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Abstract

Let A € (0,1) and m > 3 an integer. We consider the collection A of homogeneous self-similar
sets on the line such that every two of copies f;(K), fj(K) of the self-similar set K are either
separated or overlapped with rank &k in {2,...,m}. For K € A generated by n similitudes,
we denote by m; the number of overlaps with rank j € {2,...,m}. The set of points in the
self-similar set having a unique coding is called the univoque set and denoted by U. In this
paper, we investigate a uniform method to calculate the Hausdorff dimension of the set U.
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1. INTRODUCTION

Let {g;}7_; be an iterated function system (IFS) of
similitudes defined on R by

9j(x) = rjz +aj,
where the similarity ratios r; satisfy 0 < |r;| < 1,
and a; € R, 1 < j < n. Hutchinson! proved that

there exists a unique non-empty compact set K C R
such that

= U 9;(K
j=1

We call K the self-similar set or the attractor gen-
erated by the IFS {gj};‘:l. For any = € K, there
exists at least one sequence (i)?; € {1,...,n}"
such that

oo

00, (0) := H((ik)kzl)'

Thus, 1T : {1,...,n}N — K is surjective and con-
tinuous. We call such sequence a coding of x. A
point z € K is called univoque point if its coding
is unique. We denote by U the set of all univoque
points in K. For the univoque set, in the setting of
(-expansions, there are many results 29 But there
are few results in the setting of general self-similar
sets 58
In this paper, we consider a class of overlapping

self-similar sets as follows:
Fix an integer m > 3 and fix a A € (0,1). Let A
be the collection of all self-similar sets K generated
by the IFSs {fi(x) = Az + b;}}"_, where n > 3 and
b; € R for every 1 < i < n, satisfying the following
conditions:

D 0=b<by<--<b,=1-=\;

(1) £(0.1)) N £;(0,1)) =0 for amy 1 < i < j <n

with j — i > 2;

(III) There exist 4,5 € {1,...,n — 1} such that

fi([0,1]) N fix1([0,1])) =0 and
Fi([0,1]) N f541(10, 1]) # 0

(IV) If fi([0,1]) N fir1([0,1]) # 0, then |f;([0,1]) N
fi+1([0,1])] = M with j € {2,3,...,m}, where
|| stands for the length of an interval.

x = lim g;, o
k—o00

The above conditions (I)—(IV) imply the fact: for
a KK € A, [£([0, 1) 0 fir ([0, 1])] = N with j > 2,
then

K 0 (fi([0,1]) N fixa ([0, 1]))
= fini-1(K) = fryy—1 (K).

This will be proved in Proposition 21l Thus we have
U (fi([0,1]) N fis1([0,1])) = 0.

We now introduce some notations:
Let
nj = {1 < i <n—1:]£(0,1])

N fir1 ([0,1])] = N},
= in]‘,
=2

sp :=min{l <i <n—1:f;([0,1])
N fir1((0,1]) = 0},

to:=max{2 <i<n:f_

71=2,3,...,m,

1([0’ 1])
N fi([0,1]) = 0}, (1)

where ||-|| denotes the cardinality of a set. Thus, n—
> is just the number of the connected components
of U, £:(10, 1))

We classify the digit set {1,2,...
{2,...,m} let

,n}. For k,j €

Jej : ={1 <0 <n:[fi([0,1]) N fi-1([0,1])]
= A and |£;([0,1]) N fis1 ([0, 1])] = N},
Joj i ={1 < i <n:fi([0,1]) N fi—1([0,1])
=0 and [£([0,1]) N fi+1([0,1])] = N},
Jro : Z ={1 < i <n:[fi([0,1]) N fi—1([0,1])]
= A" and f£;([0,1]) N fi+1([0,1]) = 0},
Joo : =A{1 < i <n:fi([0,1]) N fi—1([0,1])
= £i([0,1]) N fi41([0,1]) = 0}, (2)

where we adopt the convention that fo([0,1]) =
fn+1([0,1]) = 0.

Thus we have

{1,2,...,n}
=Jy U U (ka U Jro U J()j)
2<k,j<m

with pairwise disjoint union.

It is easy to observe that for each i € Jy; with j €
{2,...,m} there exists a unique i* € Jyo for some
k€ {2,...,m} such that i < i* and UL, ([0, 1])
is a closed interval. We call ¢* the dual of 7.
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Notice that

> 1 oill =Y kol
=2 =2

m
ool + > I Jojll = n =%,
j=2

m
> Y kl=x 3)
j:0,273,,,,,m k=2

and

for each k =2,3,...,m. (4)

= Nk,

In this paper, we give a formula for the Hausdorff
dimension of the univoque set U.

Theorem 1.1. Let K € A. Then

and HYMEU () > 0, where 7 is the largest positive
root of the equation:

(D)
2™ — nz™ 4 20922 4 2ngae™ 3
+ 2042+ 201+ 20y, = 0,
when f1((0,1]) N f2([0,1]) = fa1([0,1]) N
fa((0,1]) = 0;
(1)
gl pgmt=2 () m=2
+ 3™ 4 ny) (2287 1) =0,
when |f1(0,1) N fa(0,1)] = X and

fnfl([ov 1]) N fn([oa 1]) =0, or |fn71([07 1]) N
fn([07 1])‘ = X\ and fl([07 1]) N f2([0’ 1]) = ®7

for some t € {2,3,...,m};
(I11)
2™ (272 — 1) 4 na™ (1 — 2T2)
+ (nox™ 2 4+ ngz™ 3 4 ..
Ny (2287972 — 2071 — 1) = 0,
when |f1([0,1]) N f2([0,1])] = A and

| fa—1([0,1]) N fu([0, 1)) = A%, or | f1([0,1]) N
F2([0,1))] = A7 and | fro—1([0, 1]) N £, ([0, 1])] =
A, for some t,q € {2,3,...,m}.

Hausdorff Dimension of Univoque Sets of Self-Similar Sets

The rest of this paper is arranged as follows. In
Sec. 2l we prove an important property of the collec-
tion A and introduce the concept of configuration.
The proof of Theorem [Tl is given in Sec. Bl

2. PRELIMINARIES

In this section, we first give a property of the col-
lection A, and then introduce the concept of con-
figuration set ™

Lemma 2.1 (Ref.8). The conditions (I) and (IV)
imply that: If | f;([0,1]) N fi+1([0,1])| = N for some
1<i1<n—1andj>2 an integer, then

fini-1(z) =
Proof. In fact, we have f1(0) = 0 and f,(1) =1
by (I). Thus
£i(10,1]) N fia ([0, 1])]
= |[fi2(0), i = [[big1, A + be]]
=A+b —biy1 =M. (5)

Let fipi1(z) = Ma+aandlet fi; 1)1 (2) = Ma+
(. Then

f(i—l—l)lj*l ().

