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Random beta-transformations on fat Sierpinski gaskets

Karma Dajani, Wenxia Li, and Tingyu Zhang

ABSTRACT. We consider the iterated function system (IFS)

3 = L 7€ 0.0).10). 0.1).

As is well known, for 8 = 2 the attractor, Sg, is a fractal called the Sierpinski
gasket (or sieve) and for 8 > 2 it is also a fractal. Our goal is to study random
B-transformations on the attractor for this IFS with 1 < 8 < 3/2. In this case,
Sp is a triangle. We show that all S-expansions of a point 2" in Sz can be
generated by a random map Kz defined on {0,1}Y x {0,1,2}" x S5 and Kg
has a unique invariant measure of maximal entropy. Furthermore, we show
the existence of a Kg-invariant probability measure of the form m; ® ma2 ®
1g, where mi, mo are product measures on {0, 131, {0,1,2}N, respectively,
and pg is absolutely continuous with respect to the two-dimensional Lebesgue
measure \a.

1. Introduction

Let § > 1 and consider the iterated function system (IFS):

(1'1) f@o(z): Z—;qov ftfl(g): Z‘;(h’ ftﬁ(z): Z—;qzv

where the coordinates of the three points ¢y, ¢1, ¢ are (0,0),(1,0),(0,1), respec-
tively. It is well known that there exists a unique nonempty compact set Sz C R?
such that Sg = UZ_, f7 (Ss); see for further details. The attractor for the IFS,
Sg, is a Sierpinski gasket. Denote the convex hull of Sz by A which is a triangle
with vertices at (0,0), (ﬁ, 0) and (0, ﬁ) For every point Z € Sg, there exists a
sequence (a;)$2, € {qo, 71, @ }" such that

o0
- . o Q;
Z= lm fo, 00 fq, (Go) = Z E
i=1

We call (a;)$2, a coding of Z and Y .- a;,~" a representation of Z in base 3, or
simple a [B-expansion of 7.
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Let ¢ € {0,1,2}. For 8 > 2, the images fz (A) are disjoint. In this case the IFS
{fg,} satisfies the strong separation condition and each point in Sg has a unique
coding. For = 2, the sets fz(A) overlap only at the vertices. Therefore only
countably many points in Sz have two codings, and all other points have a unique
coding. When S € (1,2), we call Sg a fat Sierpinski gasket and we distinguish
two cases. For 1 < 8 < 3/2, we have a non-empty double and triple overlaps and
Sz = A, see Figure [[I Furthermore, Lebesgue almost every point in Sz has a
continuum of codings (see [S1, Theorem 3.5]). For 3/2 < 8 < 2, there are holes
in S as well as overlaps, which makes its structure more complex. In [BMS],
Broomhead et al. described two special types of structures: those in which holes
are radially distributed and those that are totally self-similar. Total self-similarity
in our case implies fg,(Sg) = f7(A) N Sg. For more results on the Hausdorff
dimension of the attractors, see [KL[HPLISS|.TPIH].

In this article, we focus on the case 1 < § < 3/2. In order to capture all
possible S-expansions and to describe their statistical properties, we take an ergodic
view. We start by defining a map Kz whose iterations generate all possible -
expansions of points in Sz. Dynamical properties of this map give information
on the asymptotic properties of these expansions. The definition of our map is
motivated from an analogous study of random S-expansions for points on an interval
with digits in {0,1,--- , [ 5]}, see [DK2/[DV1IDV2]. Our main aim is to generalise
their results, in particular exhibit natural invariant ergodic measures for the random
B-transformation Kg.

The rest of the article is organized as follows. In Section[2] we give the definition
of the random transformation Kz on {0,1} x {0,1,2}" x S5 and prove basic
properties. In Section B we prove that Kg has a unique invariant measure of
maximal entropy. In Section[d] we give a position-dependent random map R on Sg.
With two skew product transformations, we establish a connection between R and
Kpg, and finally prove that Kz has an invariant measure of the form m; ® ma ® ug,
where m; is the product measure on {0, 1} with weights {p,1 — p}, ms is the
product measure on {0, 1,2} with weights {s,¢,1 — s —t}, and ug is R-invariant
and absolutely continuous with respect to Ao, the normalized Lebesgue measure
on Sg.

2. Random beta-transformations

Given 1 < 8 < 3/2, recall that the fat Sierpinski gasket Sz is the self-similar set
in R? generated by the IFS ([LI)). For every point Z € Sg, there exists a sequence
(ai)2; € {qo, @1, @} such that z = 3" a;87". Notice that Sg and its convex
hull A are identical, both being an isosceles right triangle. We denote the Borel
o-algebra on Sz by S. We also consider the following ordering of points in the
plane. We write (z1,y1) < (22,y2) if 1 + y1 < @2 + Y2, Or 1 + y1 = T2 + y2 and
y1 < y2. Notice that ¢p < ¢1 < ¢.
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x

FIGURE 1. Sgfor1<p <2

Divide Sg into the following sets according to the overlapping structure of

17, (S3) (see Figure[]):

Bo=[0,5) %[0, 3),
El—{(x,y):OSy<%,ﬁ(ﬁ1_l)<:v+y_ﬁ_1},
Ez={(x,y):0§x<%,ﬂ(ﬂ1_l)<x+y§ﬁ},

(2.1) 001:{(a:,y)::c2%,0§y<%,x+y§ﬁ(ﬁl_l)},
Cio={e)ia> 5y> o <4y < 5.
0022{($,y)10§x<%,yZ%,l‘wLyS ﬁ(ﬁl—l)}’
1 1 1

Cor2 = {(z,y) 12 > —

Notice that Co12 = {(%,2)} is a single point set if 8 = 3/2. These regions specify
the digits that our random map assigns to points in Sg. For points in E; the digit
assigned is ¢;, while in the double overlapping region C;; we have two choices, g;
or g;j, and in the triple overlapping Cpi2 we can choose g, ¢1 or g2. The choices
will be dictated by either a double-sided coin or a triple-sided coin. To incorporate
these choices in our definition of the random map K, we introduce two shift spaces
representing the required coin tosses.
Let Q = {0,1}" with the product c-algebra A and Y = {0, 1,2} with the
product o-algebra B. Define metrics d and p on 2 and T, respectively, by
d((wi), (w))) = 27 P and - p((vg), (v)) = 27 MHROA,

K2 3

Let 0: Q2 — Qand o’ : T — Y be the left shifts.

