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In this paper we consider a general class £ of self-similar sets
with complete overlaps. Given a self-similar iterated function
system ® = (E,{fi}!™,) € € on the real line, for each point
x € E we can find a sequence (i) = d1ia... € {1,...,m}V,
called a coding of x, such that

= lim f; 0 fi, 0---0 fi,(0).
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For & = 1,2,...,8 or 2" we investigate the subset
U (P) which consists of all € FE having precisely k
different codings. Among several equivalent characterizations
we show that U;(P) is closed if and only if Uy, (P) is
an empty set. Furthermore, we give explicit formulae for
the Hausdorfl dimension of Ux(®), and show that the
corresponding Hausdorff measure of Uy (®) is always infinite
for any k > 2. Finally, we explicitly calculate the local
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dimension of the self-similar measure at each point in Uy (P)

and Uy, (D).

© 2020 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Given 3 € (1, 2], for each z € Iz :=[0,1/(8 — 1)] there exists a sequence (d;) of zeros
and ones such that

and the sequence (d;) is called a f3-ezpansion of x. Non-integer base expansions of reals,
as a natural extension of dyadic expansions, were pioneered by Rényi [30] and Parry [28].
In 1990s Erdés et al. [10-12] discovered that for each k = 1,2, --- or Rg there exist a base
B € (1,2) and a number z € Iz such that x has exactly k different S-expansions. This
turns out to be very different from the dyadic expansions, where each x € I5 has a unique
dyadic expansion excluding countably many exceptions. After the exciting discovery of
Erdés and his collaborators there was a great interest in the study of non-integer base
expansions. By using ergodic theorem Sidorov showed in [31] that for 5 € (1,2) Lebesgue
almost every x € Iz has a continuum of S-expansions (see also, [3]). In the past 30 years
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there has been a great progress on non-integer base expansions, especially on unique
B-expansions (see example, [1,6,15,22]). For finite -expansions, very little is known (see
[2,21,32]). This motivates us to study the multiple expansions (codings) in a fractal
setting. For more information on non-integer base expansions we refer the reader to the
survey paper [20] and the survey chapter [7].

In this paper we consider multiple expansions for self-similar sets with overlaps. For
1<i<mlet f;() be a similitude on R defined by

filz) =riz+ by,

where r; € (0,1) and b; € R. Then there exists a unique non-empty compact set EC R
satisfying (cf. [17])

In this case, the couple ® = (E, {f;}7,) is called a self-similar iterated function system
(SIFS), and the compact set E is called a self-similar set generated by {f;}7;.

Now we introduce a class € of SIFS ® = (E,{f;}/™,) on R which will be our object
throughout the paper. Denote by I = [a, b] the convex hull of the self-similar set E. We
say that ® € £ if it satisfies the following conditions (A)—(D).

(A) a = fi(a) < fala) < -+ < fm(a) < frm(b) = 0.
(B) fi()N fiz2(I) =0 for any i € {1,...,m — 2}.
(C) There exist 4,5 € {1,--+ ,m — 1} such that

fiD) N fi(D#D and - f3(1) N fi41(1)=0.

(D) If fi(I) N fix1(I) # 0, then there exist positive integers u; and v; such that

[ilD) N firr(I) = fimei (I) = fig1y1e: (1),

where f;,...;, (*) := fi, 0+ -0 fi, (-) denotes the compositions of the maps f;,, ..., fi,.

The intervals f;(I),i = 1,--- ,m are called the basic intervals of ® = (E, {f;}/*,). Then
by Conditions (A)—(D) it follows that m > 3, and the basic intervals are located from left
to right in the following way (see, e.g., Fig. 1). The most left one is f;(I), and the second
one is fo(I), and the most right one is f,,,(I). Furthermore, there exist two neighboring
basic intervals having a non-empty intersection, and there also exist two neighboring
basic intervals having an empty intersection. But any three basic intervals must have
an empty intersection. By Condition (D) it follows that any basic interval cannot be
included in another basic interval, and the intersection of basic intervals cannot be a
singleton.
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f2(I) fa(I)
fi(I) f3(I)