Nt a= fr(1) = fi(1) = A+ b,
and
B = fit1)15-1(0) = fi11(0) = bit1.
Hence, a = 3 by [{). O

Denote Qi,i-i-l = fl-([(), 1]) N fi+1([0, 1]) When
Qi,i+1 is not empty, we denote by Q;,iJrl the set
obtained by deleting the right endpoint of Q; 1,
by Q7 the set obtained by deleting the left end-
point of QZ i+1. We have Q} ;. = Q};; = 0 when

4,i+1
Qz,z—i—l

Lemma 2.2.

Let K € A. Let |£((0,1]) n

fiv1(10,1])] = Qi1 = AL for some u € NT.
Then:
I If(f:(K)N Qi,i—l—l)\(fz—f—l K)NQiiy1)#0, then
(fn—l(K) N Qn—l,n)\( ) N Qn 1 n) @;
(D) If (fir1(K) N Qiiv1)\(f ( )N Qiiv1) # 0,

then (f2(K) N Q12)\(f1(K) N Q12) # 0;

(ITI) Suppose that |fn—1(]0, ]) N fu([0,1])] =
(Qnotl = XU with L€ N, I[fa € (fi(K)\
fix1(K)) N Qi it1, then x has a unique coding
in""1((n — 1)n!=1)>;

(IV) Suppose that | f1((0,1]) N f2((0,1])| = |Q1z]
ML with b € Nt If o € (fir 1 (KO)\ fi( ))
Qi i+1, then x has a unique coding (i +1)1"
(217 1),

)—‘D I
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Proof. (I) Take x € (fZ(K) N Qi7i+1)\(fi+1(K) N
Qi,i+1). Then the coding of x must begin
with in"~! and so = f;u-1(y) with y €
fn([0,1]) N K. Since y ¢ f,(K), we have
Y€ (fnfl(K) N anl,n)- Therefore,

(fn—l(K) N Qn—ln)\(fn(K) N Qn—l,n) 7é 0.

(II) Take z € (fiy1(K) N Qiir)\(fi(K) N Qiit1)-
Then the coding of x must begin with (i +
D11 and so » = fl+nyie—1(y) with y €
f1([0,1]) N K. Since y ¢ f1(K), we have
y € (f2(K) N Q1,2). Therefore,

(f2(K) N Q12)\(f1(K) N Q12) # 0.

(II) Take = € (fi(K) N Qii+1)\(fir1(K) N Qi it1).
Then the coding of z must begin with in*~!
and so x = fiu—1(y) with y € f,([0,1]) N K.
Since y ¢ fn(K), we have y € f,_1(K) N
Qn—1n- Thus, the coding of y must begin
with (n — 1)n'~!. Let y = fn—1yni—1(2) with
z € fn([0,1]) N K. Note that z ¢ f,(K). We
repeat the above process as done on y, we
have z = f,, 1)1 (w) with w € (f,([0,1]) N
K)\fn(K). Finally we have x has a unique
coding in*~((n — 1)n!=1)>,

(IV) Take € (fiy1(K) N Quiy)\(fi(K) N Qiit1)-
Then the coding of z must begin with (i +
D1 ! and so v = fl+ny1e—1(y) with y €
f1([0,1]) N K. Since y ¢ fi(K), we have
y € f2(K) N Q1 2. Thus, the coding of y must
begin with 21771, Let y = fyn-1(2) with
z € f1([0,1]) N K. Note that z ¢ f1(K). We
repeat the above process as done on y, we have
z = forn—1(w) with w € (f1([0, 1])NK)\ f1(K).
Finally we have x has a unique coding (i +
1)1u=t(21h=1)>, O

Corollary 2.1. Let K € A. If [fi([0,1]) N
firr([0,1])] = N with j = 2, then
fil K) N Qiiv1 = fir1(K) N Qi1

Proof. Suppose that it is not true. Without loss of
generality, assume that

(fir1(K) N Qi iy )\ (fi(K) N Qiiy1) # 0.
From Lemma 22(IT) and (IV) it follows that
(fir1(K) N Qi it )\ (fi(K) N Qiit1)

= {z} and z has a coding (i + 1)1j*2(21h*1)oo.

Let T = f(i+1)1j—2(21h—1)k (fl(l)) Then =z =
limy_, o x3. Notice that

L = f(i+1)1jf2(21h71)k (f1(1))

= fln-2(n-1)r-1(forr (1))
= fasn-2@in-1p-1 (finr (1))
= flsn-2n-1p-1(f1(1))

=xp1 =" = frpyu-—2(f1(1))

= fi+-1 (1), (6)
where fir1)-1(1) = fini1(1) = fi(1) € fi(K),
leading to a contradiction. O

Proposition 2.1. Let K € A. If |f;([0,1]) N
fix1([0,1])] = N with j > 2, then

K0 (£i([0,1]) 0 fi+1([0,1]))
= fini—1(K) = fiy1yri-1(K).
Proof. The second equality is obtained by

Lemma 211 From the proof of Lemma 1] it fol-
lows that

flti(z) = Nz +bjy, and so
f+1-1([0,1]) = £i([0, 1]) N fi1([0, 1]).
Thus
fi+yu—(K) € K0 (£i([0,1]) N fi41([0, 1]))
= K N fir1)15-1((0, 1).
From Corollary 2] it follows that
KN (fi(10,1]) N fiva ([0, 1]))
= (fil K) N Qii+1) U (fir1 (K) N Qiit1)
= fi( K) N Qiit1 = fir1(K) N Qiit1.  (7)

Now take z € KN (fz([O, 1]) mfi+1([07 1])) = fl(K)ﬂ
Qi,i+1. Then z has a coding begins with ind 2. Let
x = fini—2(y) with y € f,([0,1]) and y € K. Thus

ye fm(0,1)) N K
= fn([0,1]) N (fa1(K) U fu(K))
= (fn-1(K) N Qn-1,n) U fn(K)
= (fa(K) N Qn-1,n) U fu(K) (8)
by Corollary 211 Thus z € f;,,;-1(K). O

The key idea of this paper is the configuration
set?

