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Abstract

Let the self-similar set C'in R be defined by C' = (Jj_, h;(C) with a disjoint union, where the
h;’s are similitude mappings with ratios 0 < a; < 1. Let o on C' be the self-similar probability
measure corresponding to the probability vector (ag, ag, ey af), where £ = dimgC is the
Hausdorff dimension of C. Let S be the set of points at which the probability distribution

function F of y1 has no derivative, finite or infinite. We prove that dimy S = (dimgy C')? and
dimp S = dimp S = dimgy C.

Keywords: Hausdorff Dimension; Packing Dimension; Non-Differentiability; Cantor Function;

Self-Similar Measure.

1. INTRODUCTION

Let hi(z) = ax+i(1—a), i =0, 1 with z € [0, 1] and
0<a< % Then there exists a unique non-empty
compact set C' C [0, 1] such that

C = ho(C)|JMm(C).
It is well-known that the Hausdorff dimension of

C equals dimy C = —%gg 2 Let p be the uniform

*Corresponding author.

probability measure on C'. Consider the distribu-
tion function which is often referred to as the Devil’s
1

staircase (for a = 3):

F(z) = ([0, 2]), z€0,1].
It is easy to check that the derivative of F'(z) is zero
for all z € [0, 1]\C and the upper derivative of F'(x)

is infinite on C'. Let S be the set of points at which
F(x) is not differentiable, i.e. the set of points in
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C at which the lower derivative of F'(x) is finite. S
can be decomposed into

S = N+UN_ U{t : t is an endpoint of C'} (1)

where NT(N7) is the set of non-end points of C
at which the lower right (left) derivative of F'(z) is
finite. Each ¢t € C can be encoded by a unique 0 —1
sequence, denoted by £ = (t(1), #(2),...), which sat-
isfies {t} = N2y he(a) © =+ © hyn)([0, 1]). Now let
z(t, n) denote the position of the nth zero in . The
set Nt (symmetrically for N7) is characterized by
Darst! as follows:

(t,n+1) __log a,
z(t,n) = log2’

log a +
> Tog 2 thent e N™.

(a) if t € NT, then limsup,,_, ., =

z(t,n+1)
z(t,n)

(b) if limsup,,

By means of the above (a) and (b), Darst! proves
that

dimy § = dimy N* — | 1282

]2 = (dimg C)2.

log a

It is not difficult to show! that dimpyS =

dimy Nt = [1"%5;31)}2 = (dimp C)? still holds for
a little bit more general Cantor set C' with C' =

_ohj(C), where hj(z) = ax + (1 —a)%, j = 0,
1,...,rand 0<a< r_~1H

The Cantor sets C' described above are all homo-
geneous in the sense that all similitude mappings
hj(x) have the same scaling factor a and the gaps
between the images h;([0, 1]), j =0, 1,..., r, have
the same length. In the following, let 7 be a positive
integer and let the Cantor set C' in R be defined by

C=J h(C)
j=0

where hj(z) = ajx +bj, j = 0,1,...,r, with
0 < aj < 1. Without loss of generality, we shall as-
sume that by = 0 and a, + b, = 1. We furthermore
assume that the images h;([0, 1]), j = 0,1,...,r
are pairwise disjoint and are lined up from left
to right. In this paper, we will determine the
Hausdorff, box and packing dimensions of the set of
non-differentiability points of the distribution func-
tion F'(z) = ([0, z]) of the self-similar probability
measure £ associated to the mappings (h;)7_.

In order to encode the elements of C, we intro-
duce some notations. Let Q = {0, 1,...,r}. We
will write

(i) Q¥ ={o=(0(1), 6(2),...): 0(j) € Q};

(i) QF = {o = (¢(1), 0(2),..., o(k)) : 0(j) € Q}
for k € N and Q* = ;2 ,QF;

(iii) | - | is used to denote the length of word.
For any o, 7 € Q* write o x 7 = (0(1),...,
o(lo]), 7(1),...,7(7])), and write 7 x 0 =
(r(1),..., 7(|7]), ¢(1), 0(2),...) for any 7 €
0, 0 € Q¥

(iv) olk = (0(1), 0(2),...
k€ N.