Fig. 1. The basic intervals f1(I), f2(I), f3(I) and f4(I) with I = [0, 1], and the maps f;,1 < ¢ < 4 are
defined as in (1.3) with 8 =4, M = 1, N = 2. Then fi(I) N fo(I) = f1a(I) = fa1(I) and f3(I) N fa(I) =
Fsa4(I) = fa11(I). So the SIFS ® = (E, {fi}’_,) € €. Then dimp Uy (®) = dimp Uy (P) ~ 0.0943436 and
dim g Ugx, (P) = dimpyg E ~ 0.934164. See Example 1.4 for more explanations.

Here we mention that Condition (D) is always associated with the complete over-
lap condition (cf. [16]). This class of complete overlapping SIFSs has been studied
by many people from different aspects. Ngai and Wang [26] calculated the Hausdorff
dimension of the overlapping self-similar sets. Rao and Wen [29] considered the topol-

ogy of a special class of overlapping self-similar sets Ey generated by fi(z) = %,
fo(z) = £ and fi3(z) = Z£2, where A € [0,1]. In particular, they determined for

which rational numbers A the self-similar set E) contains interior points (Kenyon [19]
proved a similar result). The generating IFSs for E) was recently investigated by Da-
jani et al. [5]. Let ® = (E,{f;}/*,) € £. Then for any x € E there exists a sequence
(d;) = dydy -+ € {1,2,--- ,m}N such that (cf. [13])

xTr = nl;rréo fdl"'dn (0) = W((dl)) (11)

The sequence (d;) is called a coding of x with respect to the alphabet {1,...,m}. We
point out that a point z € E may have multiple codings by Conditions (C) and (D). For
E=1,2,---,Rg or 2% we set

U (P) := {z € E : x has exactly k different codings}.

Recently, the first four authors [4] considered a special candidate ® = (E, {fi}3_,) of €
which was first introduced by Ngai and Wang [26], where

fala) = 5, f3<m>=“gﬁ

fi(x) =

i
/8 )
with 8 > (3 +1/5)/2. Based on the characterization of U (®¢) given by Zou et al. [33]
they showed that the Hausdorff dimensions of U, (®g) are the same for all integers k > 1.

Inspired by the work of [4] we investigate the multiple codings of the SIFSs in £ from

different aspects. (I) We classify the collection £ via the multiple codings set Uy (D),
see Theorem 1; (IT) We calculate in Theorem 2 the Hausdorff dimension of U (®P), and
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show that Uy (®) has infinite Hausdorff measure for any k > 2 assuming Uy, (®) # 0; (III)
We determine in Theorem 3 the local dimension of the self-similar measure at points in
Z/[k(q)) and MNO (@)

1.1. Classifications of £

Our first result focuses on the classification of £. For a set X we denote by |X]| its
cardinality.

Theorem 1. Let ® = (E,{f;}*,) € £. Denote by I = [a,b] the convex hull of E.

(A). The following statements are equivalent.
(i) fi(D) N fo(D) # 0 or fra(I) N fra(I) # 0.
(ii) dimpg U(P) = dimpy Uy (D) for all integers k > 1.
(iii) f1(b) € U, (P) or fm(a) € Uy, (D).
(iv) e, (®)] = Ro.
(v) Uy (P) is not closed.
(B). The following statements are also equivalent.
(i) AN fo(I) = frna(I) N (1) = 0.
(i) dimy Uy(®) = dimg U (®) if k = 2° with £ € N U {0}, and Up(P) = 0
otherwise.
(iil) f1(b) & U, (®) and fi(a) & Us,(P).
(iv) Un,(®) = 0.
(v) Usr(D) is closed.