Throughout the article, the lexicographical ordering on Q, Y and {g, 1, ¢ }"
are all denoted by < and <. More precisely, for two sequences (¢;), (d;) we write
(¢;) < (d;) if 1 < dy, or there exists k > 2 such that ¢; = d; for all 1 < ¢ < k and
¢k < dj. Similarly, we write (¢;) = (d;) if (¢;) < (d;) or (¢;) = (d;)-
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18 KARMA DAJANI, WENXIA LI, AND TINGYU ZHANG

Let C:C(‘_)lUClQUCOQ and E:U?:0E1 Define Kﬁ QXTXSﬁ—)QXTXSﬁ by

(w,v,BZ — q), if 27e€ F;,i=0,1,2,

(ow,v,BZ—¢q;), ifw =0and ZeCy, ij € {01,12,02},
(ow,v,B7—¢q;), fw =1and Ze Cy, ij € {01,12,02},
(w,a’v,ﬂi— (jv,)a if 7€ Cyip and v1 =i € {0, 1,2}.

Kg(w,v,2) =

The digits are given by
G, ifzZeFE;,i=0,1,2,

or (W,U,Z) € x {U1 = Z} X 00127

or (w,v,2) € {wr =0} x T x Cyy, ij € {01,12,02},
g, if (w,v,2) € {wr =1} x T x Cjj, ij € {01,12,02}.

d1 = dl(w,v,Z) =

Then
(w,v, BZ — dy), if 7€ F,
Kg(w,v,2) =K (ow,v,B7—dy), ifZeC,
(w,0'v,BZ—dy), if Z€ Cpra.
Set d,, = dy(w,v,2) = dl(Kgfl(w,U,Z)), and 73 : 2 x T x Sz — Sp be the
canonical projection onto the third coordinate. Then

m3(Kj(w,0,2)) = "2 = 8"ty — - — Bdy—1 — dy,

and rewriting yields

L dy  d d, (KW, 2
poli b de TG00 F)
g B B B

Since 73(K (w, v, 2)) € Sg and Sp is a bounded set in R?, it follows that

. i [[3 (K3 (w, v, )1

z — —||l1 = — 0,

7= 35 =

where || - |1 denotes the L; norm, i.e., the sum of the absolute values of the vector

elements. This shows that for all w € Q , v € T and for all Z€ S3 one has
(o) oo
- di di(w, v, Z)
N R
prlC A B
For each point Z € S3, consider the set
Dz = {(d1(w,v, 2),da(w,v,2),...):weQue T}

Theorem 2T shows how the lexicographical ordering on 2 and T affect the ordering
of the elements in Ds.

THEOREM 2.1. Suppose w,w’ € Q,v,v' € T are such that w < W' and v < V'.
Then for Z € Sa,

(dy(w,v, 2),da(w,v,2),...) 2 (di (', 0V, 2),do(w', 0, 2),...).

PrROOF. Let m = inf{i : w; < wi}, n := inf{i : v; < v}}. Then we have
wm < w), and v, < vl. Denote by t; the time of the ith visit to the region
Q2 x T x C of the orbit of (w,v, Z) under Kg. Denote by s; the time of the jth visit
to the region Q x T x Cp12 of the orbit of (w,v,Z) under Kz. One can see that
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RANDOM BETA-TRANSFORMATIONS ON FAT SIERPINSKI GASKETS 19

KZ? (w, v, 2) hits Q x T x C for the ith time and K;j (w, v, Z) hits Q x T x Cp2 for
the jth time.

Let | = min{t,, s, }. Then m3(Kj(w,v, 7)) = m3(Kj(w',v', 2)) for i = 0,...,1.
It follows that d;(w, v, 2) = d;(w', v, 2) for i =0, ..., 1.

If | = oo, then d;(w,v, Z) = d;(w', ', Z) for all i. If I < 400, then Ké(w,v, 7) =
Ké(w',v’,é’) hits ©Q x T x C for the mth time or Q x T x Cpio for the nth time.
Since wy, < wy, and v,, < v}, then

di1(w,v,2) = di(Kj(w,v,2)) < di(Kj(w', v, 7)) = di1 (W', 0, 2). O

Now we show that any representation of Z can be generated from the map Kpg
by choosing appropriate w € Q and v € T. We need the following lemma.

LEMMA 2.2. Let 8 € (1,3/2]. Let (z,y) € S and (x,y) = > 1o a;7" with
a; € {qo,q1,q>} be a representation of (x,y) in base B. One has,
(i) If (z,y) € E; for some i € {0,1,2}, then a1 = §;;
(ii) If (z,y) € Cy; for some ij € {01,12,02}, then a1 € {G,q;};
(lll) If (I,y) € 0012; then ay € {%aq’lv@}'
PROOF.
(i) Suppose a; # §o. From a1 € {1, ¢} and (z,y) = > =, a; 37" we have

Then (z,y) ¢ Ep.
Suppose a1 # ¢;. If a1 = qp, then

= llai s 1
Pry=2 T S gEoyy

If a; = @5, then y > % In both cases, (z,y) ¢ Ej.
Suppose a1 # ¢o. By a similar proof we have (z,y) ¢ Es.

(ii) If a; = @, then y > 1. which implies (z,y) ¢ Co1. If a1 = o, then
r+y < m, which implies (x,y) ¢ Cia2. If a1 = ¢1, then z > %, which
implies (z,y) ¢ Coa.

(iii) holds trivially. O

Using the above lemma and a construction similar to the one used in [DV1]
Theorem 2], we have the following theorem.

THEOREM 2.3. For 8 € (1,3/2], let Z € Sz and Z = Y .2, a;~" with a; €
{%, 1,32} be a representation of Z' in base 5. Then there exists an w € Q and an
v €T such that a; = d;(w, v, 2).

