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Abstract

For 1€(0,1/2), let K; be the self-similar set
in R generated by the iterated function system
{fox)=2Ax, f1(x) =Ax +1—A}. In this paper, we
investigate the intersection of the unit circle S C R?
with the Cartesian product K; X K;. We prove that for
A€ (0,2 - \/5], the intersection is trivial, that is,

SN (K; xK;)=1{(0,1),(1,0)}.

If 1€][0.330384,1/2), then the
SN(K; XK;) is nontrivial. In particular, if 1€
[0.407493,1/2), the intersection S N (K; X K;) is of car-
dinality continuum. Furthermore, the bound 2 — \/§ is

intersection

sharp: there exists a sequence {4, },cn With 4, \, 2 — \/5
such that S N (K 2, XK ln) is nontrivial for all n € N. This
result provides a negative answer to a problem posed by
Yu (2023). Our methods extend beyond the unit circle
and remain effective for many nonlinear curves. We also
characterize the intersection of missing digits Cantor
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sets with the sequence {1/n?} by utilizing the Legendre
symbol.

MSC 2020
28A78, 28A80 (primary)

1 | INTRODUCTION

Given a continuous curve I' and a fractal set £ on the plane, determining the closed form of
their intersection is in general a challenging problem. The classical Marstrand’s slicing theorem
[10] describes the Hausdorff dimension of the intersection I' N K for a typical line I'. However,
the intersection is difficult to analyze if the curve I' is nonlinear. Analogous problems can be
considered in the discrete case. Given a sequence {x,}>°  and a Cantor set K in R, how can we
describe the intersection {x,, : n € N} n K? For instance, we even do not know the structures of
the following intersections:

{i:neN}nC and {l:neN}nC.
n2 n!

Here and throughout the paper, C stands for the middle-third Cantor set.

This paper originates from a question posed by Yu [17] in his investigation of the #!-dimension
for the distribution of missing digits points near manifolds. Yu posed the following general
question [17, Question 1.5].

Question 1.1. Let M be a nondegenerate analytic manifold, and let X be a missing digits set in
R?. To determine whether or not M N K is infinite.

For 1 € (0,1/2), let K, be the self-similar set generated by the iterated function system (IFS)
(cf. [6])

{fox) =2x, f1() = Ax +1-2}.

Then, the convex hull of K} is the unit interval [0,1] for all A € (0,1/2). A particular special case
of Question 1.1 was formulated by Yu [17, Question on page 8] as follows.

Question 1.2. Consider the unit circle
S:={(x,y) eR® : x* +y* =1}.
Is the intersection S N (K, /5 X K /5) infinite?
Yu remarked that the methods developed by Shmerkin [13] and Wu [16] may be used to deduce

that the points under consideration form a set with zero Hausdorff dimension. But this is not
sufficient to conclude the finiteness. Note that K, ;3 = C is the middle-third Cantor set. Recently,
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with the assistance of computers, Du, Jiang, and Yao [3] proved that the intersection S N (K, /3 X
K, /3) contains at least 10 000 000 points.

In this paper, we address two aspects. On one hand, for a Cantor set K C R, we consider the
intersection of K X K with a curve, and give a negative answer to Question 1.2 and present specific
examples pertinent to Question 1.1. On the other hand, we investigate the intersection of K with a
sequence of real numbers. Throughout the paper, let N denote the set of all positive integers, and
for k € N, we define N, = [k, +00) N N. For a, b € N, we write gcd(a, b) for the greatest common
divisor of a and b. We use #A to denote the cardinality of a set A.

Note that for each 1 € (0,1/2), the self-similar set K is a Cantor set in R. Our first main result
focuses on the intersection SN (K; X K;). We say the intersection SN (K, X K) is trivial if it
consists of exactly two trivial points (0,1) and (1,0); otherwise, we say S N (K; X K ) is nontrivial.

Theorem 1.1.

(i) For0 < A1 <2 — /3, theintersection S N (K; X K) is trivial.
(ii) For0.330384 < A < 1/2, the intersection S N (K; X K) is nontrivial.
(iii) For 0.407493 < A < 1/2, the intersection S N (K; X K) is of cardinality continuum.

Remark 1.2.
(a) Notethat0 <1/5<2— \/§ So, by Theorem 1.1 (i), it follows that

SN (Ky 5 X Kq/5) ={(0,1),(1,0)}

This provides a negative answer to Question 1.2.

(b) For k € N, take x = A¥(1 — 1) and y = 1 — 1%*1 in K. Define 1, € (0,1/2) to be the appro-
priate root of the equation A2K(1 — 1)? + (1 — A2K+1)2 = 1, that is, A%*2 + 12 —41+ 1 =0.
Note that the intersection S N (K 2, XK lk) is nontrivial, and the sequence {4, } is decreasing
to 2 — 4/3 as k = oo. Thus, the constant 2 — \/5 in Theorem 1.1 (i) is optimal.