Remark 1.1.

o In the next result Theorem 2 we will show that for any integer k& > 1 with Uy (®) # 0
we must have dimpy U (P) > 0.

e Theorem 1 classifies the collection £ and gives several dichotomies. For example, for
any ® € &, either |Uy, ()] = No or Uy, (P) = 0.

o Although the closedness of U; (®) can be used to classify the elements of £. This does
not mean the same holds for Uy (®) with k& > 2. In fact, we show in Propositions 4.2
and 4.5 that for any k > 2 with Uy (®) # 0, the set Uy (P) is not closed.

1.2. Hausdorff dimension and Hausdorff measure of Uy (E)

In general, without the complete overlap condition (D) it is hard to calculate the
Hausdorff dimensions of E and U (®). In our class £ we are able to explicitly determine
the Hausdorft dimensions of the attractor E and the set Uy, (®). Furthermore, we show
that for k > 2 with U (®) # () the corresponding Hausdorff measure of Uy (®) is always
infinite.
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Definition 1.2. Given ® = (E, {f;},~,) € &, the overlapping vectorsu = (u1, ..., Up),V =
(v1,...,0m,) of ® are defined by

up=u, v;=v i ()N fis1(I) = fimn(I) = frn1e (D),
U; = V; = 00 if fill)N fip (1) = 0.

Then by Definition 1.2 u,, and v, are always equal to co. Observe by Theorem 1 that
Uy, (D) is either a countable set or the empty set. So it suffices to consider the Hausdroff
dimension and Hausdorff measure of Uy (®) for k = 1,2,... or k = 280,

Theorem 2. Let ® = (E,{f;}.",) € & with fi(x) = rix +b; for 1 < i < m, and let
u=(up,...,Up),v=(v1,...,0y) be the overlapping vectors defined as in Definition 1.2.

(i) The Hausdor(f dimensions of Uy, and E are given by
dimH UQNO ((I)) = dlmH E= t,

where t € (0,1) s the root of

m
t uity
r (1 —rpt)y=1.
i=1
Furthermore, the corresponding Hausdorff measures are positive and finite, i.e.,

HE (Uyso (P)) = HY(E) € (0, 00).

(ii) For any finite integer k > 1 satisfying Ux(®) # 0, the Hausdorff dimension of
Ui (D) is given by

dimH L{k(é) = dlmH U1(<I>) =S,

where s € (0,1) is the root of

m u; s VUm—18 uLs
s l_rw{ (2_T1 —7‘7”) -1
T 1— Um—18,_uU1s -

i=1 " Tm

Furthermore, the corresponding Hausdorff measure of Uy, (®) admits
H* (U(P)) € (0,00)
and

H* (U (®)) = oo for any k > 2 satisfying Uy (P) # (.
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Remark 1.3.

o By Propositions 5.3 and 5.5 the sets U;(®) and E are both identical to strongly
connected graph-directed sets satisfying the open set condition (OSC). So by [25] the
results obtained in Theorem 2 also hold for packing dimension and corresponding
packing measure.

o After the paper was finished we noticed that Theorem 2 (i) for the Hausdorff dimen-
sion of E was also studied by Deng et al. [8, Theorem 8]. However, our method is
different from theirs, where they determined the dimension of E by considering an
infinite iterated function system satisfying the OSC.

o The Hausdorfl dimension formula for Uy (®) described in Theorem 2 (ii) is in a
compact form. If & = (E,{f;}",) € € with f1(I) N fo(1) = frm—1(I) N fin(I) = 0,
then u; = vy,—1 = 00. By Theorem 2 (ii) the Hausdorff dimension of Uy (®) can be
simplified as dimpg Uy (P) = s, where s € (0,1) is the root of

1= ri(1—2rs).

Similarly, if ® = (E,{f;};~,) € € with f1i(I) N fo(I) # 0 and fr—1(1) N fi (1) = 0,
then u; € N and v,,,_1 = 0o. Again by Theorem 2 (ii) it follows that dim g Uy (P) = s
satisfies

1= er(l —2rpit 4 Tﬁ,’l”"'“l)s).