3. Unique invariant measure of maximal entropy for random
beta-transformations

Equip YT with the uniform product measure P and recall that ¢’ is the left shift
on Y. On the set Q x T x Sz we consider the product o-algebra A x B x S. Define
the function p; : @ x ¥ x S5 = {@, @1, &} by

p(w,v,2) = (di(w,v, 2),da(w, v, 2),...).
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Define the function ps : {qo, q1, G} — T by

p2(%17§bga§b3a . ) = (blaanb?ﬂ . )

Denote by ¢ = peop; which is a function from Qx Y x .Sz to Y. Then po Kz = 0’0y,
and ¢ is surjective from Theorem

It is easily seen that ¢ is measurable. In fact, the inverse image of the cylinder
set with the first digit fixed is measurable in Q x T x Sg:

o ({(by,by,...) €Y : by =0})
=(QxTXxE))U({weQ:w; =0} x T x (Coy UCopa2))
U@ x{veT:v =0} xCoa),
“L{(by,bg,...) €Y by = 1))
=OQxTXxE)U{weQ:w =1} x T x Cy)
UH{weQ:w1 =0} xTxCo)U(Qx{veT:v =1} x Cpia),
“L{(by,by,...) €Y by =2})
=OQxTXxE)U({weQ:w; =1} x T x (Coz U Cr2))
U@ x{veT:v =2} x Cpa).
To show that ¢ is an isomorphism, let
Zy = {(w,v,2) € Ax Y x Sp: Kz(w,v,7) € 2 x T x C infinitely often},
Zy ={(w,v,2) € Ax T xSz Kg(w v,Z) € Q x T x Cp2 infinitely often},

Dy = {(by,ba,...) €T Z qb]“ L ¢ C for infinitely many it

Do = {(b1,b2,...) €T : Z G —=L € Cp12 for infinitely many j}.

Notice that
Zr =Myl Up— K" (1 x T x C)
and
Zy = ﬂzozl U?r?:n Kgm(Q x T x 0012),
which imply that Z; and Z are Borel sets in  x T x Sg. Let Z =Z, N Zy, D =
Dy N Dy, then we have K/gl(Z) =Z, (0/)"YD) =D and ¢(Z) = D. Let ¢’ = ¢|z.

LEMMA 3.1. The map ¢’ : Z — D is a bimeasurable bijection.

PRrROOF. For any sequence (by,bs,...) € D, we can obtain a point

e .
7= @B
i=1

To determine w and v, we could define

=min{j > 1: Z qb”‘ e C}, rp=min{j > rp_1 Z Qb’gfl e C},
i=1

0 -
mln{] > 1: Z Qb]Jrl L (S 0012}, Sk = mln{j > Sp—1: Z %]5—1171 S 0012}.
=1
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o I 377 Gb,, . B" € Ciyyig € {01,12,02}, then by, € {i,j} by Lemma 22
o If b, =1, we let w, =0.
o If b, =7, welet wp = 1.
o 132, Gh., . 17" € Cor, then by, € {0,1,2} by Lemma 22 If b, = i, we let
v = 1,1 € {0,1,2}.
Notice that for any N > 0, there exsit r, s > N such that

o0 o0

Z qﬁ‘br+171 /872 € C and Z (j‘bs+i,1 Bii S 00127

i=1 i=1
which implies that Kj; (w, v, Z) hits both 2 x T x C and Q x T x Cp12 infinitely often.
Then the infinite sequences w = (wy,ws,ws,...) € Q and v = (v1,ve,v3,...) € T

can be uniquely determined. Therefore, we can define the inverse of ¢’. Let (¢’)~!:
D — Z be

=X

b7)

()" ((by, by, ...)) = (w,v,z 5i

If (w,v,2) = (w’,v’,;’) then ¢'(w,v,2) = @’(w’,v’,;’). Since Z = Zy N Zy is a
Borel set in  x T x Sg, then we have that (¢')~! is measurable (see [S2] Theorem
4.5.4]). Hence ¢’ is a bimeasurable bijection. O

LEMMA 3.2. If1< 8 < 3/2, then P(D) = 1.

PROOF. Let us first prove P(Dy) = 1. Let n > 1 and denote a cylinder set in
T by
[Ul,’Ug,...,Un] = {(bl,bg,...) eY:b =v;,1 = 1,...,7’L}.

Let

o]
— b;
Sﬁ7U17U27-~7vn = {Z = Z - (blab2a .. ) € [U1,U2, cee ’UTL}}'

Notice that S5 4, ,vs.,...,0, 15 a right triangle with Z?Zl (gj as its right-angled vertex

and a maximum diameter of W\ﬁ*l) when 1 < 8 < % Since lim,, o W‘/% =0

and Cy12 has positive Lebesgue measure, then we can find a cylinder set
[61,62, .. .,CN] such that 5/37017027_“,01\, C Coia-
Let

D = {(b1, b, .. ) eY: bjbj+1 . ijerl = cjcy...cy for inﬁnitely many j}

then D’ C D,.

Now we show that P(D’) = 1. Notice that D' = N3, UX_ D,,, where
Dy = {(b1,b2,...) € T : bbpmys - . bnyn—1 = C1Ca...cn}. Let By, = UX_ D,,.
If (by,b2,...) € T\ B, then we have that for any j > n, bjbjt1...bj1n_1 #

ci¢o . ..cn. Clearly,
T\Bn - B = {(bl,bg, .. ) : bn+kN . -~bn+(k+1)N—1 7£ C1C2 . '~CN;k = 0,1723 .. }

Since P(Y \ B,,) < P(B’) = limy_,00(1 — 1/3V)* = 0, then P(B,,) = 1. It follows
from D' = NS, B, and By D By D --- that P(D’) = lim,,_,o, B, = 1. Then we
get P(Dq) = 1.
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To prove that P(D;) = 1, we can use a similar approach. Here we construct a
specific cylinder. Define

. @, o do | b, Tbs
Z (xl,yl)fgﬂ‘ﬁﬂ-"'"f‘ﬁ Bl+1+/8l+2+"'.
Then we have z; > %, and
=1 1
0<y < - = ,
*yl*;ﬁlﬂ BB -1)
1 1 = 1 1 1
—<zt+y< 5+ S = st
3 ;Bl“ CANCICESY

