Journal of Number Theory 173 (2017) 100-128

ELSEVIER

Contents lists available at ScienceDirect

www.elsevier.com /locate/jnt

NUMBER

Journal of Number Theory THioR

On small bases which admit points

with two expansions

@ CrossMark

Derong Kong *', Wenxia Li", Yuru Zou “*

& School of Mathematical Science, Yangzhou University, Yangzhou,

Jiangsu 225002, People’s Republic of China

b Department of Mathematics, Shanghai Key Laboratory of PMMP,

East China Normal University, Shanghai 200062, People’s Republic of China

¢ College of Mathematics and Statistics, Shenzhen University, Shenzhen 518060,

People’s Republic of China

ARTICLE INFO

ABSTRACT

Article history:

Received 18 April 2016

Received in revised form 28
September 2016

Accepted 28 September 2016
Available online 14 November 2016
Communicated by D. Goss

MSC:
11A63
37B10

Keywords:

Beta expansions
Unique expansion
Two expansions
Smallest bases

* Corresponding author.

Given two positive integers M and k, let By(M) be the set
of bases ¢ > 1 such that there exists a real number z €
[0, M/(q — 1)] having precisely k different g-expansions over
the alphabet {0,1,..., M}. In this paper we consider k = 2
and investigate the smallest base g2(M) of Ba(M). We prove
that for M = 2m the smallest base is

m+1++vVm2+2m+5

(M) = 2

and for M = 2m — 1 the smallest base g2(M) is the largest
positive root of

zt=m-1az>+2maz®+ma+1.

E-mail addresses: derongkong@126.com (D. Kong), wxli@math.ecnu.edu.cn (W. Li),

yuruzou@szu.edu.cn (Y. Zou).

L Current address: Mathematical Institute, University of Leiden, PO Box 9512, 2300 RA Leiden, The

Netherlands.

http://dx.doi.org/10.1016/j.jnt.2016.09.012

0022-314X/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jnt.2016.09.012
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:derongkong@126.com
mailto:wxli@math.ecnu.edu.cn
mailto:yuruzou@szu.edu.cn
http://dx.doi.org/10.1016/j.jnt.2016.09.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2016.09.012&domain=pdf

D. Kong et al. / Journal of Number Theory 173 (2017) 100-128 101

Moreover, for M = 2 we show that g2(2) is also the smallest
base of By (2) for all k > 3.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Fix a positive integer M. For ¢ € (1, M + 1] the sequence (d;) = didz ... with each
d; €{0,1,..., M} is called a g-ezxpansion of z if

oo
d;
=y
i=1

Here the alphabet {0,1,..., M} will be fixed throughout the paper. Clearly, x has a
g-expansion if and only if x € I s := [0, M/(q — 1)].

Since the pioneering work of Rényi [19] and Parry [18], representations of real numbers
in non-integer bases have been widely studied in the past thirty years. Different from
integer base expansions it is well known that almost every = € I, s has a continuum
of g-expansions (cf. [20,5]). Moreover, for each k € NU {Xg} there exist ¢ € (1, M + 1]
and x € I, pr such that « has precisely k different g-expansions (see, e.g., [9]). For k =1
the unique g-expansions were extensively investigated. For example, Glendinning and
Sidorov showed in [11] that for M = 1 when the base ¢ is close to M + 1 the set of
x € I, p with a unique g-expansion has positive Hausdorff dimension (for M > 1, see
e.g., [16]). De Vries and Komornik [7] investigated the topological properties of the unique
g-expansions. Recently, Komornik et al. [13] studied the measure theoretical aspects of
the unique g-expansions. For more information on the unique g-expansions we refer the
readers to [14,8,15], and the surveys [12,20].

Inspired by the papers of Sidorov [21] and Baker [3] we consider the following sets.
For k € NU {Xp}, let

B (M) :={q € (1, M + 1] : there exists x € I, having precisely

k different g-expansions} .

For M = 1 Sidorov [21] determined the smallest base ¢2(1) &~ 1.71064 of Bs(1), and
proved that the set By (1) contains an interval. Later in [4] Baker and Sidorov considered
the smallest base of By(1) for & > 3 and showed that they are all equal to g(1) ~
1.75488. Note that the golden ratio g = (14 +/5)/2 is the smallest base of By, (1) (see
Lemma 2.2 below). Recently, Baker [3] showed that the second smallest base of By, (1) is
g, (1) ~ 1.64541. Hence, he concluded that for any ¢ € (ga, gx,(1)) each point = € I, 1
either has a unique g-expansion or has a continuum of g-expansions. Based on the ideas
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of [3] the first and the third authors showed in [22] that ¢2(1) does not belong to By, (1),
and deduced that By, (1) is not a closed set. Therefore

¢2(1) € B1(1) N Ba(1) N Byro (1) and  ¢o(1) ¢ By, (1 UBk (1.1)

Then it is natural to ask “what can we say about the smallest base ga(M) of Ba(M)
for a general integer M > 17” In the following theorem we determine the smallest base
g2(M) for any M > 1.

Theorem 1.1.

(a) If M = 2m, then the smallest base go(M) of Bo(M) is given by

m+1++vm?2+2m+5

q2(M) = 9

(b) If M = 2m — 1, then the smallest base q2(M) of Bo(M) is the largest positive root
of

zt = (m—1)z® +2ma® +ma + 1.

(c) For any m € N the smallest base q2(2m) is a Pisot number, and g2(2m — 1) is a
Perron number. Moreover, go(M) = M /2 + r(M) with

lim r(2m)=1 and lim r(2m—1)= -

m—00 m— 00 2

By Theorem 1.1 we give the numerical calculations of ¢ = go(M) for M =1,2,...,7.

M 1 2 3 4 5 6 7
q2 =~ 1.71064 2.41421 2.75965 3.30278  3.80320 4.23607  4.83469

When M =1 by (1.1) it follows that each x € I ,(1),1 has a unique go(1)-expansion,
precisely two different go(1)-expansions, or a continuum of ¢o(1)-expansions. One may
expect that this will also happen for the base g3 (M) for M > 1. However, our next result
shows that this is not true for all M > 1. In the following theorem we show that for
M = 2 and for any k = 1,2,...,RXy or 2% there exists & having precisely k different
g2 (2)-expansions.

Theorem 1.2. Let M = 2. Then
2(2) = 1+ V2 € By (2) N By, (2 ﬂBk

Furthermore, q2(2) is the smallest element of By(2) for any k =2,3,....
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The paper is arranged in the following way. In Section 2 we will explicitly describe the
set of unique g-expansions for small bases ¢ with alphabet {0,1,..., M }. This is helpful
to find the smallest base g2 (M) which admits two expansions. The proof of Theorem 1.1
will be given in Section 3 for even M and in Section 4 for odd M. In the final section we
will prove Theorem 1.2 and end the paper with some questions.

2. Unique expansions

In this section we recall some basic properties of the unique expansions. For ¢ €
(1, M + 1] let U, be the univogue set of & € I, pr having a unique g-expansion, and let
Z/l(; be the set of corresponding expansions. In order to characterize the univoque set U,
we need some notation from symbolic dynamics (see, e.g., [17]).