Definition 2.1. Suppose (X,d) is a compact met-
ric space. Let |A| be the diameter of A C X,
and dist(A, B) = infyecayepd(z,y). We say that
(X,d, {D*}., {61 }x) (for simplicity we may replace
(X,d, {D*}, {61 }x) by X) is a configuration set if
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there exists a constant ¢ > 1 such that {J;}r is
a decreasing sequence with limy_,o, 0 = 0, dp11 >
¢~ 16, for all k, D' consists of finitely many compact
subsets of X for any i > 0 with D = {X}, and for
any A € D,

oy < JA] < by,
and there exists some F(A) C D**! satisfying

A= |J B and dist(B,B
BeF(A)

>c ., VB, B e F(A) with B+ B

Definition 2.2. Let (X,d, {D*}, {6x}x) be a con-
figuration set. We say that X is a configuration
set of finite pattern if the following conditions are
satisfied:

(1) 6, = A* for some A € (0, 1);
(2) there is a surjective label mapping £: |J—,
DF — {1,2,...,m} and a transition matrix
M = (aij)mxm such that for any 1 <1i,j < m,
any k > 0 and any A € D with £(A) = i,
I{B € F(A) : {(B) = j}|| = ai;.
The following result was proved in Ref. [7l

Theorem 2.1. Suppose that X is a configuration
set of finite pattern. Let p be the spectral radius of
the transition matriz M. Then

log p

—log \’

and H*(X) > 0. Moreover, if the matriz M is
irreducible, then

0 < H(X) < oo,

where H(X) is the s-dimensional Hausdorff mea-
sure of the set X.

dimg X =dimp X = s =

3. PROOF OF THEOREM 1.1

Lemma 3.1. Suppose that | f1(]0,1]) N f2([0, 1])]
A and | fr-1([0,1]) N £ ([0, 1)) = A9, or | f1([0, 1])
fQ([Ov 1])‘ = A and ’fn—l([ov 1])mfn([0a 1])’ - thT
some t,q € {2,3,...,m}, then

log v
—log A\’

where 7y is the largest positive root of the equation
xm(xt-i-q—Q o 1) + nl’m_l(l o xt—f—q—?)
+ (nzxm—Q + ngxm—B 4ot nm)(th—i—q—Q

— 27—t =0,

D

dimyg U =

Hausdorff Dimension of Univoque Sets of Self-Similar Sets

Proof. In the following we only consider the case
1/1(0,1]) 0 fo([0,1])] = A" and |fn-1([0,1]) O
fn([0,1])] = A for some t,q € {2,3,...,m}. Thus
1 € Jot and n € Jy. Without loss of generality we
assume that ¢t < q.

The proof of this lemma is arranged as follows:

e Construction of sets {H;}"3™ % We con-
struct sets {H;}7 2% on the intervals {[£i(0),
U

e Graph-directed self-similar set structure:
We show that there are non-empty compact sets
{Ei}?:fm*‘l such that E; C H; for every 1 <
i < n+2m—4 and the set K* := J/72" 1 E;
is a graph-directed self-similar set. Then U =
K* except for a countable set, hence dimpy U =
dimgy K*.

e Decomposition of the set K*: We decompose
the set K* into some groups and find the relation
between this groups.

e K* has a configuration structure: We define
a label mapping ¢ and show that K* has a con-
figuration structure of finite pattern. O

Construction of sets {Hi}?iim_4=

For the first interval [f1(0), fi1(1)], we insert the
points fix(1),k =2,...,m—1 to get m — 1 number
of sub-intervals as follows:

[£1(0), fim—1 (D)]\ fim—2(Q7 2),
[frm=rr1 (1), frm-r (D] frm—r-1(Q7 2)
fork=2,....,m—1.
We label them as 1,...,m — 1 from the left to the
right order, i.e.

Hy = [f1(0), fim—1 (1)]\ frm—2(Q1 ),

Hy = [fim—rs1(1), frm—r (D]\ frm—r—1(Q7 2),

fork=2,...,m—1.

For each of the middle n — 2 intervals fi([0,1]),
k=2,...,n—1, we remove the intersections if there
exist to get a new interval:

fk([oa 1])\(@271,”»‘ U Q%,lﬁ»l)? k= 27 cee, N — 1.

We label them as m,m+1,...,m+n — 3 from the
left to the right order, i.e.

Hypyi—z = fr([0, 1)\ (Qh 1.1 U Q% k1)
k=2...,n—1. 9)

For the last interval [f,(0), f(1)], we insert the
points f,x(0),k =2,...,m—1 to get m — 1 number
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of sub-intervals as follows:

[fnk (0)7 fnk‘H (0)]\fnk_1 (Q;l*l,’n) for
k=1,...,m—2,

[fn"ﬁl (0)7 fn(l)]\fnm*Q (Q;{*l,n)'

We label them as n+m—2,n+m—1,...,n+2m—4
from the left to the right order, i.e.

Hn+m+k—3 = [fnk (0)7 fnk‘H (0)]\fnk_1 (Q;l*l,’n) for
k=1,...,m— 2,

Hyvom—a = [fnm—l (O)a fn(l)]\fnm—2 (Q;fl,n)’
with the convention that fio and f,,0 are the iden-

tity.

Graph-directed self-similar set structure:

Note that in [@), fori =2,...,n—1

Hptio

= fi([0, ID\(Qi—1,; U Q7 ;11)
[fi(0), f:(1)] if i € Joo,
[fl(o)vfznﬂfl(o)]

if i € Joj\{1}; 2<j<m,
= [fil’“*l(l)afi(l)]

ifi € Jro\{n}; 2<k<m,
[filk—l(l)afinj_l (0)]

ifi € Jy; 2<k, j<m.

Then we have

Hypti-2
n+2m 4
Hl> if i € Jyo,
n+m+] 5 )
1f2€J0J\{1} 2<j<m,
2

1f2€Jk0\{n} 2<k<m,

n+m+] 5 )
l=m—k+2

ifie Jy; 2<k, j<m,

(4
(U
(LU,
(.

(10)

and
(Hl U Hz),

+1);

(Hy,
2,....m—2,

n+m-+t—>5
Hy1 2 fa < U Hl>,

l=m
11
n+m—3 ( )

Hn+mf2 ) fn U Hl 5
l=m—q+2
Hn+m+k 3 = 2 fn( n+m-+k— 4)
k=2,...,m—2,
n+2m—4 = 2 fn( n+2m—>5 U Hn+2m 4)

Hence, from ([I0) and (II)) we conclude that there
are non-empty compact sets E; C H;,1 < 1 <
n + 2m — 4, i.e. a graph-directed self-similar set,
satisfying

Hi D fi
Hyp 2 fi
k=

Erti-2
n+2m—4
( l) if i € Jyo,
<n+m+] 5 )
if i € Jo;\{1}; 2<j <m,
—_ <n+2m 4 >
l=m—k+2
if i € Jpo\{n}; 2<k<m,
<n+m+] 5 )
l=m—k+2
ifioeJy; 2<k, j<m,
(12)
and
E1 = fi(E1U Ey),
Ey = fi(Eky1);
k=2,....m—2,
n+m+t—>5
Ep-1=h ( U El>,
l=m
n+m—3 (13)
En+m72 = fn U El )
l=m—q+2
En+m+k—3 = fn(En+m+k—4);
k=2,....,m—2,
En+2m—4 - fn(En+2m—4 U En+2m—5)'

2050051-6
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Let K* = (J/"? " E; ¢ K. From Proposition 21 ([2) and ([3) as

it follows that

n—1 m—2
Uun <U QiU ([ fir(Qr2)
k=1

i=1

m—2
g fnk@n_l,n)) =90.

k=1

This means 4 C K . In fact, we have K \U is
countable. One can refer to Ref. [§ for more infor-
mation.