Also, if ® = (B, {f;}i~,) € € with fi(I) N fo(I) = 0 and fr—1(1) N frn(I) # 0, then
u; = 00 and v,,—1 € N. By Theorem 2 (ii) the Hausdorff dimension of Uy (®P) is given
by dimpy Uy (D) = s, where s € (0, 1) is the root of

m

1= er(l — QS pUispim o1y

i=1

1.3. Local dimension of a self-similar measure in Uy (P) and Uy, (P)

Given a probability vector p = (p1,ps2,...,Pm) with each p; > 0, let pp be the self-
similar measure defined on ® = (E, {f;}~,) € € (cf. [17]). Then

m
Hp = Zpiﬂp © fi_1~

i=1

The measure p1, can also be deduced from the projection of Bernoulli measure on the sym-
bolic space {1,... ,m}N. More precisely, let vp be the Bernoulli measure on {1, ... ,m}N
defined by
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where [i] := {(j[) e{l,... 7m}N T = z} is a cylinder set. Then

pp =vpom !,
where 7 is the projection map defined in (1.1).
Given z € E, we define the lower and upper local dimensions of pp at x by

1 B S— 1 B
dimgopip() = lim inf 2812 B@) (@) o= lim sup 282 BET)

0 log r r—0 logr ,

where B(xz,r) = (z — r,x + r) is the open ball in R with center at x and radius r.
If the lower and upper local dimensions coincide, then the common value, denoted by
dimyee pp (), is called the local dimension of up at x.

To determine the local dimension of up is a central topic of multifractal analysis.
Recently, Ngai and Xie [27] calculated the Hausdorff dimension of the self-similar measure
tp, which provides a typical value of dimg pp (). For more results on the multifractal
analysis of pp, we refer to the papers of Lau and Ngai [23], Feng and Lau [14], and
references therein.

As a compensation of [27] we explicitly calculate the local dimension of pp, at points
in Uy (®) and Uy, (P). For n € N let {1,...,m}" be the set of all length n words over
the alphabet {1,...,m}. Denote by {1,...,m}" =U;—, {1,...,m}" the set of all finite
words, where for n = 0 we set {1,...,m}" = {e} with e the empty word.

Theorem 3. Let ® = (E,{f;}/~,) € € with the convex hull conv(E) = [a,b], and let
u= (UL, Un), V= (01,...,0m) be the overlapping vector defined as in Definition 1.2.

(i) If x € Up(P), then there exist a word i € {1,...,m}" and a unique y € Uy (®) such
that © = fi(y). Furthermore,

. . D e logpy,
dim,  pp(z) = dim,, pp(y) = lim inf =F=——+
locH'P locH'P 00 Zk:l logrjk
ZZ:I log pjy,

dim z) = dim = limsu ,
loc,Ufp( ) loc:“fp(y) n%oop Z:1 log Tis

where j1ja ... is the unique coding of y.
(i) If z € Uy, (®), then either x = fi(f1(b)) for some i€ {1,...,m}" and then

log py,, logpa + (v1 — 1) log py }

dimy, = mi )
iMgoc ip () = min { log ry, Uy log rp,

or = fi(fm(a)) for someie€ {1,...,m}" and thus
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logp1 logpm—1+ (um-1 — 1) log pr,
logry’ Um—1 log 7y '

dimyee ptp () = min {
1.4. An example

At the end of this section we give an example to illustrate the main results Theo-
rems 1-3.

Example 1.4. Given two integers M, N > 1, let § € (1, 4] satisfy

4 1 1
E<1+B—M+B—N. (1.2)
Define the maps
1 1
fie) =%, Fale) = 5+ 5 = Garer
f(x)f§+1—g+ ! f(x)*£+1—l -
T g Nt ST B

Then there exists a unique non-empty compact set E satisfying E = U?:1 fi(E). Tt is
easy to check that the convex hull of E is the unit interval I = [0, 1]. The basic intervals
fi(I) with 1 <4 < 4 are plotted as in Fig. 1. The inequality in (1.2) guarantees that
f2(I) N f3(I) = 0. Furthermore, one can verify that

fl(I) mf2(I) = f14M(I) = .f21M(I)a
fs(1) N fa(I) = faan (1) = faan (D).