Let {0,1,..., M} be the set of sequences (d;) = dids ... with each element d; €
{0,1,..., M}. For two words ¢ =¢; ...¢m, and d = d ... d, we denote their concatena-
tion by ed = ¢; ... cpd; .. . d,. Accordingly, for k € N we denote by c* the concatenation
of ¢ with itself k times, and denote by ¢* the concatenation of ¢ with itself infinitely many
times. In this paper we will use lexicographical order “<, <, =" or “>=” between sequences
in {0,1,...,M}*. For example, for two sequences (¢;), (d;) € {0,1,..., M} we say
(c;) < (d;) if there existsn € Nsuch that ¢y ...¢p,—1 =d; ...dp—1 and ¢, < d,,. Moreover,
we write (¢;) < (d;) if (¢;) < (d;) or (¢;) = (d;). For a sequence (d;) € {0,1,..., M}
we denote by

(di))=(M —dy)(M —dg) ...

the reflection of (d;).

For ¢ € (1, M + 1] let a(q) = (ei(q)) be the quasi-greedy g-expansion of 1 (cf. [6]),
i.e., the lexicographically largest infinite g-expansion of 1. Here an expansion (d;) is
called infinite if (d;) does not end with a string of zeros. The following lexicographical
characterization of U was essentially due to Parry [18] (see also, [1]).

Lemma 2.1. Let g € (1, M + 1]. Then an expansion (d;) € U if and only if

{ dpt1dnt2 ... < a(q) whenever d, < M,

<
dpy1dnya ... = a(q) whenever d, > 0.

Moreover, the map ¢ — a(q) is strictly increasing from (1, M + 1] onto the set of infinite
expansions (y;) satisfying

Yit1Vit2 - I Y12+ forall i > 0.

For M > 1 we recall from [2] that the generalized golden ratio py = p1(M) admits the
quasi-greedy expansion
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a(p1(M)) = { Zl:(m — 1)) i % z 227— 1. @1)

The following lemma for the g-expansions of & € I with ¢ € (1, p1] was established
in [2,10].

Lemma 2.2. If ¢ € (1,p1), then any x € (0, M/(q—1)) has a continuum of q-expansions.
If ¢ = p1, then any x € (0, M/(q — 1)) either has a continuum of g-expansions, or has
countably many q-expansions.

Recall that By(M) is the set of bases ¢ € (1, M + 1] for which there exists € Iy m
having precisely two g-expansions. Observe that for each ¢ € (1, M + 1] the endpoints of
the interval I, »s always have a unique g-expansion. Then by Lemma 2.2 it follows that
the smallest base (M) is strictly larger than p;. In the next two sections we will show
that ga(M) < p2, where py = pa(M) admits the quasi-greedy expansion

a(p2(M)) = (2.2)

((m+1)(m—1))> if M =2m,

(mm(m—1)(m—1))>° if M=2m-—1.
Note that if a point = € I, »s has two g-expansions, then the tail of each expansion of
x must belong to U,. So, it is necessary to give a detailed description of the set U for
p1 < ¢ < pa.

First we consider M = 2m. The following proposition for Z/lé was implicitly shown in
[16, Lemma 4.12].

Proposition 2.3. If M = 2m, then for p1 < q < p2 we have

U, ={0°,0°} U D 6 {Okumoo,()kum‘x’}.
k=0u=0

Proof. First we consider the “2” part. Note that ¢ > p;. Then by (2.1) and Lemma 2.1
it follows that

a(q) = a(p1) =m™.
Therefore, the “2” part can be verified by using Lemma 2.1.

Now we consider the “C” part. Take (d;) € Uy with ¢ € (p1,p2]. By symmetry we
may assume that d; < m. Apart from the trivial case that (d;) = 0% let n > 1 be the
smallest integer such that d,, > 0. Now we split the proof into the following two cases:
MHn=1; 1) n>1.

Case (I). n = 1. Then 0 < d,, < m. Note by (2.2) and Lemma 2.1 that

a(q) < alp2) = ((m+1)(m - 1))*. (2.3)
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Then by Lemma 2.1 it follows that
dpt1 € {m—1,m,m+1}.
We claim that d,,+1d,42 ... = m®. This can be verified by the following observations.

o Ifd,y1 =m — 1, then by using d,, > 0 and (2.3) in Lemma 2.1 it follows that

dny1dniz ... = a(q) = a(p2) = ((m — 1)(m + 1)),

which implies d,, 1o > m + 1.
On the other hand, by using d,,11 =m —1 < M and (2.3) in Lemma 2.1 we obtain

dntadnys. .. < alq) S alpz) = ((m+1)(m — 1))~

Therefore, d,,42 = m + 1.
o If dyi1 =m+ 1, then by using d,, < M and (2.3) in Lemma 2.1 it follows that

dn+1dn+2 e < Oé(Q) < 04(1’2) - ((m + 1)(771 - 1))007

which implies d,, 12 < m — 1.
On the other hand, by using d,+1 = m+ 1 > 0 and (2.3) in Lemma 2.1 it follows
that

dpyodnis ... = a(q) = a(ps) = ((m —1)(m + 1))>.

Therefore, dy,10 =m — 1.

By the above arguments we conclude that if d,,41 = m—1 then (d;) = d1((m—1)(m+
1))°°, and if d;, 1 = m+1 then (d;) = d1((m+1)(m—1))°. This leads to a contradiction
with Lemma 2.1 and (2.3). Therefore,

(dz) = d1m°° with 0<d; <m. (24)

Case (II). n > 1. Since d,—1 = 0, we have by using (2.3) in Lemma 2.1 that d,, €
{1,--- ,m+ 1}. If d,, = m + 1, then by the same arguments as in Case I it follows that

(di) = 0"~ ((m + 1)(m — 1)),

leading to a contradiction with Lemma 2.1 and (2.3). Then 0 < d,, < m < M. In a
similar way as in Case I we conclude that

(d;) = 0" *d,m™ with 0<d, <m. (2.5)

Therefore, by (2.4) and (2.5) we establish the “C” part. O
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Now we turn to the case M = 2m — 1. The following characterization of the set Z/{;
was implicitly given in [11, Proposition 13].

Proposition 2.4. If M = 2m — 1, then for p1 < q < p2 we have

U, ={0>,0°} U U Lj {Oku(m(m — 1)), 0%u((m — 1)m)>}
k=0 u=0
co m—1
v U {oku(m(m 1)), 0Fu((m — 1)m)oo} .
k=0 u=0

Proof. For m = 1 the proposition was established by Glendinning and Sidorov [11]. In
the following we assume m > 2.

The “2” part can be easily verified by using Lemma 2.1 and (2.1). Then it suffices to
prove the “C” part.

Take (d;) € Uy with q € (p1,p2]. By symmetry we assume d; < m — 1. Excluding the
trivial case that (d;) = 0°° let n > 1 be the smallest integer such that d,, > 0. We split
the proof into the following two cases: (I) n =1; (II) n > 1.