Decomposition of the set K :

As we know, determining the Hausdorff dimension
of K~ by aroutine way requires calculating the spec-
tral radius of a (n+2m —4) x (n+2m—4) incidence
matrix. To reduce the size of this matrix, we group
some parts of K~ to show that it is a configuration
set of finite pattern defined in Definitions 1] and

Emyio

(fi(LUM UR)
if i € Joo,
fitfLUM U BURj)
ifie Jo;\{1}; je€{2,...,m},
fi(LrUAUMUR)
if i € Jpo\{n}; ke{2,...,m},
fi(LyUAUMUBU R;)
ifie g k, je{2,...,m}.

\

(16)
Ey = fim1 (LUMUBURy),
E = fim1(AUMUBU Ry);
1=2,3,....,m—1,
" (17)

Ensoma = fom1(LgUAUMUR),
Entmyi-3 = fnl(Lq UAUMUB);
[=1,2,...,m—2.

(see also Ref. [T)).

Note that Now we show the relation between the groups of K*:
m—1 n+m4t—5 Statement 1. We have (I)
UE=~r < El>7 m
=1 =1 A= U U U {f(z—l)(B U Rk)
n+2m—4 n+2m—4 k=23j=0,2,...m iEkaﬁ{B,...,So}
U E, = fn E; Ufi(Ly UAUM)}
l=n+m—2 l=m—q+2
U{fa(Le UAUM) U fs(R)};
Denote m.m
B=JU U {fi-1)(BURy)
m—+sg—2 m~+to—3 k=2j=2 iEkaﬂ{to-i-l,...,n—l}
L= lU1 Ei, M_l EJ S Ufi(Ly UAUM)}
= =m-r+so—
n4+2m—4 m+so—2 U{ftO(LUM) U f(nfl)(BURq)}a
R= |J EB, A= |J B, (14
l=m -2 l=m
o (I) L, = fiIlAUM UBUR) U fi(Lp1), p =
ntm-—3 3,4,...,m, while L,,11 = fi(LUMUBURy);
B= |J B (I) Ry = fu(LyUAUMUB)U fo(Rp1), p =
l=m+to—2 3,4,...,m, while Ry, 11 = fn(L4qUAUMUR);
(IV) L= fi(LUM UBU R;) U A;
and for p=2,3,...,m+1, (V) R=BU fn(Ly,UAUMUR);
(VD)
m—1 n+m-+p—>5 m
L= U EB. rR= U E (15 M= ] ficuMmur Ul
l=m—p+2 l=n+m-—2 i€ Joo =2
with the convention that Lo := (), Ry := ). Hence U {fi( LUM)U f*(R)}

Lypy1UA =L, BUR,,+1 = R. Then we can rewrite

i€JojN{so+1,...,t0—2}

2050051-7
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U {fi—1)(BU Ry)

Z'Ekaﬂ{So+2,...,tofl}
U fi(Ly UAU M)},

where we adopt the convention {4, ...
when i > j.

Jr =10

Proof of Statement 1. (I) By (I4), (I6) we have

m—+sg—2 m—+so—3
U El— U EZUEm—I—so Q—UU
I=m k=2 j—2
U filLy UAUM U BU R;)
iEkaﬂ{Q,...,so—l}

U G U fi(LkUAUMUR)

k=2ieJon{so}
m
k=27=0,2,....,m Z'Ekaﬂ{:s,...,So}
Ufi(Lk UAU M)}

U{fa(Le WAUM) U f5(R)},
n+m—3

U =

l=m-+to—2

{fi-1)(BU Ry)

n+m—3

U =

l=m+to—1

- 6 U fi(LUMUBURj)UG

j=2 iEJojﬂ{t()} k=2

B = = Em+t072 U

U fi(LkUAUMUBUR;)
Ekaﬁ{to+1, LN 1}

=60 U

k=2j=2i€Jy;N{to+1,..,n—1}

||C3

{fi-1)(BU Ry)

U (L UAU M)}
U{fto, (LU M) U fi,_1y(BU Ry)}.
By (3)-IH) and ([IT) we have

m—1
L,= U E,
l=m—p+2
m—2
= Ly U U El
l=m—p+2

= flIAUMUBUR,)

m—1

Ufi U E

l=m—p+3
:fl(AUMUBURt)
U fl (Lpfl)a

U E,
m—+sg—2
:fl( U E
=1

m-+to—3 n+m+t—>5

U U Eu U Ep

l=m+sp—1 l=m+tyg—2

:fl(LUMUBURt),

forp=3,...,m,

m+1

and

n+m-+p—>5

U &

l=n+m—2

n+m+p—>5

= En+m72 U U
l=n+m—1

R, =

n+m+p—6
El:fn(LqUAUMUB)Ufn( U El>

l=n+m—2
= fu(LgUAUMUB)
Ufn(Rp*1)7 forp:37"'7m7
n+2m—4
Rm+1 U
l=n+m—2
m—1 m-+sg—2
E = fa U E U U EU
l=m—q+2 l=m
m~+to—3 n+2m—4
U E; U U E;
l=m-+sp—1 l=m-+tog—2
= fu(L4UAUM UR),

which proves (II) and (III).

The proof of (IV) and (V) is direct from (II), (III)
and the facts L = L, UA, R= BU Ry,11.

(VI) By ([I4)), ([I6) we have

m~+to—3

w="U

l=m-+sp—1

2050051-8



= U fi(LUMUR)UG

i€Joo Jj=2

U fi(LUM U BU Ry)
Z'EJojﬁ{So+l,...,tof2}

m

U U
k=2ieJyoN{s0+2,...,to—1}
m m

sUu

k=2 j=2

fi(Ly UAUM UR)

U fiLkUAUM UBUR))
iEkaﬂ{So-f'Q ..... to—?}

= U fi(LUMUR)UO

i€Joo Jj=2

U {fi(Lu

i€Jo;N{so+1,...,t0—2}
m

U U
k=27=0,2,....m

U {fi(Ly WA U M)

iEkaﬂ{So-f'Q ..... to—l}

U fi—1)(B U Rg)}.

M) U fi(R)}

K has a configuration structure:
Now we are ready to construct the collections
{Dk}kzo and to establish a label mapping £ : (J;~q

DF — {1,2,...,m 4+t + q — 2}. We first define the
label mapping ¢ on certain subsets of K, and then
construct the collections {D¥}, _ according to £. A

compact subset A C K is said to be of pattern k
if 0(A) = k.

Define the mapping ¢ as follows: for any I,J €
Us2p{1,2,...,n}® with same length
(L(f1(LUM)U f1(R)) =1,
fI(BURy) U fs(LyUAUM)) =

p=2,....m

Y

Uf1(Li—pr1r VAUM) U f;(R)) =m+p;  (18)
p=1,...,t—1,
Uff(LUM)U fj(BURy_pt1)) =m+t+p—1;

p=1,...,9—1,

with the convention that f; and f; are the identity
when s = 0.