(c) The constants in Theorem 1.1 (ii) and (iii) are not optimal. We conjecture that the intersection
S N (K; X K;) is infinite for all 2 — V3<i<i)2

Note thatif 1 > 1/4, thendimy(K; X K;) = 2dimy K; > 1, where dimj; denotes the Hausdorff
dimension. Comparable with Marstrand’s slicing theorem [10], one might expect that dim ((K; X
K;)N'S) > 0 for typical A > 1/4. However, Theorem 1.1 (i) demonstrates that this is not true in
general (note that 2 — \/5 > 1/4). In terms of Theorem 1.1, one may expect that there exists a
critical value 1, € (0,1/2) such that dim;((K; XxK;)N'S) =0 for 0 < A < A, and dimy((K; X
K;)n'S) > 0for 4, < A < 1/2. We believe that the latter case occurs when 4 is close to 1/2, but
have no idea to determine the critical value 4,. We cannot even determine the measurability of
the dimension function 4 = dimy;((K; X K;) N S).

In Theorem 1.1, we consider the intersection of the unit circle S with a class of Cantor sets
K; X K; where 4 € (0,1/2). The method can be adapted to study the intersection of some other
algebraic curves with K; X K.

Theorem 1.3.

(i) Let0 < A <1/3, and let q be an integer with2 < q < 1/1 — 1. Then

{(x,y) 1y =xn&; xK) = {25, 29) : k € N} U{(0,0),(1, D)}

QT '920¢ '0SLL69VT

J0)//sdny wouy

85UBO 17 SUOLUILLIOD dAER.1D 3gealjdde sy Aq peusenof afe ssppite WO ‘8sn JO Sa|nJ Jo) Aiq 1 auluQ /8|1 UO (SUORIPUOI-PUE-SLLBIAL0D A3 | 1M AReid 1BU 1 UO//:SANY) SUONIPUOD pue SWe | 84l 89S *[9202/S0/6T ] uo ARiqi auluo A |IM ‘AiseAun euwloN eulyD 1se3 Aq 80v0. SwI/ZTTT 0T/I0pAu0d | m ARiqi L



4of24 | JIANG ET AL.

(ii) For0 < A < 0.187915, we have
{(X,y,z) : x2 +y2 = Zz}n (K/l XK}. XKA) = {(xao’x)a(oax’x) ‘X e Kﬂ.}

Remark 1.4.

(a) A direct corollary of Theorem 1.3 (i) is that

{ey) 1y =xn(K, ;3 xKy5) = {37597 : keN}U{(0,0),1, 1)}

(b) The constant in Theorem 1.3 (ii) is not optimal.

Note by the Weierstrass approximation theorem that any nonalgebraic curves can be approxi-
mated by algebraic curves. Then our method in Theorems 1.1 and 1.3 can be applied to study the
intersection of nonalgebraic curves with K; X K. For instance, we can prove that

{(x,y) 1 y =cos(x)}n (K1/4 X K1/4) ={(0, 1}

Furthermore, instead of looking at the Cartesian product K; X K, we can consider self-similar
sets. Our method may be applied to investigate the intersection of a curve or a manifold with a
self-similar set.

Finally, we investigate the intersection of Cantor set with some sequences. We will employ some
ideas from g-expansions and quadratic residues from number theory. Let p € N be an odd prime,
and let a € Z with p + a. We use

(5)
b/t

to denote the Legendre symbol, see Section 4 for more details.
Letm € Ny3and D C {0,1,...,m — 1} with 1 < #D < m. We define

- d
Kpp = {zm—’; e eDVkeN}.
k=1

The set K, , is a (homogeneous) self-similar set generated by the IFS {¢,(x) = (x +d)/m : d €
D}. Note that K 4 5 = C is the middle-third Cantor set. The structure of rational points in Cantor
set K, o has been studied in [1, 7, 9, 11, 12, 14, 15]. For p € N, let D, be the set of all ratio-
nal numbers in [0,1] having a finite p-ary expansion. If gcd(p, m) = 1, Schleischitz [12, Corollary
4.4] showed that the intersection D, N K,,, p, is a finite set. In the following, we give a complete
description on the intersection of K,,, , with the sequence {1 /n?ne N}.

Theorem 1.5. Let m € N,; be a prime, and D C{0,1,...,m —1} with 0 € D and 1 < #D < m.
Suppose that
—-a

<W>L =-1 VaeD\{o.

Then, we have
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(i) f1¢D,
{% : neN}nKm,Dzﬂ;
(i) if1 € D,
1 . _ 1
{E . nEN}ﬂKmyD—{W . Z/ﬂEN}
Remark 1.6.

(a) By [5, Theorem 84], there are (p — 1)/2 quadratic residues and (p — 1)/2 quadratic non-
residues of an odd prime p in the set {1,2,..., p — 1}. So, the cardinality of the set D in
Theorem 1.5 can be at most (m + 1)/2. By taking a sufficiently large odd prime p, applying
Theorem 1.5 (i), we can obtain that for any € > 0, there exists a self-similar set K, C [0, 1] with
0 = min K, such that dimy K, > 1 —¢ and

1. -
{E.neN}nKE—Q).

(b) As adirect corollary of Theorem 1.5, we have

1, 1.
{E . nEN}nK3,{O,1}={97 : fEN}

That is,
{i : ner\l}mc={i :KEN}.
n2 97

(c) Using the almost identical argument in the proof of Theorem 1.5, we can deal with a cubic
sequence in the following concrete example:

1
{F ‘ne N} NK7402345 =9

because one can easily check that n3> =1 or — 1 (mod 7) for any 7 ¢ n.
The paper is organized as follows. In Section 2, we focus on the intersection with the unit circle

and prove Theorem 1.1. We will prove Theorem 1.3 in Section 3. Section 4 is dedicated to proving
Theorem 1.5 and some corollaries. Finally, we list some questions in Section 5.