Since lim;_, o m = 0, then there exists L > 0 such that for any [ > L,

1 1
0<y<—,m+uyu< 70—

B BB-1)

It follows that (z;,y;) € Coy for any | > L. Let
(3.1)
D" ={(by,ba,...) € T :bjbji1...bj1—1 =1 00...0 for infinitely many j},

L—1 times

then D" C D;. Since P(D") = 1, we have P(D;) = 1. Therefore, P(D) = 1. O

Theorem can be obtained from Lemmas [3.1] and

THEOREM 3.3. Let B € (1,3/2] and set vg(A) = P(p(Z N A)). The dynamical
systems (2 x T x Sg, Ax B x S,v3,Kg) and (Y,B,P,0’) are isomorphic.

REMARK 3.4.

(i) Notice that Lemma B2l and Theorem B3] remain true if one replaces P by
any other non-uniform product measure on T giving a positive weight to
each symbol.

(ii) Since P is the unique measure of maximal entropy on Y, the above theorem
implies that any other Kg-invariant measure with support Z has entropy
strictly less than log3. We now investigate the entropy of Kg-invariant
measure p for which u(Z€) > 0.

Divide Z°¢ into three Borel sets as follows:
Z¢=(Z1 N Zy)°
= (Z7\ Z3) U (Z3\ Z7) U (Z7 N Z3)
= (Z2\ Z1) U(Z1\ Z2) U (Z7 N Z3)
= Z3U Z4 U Zs,
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where
Zy =73\ 71
={(w,v,2) € Ax T x Sp: Kj(w,v,7) € Ax T x C for finitely many n
and Kg(w,v,Z) € Q x T x Cpyz infinitely often},
Zy =71\ Zs
={(w,1,2) € Ax T x Sp : Kj(w,v,Z) € A x T x Cpiz for finitely many n,
and Kj(w,v,2) € Q x T x C infinitely often},
Zs =2 N Z5
={(w,01,2) € Ax T x S5 : Kj(w,v,2) € A x T x C for finitely many n,
and Kj(w,v,2) € Q x T x Cpyz for finitely many n}.
We first prove Lemma 3.5

LEMMA 3.5. Let p € (1,3/2). Let us be a Kg-invariant measure for which
ps(Zs) = 1. Then h,,(Kg) < log3. Similarly, let ps and ps be Kg-invariant
measures for which pa(Zs) = ps(Zs) = 1. Then h,,(Kg),hu(Kg) < log3 also
holds.

PROOF. Let

Hy = {7 Z

=1

Z qb”‘ L belongs to Cy12 for infinitely many j,

and never belongs to C'}.

Then @ x T x Hy C K5 ' (Qx Y x H3) and U2 K ;" (2 x T x Hs) = Z3. It follows
that us(Zs) = lim; 00 ug(Kgi(Q x T x Hs)) = 1. Since pg is Kg-invariant, then

/143(9 x T x Hg) = /J,g(KEl(Q x T x Hg)) = /Lg(KE2(Q x T x Hg)) =...=1

Thus it is enough to study the entropy with respect to us of the map K restricted
to @ x Y x Hs. Let w1, mo, w3 be the canonical projection onto the three coordinates
respectively. Notice that the action of the transformation Kg on the first coordinate
is an identity, which implies that Kz is essentially a product transformation I x K [’3,
where Kz = (m2 0 Kjg) x (730 Kg) on T x Hjz and Iq is the identity on (2. Since
(v,2) € T x Sg and w € Q are independent, and h,(Io) = 0 for any measure u on
(22, A), we see that h,,(Kg) = h,; (Kj), where u5(B x H) = uz(2 x B x H) for
BeB,He (H3NS).
Let

D3 = {(b1,ba,...) €T : Z Qb”l L belongs to Cpi2 for infinitely many j,
and never belongs to C'}.
Define a map ¢ from (T x Hz, B x (H3NS), 3, Kj) to (D3, D3N B, py op~t o) as

¢(U’ Z) = P2(P1 (Ooo, U, 2))

Since 2’ € Hg, then ¢ is well defined and bijective. ¢ is measurable and the inverse
is also measurable (see [S2, Theorem 4.5.4]). Finally, ¢ preserves the measure and
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¢po Ky =0"o@. Then ¢ is an isomorphism and it follows that
Py (Kﬁ) = hug (Ké) = huéoqg—l(o'/) < h]}»(UI) = log 3.

Since P is the unique measure of maximal entropy on D3, to show h,, (Kg) < log3, it
is enough to prove that pso¢~! # P. This is done by contradiction. If pjo¢~! =P,
then

P(Dg) = /L%(T X Hg) = ,ug(Q x T x Hg) =1.
Since D3 C (D")°, where D" is defined as in 1), then P((D")¢) = 1, which is a
contradiction to P(D") = 1. Therefore, h,,(Kg) < log3. Let

o0 o

1

o0
H,={Z= Z Bbl € Sg :Z qb]g—l_l belongs to C for infinitely many j,
i=1 i=1
and never belongs to Cop12},
Hs={7= Z Bbl € Ss :Z qug—l_l never belongs to C
i=1 i=1

and never belongs to Cpi2},
= {Z € S3 : 7 has a unique [-expansion}.
Then it follows that
pa(Ex T x Hy) = ps (2 x T x Hy) = 1.
We can also obtain that h,, (K3), h,, (Kg) < log3 using the similar method. O

From Lemma [3.5] we can obtain the upper bound of the entropy of Kg-invariant
measure for which Z¢ has positive measure.

LEMMA 3.6. Let 8 € (1,3/2]. Let p be a Kg-invariant measure for which
w(Z°) > 0. Then h,(K3z) < log3.