So, ® = (F, {fi}?zl) € & for any integers M, N > 1.
First, by Theorems 1 and 2 it follows that for any k € N,

dimyg Uy (P) = dimpy U (P) = s,
where s € (0,1) satisfies
85 4+ 28N 4 98Ms — 4 4 gIN-M)s | g(M=N)s,
Moreover, the corresponding Hausdorff measures satisfy
H (UL (D)) € (0,00), and H*Up(P)) =00 YV Ek>2.
Second, by Proposition 3.4 it follows that Uy, (®) is a countable set consisting of all

points with a coding ending with either 14°° or 41°°. Furthermore, by Theorem 2 it
follows that the Hausdorff dimensions of Uy, (P) and E are given by
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dimpy Ugxo (P) = dimy E = t,
where t € (0,1) satisfies
Bt 4 Mt L g=Nt g
And the corresponding Hausdorff measures admit
HE (Uyso (®)) = HU(E) € (0, 00).

Third, for a given probability vector p = (p1, p2,p3,p4) with each p; > 0 we define
the corresponding self-similar measure p, by

4
Hp = Zpiﬂp © fiil~
i=1

Then by Theorem 3 it follows that for any x € Uy (®) there exists a unique y € Uy (P)
such that

im — di -1 > logp;,
dliloc,ufp(l') dl_nlloc:u‘p(y) = log 3 lim sup %’
im —di -1 . . * _logpi,
di loc,Uzp(l') dlmloc,up(y) = log hr{n inf w’

where j1js... is the unique coding of y. Moreover, for any z € Uy, (P) we have the

ORI

for some i € {1,2,3,4}". If = fi(%), then

following two cases:

=

1
B

logps logpa + (M — 1)10gp1}

dimjoc p1p () = min { —log B’ —Mlog S

If x = fi(1— %), then

it o () — min { 10521 Jo8ps + (N~ Dlogpy
loc Hp 710gﬂ, 7Nlogﬂ .

In particular, if p; = i for all 1 <1 <4, then

log 4

log 3 for all & € Uy, (P).

dimyee pp(z) =
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The rest of the paper is organized as follows. The proof of Theorem 1 is given in
Sections 2—4. First in Section 2 we characterize the set of points in FE with finitely many
codings, and prove the equivalence (i) < (ii) in Theorem 1 (A) and (B). Second in
Section 3 we describe the set of points in F with countably many codings, and establish
the equivalence (i) < (iii) < (iv). Finally in Section 4 we investigate the topology of
Ui (P), and deduce the equivalence (i) < (v). In Section 5 we show that the univoque
set U1 (P) and the self-similar set E are both identical to the strongly connected graph-
directed sets satisfying the OSC. Based on this we prove Theorem 2 in Section 6 for
the Hausdorff dimensions and Hausdorff measures of E and U (®). In particular, we
show that the corresponding Hausdorff measure of Uy (®) is always infinite for any k > 2
satisfying Uy (®) # (. In Section 7 we prove Theorem 3 for the local dimension of the
self-similar measure pp at points in U (®) and Uy, (P). Finally, in Section 8 we pose
some remarks on a possible extension of our class €.

2. Finitely many codings

Let ® = (E,{fi},) € £ and k € N. In this section we will consider the set U, (P)
consisting of all © € E having precisely k different codings with respect to {f;}7,, and
prove the equivalence (i) < (i¢) in Theorems 1 (A) and (B), respectively.

Let {1,...,m}N be the set of sequences (d;) with each d; € {1,...,m}, and let
{1,...,m}" be the set of all finite words over the alphabet {1, ..., m}. For any two words
c=cy...cm,d=dy...d, €{l,...,m}  welet cd =c;...cnd; ...d, denote their con-
catenation. Moreover, for k € N we write ¢ = cc- - - ¢ the k times concatenation of ¢ with
itself, and let ¢> denote the infinite concatenation of ¢ with itself. Recall that {f;}.—, is
the collection of contractive similitudes. For a word d = d1ds .. .d, € {1,...,m}" we let
fa = fa, 0 fa, 0--- 0 fq, denote the compositions of the maps f4,,..., f4,. In particular,
for the empty word € we set f. the identity map.

