded by (1—#;)(1—t3)...:=w € ¥V. So
1—-t= hm fw\n Zak ! yl & k)= 1—&0 Zak ! z(t k)= k( CL()),

where, if no confusion, y(1 — ¢, k) is the position of the kth digit 1 in the code
(I—t1)(1—t2)...of 1 =t €1—C, whereas z(t, k) is the position of the kth digit
0 in the code 1ty ... of t € C. Let pu* be the restriction of the Hausdorff measure
HE over the set 1 — C, i.e. p*(-) = HE((1 — C) N -) which satisfies

p*(A) = aSp (fH(A) +abp* (f7H(A))  for any Borel set A C R.

Then

p(t,1]) = p*0,1 —t] = Z St R)=(k=D) €(k=1) _ Z E(x(t B)=(k=1)) (£ (k=1),
k=1 k=1

The desired result can be proved in the same way as above. O

Lemma 2.2. Let p be defined as in (4). Let ag,aq satisfy (5). Then, for any Borel
set A C (—1,2) and any iyis...ix € {0,1}* with k € N, we have

pu(hiy 0+ 0 hy (A)) = af, -~ af u(A).

Proof. Note that (5) implies that
ho(A) n hl(C) = @ and hl(A) N hQ(C) = @
Therefore, the desired result can be verified by (4). m|
Using the same method as that in [2, Proposition 2.10], we get the following
proposition.
Proposition 2.3. Let p be defined as in (4). Then liminfy_o, T*(t) = 0 and
limsup,,_, . T*(t) = 1 for p-a.e. t € C.

Proof. We only prove that liminfy .o, T%(t) = 0 for p-a.e. t € C. The other
one can be proved in the same way. For any i = iy...i, € {0,1}¢, denote h; =
hiy o---0h;,. Then

U m©)
i€{0,1}¢

Let 0 € {0,1}* be the element consisting only digit 0. Let By be the attractor of
IFS {h; : i€ {0,1}%i+# 0}. Then By is a proper subset of C' and

By ={teC:tmpy1.. “timr1)e # 0 for all m > 0},

where, as before, tity... € {0,1} is the code of t. In addition, u(By) = H (B, N
C) = 0 since dimpy B, < &. Consequently, 1(Ur>1B) = 0 and so u(C\Ug>1B,) = 1.
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Fix t € C\Ug>1By. Then, for any ¢ € N, there exists an m > 0 such that g|¢ =
tmes1 - --tons1ye = O where y = T™(t). This implies T™¢(t) < af, leading to

liminfg_ oo TH(t) = 0.

O

Lemma 2.4. Let £ and p be defined as in (2) and (4). Suppose that ag and aq

satisfy (5). Then,
(i) for any x € [0,a0] and any max{z,ap —x} <r <1-—uzx,

p([z —ryx +7r]) a§ 1

(2r)¢ < max{ 28 (max{x,ao — x})¢" 28(1 — x)¢

with the equality holding either at r = max{x,a9 — x} or at r =1
(i) for any x € [1 — a1, 1] and any max{l —x,x — (1 —a1)} <r < x,

w([z —r,x +7r])

a§ 1

2

(2r)¢ = max{ 26(max{1l —z,z — (1 —ay)})s’ 268 } ’

with the equality holding either at r = max{1l —x,x — (1 —a1)} or at r = x.

Proof. (i) If max{x,ap — a2} <r <1—a; —x, then

N S A
(2r)¢ (2r)¢ = 28(max{x,ap — z})¢

with equality holding at » = max{z,a0 —z}. If 1 —a; —a < r <1 —z, then

by Lemma 2.1 and (4),

z+r—(1—a1)

w(lz —ryx+7r]) aé—f—u[l—ahx—i—r] a§+a§u[0, o

]

(2r)¢ n (2r)¢ n (2r)¢

ag+(x+r—l+a1)5 1 U£+(Z—f)§

> (27-)5 B 2¢ (u+ l—a;—z

ay
where u = #H—ta1 € [0, 1]. Consider a function in u:

uf 4 ()¢

(u + 17(117w)£’

ai

my(u) = u € [0,1].