Case (I). n = 1. Then 0 < d,, < m — 1. Note by (2.2) and Lemma 2.1 that

a(q) < alp2) = (mm(m —1)(m —1))>. (2.6)

By Lemma 2.1 it follows that d,+1 € {m — 1,m}. We claim that d,,11d,t2 ... equals
(m(m — 1)) or its reflection ((m — 1)m)>.

o If dypy1dnye = (m — 1)(m — 1), then by using d,, > 0 and (2.6) in Lemma 2.1 it
follows that

dn+1dn+2 cee @ = m = ((m - 1)(m - 1)mm)<x37

which implies d,,+3d,4+4 = mm.
On the other hand, by using d,12 =m — 1 < M and (2.6) in Lemma 2.1 we have

dpt3dnta ... < a(q) < alpz) = (mm(m —1)(m — 1))=.

Therefore, d,,+3d,+4 = mm.
o If d,y1dy42 = mm, then by using d,, < M and (2.6) in Lemma 2.1 it follows that

dniidysa. .. < a(q) < alps) = (mm(m — 1)(m — 1)),

which implies d,,13dy14 < (m —1)(m —1).
On the other hand, by using d,,12 =m > 0 and (2.6) in Lemma 2.1 it gives that

dni3dnia. .. = a(q) = alpz) = ((m = 1)(m — Ljmm)*.

Therefore, dy+3dp+a = (m —1)(m —1).
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Hence, by the above arguments it follows that if d,,11d,12 = mm then (d;) =
di(mm(m — 1)(m — 1))*°, and if dy,41dpy2 = (m — 1)(m — 1) then (d;) = di((m —
1)(m — 1)mm)®°. This leads to a contradiction with Lemma 2.1 and (2.6). Therefore,

(d;) =di(m(m —1))* or di((m—1)m)*>, (2.7)

where 0 < d; <m — 1.
Case (II). n > 1. Then by using d,,—1 =0 < M in Lemma 2.1 it follows that

dnadn+1 € {]-a 3m}'

If d,, = m, then d,, > 0, and by using (2.6) in Lemma 2.1 it follows that d,,11 > m — 1.
By the same arguments as in Case I it follows that

(d;) = 0" (m(m — 1)), (2.8)
If 0 < d, <m < M, then by a similar way as in Case (I) we conclude that
(di) = 0", (m(m —1))>* or 0" 'd,((m—1)m)*>, (2.9)

where 0 < d,, < m.
Therefore, by (2.7)—(2.9) we prove the “C” part. O

To find the smallest base of By(M) we still need the following geometrical explanation
of expansions in non-integer bases. For k € {0,1,..., M} and g € (1, M + 1] let

T+ k

fr(z) = .

Then the interval I, s = [0, M/(q — 1)] can be written as
M M
k M k
Ioar = | fellenr) = U {—,7 + —] . (2.10)
o ol ala—1) ¢
Note that ¢ < M + 1. This implies that the subintervals fi (I, ar) and fri1(Ig,0) are
overlapped for each k € {0,1,...,M — 1}.

Take a point z € I, n with a g-expansion (z;(q)), ie., z = > o zi(q)/q". If
S wivi(q)/q" € fri(Igar) N fry(Igar) for some j > 0 and ki < ko2, then x has at
least two g-expansions: one begins with xi(q)---z;(¢)k1, and the other begins with
z1(q) - - - 2;(q)k2. Therefore, a point & € I,y has a unique g-expansion (z;(g)) if and
only if

oo

> 2i+ild) ¢ | fo(Tgan) 0 fro(Igar) for any j > 0.

i
i=1 q k1<ks
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Observe that the fundamental intervals fo(Ig ar), f1(Igar),-- ., far(Igar) are located
from the left to right. fo(I ar) is the most left one, and far(I4 ar) is the most right one.
Then by (2.10) and the definition of p; in (2.1) one can easily verify the following lemma.

Lemma 2.5. Let ¢ > p1. Then fi, (Igar) N fro (Lg00) O frog (Igar) = 0 for any ki < kg < ks.
Clearly, by Lemma 2.5 it follows that for ¢ > p; each x € I, »s belongs to at most two

fundamental intervals of {fi(I;ar) : K =0,...,M}. This is a very useful property which
is helpful to find the smallest base of Ba(M) in the remaining part of the paper.

3. Smallest base of By (M) with M = 2m
In this section we will determine the smallest base go2(M) of By(M) for M = 2m

and will prove the first statement of Theorem 1.1. For ¢ > 1 and an expansion (d;) €
{0,1,..., M} we set

o d;
((di))g =) -
i=1 4
By (2.1) and (2.2) it follows that

m+14++vm2+6m+1
5 )

pr=m+1 and ps=
By Proposition 2.3 and Lemma 2.5 it follows that
z = (100m™),, = (0(m — 1)m>),,
has exactly two ps-expansions, i.e., po € Ba(M). This implies
q2(M) € Bz2(M) N (p1, pa)-
In the following lemma we give a characterization of the set Ba(M) N (p1, pa].
Lemma 3.1. Let M = 2m and q € (p1,p2]. Then q € Bo(M) if and only if q is a root of
(10%um®), = (00ivm™>),, (3.2)
for some k,5=0,1,--- and u,v € {0,--- ,m}.

Proof. First we prove the sufficiency. Take ¢ € (p1,p2]. Suppose that (10*um>), =
(009vm=>), for some k,j =0,1,... and u,v € {0,...,m}. Then

x := (10Fum®), = (00ivm™>),
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has at least two different g-expansions. Let (z;) be a ¢g-expansion of z. Then x; € {0,1}
by Lemma 2.5. When z; = 1, by Proposition 2.3 it yields that gx — 1 = (Okumoo)q has a

unique g-expansion. When z; = 0, by Proposition 2.3 we also have that gz = (0/vm™>),
has a unique g-expansion. Thus x has exactly two different g-expansions, and so ¢ €
Ba(M).

Now we consider the necessity. Take g € (p1,p2] N B2(M). Then there exists € I p
having exactly two different g-expansions (a;) and (b;), i.e.,

((ai))g =z = ((bi))g- (3.3)

Let n > 1 be the least integer such that a,, # b,,. Without loss of generality we assume
an > by. Then by (3.3) it follows that

(an@ni1--+)g = (bubnt1--+)g and  (anti), (bnyi) € U,;.

By Lemma 2.5 we have a,, = b, + 1, and therefore

oo

1 1xb —a b —a 2m
2 _ 2 Z n+k . n+k S n+1 - n+1 + Z =.
q 9.3 q q i—s3 4

This, together with ¢ > p; = m + 1, implies that a,,+1 < b,41. Hence,

(1an+1an+2 .. .)q = (Obn+1bn+2 .. ‘)t]a (34)

where an 1 < bpy1 and (ani), (bnti) € Uy
Now we claim that (a,;) can not be of the form 0/vm>, and (b,4;) can not be of
the form 0Fum™ for any k,j =0,1,...,00 and u,v € {0,1,...,m}.

o If (an44) is of the form 07vm, then by (3.4) it follows that

(Man+1an+2 .. .)q = ((M — l)bn+1bn+2 .. .)q

has at least two g¢-expansions. However, by Proposition 2.3 we know that
(Mayp416n42 .. .)q has a unique g-expansion, leading to a contradiction.
o If (byys) is of the form 0Fum™, then by (3.4) it gives that

(1an+1an+2 N .)q = (Obn+1bn+2 .. .)q

has at least two g-expansions. This also leads to a contradiction, since by Proposi-
tion 2.3 we know that (0b,,4+1bp42 - - )4 should have a unique g-expansion.