2 | INTERSECTION WITH THE UNIT CIRCLE

In this section, we will prove Theorem 1.1. Before the proof, we sketch the main idea. For part
(i), when 4 is small, we analyze the equation x? + y*> = 1 with x,y € K. By symmetry, one can
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assume x < y, which implies x € [0, 1] N K. In fact, a more stringent restriction holds that x €
[0,A¥] N K for all k € N. We prove this by induction, where the inductive step crucially relies
on the nonlinearity of the circle equation, which forces x into arbitrarily small intervals. This
approach, leveraging the curve’s nonlinearity to constrain points in the Cantor set, is applicable
to a broader class of nonlinear curves. The proofs of parts (ii) and (iii) rely on a different key
observation. When 4 is close to 1/2, the continuous images of the basic intervals under the map
f(x,y) = x*> + y? exhibit significant overlap. Specifically, some points in the image are covered at
least twice. This allows us to employ a bifurcation method (or a branching argument) to construct
a continuum of points in S N (K; X K).

Recall that K, is a self-similar set generated by the IFS { fox)=2Ax, f1(x)=Ax+1— /1} for
A€(0,1/2). Fori = i}, ...i,, € {0,1}", define

fi= fi1°fi2° °fin-
For n € N, the n-level basic intervals of K; are defined by
F, :={fi((0,1]) :ie{0,1}"}.
ForI € F,, and k > n, we also define
Fli={J:JeR,JcI}.

For a collection of sets 7, let | J F denote the union of all sets in 7. Then, we have

K, = ﬁUPn and K, NnI= ﬁUr,ﬁ.
n=1 k

=n

Recall that S = {(x,y) : x* + y* = 1} is the unit circle. The proof of Theorem 1.1 will be split
into three propositions.

Proposition 2.1. For0 < 1<2— \/5, we have
Proof. Take a point (x,y) € SN (K; X K;). By symmetry, we assume x < y. It suffices to show
x =0.
First, we show x € f([0,1]). Observe that
x € K; = fo(Kp) U f1(Kp) € fo([0,1D U f1([0,1D.
Suppose on the contrary that x € f,([0,1]). Then x > 1 — 4, and hence, we have

X +y2 22t 220 -2 2 2(V3-12> 1.

This leads to a contradiction with x? + y? = 1.
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Next, assuming x € fx([0,1]) for some k € N, we show x € f+1([0,1]). If this were done,
then by induction, we would conclude that x € f ([0, 1]) for all # € N, and thus, x = 0.
Notice that

x € for([0,1) N Ky C for1([0, 1)) U o1 ([0, 1]).
Suppose on the contrary that x € f;([0,1]). Then, we have
KA -2 <x <Ak
Ify € f,2+1([0,1]), then we have y > 1 — A2¥*1 and
X242 2 A%A =22+ Q=272 = 1 A2 L (A2 — a1+ DA > 1,

where the last inequality follows from 0 < A < 2 — \/3.1fy & f 12e+1([0,1]), then we have y < 1 —
22k 4 22K+ because y € K. Using 0 < 1 < 2 — 1/3, we get

x2 +y2 < /121( + (1 _/‘121{ +/‘12k+1)2
=1—(1-20)2% + (1 — 1)21%
<1—(1-20)2% + (1 = 2)22%+1

<1.
Thus, we obtain x2 + y? # 1, a contradiction. Hence, we conclude
DS f0k+1([0’ 1)),
completing the proof. O

Note that F,, consists of 2" pairwise disjoint intervals, and each of them is of the form [a, a + 1"]
with

n
ae {(I—A)Zdjlf‘l 1d; €{0,1} V1 <j<n},
j=1

In the remainder of this section, we always assume that 2 — \/E <A <1/2, and write g(x,y) =
2442
x° 4y

Lemma2.2. LetI,J € F, withI = [a,a + A"],J = [b,b + 1], and a < b. Suppose that

1-21 a
AN <<bL .
7 @+ah 1-22

Then we have

gI xJ) = g((I; UI) X (J; U L)),
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8of24 | JIANG ET AL.

where
I =la,a+ A", L =[a+1—-D)A"a+1"],
and
Jy=[b,b+ A", J,=[b+1—2A)A" b+ A"
Before the proof, we point out that 7!, | = {I},LL}and F/, = {J;,],}.
Proof. 1t is easy to calculate that
g(I; xJ;) = [a® + b, a® + b + 2(a + b)AM + 22212,
g(I, xJ}) = [a® + b? + 2a(1 — A" + (1 — 1)%A*",
a? + b2 + 2(a + b)A™ + (1 + A2)A¥,
g(I; X J,) = [a* + b* 4+ 2b(1 = DA" + (1 — A)*A",
a’? +b? +2(ad + b)A" + (1 + 1HA%",
g(I, xJ,) = [a® + b* + 2(a + b)(1 — DA™ +2(1 — 1)?A*",

a? +b% +2(a + b)A" +22°"].
It remains to verify that the above four intervals are overlapping, which is equivalent to

—(1 = 1)2A" € 2bA — 2(a + A1 - 22),
A" <a—b(1-221), (2D
(1 =44 +29)A" < 2bA —2a(1 = 22).

For 2 — /3 < 1 < 1/2, the left-hand sides of all three inequalities in (2.1) are negative. Thus, we
only need

bA—(a+A")1—-241)>0 and a-—b(1-21)=0.
That is,

1-21 a
AM<hg ——,
7@+ 1—21

as desired. L]
The following lemma is an easy exercise in real analysis, and we only state it without a detailed
proof.