PrOOF. Notice that Z, Z3, Z4 and Z5 are pairwise disjoint and the union is
Qx T x Sg. Since Z, Z3, Z4 and Zs are Kg-invariant, then there exist Kg-invariant
probability measures j12, i3, 4 and ps concentrated on Z, Zs, Z, and Zs, respec-
tively, such that

p=(1—asz—as—as)ue + asps + agpis + aspis,
where 0 < ag,ay4,a5 <1 and 0 < ag+ ag + a5 < 1. Then
hu(Kp) = (1 — ag — ay — as)hu, (Kp) + ashy, (Kg) + cuhy, (Kg) + ashy, (Kg).

Since hy,,,(K3) < log3 by Remark B4l and h,,, (K3), hy, (Kg), by (Kg) < log3 by
Lemma [3.5] then the result follows. O

Now we obtain the main result in this section.

THEOREM 3.7. Let B € (1,3/2). The measure vg(A) = P(p(Z N A)) is the
unique Kg-invariant measure of mazimal entropy.

REMARK 3.8. The measure vg is not self-similar, but the projection in the
third coordinate is a self-similar measure defined on Sg. To be more precise, define
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h:Y — Sg by hby,by,...) =372, %ii

OxTxS; 2 Sy
N Th
T

)
—1 o -1 _ 1y2 -1
Then, vg o, * satisfies vgom, ~ = 3> ;_(vgo f;

4. An absolutely continuous invariant measure for random
beta-transformations

We start by recalling that for 5 = 3/2, the region Cpi2 = {(3, 3)} is a point.
As a result the analysis for this case is slightly different from the one conducted for
a general 8 € (1,3/2). In this section, we concentrate on the case 5 € (1,3/2) and
in Remark .9 we give a brief description of the case § = 3/2.

Endow Q = {0,1}" with the product measure m; giving the symbol 0 proba-
bility p and the symbol 1 probability 1 — p, and T = {0, 1, 2} with the product
measure my giving the symbol 0 probability s, the symbol 1 probability ¢ and the
symbol 2 probability 1 — s — ¢. Consider the measure space (Sg, S, A2), where Ag
is the normalized Lebesgue measure. In this section we will prove that Kz has an
invariant measure of the form m; ® ma ® pg, where pg is absolutely continuous
with respect to Ao. We will show the result by several steps.

STEP 1. A position-dependent random transformation R.

Bahsoun and Géra [BG] gave a sufficient condition for the existence of an
absolutely continuous invariant measure for a random map with position-dependent
probabilities on a bounded domain of RY. We take some of their results a little
further.

For k = 1,...,K, let 7, : S — Sz be piecewise one-to-one and C?, non-
singular transformations on a common partition P of Sz : P = {S1,...,5,} and
Thi = Tkls;,i = 1,...,q. Let pr : Sg — [0,1] be piecewise C! functions such

that Zszl pr = 1. Denote by R = {r,...,7x;p1(2),...,px (%)} the position-
dependent random map, i.e., R(Z) = 7,(Z) with probability pg(Z). Define the
transition function for R as follows:

Zpk )1a(7i(2)),

where A is any measurable set and ]l A denotes the indicator function of the set A.
The iteration of R is denoted by R"™ := {Tk1k2--~kn§pk1k2~-kn}7k1k2'"kn €

{1,2,..., K}, where Ty, ky...k;,, (2) = Tk, © Tk, _, -0y, (%) and

Dhykyky (2) = Phy (Thp_y © - 0 T8y (2)) * Phiyy_y (They_p © - 0 Ty (2)) -+ - D1, (2)-

The transition function P induces an operator P, on the set of probability measures
on (Sg,S) defined by

K q
(DD =33 [ pd(a).

T (A) k=1 i=1" Tk, (4)

P.u(d) = [ P(E AN = Z

We say that the measure p is R—lnvarlant iff Py = p.
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If p has density f with respect to Az, then P, also has a density which we
denote by Prf, i.e.,

| Ptz 5 / (D (@dra(2)

k=11i=1
We call Pg the Perron—Frobenius operator of the random map R and it has very
useful properties|BG]:
i) Pg is linear;

(ii) Pg is nonnegative;
(ili) Prf =f < p=f- )\ is R-invariant;

)

)

=

(iv) [|Prfll1 < | f]l1, where || - ||; denotes the L' norm;
(v) Pror = Pro Pr. In particular, Py = Pgn.

Let each S; be a bounded closed domain having a piecewise C? boundary of
finite 1-dimensional measure. Assume that the faces of 9.5; meet at angles bounded
uniformly away from 0 and the probabilities py(Z) are piecewise C! functions on
the partition P. We assume:

CONDITION (A).

E;%Zpk )| Dt (rs(@) < e < 1,

where D7, () is the derivative matrix of 7, | at 2.

Using the multidimensional notion of variation [Gl:

V(f) = /RN | DSl dA N :sup{/RN fdiv(g)dAn : g = (g1,-..,9n) € CH(RN ,RY)
and |g(z)| < 1 for z € RV}

where f € L;(RY) has bounded support Df denotes the gradient of f in the

distributional sense, div(g) = V.g = 891 + ggz g2t ag N is the divergence operator,

and C}(RY,RY) is the space of continuously dlfferentlable functions from R¥ into
RY having compact support. Consider the Banach space [G] Remark 1.12],

BV (Sp) = {f € L1(5p) : V(f) < +o0},

with the norm ||f||gv = || fllz, + V(f)-

Fix 1 < i < ¢. Let F denote the set of singular points of 95;. At any =z € F
we construct the largest cone having a vertex at x and which lies completely in S;.
Let O(z) denote the angle subtended at the vertex of this cone. Then define

v(S;) = ;%1}?1 0(x).

Since the faces of 05; meet at angles bounded uniformly away from 0, v(S;) > 0.
Let a(S;) = 7/2 +~v(S;) and a(S;) = | cos(a(S;))].

Now we start at points y € F, where the minimal angle ~v(S;) is attained,
defining L, to be central rays of the largest regular cones contained in .S;. Then we
extend this field of segments to a C! field of segments L,y € dS;, every L, being
a central ray of a regular cone contained in .S;, with angle subtended at the vertex
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y greater than or equal to 8(S;). We make L, short enough to avoid overlapping.
Let 6(y) be the length of L,y € 05;. By the compactness of 05; we have

0(S;) = inf 6(y) > 0.
(5= inf a(y)

Let 2 be a point in 95; and Ji ; the Jacobian of 7y, at 2.
We recall the following two theorems.