For a set F' C R we denote by conv(F) the conver hull of F.

Lemma 2.1. Let (E,{fi}j,) € €& with I = conv(E). If fine(I) = frig1)10(I) for some
i€{l,...,m—1} and u,v € N, then fine(-) = frir1)10(-)-

Proof. Note that for any = € R we can write
fimu(x) =12 +t,  foine(r) =rz+t, (2.1)

for some 7,7 € (0,1) and t,#' € R. Suppose that I = [a,b]. Then by using fim,«(I) =

ra+t= fimu(a) = fatie(a) =r'a+t,
b+t = fimu(b) = flir1)10(b) = b+ 1.

This implies r = 7’ and ¢ = t'. By (2.1) we have finu(-) = f+n10(-). O
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Lemma 2.2. Let (E,{f;}™,) € € with I = conv(E). If

[iD) N fira(D) = fimu(I) = fag1y1o(I)

for somei € {l,--- ,m—1} and u,v € N, then for any x € f;(I)N fix1(I) N E all of its
codings either begin with im“~1 or begin with (i +1)1v~1.

Proof. Let (d;) be a coding of x with respect to {f;}",. Note that w(did2...) = = €
filI) N fix1(I) N E and that any three basic intervals have an empty intersection. Then

dlzi or d1:i+1.

If dy =4 with wu =1 or d; =i+ 1 with v = 1, then we are done. So, we will finish the
proof by considering the following two cases.
Case (I). dy = ¢ and u > 1. Note that = w(idads - -+ ) € fimu(I). Then

W(dgdg"') S fmu(I), (22)

and we claim that da = m.
Suppose on the contrary that do # m. Then in view of the location of these basic
intervals we have da = m — 1. So, by (2.2) and Condition (D) it follows that

’/T(d2d3"‘) S fm“([) N (fm—l(I) mfm(I)) g fm”(I) mfml(I)a

leading to a contradiction with f1(I)N f,, (I) = 0. Therefore, do = m. Iterating the above

procedure it follows that ds - - - d,, = m* L.

Case (I). dy =i+ 1 and v > 1. Note that x = 7((i + 1)dad3 - - -) € frig1)10(I). Then

7T(d2d3 e ) € fl/” (I), (23)

and we will prove that dy = 1. If dy # 1, then d2 = 2. So, by (2.3) and Condition (D) it
follows that

m(dads ) € fio (1) N (f1(I) N f2(1)) € fro (1) O fim (D),

leading to a contradiction with f1(I)N f,,(I) = 0. Hence dy = 1. By iteration we conclude
that dy---d, =171, O

Now we turn to show that the Hausdorfl dimensions of U (®) and U; (P) coincide for
any k > 2 satisfying Uy (®) # ). Later on in Section 6 we will explicitly calculate the
Hausdorff dimension of ¢ (®). In particular, we have dimy U (®) > 0 for any ® € £.
The upper bound of dimg Uy (P) follows directly.
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Lemma 2.3. Let ® = (E, {f;}",) € €. Then for any k € N we have
dimpg Uy (®) < dimpy Uy (P).
Proof. Take = € Uy (P). Then all codings of x will eventually end in
T (@) = {(ci) € {1, ,m}> i 7((er) € Un (@)}

In other words,

Up(®) C U faywa, (UL (D))

di--dn€{1,2,--- ;m}*

Therefore, the lemma follows by the countable stability of Hausdorff dimension
(cf. [13]). O

For the lower bound of dimp U (E) we split the proof into the following two subsec-
tions.