Therefore, by (3.4) and Proposition 2.3 it follows that g € (p1, p2] satisfies

(10*um™>), = (00dvm™>),
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for some k,j = 0,1,...,00 and u,v € {0,1,...,m}. So, we will finish the proof by

showing that k,j # co. Since the proof for j # oo is similar, here we only prove k # oc.
Suppose on the contrary that k = oo. Then 1 = ((2m)’/(2m — v)m®>), for some

j=0,1,...,00and v € {0,1,...,m}. By Lemma 2.1 it follows that

a(q) = (2m)? (2m — v)m™.

Then for j = 0 and v = m we have a(q) = m™ = «a(p;), and for any other parameters j
and v we have a(q) = ((m+1)(m —1))> = a(p2). By Lemma 2.1 it follows that ¢ = p;
or q > pa, leading to a contradiction with our hypothesis that ¢ € (p1,p2]. O

Observe that the smallest base go(M) belongs to the interval (pp,ps]. Furthermore,
by Lemma 3.1 to find the smallest base go(M) it suffices to investigate the solutions
of countably many equations as in (3.2). If the parameters k,j,u and v satisfy (3.7)
(see below), then by Lemma 3.3 it follows that Equation (3.2) has a unique root in
(p1,00), 88Y Gk, j,u,- Moreover, we will show in Lemma 3.4 that these bases (gx ju,) are
monotonic w.r.t. the parameters k, j, u and v. This implies that we are able to determine
the smallest base ¢2(M) among them.

First we need to show that these bases g ;o are well-defined. Note that g j ... €
(p1,00) is a zero of the following function

fk,j,u,v(Q) = ((]3 - qz)((lokumoo)q — (OOijOO)q)

_ (3.5)
= —q—2mg+¢*+q " (m—u+ug) + ¢ (m—v+uvg).

Then the uniqueness of g ;. follows by the following lemma which says that the
function fx ;v is monotonic in (pq,00).

Lemma 3.2. Given k,j > 0 and u,v € {0,1,...,m}, the function fx ju. is strictly
increasing in (p1,00).

Proof. Differentiating f j 4., in (3.5) it gives
feguw(@ =—1=2m+2¢+q°" (u — ku+
, jv — Jjm
+q7’ <U—jv+%> .

Since ¢ > p1 = m + 1, we have —1 — 2m + 2¢ > 1. In order to guarantee the positivity

ku — km)

of f,’w%v(q), by symmetry it suffices to prove

ku—km)
- 27

- (3.6)

N~

gk (uku+

for any k > 0 and u € {0,...,m}.
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Clearly, the inequality (3.6) holds for £ = 0 or 1. For £ > 2 we deduce by using
q > p1 = m+ 1 that

k
1-k+-<1-k+
q m+1

and therefore

q_k(u—ku—‘rM):—k—m—i—ﬁk(l—k—i—E)

q gkt g q
km m k
Z TR T gk (1_k+_>
q
~m(l—k) 11—k 1
- qk qkfl = 9

where the last inequality follows by 2(k — 1) < 2¥=! < ¢*~! for any k > 2. This estab-
lishes (3.6). O

By Lemma 3.2 it follows that the function f_ ;.. has at most one zero in (p;,00). In
the following lemma we characterize the parameters k, j, v and v such that the function
f#,ju,w indeed has a unique zero in (p1,00).

Lemma 3.3. The equation fi ju.(q) =0 has a unique root in (p1,00) if and only if the
parameters k, j,u and v satisfy

. u—+1 v+1
k,j >0, wu,ve{0,1,...,m}, and (m+1)’€+1+(m+1)j+1<1' (3.7)

Proof. By Lemma 3.2 and the continuity of fi ;.. it follows that the equation
frju0(¢) =0 has a unique root in (p1, 00) if and only if

frjuw(p1) <O0.

Observe by using (3.1) in (3.5) that

frjuo() =m(m+1) ( u+1 v+1 )

(m+ 1)k T (m 1)+
This prove the lemma. O
Lemma 3.3 implies that if the parameters k, j,u and v satisfy (3.7) then the root

Qk,ju0 € (p1,00) is well-defined. In the following lemma we will investigate the mono-
tonicity of the bases (¢k,ju,») W.I.t. these parameters k, j,u and v.
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Lemma 3.4.

(1). The sequence (qx j.u,v) is strictly increasing w.r.t. the parameters k and j;
(2). The sequence (qk, j.u,v) is strictly decreasing w.r.t. the parameters u and v.

Proof. First we prove (1). Since the proof for j is analogous, we only give the proof for
the parameter k.
Fix j > 0 and u,v € {0,1,--- ,m}. We write ¢x = qx,ju. Then by (3.5) we have

Frtt g (Qhe1) = —Qre1 — 2MGes1 + digq + Q;;’ffl(m — U+ Q1)
+ @51 (M — v + qeav)
< = Qi1 — 2MQs1 + Gy + Q;Zfl(m — U+ Qry1u)
+ g5l (M — v + qeav)
= fk:,j,u,v(qk:+1)a
where the strict inequality holds since m — u + gqryiu > 0. This, together with
Fet1,5,u0(@k+1) = 0 = fi ju,v(qk), implies that

Tr g (@r) < frjuo(Qert)-

Therefore, by Lemma 3.2 it follows that g < qg+t1-

Now we turn to prove (2). The proof for v is similar. Here we only give the proof
for the parameter u. Fix k,j > 0 and v € {0,1,...,m}. For simplicity we denote by
Qu = Qk,j,u,v- Then by (3.5) it follows that

Frgust,0(@ui1) = —Gur1 — 2MGuit + Gogy + @ tr (m — (W +1) + qusr(u+ 1))

+ Qi1 (m = v + qui1v)

\%

—Qui1 — 2MGui1 + Gogq + q;fl(m — U+ Quy1u)
+ @yl (M — v+ quiav)

= frgu(Qu+1)-

Observe that fijuti,0(qusi) = 0 = frjuw(qe). This implies that fi juo(qu) >
fr.juw(@usr). By Lemma 3.2 we conclude that ¢, > quy1. O

Now we investigate the set Bo2(M) N (p1,p2], and determine the smallest base g2 (M)
for M = 2m.

Proposition 3.5. Let M = 2m. Then

Bo(M) N (p1,p2] = {q1,0um—1 :u=0,1,--- ,m—1}.
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Furthermore, the smallest base of Ba(M) is

m+14++vVm2+2m+5
5 )

(M) = q10m—1,m—1=
Proof. By Lemma 3.1 it suffices to investigate the parameters k, j, u and v such that

J4! < qk,j,u,v S D2

By Lemmas 3.2, 3.3 and by (3.5) it follows that gy ;... € B2(M) N (p1,pe] if and only if
the parameters k, j, u and v satisfy

fk,j,u,v(pl) < 07 fk,j,u,v(pQ) Z 0,
which is equivalent to that the parameters k, j,u and v satisfy (3.7) and

m—uk+up2+m—vﬂ—vp220. (3.8)
J
b2 V%)

m(l —p2) +

Note by (3.5) that fi ju0(¢) = fjkvu(q). Then we may assume k > j.
If m = 1, then by (3.5) and Lemma 3.4 one can verify that gx ju,. € (p1,p2] if and
only if

(k7j? u’ U) e {(27 ]‘? ]" 1)’ (27 0? 17 0)7 (]'7 17 15 0)7 (]" 17 0’ 1)7 (17 07 0’ 0)} *
Note that ¢2.1,1,1 = ¢2,0,1,0 = ¢1,1,1,0 = 91,1,0,1 = ¢1,0,00 = 1 + v/2. Therefore,
By N (p1,p2] = {1 + \/5}
In the following we will assume m > 2. First we show that j = 0. Note by (3.5) that
q1,1,m,m = 2m > pa.