THEOREM 4.1 ([BG, Theorem 6.3]). If R is a random map which satisfies
Condition (A), then

V(Prf) < 1+ 1/a)V(f) + (M + ) flls for all | € BV(Sp),
where a = min{a(S;) : i =1,...,q} > 0,6 = min{d(S;) :i=1...,q} >0, My, =

& DJi K
SUpzeg, (Dpr(2) — Jki‘ pi(2)) and M = 3", maxi<;<q My ;.

THEOREM 4.2 ([BG|, Theorem 6.4]). If R is a random map which satisfies
Condition (A) and ¢(1 + 1/a) < 1, then the random map R preserves a measure
which is absolutely continuous with respect to Lebesgue measure. Furthermore, the
associated random Perron Frobenius operator Pgr is quasi compact.

Now, let R be a random map which is given by {r1,...,76;p1(2),...,p6(2)}
where

Bz —¢q, itzZe E;ie€{0,1,2}
T1(Z) = pBZ-q;, ifzZe Cij,ij S {01702, 12}
BZ, if 27 € Cpi2,

87—, it7eEic{0,1,2)
TQ(Z) =< BZ7-q;, if7e Cij,ij S {01,02, 12}

BZ—qi, if Z€ Coa,

B8Z—¢q, ifZeE;,ie{0,1,2}
() =< BZ— G, if e Cyy,ij e {01,02,12}

BZ— ¢, if 7€ Coia,

B8Z—¢q;, itZeE;ie{0,1,2}
(2 =4 7 -, if e Cy,ij e {01,02,12}

Bz, if 7€ Coia,

B8Z—¢q, ifZeE;,ie{0,1,2}
75(2) =< BZ— G, if 7€ Cyy,ij € {01,02,12}

BZ—q1, if Z€ Coa,

Bz —q, itzZeE;iec{0,1,2}
m6(2) =14 BZ— G, if 7€ Cyy,ij € {01,02,12}
BZ— G2, if 7€ Cora,

p1(Z) =p-s, pa(?) = (1 —p)-s,
(4.1) p2(2) =p-t, ps(2) = (1 —p)-t,
p3(Z) =p-(1—s—1t), ps(2)=(1—-p)-(1—5s—1).
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We have Lemma [£.3]
LEMMA 4.3. For any Z € Sg and n € N, Eklkz...k,"e{l,...ﬁ}n Dhikg. k, (Z) = 1.

PROOF. We prove this lemma by induction. For n =1, p1(2)+---+pg(2) = 1.
Assume it is true for n = m, i.e. for any z € Sg,

Z Pkiks...kp, (2) =1L
kika - km€{1,...,6}7
For n=m+1,

Z Pkiks...kptr (5)

kiko - kmi1€{1,...,6}m+1

= Z Phoir (Thy, © 7 0 T, (2))
keyko ek 11 €{1,...,6}m+1

5

“Phy (T © - 0Tk, (7)) - - p1y (2)

=p1(%) > Phy. ks (T1(2))

koo kmi1€{1,...,6}™

+p2(5) Z Phs.. kg (7—2(5))

ko-kmt1€{1,..,6}7
+ +p6(3) Z Pka...kmy (TG(E))
koo ki1 €{1,...,6}™
:pl(j') + .- +p6(§’)
=1.

O
To prove the existence of an absolutely continuous invariant measure(acim),
we would like to use Theorem This cannot be done directly since R does not

satisfy the hypothesis of the theorem, however a higher iterate of R does. For the
convenience of the reader we supply a complete proof.

THEOREM 4.4. Let R = {7y,...,76;01(2),...,ps(2)}, then R admits an acim.
PROOF. Denote the partition (ZI]) by P with
Sy =FEy,S; = Ey,S3 = E2,S; = Co1, 55 = C12,5 = Coz, S7 = Co1a.

Consider the iteration of the random map, R"™, the corresponding partition is
VI R™VP, where

RT'P = \/klm...kie{L..i,e}iT;;}Q,__kip
For a set P; € V?;OIR_i’P and a sequence k1 ...k, € {1,...,6}", let 7, k., =

—» DJiy.. kp,i —
Thyko [P and My, ki = Supzep, (DPry .k, (2) — 5025 Dhy gy (7)), Where
Jky ...k, is the Jacobian of 7, , ;. Let
M, = E max My, .k, and &, = min o(Py).

) n—1lp_; ) n—1p_;
kl...kne{o,l,Z}"P’GV’i:(’R P Piev;_y R~'P

For any set P; € \/?;OlR*i’P, the derivative matrix of 7, }62 k, is equal to

1
{W 0]
0o Ll
/871
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Using Lemma [£3] we have

max Z Pkiks...ky ( )||D(

un—1p_g
PieVico BP 1 kgeik {1,617

P2 o2

g pr

For the partition V}'_} R=P, we have a,, = v/2/2 (Here a,, refers to a in Theorem

[41). Let

1 2v/2 +4
We can find [ > log(2v/2 + 4)/log 3 such that r, < 1. Fix this [ and let C; =
max{ry,re,...,r-1},Cos = max{Ry, Ra,...,R;_1}. For any integer n, we have

n = jl +1, where 0 < i <[ — 1. Notice that Pgrn = (Pgi)? Pgi. Apply Theorem 1]
on R', then we get

V(Pgnf) = VP (Prif)
<1 - VPL Y (Prif)+ Rl fllx
< v (r VPR 2 (Pref) + Rill £l0) + Rill £l

<HV(Pref)+ (] +0] 24+ + DR fl
<OV +Callfl)+ ] 4] 2+ DRI
= OV () + (Corf ] 0] ek DRI

< CulV() +(Ca+ = )Rl
By definition of the norm || - ||pv,
| Pr~fllBv = PR~ flls + V(Pre f)
< Ifll + GV () + (Ca+ =Rl

Then the result follows by the technique in [GB), Theorem 1]. We write some details
for completeness. From the above inequality it follows that the set {Pp1},>; is
uniformly bounded, where 1 is the constant function equal to 1 on Sg. Hence Pg

has a nontrivial fixed point 1* which is the density of an acim by the Kakutani-
Yoshida Theorem (see [KLY]). O

STEP 2. For the skew product transformation R’ on Sz x [0,1).