(1) D) N fo(D) # 0 or frna(D) N fru(D) # 05 (i) fr(1) N f2(I) = frna (D) N fir(I) = 0.
2.1. f1(I)N f2(I) # 0 or fr1(I) O frn(I) # 0

Let ® = (E,{f;},~,) € € with convex hull I = conv(E). By Condition (C) there exists
i0 € {1,...,m — 1} such that f;,(I)N fi,+1(I) = 0. In the following lemma we show that
the Hausdorff dimension of U (®) is dominated by that of the subset consisting of all
x € Uy (F) whose unique coding starts at digit ig or ig + 1.

Lemma 2.4. Let ® = (E,{f;}™,) € & with I = conv(E). If fi,(I) N fi,+1(I) = 0 for
some ig € {1,--- ,m — 1}, then

dlmH M1(<I>) = dlmH(flo (E) N L{l(CID)) = dlmH(fZO+1(E) N U1(<I>))
Proof. Note that U (®) = U~ (f;(E) N U (®)). It suffices to prove
dimp (fi,(B) Nt (D)) > dimg | | f5(E) Nth(®) (2.4)
Jj=to+1

and

dimp (fig+1(E) N U (®)) > dimpy | | f;(E) N Ui (@)

J=1
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Without loss of generality we only prove (2.4). Let

@ U £ (B) NUL(®) — fi,(B) NUL(D)

Jj=io+1

T — fio ().

First we prove that ¢ is well-defined. Take x € U?=i0+1 fi(E) N U (D). It suffices to
prove that f; (x) € Ui(P). Suppose on the contrary that f; () ¢ U;(P). Note that
fio (1) N fiy4+1(I) = 0. Then by the locations of the fundamental intervals it follows that

fio(2) € fig—1 ()N fio(I) € figr (1)-
This implies that « € f1(I), leading to a contradiction with fi(I) "UjL, ,, f;(I) =0

Therefore, ¢ is well-defined. Note that ¢ is a similitude. Hence, by [13, Proposition
3.3] it follows that

dimp (fio(E) NU (D)) > dimpr U fi(E) Ny (D)
J=tio+1

Jj=io+1

This establishes (2.4). O

Lemma 2.5. Let ® = (E,{f;},~,) € £ with I = conv(E), and let k € N.

1) If ) N fo(I) = fima(I) = fore(I) and fi,(I) N figr1(I) = O for some iy €
{2,...,m — 1}, then

r(1m**=Yc) € Uy, (®)
for any m(c) € fi,(E) NUL(D).
(i) If froa(I) O fr(I) = fim—1yme(I) = fm1e(I) and fi,(I) O fig11 (1) = O for some
i0 € {1,...,m — 2}, then
m(m1°*=Ye) € Uy (P)
for any 7(c) € fig+1(E) NUL(D).
Proof. Since the proof of (ii) is similar, we only prove (i).

Take w(c) = 7((¢;)) € fi,(E) NUL(P). Then ¢; = ig. It suffices to prove that for any
integer k > 0,
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2, = w(1m**e)

has exactly k + 1 different codings. We will prove this by induction on k. Suppose k = 0.
Then zp = w(1e). Note that f;,(I) N fi,+1(I) = 0 for some ig € {2,--- ,m — 1}. Denote
by I = [a,b]. Then by Condition (A) it follows that

zo = m(Lligcacs -+ ) < f1iy(b) < fimu(a) = forv(a) = fa(a),

where the equality fi,«(a) = fa1v(a) follows by Lemma 2.1. This together with 7(¢) =
m(igeacs - -+ ) € Uy (P) implies that zg € Uy (D).

Now suppose that z; has k + 1 different codings for some k > 0. We will prove that
zk+1 has exactly k + 2 different codings. Note that

21 = fime (W(mmc)) = f21v(77(mukc)) = foro-1(2). (2.5)

By the induction hypothesis this implies that z;;1 has at least k + 2 different codings:
one is 1m*(**+ D¢, and the others start at 21¥~'. In the following we show that z;,; has
precisely k + 2 different codings. Suppose (d;) is a coding of zi41. Then by (2.5) and
Lemma 2.2 it follows that

dy---dy =1m* " or dy---d, =21""L

u—1

By the induction hypothesis it suffices to prove that dy---d, = 1m
Im*F+e,

implies (d;) =

Suppose dj ---d, = 1m*~!'. We claim that dyy1- dypyyy1r = mU“Ft Let j €
{1,...,uk + 1} be the smallest integer such that d,; # m. Then by (2.5) we have