Then by Lemma 3.4 we have j = 0 as required. So, by (3.7) we have v < m—1. Moreover,
one can check that ¢2,0.m,m—1 = p2. By Lemma 3.4 this implies that ¢2,0,4,m—1 > p2 for
u < m, and that gi,0,u,m—1 > p2 for k > 3. Note that ¢1,0,0m—1 = p2. Hence, it suffices
to consider k < 1.

If k= j =0, then by (3.5) we have

q0,0,u,v = 2m —u — v,

which can not fall into the interval (p1, ps], since by (3.1) we have

m+1++/(m+1)2+4m
5 <m-+2.

m+1=p <py=
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If k=1, =0, then by (3.5) we have

2m — v+ +/(2m —v)2 + 4(m — u)
5 .

q1,0,u,0 =

Furthermore, one can check that ¢1 0,40 € (p1,p2] if and only if v =m —1and 0 <u <
m — 1.
Hence, by Lemma 3.4 it follows that

m+14+vVm2+2m+5

q2(2m) = q1,0,m-1,m-1 = 5

4. Smallest base of Bz (M) with M =2m — 1

In this section we are going to investigate the smallest base g2(M) of Ba(M) for
M = 2m — 1, and prove the second statement of Theorem 1.1. The idea is similar to the
case for M = 2m as in Section 3. But here we need more effort for the reason that the
unique expansions described in Proposition 2.4 for M = 2m — 1 are more complicated
than those in Proposition 2.3 for M = 2m.

Let M = 2m — 1. Recall from (2.1) and (2.2) that

m+vm? +4m
p = DAVt am (4.1)
2
and ps € (p1,00) satisfies
p3 = (m+1)p3 — p2 +m. (4.2)

By Proposition 2.4 and Lemma 2.5 it follows that the number

(10*((m — 1)m)*)p, = (0(m — 1)((m — 1)m)*>),,

has exactly two po-expansions, i.e., po € Bo(M). This implies that go(M) € Ba(M) N

(p1,p2]-
Similar to Lemma 3.1 we characterize the set B2(M) N (p1,p2] for M = 2m — 1.

Lemma 4.1. Let M =2m — 1 and q € (p1,p2]. Then q € Bo(M) if and only if q satisfies
one of the following equations:

(10" uy (m(m = 1))®)g = (007101 (m(m — 1))>), (4.3)
(10%2us((m — 1)m)>)q = (0072 05((m — 1)m)>), (4.4)
(10" ug(m(m — 1))>)q = (005 v3((m — 1)m)>), (4.5)
(10" ug((m — 1)m)>), = (007204 (m(m — 1))®), (4.6)

for some parameters k;,j; =0,1,---, and u;,v; € {0,1,--- ;m — 1}, where i = 1,2,3,4.
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Proof. The sufficiency follows by Proposition 2.4 and Lemma 2.5. In the following we
prove the necessity.

Take g € (p1,p2] N Ba(M). Then there exists € I,z having exactly two different
g-expansions (a;) and (b;), i.e.,

((@i))q = & = ((b:))q- (4.7)

Let n > 1 be the least integer such that a, # b,. Without loss of generality we assume
apn > b,. Then by (4.7) it follows that

(anan+1-+)g = (bnbng1-+)g and  (an+i), (bnti) € Ué
By Lemma 2.5 we have a,, = b, + 1, and therefore
1= (bpt1bpta--- )q — (@ng1ng2- - )q (4.8)

where (an14), (bnti) € Uy,

Now we claim that (a,+;) can be neither of the form 07v(m(m — 1)) nor of the form
07v((m — 1)m)*>, and (b,,4;) can be neither of the form 0*u(m(m —1))* nor of the form
0Fu((m — 1)m)>, where k,j = 0,1,2,--- ,00 and u,v € {0,1,--- ,m — 1}.

o If (anyi) is of the form 0Jv(m(m — 1))>° or 0Jv((m — 1)m)>® with j = 0,1,--- ,00
and v € {0,1,--- ,m — 1}, then by (4.8) and (2.1) it follows that

L= (bny1bns2 - )g — (@n41ant2-+)g < ((2m —1)%) — ((m(m —1))>),
< ((m(m - 1))00);01 = 11
leading to a contradiction.

o If (b,4;) is of the form 0Fu(m(m — 1)) or 0Fu((m — 1)m)> with k = 0,1,--- ,00
and u € {0,1,---,m — 1}, then by (4.8) and (2.1) it follows that

1= (bpt1bniz)g = (@nt1ant2 - )q < ((M(m = 1)),
< ((m(m - 1))Oo)p1 = ]-7
again leading to a contradiction.

Therefore, by Proposition 2.4 it follows that (a,;) is of the form

0% u(m(m — 1)) or 0*u((m —1)m)>,

and (by;) is of the form 07v(m(m — 1)) or 07v((m — 1)m)>°, where k,j = 0,1,--+ , 00
and u,v € {0,1,---,m — 1}. Hence, to finish the proof it suffices to prove k,j # oc.
Since the proof for j # oo is similar, we only prove k # co.
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Suppose on the contrary that k& = co. Then (an4;) = 0. Note that (by4;) is of
the form 07v(m(m —1))> or 0v((m —1)m)>® with j = 0,1,--- ;00 and v € {0,1,
-+ ,m — 1}. Then by (4.8) and Lemma 2.1 it follows that

04(‘]) =bpy1bpyo- - .

This implies that

a(g) s (m(m —1))* =alp1) or alg) = (mm(m —1)(m —1))* = a(pz).

Then by Lemma 2.1 we have ¢ ¢ (p1, p2], leading to a contradiction with the hypothesis
that ¢ € (p1,p2]. O

Remark 4.2. We point out that (4.5) and (4.6) are equivalent. In fact, if ¢ is a root of
(4.5) for some ks, j3 > 0 and uz, vz € {0,1,--- ,;m — 1}, then by reflection we have

(1072 w3((m — 1)m)>)q = (00%auz(m(m — 1))>),.
This corresponds to (4.6) with (ky, j4, uqa,v4) = (43, k3, v3,u3).
By Lemma 4.1 and Remark 4.2 to find the smallest base go(M) for M = 2m — 1 it
suffices to investigate the appropriate roots of Equations (4.3)—(4.5). In a similar way as
in Section 3 we will show that these roots also have the monotonicity. This allows us to

determine the smallest base ga2(M). In this direction we split the proof into the following
three subsections according to Equations (4.3)—(4.5).