Let (I,B(I), A1) be the unit interval I = [0,1), with B(I) the Borel o-algebra
on I and Ay being Lebesgue measure on (I, B(I)). Let Y = S x I and the set Jj,
be given by Jp ={(Z,w): >, ;. pi(?) Sw <3, pi(2)}. Define maps ¢i: Jp —1I by

L ()
— w > .
pi(2) pi(2)
Define the skew product transformation R’ : Sg x I — Sz x I by
R(Z,w) = (1(2), or (7, 0))

@k(gv w) =

for (Z,w) € Jy.
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Since py (%) is defined as in (41]), then we have

. w w—=p
Qpl(’zaw) = p_s’ 904(sz) = (1 _p)sv

. _w—ps - ~w—p—(1L-p)s
902(2710) = ot s ap5(z,w) = W7

L . w—ps—pt L, w—p—(1=p)s—(1-p)t
(/73(2’,11)) - p(l—S—t)’ @G(Zaw) - (1—p)(1—s—t)

—\

We denote pg(2) and (2, w) by pr and ¢ (w), respectively, since each pp(2) is a
constant. Therefore,

(2),p1(w)), if w € [0, ps),

(2),p2(w)), if w € [ps,ps + pt),
73(2), p3(w)), if w € [ps+ pt,p),

(2),pa(w)), ifwe[p,p+(1-p)s),

(), p5(w)), fwelp+(1—p)s,p+(1—p)s+(1-p)),
76(2), pe(w)), ifwep+(1—p)s+(1—-p)t1).

Denote by ps an acim for the position-dependent random transformation R =

{T1,...,76;p1,...,D6}, which means pg is R-invariant and absolutely continuous

with respect to Lebesgue measure Ay in R%. We start by recalling [BBQ, Lemma
3.2].

LEMMA 4.5. pg is invariant for the random map R if and only if pug ® A1 is
invariant for the skew product R'.

STEP 3. For the skew product transformation Rg on 2 x T x Sg.
Define the skew product transformation Rg on {2 x T x Sz as follows:

ow,0'v, 7 —¢q;), ifZe€ E;i€{0,1,2}

ow,0'v, BZ—q;), if Z€ C;,ij € {01,02,12} and wy =0
ow,0'v, BZ—q;), if Z€ Cy;,ij € {01,02,12} and wy =1
ow,0'v, 7 —q), if Z€ Cp1a,v1 =1i,i € {0,1,2}.

(
RB(W’UVE‘) = E
(

LEMMA 4.6. (SgxI,SxB(I),us @M1, R') and (Ax T x S5, Ax BxS,m®
mo ® ug, Rg) are isomorphic.

PROOF. Let my : Sg x I — I be the canonical projection onto the second

coordinate. Counsider the map ¢ = me o R' on (I,B(I),A;). One can see that
o(w) = pp(w) for w € Iy, where I; = [0,p1) and I}, = [Ei:llpi,Zf:l pi> for

2 < k < 6. Define
1 k-1 ;
l(w)=— and h(w)= 721:1 P

Dk Pk
for w € Ij. It follows that p(w) = l(w) - w — h(w). Let

ln = lp(w) =" H(w)) and  hy = hy(w) = k(" (w)).
For w € [0,1), we can write the generalized Liiroth series (GLS) of w, which is
hi  ho T
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Consider the system {{0,1,2,3,4,5},C,m, 0"}, where C is the product o-algebra,
o is the left shift and m is the product measure with weights {p1,...,ps} as in

@T). Let ¢y : I —{0,1,2,3,4,5} be given by
¢1w:iLn—>(~ylyg)
n:1 lllQ"ll ) ) ) )

where v, = y,(w),n > 1 is defined as follows:
Yo i=Tm(w) =k -1 < @nil(w) € I,

for k € {1,2,3,4,5,6}. It is known that ¢ preserves the Lebesgue measure \;
and ¢ is an isomorphism between the two dynamical systems (I, B(I), A1, ¢} and
{{0,1,2,3,4,5}N,C,m, 0"}. See [BBDK] for more details.

Next we give a map ¢ from {{0,1,2,3,4,5}N.C,m, 0"} to {Ax T, Ax B,m; ®
ma, o x o'}, Let by : {0,1,2,3,4,5} — {0,1} and hs : {0,1,2,3,4,5} — {0,1,2} be
given by

0, ifz=0,1,2 0, ifz=03,

hi(z) = ) 1 =4yl Yoo he(x) =<1, ifz=1,4,
L #z=345 2, ifzr=25

, ifx=2,5.

Define ¢ : {0,1,2,3,4,5N — Q x T by ¢2(y) = (w,v), where

w = (h1(n),h1(12), h1(73), . .) == h1(7),

v = (ha(m), ha(72), ha(13), - ) == ha(7).
One can see that ¢ maps a cylinder of rank n in {0,1,2,3,4,5}" to the product
of two cylinders of the same rank n in  x T. It follows that ¢- is a bimeasurable
bijection. From the definition of the product measure, we can get the measure
preservingness on cylinders. Finally, it is easy to see that ¢o 0 0” = (0 x ') 0 ¢s.
Therefore, ¢5 is an isomorphism.

Now let ¢ : Sz x I — £ x T x Sg be given by
6(Z,w) = (h(d1(w)), ha(¢1(w)), 2).