Hausdorff Dimension of Univoque Sets of Self-Similar Sets

Let D = {K"} and so ¢/(K") = 1 by (@) and
([8). We call K~ the 0-level pattern 1 set.
The set K can be decomposed into a union of

disjoint subsets, i.e.
n+2m—4 m m+to—3
(T DU

i€Joo =1 7j=2 iEJoj =1
n+2m—4 m
U fi- U =|;ul
l=m-+tog—2 k=27=0,2,3,....m
n+m+k 5 m+t0 3
U Ja-1) U fz( E)
iEka = m+t0 2 l=m—k+2
m
= J{rnzumur}ul
1€Joo Jj=2
U {fLuM)u fie(R)}
1€Joj

vl U UfenBuk

k=2 j=0,2,3,....;m i€J};
U fi(Lx UAUM)}.

We take D! to be the collection of sets in the braces.
Hence, by @), @) and ([), D' consists of (n — %)
number of 1-level pattern 1 sets and n, number of
1-level pattern p sets for each p € {2,3,...,m}.

In the following statement we show that for each
1 <k <m+t+qg—2, an s-level pattern k set can be
decomposed into a disjoint union of certain (s 4 1)-
level sets of patterns in {1,2,...,m + ¢+ q — 2}.

Statement 2. (I) Each s-level pattern 1 set can
be represented as a disjoint union of (n — )
number of (s 4 1)-level pattern 1 sets and n;
number of (s+1)-level pattern j sets for each

jeA{2,3,...,m};

(IT) Each s-level pattern p with p € {3,...,m}
can be represented as a disjoint union of (n —
Y—1) number of (s+1)-level pattern 1 sets, n;
number of (s+1)-level pattern j sets for each
j€{2,3,....,p—2,p,...,m} and (np—1 +1)
number of (s + 1)-level pattern (p — 1) sets;

(IIT) Each s-level pattern 2 can be represented as a
disjoint union of (n— X —2) number of (s+1)-
level pattern 1 sets, n; number of (s+1)-level
pattern j sets for each j € {2,3,...,t—1,t+
1,...,q—1,9g+1,...,m},(n; — 1) number of
(s + 1)-level pattern ¢ sets, (n, — 1) number

2050051-9
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of (s + 1)-level pattern ¢ sets, one (s + 1)-
level pattern (m+1) set and one (s+ 1)-level
pattern (m + t) set;

(IV) Each s-level pattern (m + p) set with p €
{1,2,...,t — 2} can be represented as a dis-
joint union of (n — 3 — 1) number of (s + 1)-
level pattern 1 sets, n; number of (s+1)-level
pattern j sets for each j € {2,3,...,m} and
one (s + 1)-level of pattern (m + p + 1) set;

(V) Each s-level pattern (m + ¢ — 1) set can be
represented as a disjoint union of (n — ¥ —
1) number of (s + 1)-level pattern 1 sets, n;
number of (s+1)-level pattern j sets for each
jeA{2,...,t—1,t+1,...,m}, (n;—1) number
of (s+ 1)-level pattern t sets and one (s+1)-
level pattern (m + 1) set;

(VI) Each s-level pattern (m +p+t — 1) set with
p € {1,2,...,q — 2} can be represented as a
disjoint union of (n—¥—1) number of (s+1)-
level pattern 1 sets, nj number of (s+1)-level
pattern j sets for each j € {2,3,...,m} and
one (s + 1)-level of pattern (m + p + t) set;

(VII) Each s-level pattern (m+t+ q—2) set can be
represented as a disjoint union of (n —¥ —1)
number of (s+1)-level pattern 1 sets, n; num-
ber of (s + 1)-level pattern j sets for each
je{2,...,q—1,q+1,...,m}, (ng—1) num-
ber of (s + 1)-level pattern ¢ sets and one
(s + 1)-level pattern (m + t) set.

Proof of Statement 2. In the following proof
we adopt the convention that {7,...,j} = (0 when
1< 7.

Let I,J € U.2p{1,2,...,n}® with same length,
then by Statement 1(I) and (IV) we have

ma=1 U

k=27=0,2,....m

U {fri-1)(BU Ry)

iEkaﬂ{&...,so}
U fri(Ly UAUM)}
U{fr(LiUAUM)U fi5(R)},

mm3=UU

k=2 j=2

U {f16-1)(BU Ry)

iEkaﬂ{to-i-L...,n—l}

U fri(Ly UAU M)}

U{frto(LUM) U frin1)(B U Ry)},

fsM)y = {J fr(LUuMUR)U 6

i€Joo Jj=2

U {f7:(LUM)U fi-(R)}

iEJojﬂ{So-i-l,...,to—Q}
m
U U
k=23j=0,2,...m
U {fri-1)(BU Ry)
iEkaﬁ{So+2,...,t071}

UfJZ‘(Lk UAU M)}

Hence, by @), @) and [I8), f1(B)U f;(AUM) can
be represented as a disjoint union of (n — X — 2)

number of (s+ 1)-level pattern 1 sets, n; number of
(s+1)-level pattern j sets for each j € {2,3,...,t—
Lt+1,...,g—1,g+ 1,...,m}, (ny — 1) number
of (s + 1)-level pattern t sets, (ng — 1) number of
(s+ 1)-level pattern g sets, one (s+ 1)-level pattern
(m+1) set and one (s+ 1)-level pattern (m+1t) set,
which proves (III).
By Statement 1(IV) and (V), we have

Jr(LUM)U f;(R)

=fn(LUM)U fri(BURy) U fr(A) U fr(M)
Ufr(B)U fin(LgUAUM)U fr(R)

-U U U
k=2 j=0,2,....m i€J1;({3,....50}
Ufri(LrUAUM)}
U{fr2(Le WAUM) U frs(R)}
Ufn(LUM)U fri(BURy) U fr(M)
U{frto(LUM) U fr0-1y(BURy)}
vUu U

k=2 j=2 i€y, {to+1,...n—1}

U fri(Ly UAU M)}
Ufim(LgUAUM)U frn(R)

=-U U
k=2 j=0,2,....m i€ Sy ;N{2,....50}
U fri(Ly UAU M)}
U{fn(LUM)U frs(R)}

{f16-1)(B U Ry)

{fri=1)(BU Ry)

{f16-1)(BU Ry)
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U f1(M) U {f1o(LUM) U frn(R)}

m
vU U
k=23j=0,2,...m

U {f16-1)(BU Ry)

i€Jy;N{to+1,....,n}
U fJZ‘(Lk- UAU M)},

which, by the decomposition of f;7(M) and Eqgs. (3],

@) and ([I8), proves (I)
By Statement 1(II) and (III), we get

Jr(BUR,)U fs(L, JAU M)
= fi(B)U fin(LqUAUMUBUR, 1)
U fs(A) U fs(M)
Ufn(Ly-1 UAUMUBURy)
= {f1t,(LUM) U fro—1)(BU Ry)}
vUu U

k‘:2]:2 ZE.]kJﬁ{tO+1 ..... ’I’L*l}

{f1-1)(B U Ry)