Denote hg(z) = hg) © -+ 0 hoy(z) for o € QF
and £ € R. Then for ¢ € QF, the intervals
hoxo([0, 1]), hos1([0, 1]), ..., hewr ([0, 1]) are con-
tained in hy ([0, 1]) in this order where the left end-
point of hy.0([0, 1]) coincides with the left endpoint
of hs([0, 1]), and the right endpoint of hs.. ([0, 1])
coincides with the right endpoint of h,([0, 1]).
Moreover the length of interval h,([0, 1]) equals
A(ho ([0, 1])) = H;?:l o(j) =: ag for o € QF. For
j=1,2,..., we define

Ci= {J ho([0,1)).
oceQ

Then C; | C as j — oo and z € C can be
encoded by a unique o € Q¥ satisfying {z} =
Nk=1 hox([0, 1]). We usually denote this unique
code of z by & and use z(k) to denote the kth com-
ponent of Z.

It is well-known that dimgC = dimpC =
dimp C' = £ where £ is given by

Yoas=1. (2)
j=0

Let p be the self-similar probability measure on

C corresponding to the probability vector (ag,

, 0(k)) for ¢ € Q¥ and

a?, ..., a), i.e. [see e.g. Hutchinson?], the measure
satisfying

:ag, for any 0 € QF, ke N.

Consider the distribution function of the probabil-
ity measure p, also called Cantor function:

F(z) = p([0, 2]), €0, 1],

It is easy to check that the derivative of F(x) is
zero for all z € [0, 1]\C. We will show that the
upper derivative of F(z) is infinite on C. Let
S be the set of points at which F(z) is not dif-
ferentiable, i.e. the set of points in C' at which
the lower derivative of F(x) is finite. The set
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Fig. 1 The graph of F(z) for the case ap = 0.5, bp = 0,
a1 = 0.2 and b; = 0.8.

S can be decomposed in the same way as in (1).
The endpoints of h,([0, 1]) for a o € Q* will be
called the endpoints of C. Obviously, any endpoint
e of C lies in C and except for a finite number of
terms, its coding € consists of either only the sym-
bol 0 if e is the left endpoint of some h, ([0, 1]), or
only the symbol r if e is the right endpoint of some

ho ([0, 1]).
In this paper, we will prove that dimpgS =
dimy NT = dimyg N~ = (dimyg C)? = &? and

dimp S = dimp S = dimyg C = &.

2. CODES OF NON-
DIFFERENTIABILITY
POINTS

In this section, we characterize the set S of non-
differentiability points by means of the behavior of
their codings. We focus on N*. Results on N~ can
be obtained symmetrically.

Proposition 2.1. The upper derivative of F(x) is
infinite for all x € C.

Proof. For any ¢t in C, ¢t not a right endpoint, let
the code be t = (t(1), #(2),...). Then ¢ has in-
finitely many entries lying in Q\{r}. Suppose # has
a entry from Q\{r} in position j. Then ¢ lies in the
interval hj(;_1)([0, 1]) but is not equal to the right
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endpoint u of hy(;_1y([0, 1]), where

a=(t1),...,t(j—1),m 7 ...).

Note that u is also the right endpoint of hg;([0, 1])
and that t ¢ hg;([0, 1]). Thus, we have that
t, u € hy;_1)([0, 1]) and (¢, u] 2 hg);([0, 1]). Con-
sider the slope of the line segment from the point
P = (t, F(t)) on the graph of F to the point
Q = (u, F(u)). We have

F(u) = F(t) _ p(t,a) (a0, 1))
u—t u—t = |hy1y ([0, 1)

a§ at

_ G-n%r

ag)(j-1)

= af(aﬂ(j_l))gfl —o00asj—o0o.

Symmetrically, the upper left derivative of ¢ at a
non-left-end point of C is infinite. O

Proposition 2.2. Let ' = {0, 1,...,r — 1}. Let
a =minjcra; and a = maxjcra;. Lett € C be not
an endpoint of C' and let z(t, n) denote the position
of the nth occurrence of elements of I' in t, then

(i) if t € N, then lim sup,,_, [Z(t"n)(l —5—1).

log a z(t,n+1 _ .
(looggar — 1) + —(Z(t’n)) y 1} > 0;
(@) f tmsup,o [z (- 67 (i~ 1) +

7’2(;(’::)1) — 5_1} >0, thent € NT.

Proof. We first prove statement (i), i.e. the lower-
right derivative of F'(z) is infinite at a non-endpoint
t of C when

n _ log a
li 1-¢hH(—=—-1
lrrznjo%p [z(t, n)( &) (log a, )
z(t,n+1)
z(t, n)

+ —5_1]<0.