4.1. Solutions of Equation (4.3)

Given k,j > 0 and 0 < u,v < m—1, in terms of Equation (4.3) we define the function

9o (@) = (¢ — @) (10" u(m(m — 1)), — (007u(m(m — 1))%),)
= (q+1)(g—2m) +¢ " (m =1 —u+mg+ug’) (4.9)
+q7 7 m =1 —v+mg+ ).

By Lemma 4.1 we only need to consider the zeros of g,(:]). w0 (p1,00). In the following
(1)

ko 18 monotonic.

lemma we show that the function g

1)

k,jyu,v

Lemma 4.3. For any k,j > 0 and u,v € {0,1,--- ;m — 1} the function g
increasing in (py,00).

is strictly
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Proof. In terms of (4.9) and by symmetry it suffices to prove that

q+1)(g—2m Ck—
() = CEZ2 o1 g+ ug?)
has a positive derivative in (p;,o0) for any k > 0 and v € {0,1,--- ,m — 1}. Differenti-

ating Ay, it yields that

1 L (k+1
;f,u(Q)_q_m+§+qu< ¢ +1_k)
(4.10)

m—1 km
. )
( ) 7 .

Then by using ¢ > p; and p? = mp; +m in (4.10) one can show that h;c’u(q) > 0 for
k=0,1and 2.

If k > 3, then by using ¢ > p; we have (k+1)/¢*> + 1 — k < 0. Moreover, one can
show that the function

o) =7 (2 m = )0~ 1)

satisfies ¢(k + 1) < ¢p(k) for any k > 2. Therefore, by using ¢ > p; and p? = mp; +m in
(4.10) it follows that

ol 2 a=mt g =t (2 - 1)

1 2m
>q— S g2 -1
>q m+2 q <q + (m )>
S +1 m—1 2m
>pp-—-m+-—- —— - —

2 p? Pt

-3 13
=p; §p1+p1—m > 0. O

1)

Lemma 4.3 implies that the function g 7,

has at most one zero in (p1,0). In the
(1)

ko 125 2

following lemma we characterize those parameters k, j,u and v such that g
(unique) zero in (p1, 00).

1)

k,j,u,v
parameters k, j,u and v satisfy

Lemma 4.4. The equation g (¢) = 0 has a unique root in (p1,00) if and only if the

1 1
k,j>0, wuwve{0,1,....m—1} and u+k+v—|—

mpy mp{

<1. (4.11)
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Proof. By Lemma 4.3 and the continuity of g,ilj). wo it follows that the equation

g,(clj)-vu ,(¢) = 0 has a unique root in (p;,00) if and only if

g;g;,u,v(pl) <0.

Note by using p? = mp; +m in (4.9) that

p1—1 u+1 v+1
ggj)-,w(m): o (—1+ + )

This establishes the lemma. O

By Lemma 4.4 it follows that if the parameters k, j,u and v satisfy (4.11) then the
(1)

k.jyu,v
one can verify the following monotonicity of the sequence (g

Equation (4.3) has a unique root in (p;, ), say ¢ In a similar way as in Lemma 3.4
(1) )
k,ju,v/

Lemma 4.5.

(1). The sequence (q ) is strictly increasing w.r.t. the parameters k and j;

(1)
k,j,u,v
(2). The sequence (q,gl;uv) is strictly decreasing w.r.t. the parameters u and v.

In the following lemma we show that no bases in (p1, p2]NB2 (M) satisfy Equation (4.3).
Lemma 4.6. Let M = 2m — 1. Then Equation (4.3) has no solutions in (p1,p2).

Proof. By Lemmas 4.3 and 4.4 it suffices to prove that no parameters (k, j, u, v) satisfy
both (4.11) and g,(i}u’y(pz) > 0. Note by (4.9) that g,(clj)uv(q) = ](lk)vu(q) Then we may
assume that k > j. Therefore, the lemma follows by observing the following three cases.

Case I. k > j > 1. Then by Lemma 4.5 it suffices to prove

(1)
41,1,m-1,m—-1 > P2,

or equivalently, g§,11),m71,m71(p2) < 0. This follows by using (4.2) in (4.9) that
1 _
911 (p2) = 27" (p2® = (2m — 1)pa” — 2pa + 2m)
<pa ' ((2—m)p2® — 2(p2 — m)) < 0.

Case II. k > j = 0. Then by Lemma 4.5 it suffices to prove that ql(c%g,mfl,mfl < p; for

all k> 1, and q&%,m—zm—l = qi,l&m_Lm_Q > po. By (4.9) and (4.1) one can show that
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(1)

gk,O,m—l,m—l(pl) = D

m m—1
—]f“r—k_l > 0.

By Lemma 4.3 this implies qlgl()) me1me1 < P1.

Moreover, by using (4.2) in (4.9) it follows that

(1) (1+m—p2)(p3 —1)

1
91.0,m—1,m—2(P2) = g§73,m—2,m—1<p2) =- <O0.
Y2
Therefore, qs&m_z)m_l > pa.
Case III. k = j = 0. Then by (4.9) it follows that
(1) 2m—u—v—2 /(2m—u—v)?—4
qo,O,u,v = 2 + 2 .

By using (4.1) and (4.2) one can show that qg&um ¢ (p1,p2] for any u,v € {0,1,

—o,m—1}. O
4.2. Solutions of Equation (4.4)

In this subsection we consider possible roots in (p1,00) of Equation (4.4). Clearly,
these roots are also the zeros of the function

9 (@) = (@° = @) (0% u((m — 1)m)>), — (007u((m — L)m)),)
= (g+1)(g—2m)+q¢ " (m—q—u+mq+ug® (4.12)
+q 7 m — g — v +mq +vg?).

()

b jou v Hence the func-

Similar to Lemmas 4.3-4.5 we can show analogous results for g

(2) (2)

b ko juw € (p1,00) if the parameters k, j,u and v satisfy

tion g has a unique zero ¢

upr +u+p1  vp1+v+p1
k+2 | +2
Pt P’

< 1.

k,j>0, wuve{0,1,....,m—1} and

In the following lemma we describe those bases ¢\2) . in By (M) N (p1,p2]-

Ko
Lemma 4.7. Let M = 2m — 1. Then q,(fj)uv € (p1,p2] N B2(M) if and only if
ke{2,3}, j=0, uvwe{0,1,---,m—1} and v=m—1,
or symmetrically,

k=0, je{2,3}, u=m—-1 and ve{0,1,...,m—1}.
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Proof. The proof is similar to Lemma 4.6. Note that g,(fj).vu v = 93('21@),11 »+ Then q,(fj). wy =
(2

4 ko By symmetry we may assume k > j.
First we show that j = 0. By the monotonicity it suffices to prove q§?1)7m—17m—1 > po.

This can be verified by using (4.2) in (4.12) that

9 e tm1(02) = p272((2 — m)p2® — 3pa(pz — m) — 2(p2 — 1)) < 0.

Then q§,21),m71,m71 > po. Hence, j = 0 as required.