Lemma 2.3. Let f : R?> — R be a continuous function, and let {F b, be a decreasing sequence of
nonempty compact subsets of R%. Then we have
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f(ﬂ F) = (" fFp.
n=1 n=1

Lemma2.4. Letl,J € F,with] =[a,a +A"],J =[b,b + A"], and a < b. Suppose that

1-22
A

a
1-21"

(@a+A")<b<b+2A"<
Then, we have
g(KynD X (K; nJ)) = g(IxJ).

Proof. Fixk > n and take I’ = [a’,a’ + A¥] € 7—’; andJ' = [b/,b + Ak] e 7-’]{ with a’ < b’. Note
thata < a’ <a+ A" —A*¥and b < b’ < b + A" — K. Using our assumptions, we clearly have

1 _/12’1(a+/1”) <bgb,

1 ‘/12’1(a’ +15 <

and

/
a a
<

b <b+A"< < .
ST aS1To g

Thus, by Lemma 2.2, we obtain

g(I’xJ’)=g<(U r,ﬁ'ﬂ)x<U r,{’H)). 2.2)

Ifa < b, thenforanyI’ = [a’,a’ + k] € Fli,]’ =[b, b+ e Flg,we have a’ < b’. Thus, by
(2.2), we obtain

s(Ur)=x(Ur))=U U sa'x

’ L 71 J
1 ef’k] eFk

= U U o((Urt) < (URL))

! I 7 J
I EFkJ eFk

=o((Ur)x(UrL)):

If a = b, then I = J and let %, be the collection of pairs (I’,J') € Pli X 7’]{ with I’ = [d/,a’ + K],
J' =[b,b + K], and a’ < b’. Note that g(x,y) = g(y, x). By (2.2), we also have

g<<UPI£> X (UT}{» = J %)

' INEF,

= U s((Ur)x(Ur))

' IHEF,

= o((U7L) < (UF))
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Finally, by Lemma 2.3, we conclude that

gIxJ) = gg«urzﬁ) X <Urzi)>
(AU Um)

= g((K; nI) x (K; nJ)),
as desired. O
Proposition 2.5. For 0.330384 < 1 < 1/2, we have

#(SN(K; XKy)) > 2.

Proof. Suppose that I,J € F,, satisfy all the conditions in Lemma 2.4, and moreover, we have
1 € g(1,J). Then, by Lemma 2.4, we have 1 € g((K; NI) X (K; NJ)). This means that there exists
(x,y) € (K, nI)x (K, nJ)such that x* + y? = 1. Thus, we only need to find desired n-level basic
intervals I,J € F, for some n € N.

(i) For9/25<A1<1/2,choose I =J =[1—-21,1—-1+A%]. Thatis,n=2anda=b=1-1in
Lemma 2.4. Note that 2(1 — 1)? < 512/625 < 1 and 2(1 — 1 + 2%)? > 9/8 > 1. This implies
that 1 € g(I xJ). We clearly have b + 1% < 1 < a/(1 —21). By Lemma 2.4, it remains to

verify

1-—

/121(1—/1+/12)<1—/1,

that is, 213 — 41% + 41 — 1 > 0, which can be easily checked.

(ii) For 0.330384 <1 <9/25, choose I =[1-1,1—-1+2%],and J=[1-2+1>—-23,1-1+
A?].Thatis,n =3,a=1—1,andb =1— 1+ 1% — 13in Lemma 2.4. We clearly have b + 13 <
1< a/(1 —24). By Lemma 2.4, we need

1-22
A

Q=24+ <1-14+22 =23,

that is, 2* — 312 +41 —1 > 0, which can be checked directly. Note that (1— 1 + /13)2 +
(1=A+22" >0 =22 +Q—-21+22)">1for0< A<9/25. In order to show 1 € g(I X J),
it remains to check

Q=P+ -1+2-13)Y <1 2.3)

Observe that the left-hand side in (2.3) is decreasing for 0 < 4 < 1/2. Thus, one can easily
verify (2.3) by plugging 4 = 0.330384 into the inequality. O

Finally, we will prove Theorem 1.1 (iii) by using the binary branching argument. For I,J € F,,,
we define the set of double covering points G(I,J) to be the set of z € g(I X J) satisfying that there
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ON THE INTERSECTION OF CANTOR SETS WITH THE UNIT CIRCLE AND SOME SEQUENCES 11 of 24

A=1/5 A=1/3

FIGURE 1 Theintersection SN (K; X K;) withA =1/5,1/3, and 0.42.

exists k > n and two distinct pairs (I;,J;), (I5,J,) € Fi X 7-‘;(’ such that z is an interior point of both
g(I; xJ;) and g(I, X J,). This means that the point z can be covered at least twice by the images
of basic subintervals. Under some conditions, we will show that the set of double covering points
G(1,J) is the whole interval g(I X J) except for endpoints.

Lemma2.6. LetI,J € F, withI =[a,a + A"],J = [b,b + A"], and a < b. Suppose that

1-24
A

Aa
1-21"

(@+A")<b<b+A"<

(2.4)

Then we have
(an(a, b), B,(a,b)) C G, J),
where
a,(a,b) :=a®+b*+2a(1 — A" + (1 — 1)*A*",
and
B.(a,b) :=a® +b? +2(al + b)A" + (1 + AH)A>".