Consider such a point ¢t with ¢ = (¢(1), t(2),...).
Let k be a positive integer such that

n (1_61)<logc‘z _1>+

z(t, n) log a,

z(t, n+1)
z(t, n)

—¢l<yq

(3)
for some negative real number ¢ whenever n > k.
Let u be a positive number such that u is smaller
than the distance between ¢ and [0, 1]\C; with
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Il = 2(t, k). Let =z be a point in the segment
(t,t+u). Thent, z € ht‘l([O 1]). We will see that
(F(z) — F(t))/(x —t) is large relative to k, so t is
not in NT. Let i denote the level at which z ¢
hi;([0, 1]) but = € hy;_1)([0, 1]). Note that also
t € hy_1([0, 1]) Thus = —t < [hy;_1y([0, 1)) =
ag;—1); also i = z(t, n) for some n > k. Put

j=2z(t, n+1)—1, and by v we denote the right
endpoint of hg;([0, 1]), which implies that o =

(t(1),..., t(d), ry r,...) and (¢, v] 2 hgj41) ([0, 1]).
Then we have t < v < z and F(v) — F(t) =

ul(t, o) > allsgen (0, 1) = (ay)af. There
fore, defining

z(t,m)—1

ﬁn = H Qt(3)

i=1,t(i)#r
we have
F(z) — F(t)
r—1
2(t,n41)—1 3
S (aﬂj)faﬁ B as (Hi 1 at(i))

T ag-1) 4 ayg

{ai(t,n-i-l)—1—nat(z(t7n))ﬁn}

ai(t,n)flf(nfl)ﬁn

af

ﬁ§ 1 (z(tn-‘rl) n)é—z(t,n)+n

o 2(tntl) e+ z(t,n)
HTzL(t,n) CLS z(t,n) z(t n) ) t ,n)

n_ _ (t,n+1) n n Z(tvn)
- = T

n

_ n(é—1) 2(tn+41) z(t,n)
(t,n) -1
= atal~¢ [(_a ) ‘ ar G ¢ ] . (4)

Let

- — z(t,n+1) o
Q= (&)™ 0

Ay

Taking logs and by (3), we have

log @ = € log o, | (1 ¢ ( =2 1)

log a,

z(t,n+1) 4
+ z(t, n) —¢ ]

>&qlog a, > 0. (5)

Since t is a non-end point, z(¢, n) — oo and the
lower-right derivative of F'(z) is infinite at ¢ by (4)
and (5).

Now we turn to the proof of statement (ii). Let
t be such that

I
o |06 (et 1)
z(t, n+1) 1
E R FO'

Then there exists a sequence {n} of positive inte-
gers such that

ng (1_51)<10gg _1>

z(t, ng) log a,

for some positive constant c¢. Let zp be the left
endpoint of ;). t(jr+1)+1) ([0, 1]), where j, =
z(t, ng) — 1. Thus we have Z = (t(1),..., t(jx),
t(jr +1)+1,0,...,0,...). Let u be the right end-
point of Az, 41y([0, 1. Then @y = (¢(1),..., t(ji),
t(jx+1), r, v, 7r,...). Thus, [ug, zx] is the gap on the
right side of ht|(3k+1)([0, 1]) and A([ug, zx]) = = —
up = atmﬁjkﬂ where by 3;, 7 =0,1,...,r—1, we
denote length of the gap between images h;([0, 1])
and h;41([0, 1]). Note that [t, xx] D [uk, 1] and
p((t; w]) = p((E, url) + pl(ur, 22]) = p((t; w]) <
1Rt np+1)-1) ([0, 1])) since ¢[(z(t, ng +1) —1) =
ag|(z(t, ng + 1) — 1). Therefore we have

Fag) = F(t) = p((t, zx))

t|(z(t,np+1)—

(
p(hy

=at
4

| AN

1y ([0, 1))

|(2(t,ng+1)—1)
and
ar =t 2 Mluk, Te]) = 5211, n)—1) Be(a(t.)) -

Denote 3 = manG{O’L r—1} Bj. Then we obtain
with a similar reasoning which led to (4)

Fay) — F(t)
l’k—t

3 z(tmp+1)—1 13
Y (z(t,ni+1)-1) < (Hz e t(i))
/BH tnk Clt(i)

) 2t~ 1) Piatnr))

IN

_ ng(6=1) n “{ome)
afal=¢ a '\ z@ng) Z(Zt@iﬁ:;)&il
] a a - (7)
arf3 ar
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Let
nE(€-1) z(t, "k+1)

a \ z@ng) -1
Q:<;> F ar tk) .