In fact, ¢ = 1o(Is, x (p20¢1)), where Ig, is the identity map on Sg and +(Z,w,v) =
(w, v, Z) is a transformation that only changes the order of coordinates. Since ¢20¢;
preserves the dynamics of m 0 R and o X ¢, i.e.,

(¢20¢1) 0 (m20R) = (0 x o) o (d20¢1),
we have that ¢ o R = Rg o ¢. Therefore, the result follows. |

STEP 4. For the random transformation Kg on {2 x T x Sg.
Define a skew product transformation Rg as follows:

ow,o'v,11(2)), if w; =0,v1 =0,
ow,0'v,12(%)), ifw; =001 =1,
_, ifw1:0,v1:2,
Rg(w,v,?) = .
, ifwy =101 =0,

Z)), ifw; =101 =1,

ow,0'v,76(2)), fw; =1,v1 =2,
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Let 1 be an arbitrary probability measure on Sz. We will show that any product
measure of the form m; ® me ® p is Kg-invariant if and only if it is Rg-invariant.

LEMMA 4.7. my ®m2®poK51:m1 ®m2®uoR/§1 =m; ® my ® v, where

V:ps~uo7’1_1+pt~,uo7'2_1—|—p(1—s—t)~,uo7'3_1

+(1—p)-s-pory '+ (1—p)-t-pors ' +(1-p)-(1—s—1t)-porg ",

PrOOF. Denote by Cj and C5 arbitrary cylinders in €2 and T, respectively. Let
S be a closed set in Sg. It suffices to verify that the measures coincide on sets of the
form C7 x Cy x S, because the collection of these sets forms a generating m-system.
Let [i,C1] = {w1 =i} No~Y(Cy) for i = 0,1 and [i, Co] = {v1 = i} N (0/)~(Cy) for
i =0,1,2. Notice that

' S)NE=mYSYNE=---=7S)NE,
Sy NnC=r"(S)nC=r"(S)NnC,
)N C = S)NC=11(S)NC,
7 H8) N Corz = 75,1 (S) N Coia,
751 (S) N Cora = 75 1(S) N Corz,
73 1 (8) N Corz = 75 ' (S) N Cora.
We can divide K5 L(Cy x Cy x 8) into the union of some disjoint sets as follows:
K51 (Cy x Cy x S)
=C x Cy x (1 H(S)NE)U0,C4] x Cy x (7 1(S)NC)
UL, C1] x Cy x (1, 1(S)NC)U Cy x [0,0%] x (117 1(S) N Corz)
UCt x [1,Co) x (137 1(S) N Co12) U Cy x [2,Ca) x (1571 (S) N Corz2)
Hence,
mi@ma @ po Ky (Cr x Cz x S)
= m1(C1)ma(Co)p(ry (S) N E)
+p-mi(Cr)ma(Co)p(r H(S)N O)
+(1—-p)- (Co)pu(rH(S)NC)
+ 5-m1(Cr)ma(Co)pu(r (S) N Cora)
+t-my1(C1)ma(Co)p(my 1(S) N Coi2)
)
)

m1(Cl)m2

2(C:
+ (1= 5—1t)-mi(Cr)ma(Ca)p(rs H(S) N Cor2)

= ps - m1(C1)ma(Ca)u(ry (S)
+ pt - m1 (C1)ma(Co) (s 1 (S
+p(1—s—1) -m( 1)m2(02

(
+(1=p)(1—s—1t) - mi(Cr)ma(Co)p(rg '(S))
=m ®m2®u(C’1 x Cq X S)
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On the other hand,

REl(Cl X Cg X S)
=[0,C4] x [0,Cy] x 77 H(S)U[0,C1] x [1,Ca] x 75 *(S)

U[0,C1] x [2,Co) x 75 1(S)U[L, C1] x [0, Co) x 7 1(S)
U1, C1) x [1,Ca) x 75 H(S)U[L,C4] x [2,C%] x 75 (S).
Therefore, we complete the proof. O

Now we give the main result in this section.

THEOREM 4.8. Let 8 € (1,3/2). Then Kg has an invariant measure of the
form m1 ® ma ® g, where g is absolutely continuous with respect to As.

Proor. By Theorem[4] Lemma5] Lemmald6l and LemmaldL7 we complete
the proof. 0

REMARK 4.9. When 8 = 3/2, Co12 = {(3,2)} is a point. We modify the
definition of R, R’, Rg, and give relevant conclusions.

(i) Let R = {71, 72;p1(%),p2(Z)} be a position-dependent random transfor-
mation on Sg, where

BZ—q, ifzZekE;ie{0,1,2},
m(2) =14 BZ—¢q, if Z€ Cy,ij € {01,02,12},

Bz, if 7= (2, 2),

BZ—q, ifzZekFE;ie{0,1,2},
m(2) =4 BZ—q;, if 7€ Cyj,ij € {01,02,12},

Bz, if 7= (3, 2),

and p1(2) = p2(2) = 1/2 for Z € S. Similar to Theorem {7} it is not
difficult to prove that R has an acim pug.

(ii) By [BBQ, Lemma 3.2], ug ® Aq is invariant for the skew product R/,
where

), if w € [0,p),

(7_2(27),1_—;0)7 lfwe [ 71)

(iii) Define the skew product transformation Rg on Q x Sg as follows:

ow,fZ—¢q), ifZek;,ie€{0,1,2},
ow, B7— @), if 7€ Cyy,ij € {01,02,12},w; =0,
ow, BZ— ), if Z€ Ciy,ij € {01,02,12},w; = 1,

ow, BZ), if 7=(%,2).

(
RB(w,Z) = E
(

Then we have that the dynamical systems (Sg x I,S x B(I), g @ A1, R')
and (2 x S, A xS, m1 ® ug, Rg) are isomorphic. The proof is similar
and easier than that of Lemma
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(iv) Let p be an arbitrary probability measure on Sz and let K g QxS —
Q x Sg be given by

(w,8Z2—1¢q;), itzZekE;iec{0,1,2}

(ow,BZ—¢q;), if Ze€Cy,ij € {01,02,12}, w1 =0

(ow,BZ—q;), if Ze€ Cij,ij € {01,02,12}, w1 =1

(,52), 7= (2,2).

Kg(w,,?) =

It is easy to check that
m1®u0f{/gl :m1®u0R§1 =mi ® UV,
where
y:p.MoT;1+(1—p).MOT{1
by using the same method of calculation in Lemma 7l Therefore, it follows from
(i)—(iv) that Kz has an invariant measure of the form m; ® ug.
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