Proof. Let I}, I,,J,,J, be defined as in Lemma 2.2. By Lemma 2.2 and (2.4), the four intervals
g(I; X J1), g(Iy x J1), g(I; X J,), g(I, X J,) are overlapping. Moreover, we want to show that

gy xJ)NglIy XJ,) #@ and  g(I, X J;) N g(I, X J,) # @,
which is equivalent to

(1 —1)2n — n —
{ (A = 1)24" < 2a4 — 2(b + A")(1 = 24), @5)

(1 — 424+ 122" < 2al — 2b(1 — 22).
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12 of 24 JIANG ET AL.

9(12 X Jl) g(Ig X JQ)

gL x Ju) g(I, x Jy)
FIGURE 2 The relative position of intervals g(I; X J,), g(I, X J;), g(I; X J,), and g(I, X J,).

Note that the left-hand sides of both two inequalities in (2.5) are negative for 2 — \/E <l<1/2.
Thus, we only need

al—(b+AMHA-21) >0,

which follows directly from (2.4).

Now, the relative position of intervals g(I; X J;), g(I, X J1), g(I; X J,) and g(I, X J,) is illus-
trated as in Figure 2. By the definition of the set of double covering points, we conclude
that

(‘xn(a’ b)’ ;Bn(a’ b)) = lnt(g(IZ X‘Il) Y g(Il XJZ)) C Q(I’J):

completing the proof. O

Lemma2.7. LetI,J € F, withI = [a,a + A"],J = [b,b + 1], and a < b. Suppose that

Ala

12 n n
< < ——.
(a+A")<b<b+41 T—

1-1-
— (2.6)

Then, we have
(a2 + b2,,8n(a, b)) C 6(,J),

where $3,,(a, b) is defined as in Lemma 2.6.

Proof. Note that for any I’ € Pé,]’ e T’]{ with k > n, we have ¢(I’,J') c ¢(I,J). For k > n, let
I =la,a + K] andJ; = [b,b + 2AK]. Then I, € Flﬁ andJ; € Flg. Thus, we have
(o]
Q(I',J,'C) C 6, J).
k=n

Note that (2.6) implies (2.4). For each k > n, by Lemma 2.6, we obtain (e (a,b), B(a,b)) C
ca’,Jy ]’C). It follows that

U (aula, b), Bila, b)) c 61, )). @.7)
k=n

Note that o (a,b) \, a* + b? and B, (a,b) \, a® + b? as k — oo. Moreover, o (a, b) < B,;(a,b)
for all k > n, since by calculation, we have

A7 (Brs1(a,b) — o (a, b)) = 2bA — 2(a + 1)1 — 2 — %) + (A2 — 1)?AF
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ON THE INTERSECTION OF CANTOR SETS WITH THE UNIT CIRCLE AND SOME SEQUENCES 13 of 24

>2bA —2(a + A1 -1 - 1?)

20,
where the last inequality follows directly from (2.6). Therefore, by (2.7), we conclude that
(a® + b2, B,(a, b)) C G(I,J),
as desired. -

Lemma 2.8. LetI,J € F, withI = [a,a+ A"], J = [b,b + 1], and a < b. Suppose that (2.6) in
Lemma 2.7 holds. Then, we have

GU,J) = (a® + b, a* + b* + 2(a + b)A" + 22°") = int(g(I X J)).

Proof. Fork > n, letTI’(~= lay, a; + ik] and J, = [by, by + A¥], where a;, = a + A" — 2* and by =
b + A" — 2k Note that I € T’i andJ] € 7?]{. Thus, we have

o)

¢a,.T,) c ¢, .
k=n

By (2.6), we have

—_1_)2 _ 2 _ 2
2ot o+ 2 = 122 L@ <b <y,

and

Ala < Aay

by +AF=b+A" < 2=« )
k¥ + 1-21 S 1-21

Applying Lemma 2.7 for T, J} , we obtain that (a7 + b7, Bi(ax, b)) € 6T, ,T}). It follows that
U (af + b, Bilar. b)) € 61, 0). (2.8)
k=n

Note that

Ak (Bi(ay, by) = ai+1 - bi+1)
=2bA —2a(1 — 21) + 234 — A" + (1 — 24 — 1Ak
=2bA —2(a + A1 —22) + 24" = AF ) 1 1 = A%)Ak
> 2bA —2(a+ A1 -1 —22)

ZO’
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14 of 24 | JIANG ET AL.

where the last inequality follows from (2.6). This implies that 8, (ay, by) > ai at bi " for each
k > n. Note that a,, = a, b, = b, and the sequence {8, (ay, bk)}z":n is increasing to (a + A" +

(b+ A" ask - oo. By (2.8), we conclude that

(a® +b% a® + b* + 2(a + b)A" + 22%") c G, ).
By definition, the inverse inclusion is obvious. Thus, we obtain the desired result. O
Proposition 2.9. Let I,J € F,, with I = [a,a+ A"], J =[b,b+ A1"], and a < b. Suppose that
(2.6) in Lemma 2.7 holds. Then for any a® + b*> < r < a® + b? + 2(a + b)A" + 212", the intersection

{Gx,y) : x* +y* =1} n (K, X K,) is of cardinality continuum.