Ufri(Lyk WAUM)} U fr,(LgUAUM)
Uf[n(B U Rpfl)
U{fJQ(Lt UAU M) U fJSO(R)}

U U U

k=235=0,2,..., m iEkaﬁ{B ..... So}

{f16-1)(BU Ry)

Ufri(Ly UAUM)}
U f5(M)U f1(Lyr UAUM)U f11(BU Ry)
= {f1to(LUM) U fys(R)}
U 6 U U {fri—1)(BU Rx)
k=2 j=0,2,..;m i€ Jy ;A {to+1,....n}
U fri(Ly UAUM)}

U U U

k=2 =0.2,...m i€ J;({2,....50}

{fri=1)(BU Ry)

UfJi(Lk UAU M)} UfJ(M) U {f]n(BURp_l)
Ule(Lp_l UAUM)}; p=3.4,...,m,

which, by the decomposition of f;(M) and Eqgs. (3],
@) and ([I8), proves (II).

Hausdorff Dimension of Univoque Sets of Self-Similar Sets
By Statement 1(IT),
fr(Li—pp1r VAU M) U f;(R)
= frn(Li—p UAUM UBUR;) U fr(A)
UfI(M)U f;(B)U fin(LgUAUMUR)
= frn(Li—p UAUM)U fr1(BU Ry)
U{fr2(Le UAUM) U frs0(R)}
oJ U U
k=2 5=0,2,...,m i€J;({3,....50}
U fri(Liy AU M)} UA{fe,(L U M)
U frm—1)(BURy)}
Ufim(LgUAUM)U frn(R)
vUu U
k=2 j=2icJy;n{to+1,....,n—1}
U fri(Ly UAU M)}
={/n(Lip UAUM)U frs,(R)} U fr(M)

U U U

k=2 j=0,2,....mi€Jy;N{2,...,50}

{f16-1)(B U Ry)

{f16-1)(BU Ry)

{f16-1)(B U Ry)

U fri(Ly UAU M)} U U U

k=2 j=0,2,....m
U {f16-1)(BU Ry)
iEkaﬂ{to-i-l ..... n}
UfJi(Lk UAUM)} U {thO(LUM)
UfJn(R)}; p=12...,t1—2,

which, by the decomposition of f;(M) and Eqgs. (3],

@) and (1Y), proves (IV).
By Statement 1(V),

fr(AUM) U f5(R)
= fi(A) U fi(M) U f,(B)
Ufm(LyUAUMUR)
={fr2(Lt UAUM) U fr5,(R)}
U fr(M) U{fsto(LUM)U fr0-1)(BUR,)}
vl U U {fie-n(BUR)
k=2 j=0,2,...,m i€ Jy;N{3,....50}

U fri(Ly UAU M)}
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sUuU U
k=2 j=2i€J;N{to+1,....n—1}
U fri(Lr UAUM)}
Ufjn(Lq UAU M) U fJn(R)
={fr2(Lt UAU M) U frs,(R)} U fr(M)
U{fate(LUM)U fin(R)}
oU U U
k=27=0,2,....m Z'Ekaﬁ{&...,So}
Uf[i(Lk UAU M)}
oU U U
k=23j=0,2,...m ZEJk]ﬁ{toJrl,,n}

U fri(LyUAUM)},

{fri-1)(BU Ry)

{f16-1)(BU Ry)

which, by the decomposition of f;(M) and Eqgs. (@),

@) and ([d8), proves (V).

By Statement 1(III) and (IV), we get
fr(LUM)U f;(BU Rq—p+1)
= fn(LUMUBUR)U fr(A)U f1(M)
Ufs(B)U fn(LgUAUMUBUR,_,)
= fn(LUM)U frn(BURy) U f1(M)
U{fr2(Le UAUM) U fr50(R)}
vU U
k=25=0,2,...,mi€Jy;N{3,...,50}
Ufri(Ly UAU M)}
vUu U
k=2 j=2i€J;N{to+1,....n—1}
U fri(Le AU M)} UA{f74,(L U M)
O F sty (BU B} U frn(Lq U AU M)
U fn(BUR;—p)
={fn(LUM)U frs,(R)} U f1(M)

{fri-1)(B U Ry)

{f16-1)(BURy)

m

U U U

k=2 j=0,2,...m i€ Jy;N{2,....,50}

Ufri(Ly WAUM)}U

Ju U

k=23j=0,2,....,micJi;N{to+1,....,n}

{fri-1)(B U Ry)

{f16-1)(BU Ry)

{fri-1)(B U Ry)

UfJi(LkUAUM)}U{thO(LUM)
Ufjn(BURq_p)}; p=12,...,t—2,

which, by the decomposition of f;(M) and Eqgs. @3],
(@) and (1Y), proves (VI).

By Statement 1(IV), we have
fr(LUM) U f;(B)
= fn(LUMUBUR)U fr(A) U fi(M)U f;(B)
=fn(LUM)U fri(BURy)
U{fra(LeUAUM)U frs,(R)} U fr(M)
oU U U
k=2 j=0,2,....m i€Jy;N{3,....50}
Ufri(Ly UAUM)}
suu U
k=2 j=2i€Jy;N{to+1,....n—1}
U fsi(Ly UAUM)}
U{frte(LUM) U fr0-1)(BU Ry)}
={/n(LUM)U frs,(R)} U{fst,(L U M)
U fim—1)(BURg)}U f1(M)
vU U U
k=2 j=0,2,...,m i€ Jy;N{2,....50}
Ufri(Ly UAU M)}
vJu U
k=2 j=2i€Jy;N{to+1,...n—1}
U fri(LryUAUM)},

which, by the decomposition of f;(M) and Eqgs. @3],
(@) and (I8), proves (VII). Thus according to above
Statement 2 we can define D inductively.

Now we take 0, = \F,Vk > 1. For A € D%;s > 0
we have c1A* < |A| < nA®, where ¢; = min{\, 1 —
A}. On the other hand, for every A € D®;s > 0 and
B,B’ € F(A) with B # B’ we have

dist(B, B') > c2)\°,

where co = Amin{dist(f;(1), f;4+1)(0));1 <i < n—
L, £i([0,1]) O fi41)(0,1]) = 0}

Therefore, K* satisfies the conditions in Defini-
tions (ZI) and [2) for ¢ = max{n,c;’,c; '} and
O =Nk > 1.