Qr

Taking logs and using (6), we obtain

- ok logg_
1ogQ_§logarL(t’nk)(l 3 )<logar 1)

z(t, n + 1) 1
* Z(t7 nk‘) _5 :|
<&cloga, <0. (8)

Equations (7) and (8) imply that the right lower
derivative at t is finite by letting k — oo. O

3. DIMENSIONS OF THE SET OF
NON-DIFFERENTIABILITY
POINTS

In this section, we determine the dimensions of S.
The proof uses the following lemma on dimensions
of subsets of Moran sets which is a special case of
the main result in Li et al.?

Lemma 3.1. LetI'={0,1,..., r—1} and z(t, n)
denote the position of the nth occurrence of elements
of I' int. For given 0 <p <1, let

C(p) = {t € C\{right endpoints of C'} :

. z(t,n+1)
limsup —————=
n—00 Z(t, n)

=y
Let n = n(p) be such that

plog Y al+(1—p)logal=0.  (10)

JEQ
Then we have dimg C(p) = n and dimp C(p) =
dimp C(p) = dimpy C = £ where £ is defined in (2).

It is easy to verify that n(p) is strictly increasing
and continuous and that n(0) < n(p) < n(1) = &.
We also consider for 0 < p < 1 and with the
same I’

C*(p) = {t € C\{right endpoints of C'} :

. Z(t,n+1) —1}
1 Abnt D) . 11
P ) P (11)
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Directly from Lemma 3.1, it follows that
dimp C*(p) = dimp C*(p) = dimyg C = £. More-
over, dimg C*(p) = n(p). To see that this follows
from Lemma 3.1, approximate C*(p) by a union of

C(px)’s, where py T p.

Lemma 3.2. Let I' = {0,1,...,7r — 1}, a =
minjer aj, @ = maxjer a;j, and let
1
p;’ = max {5_1, (61— o8 4 + 1}
log ar
_ . _ _ log a
prt = min{e, (€7 -1 B0 41
og a,

Then C*(p1) € Nt C C(p2) and n(p1) <
dimpg (N7T) < n(p2).
Proof. By Lemma 3.1, it suffices to prove

C*(p1) € N* C C(p2).
sition 2.2, we have

n _ log @
li 1-¢! —1
ey z(t, n)( &) <log ar )
+ Z(t, n + 1) _ é_]_:| Z 0

z(t, n)
1 : t,nt1
Now if loogg;z > 1, then limsup,_, z(z(trf ::))

€71, If not, we use that

lim sup,, ;oo Z(t(t"::l >l (1

So we find that

Let t € N*. By Propo-

Z(t’fn) < 1 and so

—&) (113?5 - 1)‘

Z(t, n+1) >p71
= P2

limsu
n%oop Z(t, n)
i.e. t € C(p2). On the other hand, ¢t € C*(p;) im-
plies in a similar way that t € N*. O

Theorem 3.3. Let C = Jj_oh;(C) be the Cantor
set determined by {h;(xz) = ajz +b; : 0 < j < r},
and let £ be its Hausdorff dimension. If S is
the set of non-differentiability points of the Can-
tor distribution determined by ag, ..., a, on C, then

dimg S = €2 = (dimy C)? and dimp S = dimp S =
dimpy C' = &.
Proof. Since S = N*|JN~ |U{ the endpoints of

C} and because of the symmetry between N and
N, it suffices to determine the dimensions of NT.
By Lemmas 3.2 and 3.1, dimp N* = dimp N* =
dimy C = ¢ is trivial. We define a = minjcq a;.
Let 0 < § < a?, and let

={0 € Q" 1 a, < 4§ and a,((s—1) > 0}
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Note that for each o € g, we have ad < a, < 0.
Thus for any o, 7 € Q5

log o < log a, < log a + log & L (12
log a+log § ~ log ar log ¢
Here we would like to relate €25 to £ by showing that
log #2s
— = = 13
6—0 —log 0 ¢ (13)

where ¢ is defined in Eq. (2) and #€s denotes the
number of elements of Q5. By N5(C') we denote the
smallest number of sets of diameter at most § that
cover C. By Lemma 9.2 in Falconer,* there exists a
positive constant ¢ independent of § such that

q#Qs < N5(C) < #Q5. (14)