Then

—Qa]1—T — a, 5
LB ()
z o —a;—z\&t1

(u+ =8=2)

loai—x _ (ag)$
e LS
(u+ =2=2)

)
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: l—ap—a ag\§
since we have ~—¢2—=% > (29)* by (5). So

ai
ez —ryz+r])) 1 L a§ + a§
e cEmWE e
with equality holding at » =1 — x.
(ii) f max{l —z,2 — (1 —a1)} <r <z — agp, then

pll =t rl) _ d§ o
(2r)¢ (2r)¢ — 28(max{l —z,z — (1 —a1)})¢

with the equality holding at » = max{l —z,z — (1 —a1)}. f x —ag <r < xz,
then by Lemma 2.1 and (4),

:u([x —nrt r]) _ a§ + .u[x - aO] _ a% + a(g):u[ma_orv 1] Cl)% + (ao -+ T‘)£
(2r)¢ N (2r)¢ N (2r)¢ - (2r)¢
ag+r—x 1S a 5 a £
(@) 1 @)
o 28 (agtr—z z—ag\& — 2§ z—ag\& 28 €7
( Oag + aoO) (1+ ago)
with equality holding at r = z. O

Theorem 2.5. Let C, &, i and T be defined as in (1), (2), (4) and (6). Suppose
that ap and a1 satisfy (5). Then,
(i) for a mon-endpoint x of C,

0" (. x)
p— 1 .
~ 2¢(min{1 — ag limsup,,_, ., T*(z), a; liminfy o T*(z) + 1 —ay })¢’
(ii) for an endpoint x of C,

0% (u, ) = 2°5;
(iii) for p-a.e. x € C,
1

*& —
0" (1, ) 2¢(min{1 — ap,1 — a1 })¢"

Proof. (i) Fix a non-endpoint z of C. Let iyis... € X" be the code of x. Then
hiy o+--0h;, ([0,1]) | {z} as k — oo. For a given 0 < r < min{ag, a1 }, there exists
a k € N such that [z — r,z 4 r] contains the interval h;, o--- o h;, ([0, 1]), but does
not contain the interval h;, o--- o h;,_, ([0,1]). Hence,

hik [O, 1] g (h“ O++-0 hik,l)_l ([Z‘ - nrx =+ T']) g (—1, 2)
With y = (hs; 0+ --0oh;,_, )" (z) (then y = T*"(2)) and v = r(a;, -+ a;,_,) "', we

have

(2T)£ a (a‘il T aik—l)g(er)g B (2rl)£ ’
by Lemma 2.2.

M[x—ﬁx-i—?”] o (ai1 "'aik—l)gu[y_rl7y+rl] M[y_rl7y+rl] (9)
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If k = z(x, n) (i.e. i = 0) for some n € N, then y € [0,a0] and [y — ',y + /]
contains [0, ap], but does not contain [0, 1]. So, max{y,ap —y} <7 <1—y and by
Lemma 2.4, we have

wly — ',y +1'])
(2r")8

€
ag 1
< 0
= max{ 2€ (max{T=(@ M—1(z), ag — T@ M1 (z)})E’ 26(1 — T=@ m)—1(g))é }

1 1
= o T T T F T ) (0

where we have used the fact that 7% ™~1(z) = aoT*= ™) (z) by (6) since
T#@ mM=1(x) € [0, ag).

If k =y(z, n) (le.ix =1) for some n € N, then y € [1 —aq,1] and [y — 1/, y +1]
contains [1 — aq, 1] but does not contain [0, 1]. So, max{l —y,y— (1 —a1)} <7’ <y
and by Lemma 2.4, we have

w(ly — o',y +1'])
(2r")8

3
max l R L
2¢ (max{1—Tv@n)=1(g), Ty(@n)=1(g)—(1—ay)})E" 28(Tv(=n)~1(z))¢

IN

1 1
= e e T B FEeE) O

where T¥(® ™ =1(z) — (1—a;) = a; TY® ™ (z) by (6) since T¥* ™~ (z) € [l —ay, 1].
Note that

1— 72" 7 (z) = max{T*" M~ (z), 1 — T** ™~ (2)}
and
7Y@ ™= (7)) = max{T¥® W~ (z), 1 — TV 1 (7)),
Hence, by (9)-(11),

lim su plle = r a4 r)) < :
710 P (2r)¢ ~ 28(liminfy o max{T*(x),1 — T*(x)})¢"