From the above analysis we find that K* has a
configuration structure of (m + ¢ + ¢ — 2) patterns

{fri—1)(BU Ry)

{fri-1)(B U Ry)

{f1-1)(BU Ry)

{f16-1)(BU Ry)
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and the corresponding (m+t+q¢—2) x (m+t+q—2)
matrix is

n—3% ng - my mypq o mg ngyq o mm 000000
n—X—2mng - mg—1ngyq ccmg—1lngiq N, 10201200
n—X—1mng - ng ngyq - ng ngp1 o Mm 0020000
n—S—1mng - ng+lngyq -+ ng ngp1 - Mm 0020000
n—X—1mng -+ ng ngyq - ng Ngp1 - Mm 0020000
n—S—1ng -+ mng mnggq - ng+lngpr o nm 000000
n—S—1lng -+ mg mggq -0 ng Mgp1 - Mm 000000
n—X—1mng - ng ngyq - ng ngp1 o Mmm 01200200
n—X—1mng -+ ng ngyq - ng Ngp1 o Mm 00200200
n—S—1mng---ng—1ngyq -+ ng ngp1 - Mm 1020000
n—S—1ng -+ mng mnggq 0 ng Mgp1 - Mm 000000
n—S—1ng -+ mng mggq 0 mg Mgp1 o mm 00---00---01
n—S—1mng -+ ng ngyq-ccmg—1lmngiq - nm 00201200

The spectral radius of the above matrix is just the
largest positive root of the equation:

xm(xt+q72 o 1) + nxmfl(l o xt+q72)
+ (o™ 2 F ngz™ 3 4 )
x (2ot gl gty — .

This finishes the proof of the lemma. |

Lemma 3.2. Suppose that |f1([0,1]) N f2([0,1])| =
A and fr,—1((0,1]) N £((0,1]) = 0, or f1([0,1]) N
f2([0,1]) = 0 and | fa—1([0,1]) N £ ([0, 1])| = A Jor
some t € {2,3,...,m}, then

log v

di = —
impg U “log '

where v is the largest positive root of the equation
xm—f—t—l o nxm-‘,—t—? + (anm—Q

+n3z™ 3 4 ny,) (227 — 1) = 0.

Proof. In the following we only consider the
case fo 1([0,1]) 1 fu([0,1)) = @ and [f2([0,1)) N
f2([0,1])] = At for some ¢t € {2,3,...,m}. Thus
1€ Jy and n € Jy.

Since f,—1([0,1]) N fn([0,1]) = @ then we have
to=mn, B=10, Rps1 = R and an s-level set of
pattern 2 does not generate any (s + 1)-level set of
pattern m +t for any s > 0, then we do not get any
of the patterns m +t,m—+¢t+1,... m+t+q— 2.

Hausdorff Dimension of Univoque Sets of Self-Similar Sets

Thus, the proof of this lemma is just a special
case of the proof of Lemma Bl In this case we get
K =" E; C K, where

Erti-o

U Ez) if i € Joo\{n},

=1

n+m+j—5
fi ( U Ez)
=1
if 1 € Joj\{l}; 2<j7<m,

n+2m—4 ) (20)

2<k<m,

and

E, = fi(E1 U Ey),
Ek-:fl(Ek-+1); k:2,...,m—2,

n+2m+t—>5
Em,1 = fl ( U El) )

l=m

n+m—3
En+m—2 = fn < U El) )

=1

(21)

En+m+k73 = fn(En+m+kf4); k=2...,m-2,

En+2mf4 = fn (En+2mf4 U En+2mf5)-

We also have

m-+sg—2 m+n—3
L= U B M= |J E
=1 l=m+sp—1
(22)
n+2m—4 m-+sg—2
r= ) B, A= |J &
l=m+n—2 l=m
and forp=2,3,...,m+ 1,
m—1 n+m-+p—>5
L=\ E. R= |J E (2
l=m—p+2 l=n+m—2

with the convention that Lo := (), Ry := (). Hence
Lypmii UA = L, Ryv1 = R. Then we can rewrite
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20) and 1) as
Emyi-o
(f(LUMUR) ifi€ Joo\{n},
filLUM U Rj)

ifi e Jo;\{1}; je€{2,...,m},
= filL UAUMUR)

ifi € Jgo; k€{2,...,m},
filLkUAUM U Rj)

if i € Jijsk,j €{2,...,m},

(24)
(B = fim1(L UM U Ry),
El = flm—l(A UM U Rt),
1=2,3,....m—1,
(25)

Eniomi = fym1(LUMUR),
En+m+173 = fnl(L U M)a
[=1,2,...,m—2.

Then we can define the label mapping as follows:
for any I,J € U2 o{1,2,...,n}° with same length

(fi(LUM)U f;(R) =1,

((f1(Rp) U fi(Lp U AU M)) = p;
p=2,...,m, (26)

C(f1(Li—pr1 UAUM) U f;(R)) = m + p;

L p=1,...,t—1,

with the convention that f; and f; are the identity
when s = 0.

Let D = {K "} and so /(K*) = 1 by @2) and
24). We call K " the 0-level pattern 1 set.

The set K can be decomposed into a union of
disjoint subsets, i.e.

K =] f <H+U_4El> u 6

1€Joo

m+n—3 n+2m—4
U {ﬁ( U El> U fis ( U El)}
1€Jo; =1 l=m+n—2

U U Ufe (U &)

k=27=0,2,3,....mi€Jy; l=m+n—2

m+n—3
()
l=m—k+2
= U #zumum)

1€Joo

u U U {filLUM) U f=(R)}
j=21ieJo;

U U U U {fi—1)(Rx)

k=2 j=0,2,3,....m i€ J);

Ufi(Ly UAUM)}.

We take D! to be the collection of sets in the braces.
Hence, by @), @) and @8), D' consists of (n — %)
number of 1-level pattern 1 sets and n, number of 1-
level pattern p sets for each p € {2,3,...,m}. This
way we can construct DF, k > 0 inductively.
Statement 2 can be reformulated as follows.

Statement 2. (I) Each s-level pattern 1 set can
be represented as a disjoint union of (n — X)
number of (s + 1)-level pattern 1 sets and n;
number of (s + 1)-level pattern j sets for each
j€{2,3,...,m};

(IT) Each s-level pattern p withp € {3,...,m} can
be represented as a disjoint union of (n — 3 —
1) number of (s + 1)-level pattern 1 sets, n;
number of (s + 1)-level pattern j sets for each
je{2,3,...,p—=2,p,...,m} and (np—1 + 1)
number of (s 4 1)-level pattern (p — 1) sets;

(ITI) Each s-level pattern 2 can be represented as a
disjoint union of (n — ¥ — 2) number of (s +
1)-level pattern 1 sets, n; number of (s + 1)-
level pattern j sets for each j € {2,3,...,t —
1,t4+1,...,m}, (ny—1) number of (s+1)-level
pattern ¢ sets and one (s + 1)-level pattern
(m + 1) set;

(IV) Each s-level pattern (m + p) set with p €
{1,2,...,t — 2} can be represented as a dis-
joint union of (n — ¥ — 1) number of (s + 1)-
level pattern 1 sets, n; number of (s+ 1)-level
pattern j sets for each j € {2,3,...,m} and
one (s + 1)-level of pattern (m + p + 1) set;

(V) Each s-level pattern (m + ¢t — 1) set can be
represented as a disjoint union of (n — ¥ —
1) number of (s + 1)-level pattern 1 sets, n;
number of (s + 1)-level pattern j sets for each
je{2,...,t—=1,t+1,...,m}, (ny—1) number
of (s + 1)-level pattern ¢ sets and one (s + 1)-
level pattern (m + 1) set.