Proof. Fork > nandforI’ =[a/,a’ + K] € T’lﬁ andJ’ = [b/,b’ + A¥] € F/, noting that a < @’ <
a+A"—2kand b < b’ < b+ A" — A%, by (2.6) we have

1-1-2%,, k ’ ’ k Ad'
- < S ———-
7 (a@+A9)<b <b ' +1 T
By Lemma 2.8, we conclude that
G’ J') = (a?+b?,a"” + b + 2(a’ + b)A* +22%%) = int(g(I'x]")). (2.9)

Fix a® + b?> <r < a? + b? + 2(a + b)A" + 22?". Next, we will inductively define two nested
sequences of basic intervals {Iil...z' } and {Jz'1 ; } with each i; ...i,, € {1,2}" for n € N such
n n ='n n
that

* I Jij i,
* Lt Chi s
* Ji i) ©;
credd; . Ji i)

By Lemma 2.8, we have r € G(I,J). Then we can find two distinct pairs (I;,J,), (I5,J,) € Fi X
Fli for some k € N such that r is an interior point of both ¢(I; X J;) and g(I, X J,). By (2.9),
we have r € G(I;,J;) and r € G(I,,J,). Assume that I; ; ,J have been defined. Since r €
6y, ..i,»Ji,..i,), we can find two distinct pairs

by are basic intervals of K; at the same level;

1ol ?

iy

Iij ip Jij in
@iy i Ty iy 1) Uiy iy 2 iy i) €F XF
for some k’ € N such that r is an interior point of both 9y i1 X Ty 0 and gy o X T o)

By (2.9), we have r € Q(Iil...inl"]il...inl) andr € Q(Iil...inz’Jil...inz)-
For any sequence i = i;i, ... € {1,2}", we define x; and y; to be the unique point in

0 [+
ﬂ Iil'"in and ﬂ ]il'"in’
n=1 n=1

respectively. Then, we have Xx;, y; € K. Note that
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ON THE INTERSECTION OF CANTOR SETS WITH THE UNIT CIRCLE AND SOME SEQUENCES 15 of 24

re g i »Ji.i) C 9l i, XJi i)

By Lemma 2.3, we have

D)

[c) oo
{rtc ﬂ 9y i, X Ty ,) = 9( Ii g, % ﬂ Jil...in> = {xiz +yi2}_
n=1

n=1 n=1

That is, xi2 + yi2 = r. It follows that

{Geoyp) 1i€{l, 2V} c{(x,p) : X +y* =r} n(K; xK)).

Note that any two points (x;, ;), (xy, yy) fori # i’ € {1,2}" are different. Thus, we conclude that
the intersection {(x,y) : x2 +y? =r} n(K; X K;) is of cardinality continuum. O

Proposition 2.10. For 0.407493 < 1 < 1/2, the intersection S N (K; X K ) is of cardinality contin-
uum.

Proof.

(i) For 0.415<1<1/2,let I=[1-A4+A2 -2, 1-A2+22 -2 +1*,and J=[1-1+ 1> —
A%, 1—21+2A%].Thatis,n =4,a=1—-1+4+1>—-213,andb = 1 — 1 + 1> — 1*. In order to apply
Proposition 2.9, we need to verify the following inequalities.

1—3——“(1—/1+/12—/13+/14)<1—/1+/12—/14,

1-A+2< 2 (1-21+22-23),
3 1‘212 ) (2.10)
A=2+2-2)"+0-21+22-2%H"<«1,

A=A+ =B+ +0 =21+ > 1.

(ii) For 0.407494 <1< 0415, let I=[1-A,1-1+4+A%]and J=[1—-2+12-23,1—-1+2%].
Thatis,n=3,a=1-1,and b = 1— 1+ A% — 2. In order to apply Proposition 2.9, we need
to verify the following inequalities.

1—2—”(1—“/13) <1—A+12-23,

1-1+2<-2-(1-2),
) 1-24 , (2.11)
Q-1 +0-24+22-23"<1,

Q=2+ +(1-21+227>1.

\

The inequalities in (2.10) and (2.11) can be easily checked with the assistance of computers.
The desired result follows from Proposition 2.9. O

Proof of Theorem 1.1. 1t follows directly from Propositions 2.1, 2.5, and 2.10. O
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16 of 24 | JIANG ET AL.

3 | INTERSECTION WITH A CURVE OR A SURFACE

Recall that K is a self-similar set generated by the IFS { fox)=2Ax, fi(x)=Ax+1— A} for
A € (0,1/2). Each point x € K corresponds to a unique sequence (x,,) € {0, 1}V, called the coding
of x, such that

x=(01-21) Z x, AL
n=1

We will use the following Bernoulli inequality: for n € N,
Q+x)">1+nx, Vx>-1withx#0. 3.1
In this section, we always assume that 0 < 4 <1/3,and q € N.

Lemma 3.1. Let x,y € K;, and let (x,),(y,) € {0,1}"¥ be the codings of x and y, respec-
tively. Suppose y = x4 for some 2 < q < 1/A—1. If ;X ... X, X1 = OF1 for some k € N, then
Y1Ys o VakVgrs = 091,

Proof. Since x;x, ... X, = 0%, we have
x=(1-2) ) x,A"t <Ak
n=k+1
Then y = x? < 29%. This implies that y,y, ...y = 09*.
Note that x;,; = 1. Then
[So]
x=1-2) ) xA">a-1a
n=k+1
By the Bernoulli inequality (3.1) and using 2 < g < 1/4 — 1, we have
y=x7>1—-21)929% > (1 = g)A%* » 19K+,

This together with y,y, ... yg = 09% implies Ygk+1 = 1. I

Lemma3.2. Letx,y € K, and supposethaty = x1 forsome2 <q<1/A—-1.Ifx,y € [1-1,1]n
K thenx=y=1

Proof. Tt suffices to show that x,y € [1 — A7,1] nK for any # € N. Clearly, the conclusion holds
for # = 1. Next, suppose that x,y € [1 — A¥,1] N K, for some k € N, we show that x,y € [1 —
AK+11] n K. If this were done, we would complete the proof by induction.