In fact, we have

*€ — limsup PE -z ) 1
O (u, 2) = limsup (2r) 2€ (lim inf oo max{T*(z), 1 — TF(z)})E
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This is because the upper bounds in (10) and (11) can be reached at certain r’s as
r | 0 by Lemma 2.4. More exactly, the upper bounds in (10) and (11) are reached
when

r € U {max{x — h;; o---oh; _,(0),hy; o---0h;_ (ag) —x},
k=z(xz,n),neN

hiyo--+ohy (1) —x}

U U {max{x —h;; o---oh;_,(1—ay),h;y o---ohy (1) —a},
k=y(z,n),neN

€ — hil 0--+0 hik—l (O)}
Finally, the left we need to show is
- k ik
hkn_lg.}fmax {T"(z),1-T"(z)}

= min{l — ap limsup T%(z), ay hkminka(a:) +1- al} .

k—o0
Let Q1 = {k € N: T*(x) € [0,a0]} and Q2 = {k € N: T*(x) € [l — ay,1]}. Then
likm inf max{T*(z),1 — T*(z)}
= min{ liminf (1 —7%(x)), liminf Tk(x)} .
keQ, k—oo keQsy, k—oo
Note that 1 — T*(z) = 1 — agTF*!(x) for k € Qy, TF(x) =1 — ay + a;T* 1 (x) for
k € Qy. Thus

liminf (1 —7T%(x)) =1—ao limsup T*"(z) =1 — aglimsup T%(z),
keQy, k—oo keQy, k—oo k—oo

and

liminf T%z)=1-a; +a; liminf T (z) = a; liminf T%(z) + 1 — a;.
keQs, k—oo keQsa, k—oo k—oo

(ii) From the proof of (i), it follows that if = is a left endpoint of C, then
0" (. x)

1 1
f— 1' 3
Ea max{ 2 (max{ T ) (), 1T M ()} € 25(1—Tz<rvn>—1<x>>f}

if  is a right endpoint of C, then
0"¢(, 2)

1 1
= 1.
o max{ 2€(max{T — T (), T W (@) D 25(Tv0 =T () )€ }
=27¢

(iii) It follows directly from (i) and Proposition 2.3. O
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For the results of lower density we need the following lemma.

Lemma 2.6. Let £ and p be defined as in (2) and (4). Suppose that ag and aq
satisfy (5) and (7). Then,

(i) for any x € [0,ap] and any max{x,ap —x} <r<1l-—z

plle —rx + 7)) ag
P (e

with the equality holding at r =1 — a1 — x;
(i) for any x € [1 —a1,1] and for max{l —z, 2 — (1 —a1)} <r <

w([lz —r,z+ 7)) - af

(2r)¢ = 28(x —ag)¢’

with the equality holding at r = x — ag.

Proof. (i) Fix an z € [0, ap]. If max{z,a9 — 2} <r <1—ay —z, then

w([z —r,x +7]) _ ag - ag
(2r)¢ (2r)¢ = 28(1 —ay — x)8’

with the equality holding at r =1—a; — 2. If 1 —a; — 2 <r <1 — x, then by (4)
and Lemma 2.1,

p(lz —ra+r])  a§+ pl —ar,z+r) ag+a§u[0,%ll_‘“)]

(2r)¢ n (2r)¢ n (2r)¢

e (e gy \€ ufg ()
- (2r)8 “e—a)) (ug mm=)
ay

where u = =020 ¢ [0 1], Let

ay

€4 (lman)
g(u):%7 ’U,E[O,l]
(ut=47)°
Then
— —a1—x —a1\&
utt (=) - ()]
(u_|_ 1—a1—z)§+1 ’

ai

g9'(u) = u e (0,1].

So, g(u) is either increasing in [0, 1] or first increasing and then decreasing in [0, 1]
(i.e. g(u) is unimodal in [0,1]). Note that the first inequality in (7) is equivalent to

13

1—ar)é 1 —ao < g 1—a)s

(I-a) (=00 ) Sa+1-a).
—ap — a1



The Pointwise Densities of Non-Symmetric Cantor Sets

Thus,
g(l):cﬁ—|—(1—a1)5>(1—@1)E 1—ag ¢
1—-2)¢ — (1—-2)% \1l—ap—ay
Q-a)f [ 1-z \° )
(1—2)¢ \1-a; —x =9
leading to

p([z —r,x +7]) agp ¢ B as
a2 (antay) 40 = e

with the equality holding at r =1 — a1 — .