Now we claim that k < 3. Then it suffices to prove qf&m_lym_l > po. By using (4.2)
in (4.12) it follows that

1—
22 <.
D

2
gft,O),m—l,m—l (p2) =

Then qf&mflymfl > po, and therefore k < 3.
Moreover, we claim that k ¢ {0,1}. By (4.12) it follows that

) 2m—u—v—2  /(2m—u—v—2)2+402m —u—v)
q0,0,u,v = + )
2 2
and
(2) 2m—v—1 /(2m—v—1)2+4(m —u)
ql,O,u,v = 2 + 9 .

By (4.1) and (4.2) one can verify that

2 2
09 & 1,02), 4000 & (01,12]

for any u,v € {0,1,--- ,m — 1}.

Therefore, k € {2,3} and j = 0. By (4.1), (4.2) and (4.12) it follows that qgg’u’v €
(p1, p2) if and only if v = m — 1. Furthermore, one can show that qé?&um € (p1,p2] if and
onlyifv=m-—1. O

4.8. Solutions of Equation (4.5)

In this subsection we consider the possible roots in (p1,00) of Equation (4.5). Given
k,7>1and 0 <wu,v <m, by Lemma 4.1 it suffices to consider the zeros of the function

92 1o (@) = (¢ = ) ((10%u(m(m — 1)), — (0076((m — Dm)=),)
= (g+1)(g—2m) + ¢ ¥ (m —1 —u+mq+ug®) (4.13)
+q’j’1(m —q—v +mq+vq2).
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Similar to Lemmas 4.3-4.5, one can prove analogous results for g,i j) w

. 3 . 3
tion g,(C J)uv has a unique zero q,({,]).%v

Hence, the func-

K’ in (p1,00), if the parameters k, j,u and v satisfy
u—+1 n vpr +p1+ o

k,7>0, wuve{0,1,....,m—1} and ,
mpf P

<1

By using the monotonicity we determine the bases (q,(fgj). wo) i B2 (M) N (p1,p2)-

Lemma 4.8. Let M = 2m — 1. Then q,(f])uv € (p1,p2] N B2(M) if and only if
k=2 j=0, we{0,1,---,m—2}, v=m-—1,

or
k=3, j=0, uwe{0,1,---,m—1}, v=m-—1,

or (k,j,u,v) = (4,0,m —1,m —1).

Proof. First we show that either ¥ = 0 or j = 0. Then it suffices to prove

qﬁ{m_l’m_l > po. By using (4.2) in (4.13) it follows that

9 o tme1(P2) = p32((2 — m)p3 — 3(p3 — mp2) — (p2 — 1)) < 0.

Hence, we have either k =0 or 5 = 0.

Now we claim k # 0. Suppose on the contrary that k& = 0. Then qé?uw € (p1,po] if

and only if

3 3
93,},u,v(p1) <0, gé,f,u,v(pz) > 0. (4.14)

By using (4.1) and (4.2) in (4.13) one can verify that no parameters j, u, v satisfy (4.14).
Therefore, k > j = 0.
Finally, by using (4.1) and (4.2) in (4.13) it follows that q,(f()) wo € (p1,p2] if and only
if
s .7:03 U’E{Ovla'”am72}7 U:m717
or
k=3, j=0, uwe{0,1,---,m—-1}, v=m-—1,

or

(kﬂjau7v):(4707m_1,m—l). O



122 D. Kong et al. / Journal of Number Theory 173 (2017) 100-128

Now by Lemmas 4.6-4.8 we give a complete description of the set By(M) N (p1, pa] for

M =2m — 1, and determine the smallest base g2(M) of Ba(M).

Proposition 4.9. Let M = 2m — 1. Then

3 m—1 m—2
(plapﬂ N BQ(M) = U ( U {ql(j()J,u,mfl} U U {ql(cz,&()hu,ml}) '
k=2 u=0 u=0

Furthermore, the smallest base qa(M) of Bo(M) is

2
q2(M) = qé,g,m—l,m—l’

the unique root in (p1,p2] of x* = (m — 1)a® + 2ma? + mx + 1.

Proof. Note by (4.12) and (4.13) that g,fgl’o’m_lvm_l = g,(j()),mm_l for any k > 0. Then

(3) _ (2
Qk4+1,0m—1,m—-1 — 9%,0,0,m—1"

Hence, by Lemmas 4.6-4.8 it follows that

(p1,p2] N B2(M) = O (Dl {ql(j()),u,mfl} U mL_JZ {ql(j()),u,m1}> .
0

k=2 \u=0 u=

Now we consider the smallest base g2(M). By the monotonicity it suffices to compare

2 3
§:= qé,(%,m—l,m—l and t:= qé,g,m—Q,m—l'
Note by (4.12) and (4.13) that
B0 m—g,m1 () = (t+ 1)t = 2m) ++73(1+mt + (m - 2)¢?)

+t7 1+ (m—1)(#* +1))

<@E+1D)(E—2m)+t (1 + (m— 1) +1))
+t7 1+ (m— 1) +1))

(2) (t).

= 92,0,m—1,m—1

(2 (s), implies that

(3)
2,00m—1,m—1

This, together with 92,30,m72,m71(t) =0=g

2 )
92,0,m—1,m—1(5) < gQ,O,m—l,m—l(t)'
By the monotonicity of the function gé,zg,mq,mq it yields that qf&mfl’mfl

(3)
42.0,m—2,m—1-

<
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Hence, ¢2(M) = qézg m—1,m—1 18 the unique root in (p1, ps] of the equation
2t = (m — 1)z + 2ma? + ma + 1. O

Recall from [17] that an algebraical integer greater than one is called a Pisot number
if all of its Galois conjugates are strictly less than 1 in modulus. Accordingly, a Salem
number is an algebraic integer larger than one such that all of its Galois conjugates in
modulus do not exceed one, and at least one of its Galois conjugates indeed has modulus
one. Moreover, a Perron number is an algebraic integer greater than one such that all of
its Galois conjugates are strictly less than itself.

In the following proposition we investigate the asymptotic and algebraic properties of

qg2(M).
Proposition 4.10.

n}gnoor(Qm) =1 and n}gnwr(Zm -1)= 3
e g2(2m) is a Pisot number for any m € N.
o g2(2m — 1) is a Perron number for any m € N. Furthermore, g2(2m — 1) is neither
a Pisot nor a Salem number.

Proof. When M = 2m, by Proposition 3.5 it follows that

m+1+vVm2+2m+5

¢2(2m) = 5

Therefore, lim,, (q2(2m) — m) = 1. Moreover, it is easy to check that ¢2(2m) is a
Pisot number.

Now we consider M = 2m — 1. First we prove the asymptotic result. By Theorem 4.9
it follows that ga = g2(2m — 1) satisfies the following equation

2m 1
p=m—-1+— 40— (4.15)
q2 q3 QQ

Observe that g2 < 2m. Then by (4.15) it follows that

2m 1
14+ = — 4.1
g2 >m + + 4m2 m—+ i (4.16)

On the other hand, note that g3 > p; > m. Then by (4.15) we have

2m m 1 2
g <m-—1+—+ —2+—<m+1+—
m
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This together with (4.16) implies that

. ¢@@2m-1) 1
hm —_— = —.
m—oo 2m — 1 2

Hence, by (4.15) we obtain

lim <q2(2m -1) -

m—r oo

2m — 1) 3
2 2
In the following we will prove that ga(2m — 1) is a Perron number. Observe that
g2 = q2(2m — 1) is a zero in (p1, po] of the function

f(z) :=2* — (m —1)a® - 2ma® — ma — 1.