Observe that

x,y€[1-251nk; c[1-251-a-aFu 1 -2 1.
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ON THE INTERSECTION OF CANTOR SETS WITH THE UNIT CIRCLE AND SOME SEQUENCES 17 of 24

If x <1—(1—A)AK, then
y< (1= =) < (1= -k)°

=1-20 -+ -2

<1—=2(1 =A% + (1 = 2)2Ak+!

1= —(1-31+222 =23k

<1-2k,
where the last inequality follows from 0 < 4 < 1/3. This leads to a contradiction. Thus, we obtain
x € [1 -1 1] nK,. Then, by the Bernoulli inequality (3.1) and using 2< q<1/1—1, we
have

y=xI>A -2 >1-gakl > 1 -1 -0k
Thisimplies thaty € [1 — A¥*1,1]n K ;. Therefore, we conclude that x,y € [1 — AL nK. O
Proposition 3.3. Suppose that 2 < q < 1/A — 1. Then we have
{(x,) 1y =x8n (K, xKy) = {(24,29) 1 k € N} U{(0,0), (1, 1)}
Proof. Take x,y € K, \ {0} with y =x9. Let (x,),(y,) €{0,1}¥ be the codings of x and
¥, respectively.
If x; = 1, then x > 1 — A. By the Bernoulli inequality (3.1) and using 2 < g < 1/4 — 1, we have
y=xi>0-2)1>1-qgil> A
This implies that y; = 1. Thus, we have x,y € [1 — 4,1] n K. Hence, by Lemma 3.2, we conclude
thatx =y = 1.
If x; = 0, then since x # 0, there exists k € N such that
X1X, X = 0Fand x,; = 1.
Then, by Lemma 3.1, we have
V1Yo - qu = qu and qu+1 =1.

Let ¥ = A ¥x and y = 179Xy. Then X, 5 € [1 — 4,1] N K, and § = X9. Hence, by Lemma 3.2, we
conclude that ¥ = y = 1. That is, x = A¥ and y = A%, This completes the proof. O

Proposition 3.4. For0 < 1 £ 0.187915, we have

{(x,y,2) 1 X* +y* =2In(K; XxK; XK;) = {(x,0,%),(0,x,%) : x € K;}.
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18 of 24 | JIANG ET AL.

Proof. The ideas are similar to the proof of Proposition 3.3. Let x, y, z € K; with x? + y? = z2. By
symmetry, we can assume x < y. We will show that x = 0. If z =0, then x =y = z = 0. In the
following, we assume that z # 0.

We first assume thatz € [1 - 4,1] N K;. If x > 1 — A, then using0 < A1 <1 — \/5/2, we have

X +yre2xt>20-21)°>13 2%
Thus, we conclude that x € [0, 1]. Next, suppose that x € [0,1¥] for some k € N. We shall show
x € [0, AK*1]. If this were done, then we could conclude x € [0, ] for any # € N, which implies
that x = 0.
Observe that
x €[0,2¥]nK; c[0,AK1]u @A —1)ak, A¥].

Suppose on the contrary that x € [(1 — )X, AK]. If y > z — 12*1 then we have

x2 + y2 > (1 _/1)2/121( + (Z _ 12k+1)2
>z% + (A = 2+ 1 — 2z)A%

>z + (A2 —41+ DA%k

>z2,

where the last inequality follows from 4 < 2 — \/5 If y < z— A%*1, then let (y,), (z,) € {0, 1}V
be the codings of y and z, respectively. That is,

y=1-2) x,A"" and z=(01-2)) z,A"".
n=1 n=1

Since y < z, there exists # € N such that
yo=2z,forl<n<¢—-1, and y, <z,

Then, we have y, = 0 and z, = 1. Observe that
Al cz_y<@-2) Z z A< A0
n=¢
This implies that # < 2k + 1. It follows that

2=y> Q-0 =A-2) Yy
n=£+1

>A-DA =27

> (1 - 20)2%,
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thatis, y < z — (1 — 2A)A2%¢. Thus, using z > 1 — A, we have

X4y <% 4 (z- (1 —202%)°
=22 — (2(1 = 2)z — DA% + (1 = 22)22%
<zZ2 - (20 -2 - ) —1- (1 -21)%2%)2%*

=22 — (1 — 61 +31% +41% —4aH2%*

< z?,
where the last inequality follows from 0 < 1 < 0.187915. This leads to a contradiction with x? +
y? = z2. Thus, we conclude that x € [0, Ak+1].
Next, if z € [0,1] N K, then since z # 0, there exists k € N such that z € [(1 — 1)4¥, 2¥]. Let
% =217%x,  =27%y, and z = 1 *z. Then we have %, 7,2 € K; and %2 + y? — 22 = 0. Note that
Z € [1 — 4,1] n K. By the above arguments, we have X = 0. This implies that x = 0.
Therefore, we conclude that either x =0,y =z € K; ory =0,x = z € K;. [l

Proof of Theorem 1.3. 1t follows directly from Propositions 3.3 and 3.4. O

4 | INTERSECTION WITH A SEQUENCE

We first introduce the quadratic residues and the Legendre symbol. Let p € Nbe an odd prime and
leta € Zwith p + a. We say that a is a quadratic residue of p if the congruence x> = a (mod p) has
a solution in {1, 2, ..., p — 1}; otherwise, a is called a quadratic nonresidue of p [5]. The Legendre
symbol is defined by

<a > _J 1 if a isaquadratic residue of p
b/ —1 if a isa quadratic nonresidue of p.