(ii) Fix an z € [1 — ay, 1]. f max{l —z,2 — (1 —a1)} <r < x — agp, then

w([z —r,x +7r]) _ a§ a§
(2r)¢ (2r)¢ = 28(z —ag)t’
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with the equality holding at » = & — ag. If z — ag < r < x, then by (4) and

Lemma 2.1,

plle —ra+r])  af+plr—ra) af +a§u[9”;f71]

(2r)¢ o (2r)¢ o (2r)¢
af + (£25) (a0 = + 1)
- @)

(g ) e

o)) (g )t

—ag\$

s ()

S\ (o g
o

28(z — ag)8’

with the equality holding at » = & — ag, where the last inequality is obtained in the

same way as above by means of the second inequality in (7).

O

Theorem 2.7. Let C, &, p and T be defined as in (1), (2), (4) and (6). Suppose

that ag and a1 satisfy (5) and (7). Then
(i") for a non-endpoint x of C,
ag
26(1 — ay — liminfg_, o TH(2))¢’

CHIROES min{

Cll .
2€(im supy . 7% () — ao)¢ } |
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(it") for a right endpoint x of C,

0% 1) = g
* /147.’,5 - 25(1_a0)&-
for a left endpoint x of C,
§
3 _ o
9*(/'1’7x) 25(1 _ al)&'

(ili") for p-a.e. x € C,

0% (u, ) = min a ai
)= 2%(1 — a1)’ 26(1 — ao)s [

Proof. (i') Fix a non-endpoint = of C. Let i1iy... € XN be the code of x. Then
hiy o---0h; ([0,1]) | {z} as kK — oco. For a given 0 < r < min{ag, a1 }, there exists
a k € N such that [x — r, 2 + r] contains the interval h;, o --- o h;, ([0,1]) but does
not contain the interval h;, o---o h;, _, ([0, 1]). Hence,

Tk—1
hi [0,1] C (hyy 0---0hy ) Y[z — 7z +7]) C (~1,2).

With y = (h;, 0-+-0h;,_, )" (x) (then y = T"“’l(x)) and 7" =r(a;, ---a;,_,)" ", we

have

ple —ryz+r] (e i ) uly =y + 0] ply =y + 0]
(2T)£ a (a‘il T a‘ik—1)£(2rl)£ B (2rl)£ ’

by Lemma 2.2.
If k = z(z, n) for some n € N, then y € [0, ap] and [y —r', y +7'] contains [0, ag],
but does not contain [0, 1]. So, max{y,ap —y} <7’ <1 —y and by Lemma 2.6,

ply =7y +r') ag
(2r)¢ T 281 —ay — TF= -1 (x))E

If k = y(z, n) for some n € N, then y € [1 —ay,1] and [y — r/, y + '] contains
[1 — a1, 1], but does not contain [0, 1]. So, max{1 —y,y — (1 —a1)} <+’ <y and by
Lemma 2.6,

plly —r'y+r) ai
@M T 2E(TE (@) —ap)E

Hence

(. z) = lim ing AE=T2FT])
05 (p, ) lnﬂ})nf CBE

¢ 3
S ag o i
> mln{hnnigf 25(1—@1—TZ(I’ ")—1(33))5 ) h;ggf 2§(Ty(a:, ")_1(33) —ap)¢ }
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as
= min o
{ 26(1 — ag — liminf,_ o, T#@ m~1(x))&’

as
1
2¢ (lim sup,, o, 7Y@ M =1(z) — ag)¢ }

o o
. 0 1
= min — N~ .
28(1 — a1 — liminfg_, oo T%(x))s’ 2¢(limsup,,_, ., T%(x) — ap)$

By the same argument as that used in the proof of Theorem 2.5, the lower bound
can be reached, i.e.

¢ 3
¢ _ . ao al
0%, 2) mln{ 2§(1 — ay — liminf, o T*(x))¢ " 28 (limsup,,_, ., T*(x) — ap)¢ } )

(ii’) From the proof of (i), it follows that if z is a right endpoint of C, then
3 3
¢ — liminf aq _ aq .
.y, x) = lim in 26 (Tv@ W—1(z) —ag)e  26(1 — ag)é

if z is a left endpoint of C, then

0% (p, x) = liminf ai = a
AT =R €1 — gy — 7@ (1)) 26(1 —ar)t

(iii") This follows directly from (i’) and Proposition 2.3. O
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