Moreover, one could verify that f is strictly increasing in (pi,00). This implies that go
is the largest positive zero of the function f.
On the other hand, observe that f is the characteristic polynomial of the matrix

0 1 0 0
e 0 0 1 0

0 O 0 1

1 m 2m—-1 m-—1

Clearly, A is a nonnegative integral matrix. Moreover, the matrix A is irreducible. Note
that ¢o is the largest positive zero of the characteristic polynomial f of A. By Perron—
Frobenius Theorem it follows that all of its Galois conjugates having modulus strictly
smaller than g (cf. [17, Theorem 4.2.3]). This implies that ¢o is a Perron number.

Finally, we show that ¢o is neither a Pisot nor a Salem number. Observe that f is
the minimal polynomial for go. Moreover, one could verify that f(—1) = —1 < 0 and
f(=2) = 2m + 7 > 0. This implies that f has a zero in (—2,—1), i.e., g2 has a Galois
conjugate strictly larger than one in modulus. Therefore, g3(2m — 1) is neither a Pisot
nor a Salem number. O

Proof of Theorem 1.1. The theorem immediately follows by Propositions 3.5, 4.9
and 4.10. O

5. Proof of Theorem 1.2 and final remarks

In this section we will prove Theorem 1.2, and show that for M = 2 the smallest base
g2 = q2(2) of By(2) is also the smallest base of By (2) for any k € N.
Recall from Section 2 that Iy, 2 = [0,2/(¢2 — 1)] and the fundamental intervals

k ok 2
— =+

Io)= |, 2p — 2
felTan.2) @ @ qee—1)

. k=0,1,2.
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Then the switch region Sg, is defined by

2
Sl]'z = U fk—l([(h,?) N fk([(h,?)
k=1 (5.1)

B [ 1 2 } g [2 1 N 2
g2 q2(q2 — 1) a2 ¢ q@e-1)]
Proof of Theorem 1.2. Let M = 2. Note that g2 = ¢2(2) = 1 ++/2 € (2,3). Then almost
every © € Iy, o has a continuum of different g;-expansions w.r.t. the alphabet {0,1,2}
(cf. [20,5]). This yields that gz € Baox, (2).

Now we prove gz € By, (2). By Theorem 1.1 it gives that go satisfies g3 = 2¢2 + 1.
This implies that «(g2) = (20)°°. Then

o(q2) < @i1(q2)ita(ge2) - < agz) forall i >0.
By [14, Theorem 2.6] it follows that x = 1 € I, » has countably many gs-expansions:
(200, and (20)%210%, (20)¥12* for all k > 0.

This establishes g2 € By, (2).
Finally, we will prove ¢a € Bj(2) for all £ > 1. This can be verified inductively by
showing that the number

zp = (1(00)F711%),,

has exactly k different gs-expansions. If k& = 1, then by Proposition 2.3 it follows that
x1 = (1°°),, has a unique g-expansion.

Now suppose that x) has exactly k different go-expansions. Note that ¢3 = 2¢2 + 1,
ie., (10%)4, = (0210%°),,. This implies

zer = (100)41%),, = (021(00)*11%),. (5.2)
By Proposition 2.3 it follows that (00)*1° € U},. Moreover, note that

1100 2 1 1 2 1 1 2
(21(00) 1 )qz—q—2+g —qgk(QQ—l)>£+CI_§_(]—2+7QQ(QQ—1).

Then by (5.1) this implies (21(00)*711>),, ¢ S,,. By induction it follows that
(21(00)k~11°°),, has exactly k different go-expansions. Hence, by (5.2) and Lemma 2.5 it
follows that 11 has exactly k + 1 different go-expansions. This implies that g € By (2)
for any k > 1. Therefore, inf By (2) < go for any k > 1.

On the other hand, take ¢ € Bj(2) with £ > 2. Then there exists « € I, 5 having
exactly k different g-expansions. By Lemma 2.5 and an affine transformation of z it
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follows that there exists y € I, having precisely two different g-expansions. Thus, ¢ > ¢o
for any k > 2. This implies infy>o Bk (2) > go.
Hence, we conclude that g = min By (2) for any k£ > 2. O

We mention that the proof of Theorem 1.2 does not work for M = 2m with m > 1,
since for large M we have more subintervals in the switch region as in (5.1) which makes
the problem more involved.

At the end of this section we consider some questions on multiple expansions with
multiple digits. The following theorem summarizes some results for By (M) with M =1
obtained in [21,4,3,22].

Theorem 5.1.

(a) The smallest element of Ba(1) is qo(1) ~ 1.71064, the largest positive root of x* =
222+ + 1.

(b) The smallest element of Bi(1) for k > 3 is qi(1) ~ 1.75488, the largest positive root
of 22 =222 —x + 1.

(c) The second smallest element of By, (1) is qn,(1) = 1.64541, the largest positive Toot
of b =2t + 23 + 222+ + 1.

(d) g2(1) € Bi(1) N Ba(1) N Bayxo (1) and go(1) ¢ By, (1) U ULz Br(1).

In terms of Theorem 5.1 (d) it seems that the result holds true for any M = 2m — 1.
Moreover, by Theorem 1.2 one may expect that the result holds true for any M = 2m.
However, our method does not work for larger M = 2m. Thus we list the following
questions:

Q1. Does Theorem 5.1 (d) holds for all M = 2m — 17
Q2. Does Theorem 1.2 holds for all M = 2m?

In terms of Theorem 5.1 (a)—(b) and Theorem 1.2 we have accurate formulae for
the smallest bases qx (1), qx(2) for k = 2,3,.... Moreover, by Theorem 1.1 we have an
accurate formula for the smallest base go(M) for all M > 1. For k > 3 we denote by

qr(M) = inf By (M).

Q3. What is ¢x (M) for k > 3 and M > 3?
Q4. Is it true that gp(M) € Bx(M) for any k > 3 and M > 37

By Lemma 2.2 we know that the smallest base of Byx,(M) is the generalized golden
ratio p1 (M). Moreover, for M = 1 the second smallest base of By, (1) was determined in
Theorem 5.1 (c). Denote by

qx, (M) = inf(By, (M) \ {p1(M)}).
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Q5. What is gx, (M) for any M > 27
Q6. Does gx, (M) belong to By, (M) for any M > 27

Let By,,1(M) be the set of bases ¢ € (1, M + 1] such that 1 has countably many
g-expansions w.r.t. the alphabet {0, 1, ..., M }. Note from [10] that the generalized golden
ratio pi (M) is the smallest base of By, 1(M). Recently, the third author and her coau-
thors [23] considered M = 1 and determined the second smallest base gy, 1(1) ~ 1.68042
of By,,1(1). For M > 2 set

@Ro,1 (M) = inf(By,,1 (M) \ {p1(M)}).

Q7. What is gn,,1 (M) for M > 27
Q8. Is it true that gn,1(M) € By, 1(M) for all M > 27
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