Hence (13) holds by (14) and the fact
log Ns(C

limg_.g Tw) = ¢. Now let Hg = {hy : 0 € Qs}.
Note that h, is a similitude mapping with ratio
0 < a, < 1 for each 0 € Hgs, that the family
Hs of similitude mappings still satisfies the open
set condition, and that the unique self-similar set
determined by Hs equals C:

C=J ho(0).

oEH;s

We also have that ¢ defined in (2) satisfies
> oey a§ = 1. If we denote ps the self-similar
probability measure on C' corresponding to the
probability vector (a§ : o € ), then ps = u
since ps(h. ([0, 1])) = p(h,([0, 1])) for any 7 € QF
and £k € N. Hence for the corresponding non-
differentiability points N;", we have Nj- = N* for
all § > 0.

There exists a unique o € Q5 with o(j) = r for
j=1,2,..., |o|. We denote this special element by
os. Note that o5 plays the same role in {25 as r in
2, in the sense that hy; ([0, 1]) is the right-most in-
terval in [0, 1] of the intervals (h ([0, 1]))scq,. Let

F(; = Q(;\{O'(;} and as ‘= Qg5 = a',,"5| .

We will use the notations a5 = minyer; ag, a5 =
maxXqserly Ao,

_ “1 p-1_ 1y 108 g5 i
pi(0) = (max{et (€ -2 41} N
and
log as

1})_1 .

pa(8) = (min {1, (€71~ 1)

log as

Then by Lemmas 3.1 and 3.2 with  replaced by
Qs, I replaced by I's, a, replaced by as and p1, p2
by p1(d) respectively p2(d), we have

n(p1(9)) < dimp Ny < n(pa(9)) (16)

where 7(p1(0)) and n(p2(d)) are defined by formula
(10):

oc€Qs
(17)
and

p2(6)log Z aP2@) 4 (1—p,(5)) log ag(pz(é)) =0.
o€

Since N;7 = N for all § > 0, it follows from (16)
that dimyg NT = &2 holds if for any € > 0, there
exists a 0* > 0 such that when 0 < § < 0* we
have [n(p1(0)) — €% < & and |n(p2(9)) — €| < e.
Verification of this claim will be given in the follow-
ing only for 7(p1(d)), since the same argument can
be employed for 7n(p2(d)). To alleviate the notation
we will write ps := p1(d) and ns := n(p1(5)). For
x € (0, &, let

log ZO’EQg ag'

T =
5(1') ps 7 log a;

+1—ps.

Note that

a0 #Qs < Z al < 6" #8s
oc€Qs

which implies

x log § + log #8s
x log as

log 20695 aéz
x log as

< x log a + x log § + log #€s

1
x log as (18)

Therefore by (18), we have

log §
0 < Ty(x) — {1 + ps (1005% - 1) +

1 pslog #Qs
z log as

< pslog a (19)
log as
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Note that by (12) and (15), we have

lim ps = €. (20)

Since ad < as < §, and by (13) and (20), we have

i log o pslog a
lim ps —1] =lim =0
510 log as 510 log as
and | Q
limp(S og # 6:_52'
510 log as
Thus by (19) we have for all = € (0, ¢]
62
lélﬁ)l Ts(x) =1— - = To(z) . (21)

Now for any given € > 0 satisfying 0 < €2 — ¢ <
€2 4 e < € <1, we see that

Clj()(f2 —E) = @ < —€

and

To(¢% +¢) = > €.

_c
§2+e
By (21) we can take 6* > 0, so that for 0 < § < ¢*
€
[T3(€ — &)~ To(€? — )| <

and .
T5(6 +¢) — To(E* +¢)| < 3
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Then necessarily for these §,

Ts(e2 —¢) < —% and T5(&% +¢) >

N ™

Then for 0 < § < §*
52—5<175<§2+5

since T5(z) is strictly increasing in z and T5(ns) = 0.
0

Note added to proofs

Recently, K. J. Falconer has given a general analy-
sis of the phenomenon discussed in this paper in a
manuscript titled “Multifractal analysis of Ahlfors
regular measures and devil’s staircases.”
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