Proof of Theorem 1.5. Since (m — 1)> = 1 (mod m), we have

(F222) -2

This means that m — 1 € D. It follows that 1 & K, ,.

We first show that for n € N, if m { n, then 1/n* ¢ K, ,. Fix n € N, with m } n. Since m is
prime, we have gcd(n?, m) = 1. By [2, Proposition 2.1.2], the expansion of 1/n? in base m is purely
periodic, denoted by (x;x; ... xq)°°, where X1, X5, ... ,Xg € {0,1,...,m — 1}. Then we have

That is,
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(Xg +xgm+ - +x;m3 Hn® =mi - 1.
Taking modulo m on the both sides, we obtain

x,n° = -1 (mod m). (4.0)

Thus, x, # 0 and it follows that

(an)2 =—x, (mod m),

q

which yields that

Thus, we conclude that x, ¢ D. Observe that (x;x, -+ x,)® is the unique expansion of 1/ n? in
base m. Therefore, we obtain 1/n* ¢ K, p,.
Next, we show that

1 1
{ﬁzneN}nKm,Dc{W:feN}. (4.2)

Take n € Nwith 1/n? € K., p- By the above arguments, we have n > 2 and m | n. Write n = am’

with # € Nand m } 7. If n > 2, then we have 1/(171)2 & K, p. However,

1 2w 1
@ =" S

leading to a contradiction. Thus, we obtain # = 1, thatis, n = m? with £ € N.

(i) If1 ¢ D, then noting that m — 1 ¢ D, we have

{L : feN}nKm’D=(25.

m2t

Thus, by (4.2), we conclude that

{% : neN}nKm’Dzﬂ.

(i) If1 € D, then we clearly have

1
{W . feN}CKm’D.

Therefore, by (4.2), we conclude that
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1. _J 1 .
{P.I’IGN}QKWLD—{W.KEN},

as desired. O

Next, we give some basic properties about quadratic residues, see [5, Theorem 82, 83, 93].

Proposition 4.1. Let p be an odd prime. Then

(ii) <3> =(-1) 8 ;
P/

ab a b
(iii) ifa,b € Zwithp + aand p t b, then <—> = <—) <—> .
f P/ P/L\P/L

The most famous theorem in quadratic residues is Gauss’s law of reciprocity, see [5, Theorem
98].

Theorem 4.2 (Quadratic reciprocity law). Let p, q be two different odd primes. Then,

(p—D(@-1)
(5),(3),=cv
q/:\pr/;

We utilize Theorem 1.5 and properties of quadratic residue to obtain the following corollary.

Corollary 4.3. For any k € N, there exist infinitely many primes m > k such that the Cantor set
K,, p with digit set D = {0, 1, ..., k} satisfying

1. _ ) 1 .
{EneN}nKm,D—{ﬁfEN}

Proof. Let p; =2, p,,..., p; be all primes less than or equal to k. By Dirichlet’s theorem, there
are infinitely many primes m > k of the form 4np, p, ... p, — 1 with n € N. Fix a such prime m =

4npip,...p; — 1.
By Proposition 4.1 (i), we have

<_—1>L -1 (4.3)

m

For 2 < j < t, by the quadratic reciprocity law, we have

. (pi—1)(m-1)
(2) =() v
mjy Pj/y

_ (pj—1)(m-1)
= <—1> . (_1) s 4
Pj/p
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pj-1 (pj—1)(m-1)
=(-1)"7 - (-1)" T
(pj—D(m+1)
=(-1)" + =1
Note by Proposition 4.1 (ii) that
(), =1
m/L
So, we have showed that
p .
<_J> =1, VI<j<t. (4.4)
L

Each 2 <i <k can be factored as pi’lpgz ...pf‘, where n;,n,,
Proposition 4.1 (iii), we obtain that

m

(i> =_1, Vi<i<k.
m/L

By Theorem 1.5, we conclude the desired result.

5 | SOME QUESTIONS

.., n; 2 0. Thus, by (4.4) and

At the end of this paper, we list some questions we are interested in. Let C be the middle-third

Cantor set.
Question 5.1. Is the intersection

{(x,) : x> +y*>=1}n(CxC)

infinite? Moreover, to determine the Hausdorff dimension of the intersection. We expect the value

tobe 2log2/log3 — 1.

Question 5.2. What is the intersection

{i : neN}nC?
nZ

It is easy to check that
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1 1 1 1
— ——, ——— keNuU{0 c{—:neN}nC.
{9k 4x 9k 121 x 9k {}} n2

Are there any other elements in the intersection?

Question 5.3. Determine the intersection

{l : neN}nC.
n!

Note that 1 and % are in this intersection.
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