Therefore, K* has a configuration structure

of (m +t — 1) patterns and the corresponding

2050051-14



(m+t—1) x (m+t—1) matrix is

n—x ne n3 -+ Ng Nggr1 - nm 00---000
n——2 mng ng---ng—1ngg1 Ny, 10---000
n——1nas+1ng--- ng ngr1 Ny 00---000
n——1 mn2 ng--+ ng ngr1 Ny 00---000
n——1 mn2 ng---ng+1ngy1 - nNpu 00---000

o R
n——1 mn2 ng--- ng ngr1 Ny 00---000
n——1 mn2 ng--- ng ngy1 Ny 01---000
n——1 mn2 ng--- ng ngr1 Ny 00---000
n——1 mn2 ng--- ng ngr1 Ny 00---010
n—%X—1 ng nz3--- ng Ngt1 N, 00---001

n—X—1 nag n3---ng—1mngy1 - Ny 10---000

(27)
where the spectral radius is the largest positive root
of the equation:

pmAt=l o met—2

n
+ (2™ 2 + ngz™ 3 + o+ nyy)
x (2271 — 1) =0.
This finishes the proof. O
Lemma 3.3. Suppose that f1([0,1]) N f2([0,1]) =
Jn—1([0,1]) N f([0,1]) = 0. Then

log v

di =
imy U “log '

where 7y is the largest positive root of the equation
™ — na™ 4 2(ngx™? 4 nga™ 3

+ g™ g+ N) = 0.

Proof. Here we have 1,n € Jy. The proof is also
a special case of the proof of Lemma Bl Since
fl([07 1]) N f2([0’ 1]) = fnfl([oa 1]) N fn([07 1]) =0
then we have sg = 1,tg = n,A = B =0, Ly,11 =
L,Ry,+1 = R and an s-level set of pattern 2 does
not generate any (s+ 1)-level set of pattern m+1 or
any (s + 1)-level set of pattern m + ¢ for any s > 0,
then we do not get any of the patterns m + 1, m +
2,...om+t—1lm+t,m+t+1,... . m+t+q—2.

In this case we get K~ = U;‘jf”h4 E; C K, where

Emyi2

Hausdorff Dimension of Univoque Sets of Self-Similar Sets

( n+2m—4
fl-< U El> if i € Joo\{1,n},

=1
n+m+j—5

U El> ificJoj; 2<j<m,

n+2m—4
fi( U El> if i € Jyo; 2<k<m,

U El> if i € Joji2 < k,j < m,

(28)
and
(Ey = fi(E1 U Ey),
By = fi(Egs1); k=2,...,m—2,

n+2m—4
Em,1 = fl ( U El>7

l=m

n+m—3 29
En-l—m—Q:fn( U El>7 ( )

=1
En+m+k73 = fn(En+m+k74);
k=2,...,m—2,

En+2mf4 = fn(En+2mf4 U En+2mf5)-

We also have
m+n—3

U Ela
l=m

m—1
L= U E, M=
=1

(30)
n+2m—4
rR= |J E,
l=m+n—2
and forp=2,3,....,m
m—1 n+m-+p—>5
L= J B, R= |J E, ()
l=m—p+2 l=n+m—2
with the convention that Ly := ), Ry := (). Then we
can rewrite ([28) and (29)) as
Emti-o
Fi(LUMUR) ifie Jy\{l,n},
[i(LUM U Ry)
itie Joj; je {2,...,m},
= fl(Lk UMU R) if 7 € Jy0; (32)

ke{2,...,m},
fi(LkUMUR]') if 7 € ka;
k,je{2,...,m},

2050051-15
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(B = fim—1(LUMUR),

Ei= fumt(MUR); 1=2,3,...,m—1,

Eniom—a = fym—1(LUMUR),

Entmii—3 = fnl(L U M)§
[=1,2,...,m— 2.

(33)

Then we can define the label mapping as follows:
for any I,J € U2 y{1,2,...,n}® with same length

(fi(LUM)U f;(R)) =1,
Ufr(Ry) U fs(LpUAUM))=p; p=2,...,m,
(34)

with the convention that f; and f; are the identity
when s = 0.

Let D = {K "} and so /(K" ) = 1 by @0) and
B4). We call K~ the 0-level pattern 1 set.

The set K~ can be decomposed into a union of
disjoint subsets, i.e.

m+n—3 n+2m—4
U {fz( El) U fix < U El)}
1€Jo; =1 l=m+n—2

m n+m-+k—>5
U U Uen((U 5
k=23=0,2,3,....mi€Jy; l=m+n—2

m+n—3
Ufi( U Ez)}
l=m—k+2

= U frf@cumuryul
j=2

i€Joo
U {rwumu fi-(r)yu
1€Jo; k=2

. U U Fan@oufillyuM)y).

7=0,2,3,....m iEka

We take D' to be the collection of sets in the braces.
Hence, by @), @) and 34), D' consists of (n — %)
number of 1-level pattern 1 sets and n,, number of 1-
level pattern p sets for each p € {2,3,...,m}. This
way we can construct DF, k > 0 inductively.
Statement 2 can be reformulated as follows.

Statement 2. (I) Each s-level pattern 1 set can
be represented as a disjoint union of (n — )

number of (s + 1)-level pattern 1 sets and n;
number of (s + 1)-level pattern j sets for each
j€{2,3,...,m}

(IT) Each s-level pattern p with p € {3,...,m}
can be represented as a disjoint union of (n —
¥ — 1) number of (s + 1)-level pattern 1 sets,
nj number of (s + 1)-level pattern j sets for
each j € {2,3,...,p—2,p,...,m}, (np—1+1)
number of (s + 1)-level pattern (p — 1) sets;

(III) Each s-level pattern 2 can be represented as a
disjoint union of (n—% —2) number of (s+1)-
level pattern 1 sets, n; number of (s+ 1)-level
pattern j sets for each j € {2,3,...,m}.

Therefore, K has a configuration structure of
(m) patterns and the corresponding (m x m)
matrix is

n—>x N9 N3 -+ Ny
n—X—2 no ng--- Ny,

n—X—1ng+1ng- - ny

n—X—1 nyg ng--ny,
where the spectral radius is the largest positive root
of the equation:

2™ — a4 2(n256m_2 +n3r™ 3 4 4 nm) = 0.

This finishes the proof. O

Proof of Theorem [I.1] It is just based on Lem-
mas 3.3, and 311 O
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