T(dutjduyjr ) = frpurra-i(m(c)). (2.6)

In view of the locations of the basic intervals we have d,1; = m — 1. Therefore, by (2.6)
and Condition (D) it follows that

frmukta—; (W(c)) € fmfl(]) N fm(I) - fml(I)'

This implies that f,,ur+1-;(7(c)) € f1(I). If j < uk+1, then we obtain f,,, ()N f1(I) # 0,
leading to a contradiction with f; (1) N fi,+1(I) = 0. If j = uk + 1, then we get 7(c) €
fi(I), leading to a contradiction with m(c) = m(igcacs---) € Ur(P) and ig > 2. Thus,
Ayt -« - dyps1y41 = mF 1 Since 7(c) € Uy (@), we conclude that (d;) = 1m*F+De.

Hence, by induction it follows that z; has exactly k + 1 different codings for any
integer k£ > 0. This establishes (i). O

Lemma 2.6. Let ® = (E,{f;}7,) € & with I = conv(E). If fiy(I)Nfo(I) # 0 or frn—1(I)N
fm(I) £ 0, then
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dimp Uy (E) > dimg Uy (E) ¥ k € N.
Proof. Without loss of generality we assume f1(I) N fo(I) # . By Condition (C) there
exists ig € {2,...,m — 1} such that f;,(I)N fiy+1(I) = 0. Then by Lemma 2.4 it follows
that

dimg Uy (®) = dimpy (fi, (E) NUL(DP)). (2.7)

Note that f1(I)N f2() # 0. Then by Condition (D) there exist u = u3,v = v1 € N such
that f1(I) N fo(I) = fimu(I) = fa12(I). So by Lemma 2.5 (i) it follows that

{r(1m“*Ve) 1 w(e) € fio(B) NUL(D)} C Uy (D).
Hence, by (2.7) we conclude that
dimy Uy (@) > dimp (fi, (E) N Uy (D)) = dimp 1 (D). O
2.2. i) N fo(I) = frnr(I) N fin(I) = 0

Let ® = (E,{f;}™,) € £. Different from the previous subsection it happens in this
case that U (®) = ) for some k € N.

Lemma 2.7. Let & = (E,{f;}™,) € € with I = conv(E). If fi(I) N fo(I) = frn—1(I) N
fm(I) =0, then

Up(®) =0 for any k # 2° with £ € N U{0}.

Proof. For 2 € F we denote by N(x) the number of different codings of x with respect
to {fi}7,. Let k > 2 and take x € Uy (®P). Then N(z) = k. So, there exists

x1 € Up(®) N fi(1) O figa (1) (2.8)

for some i € {2,...,m — 2} such that N(z) = N(z1). Note that f;(I) N fir1(L) # 0.
Then by Condition (D) there exist v = u;,v = v; € N such that

[ilh) N fixa(I) = fimu(I) = figyre (D). (2.9)

Observe that f1(I)N fo(I) = fr—1(I)N fi(I) = @. Then in view of the locations of these
basic intervals we obtain

AMNLID =0 Vi#1 and  f(I)N fu(I) =0 Vj#m. (2.10)

Therefore, by (2.8)—(2.10) and an argument similar to the one in the proof of
Lemma 2.2 it follows that all codings of 1 either begin with im" or begin with (i+1)1".
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By (2.9) and Lemma 2.1 it gives that fi,«(-) = fii41)10(-). Then there exists a unique
y € E such that z1 = fimu(y) = fi+1)10(y). Furthermore,

N(z1) = N(fm=(y)) + N(f1»(y)) = 2N (y),

where the last equality holds by (2.10) that

N(fme(y)) = N(y) = N(f1o(y))-

Hence, we conclude that N(z) = N(z1) = 2N (y).
By iteration of the above arguments it follows that N(z) must be of the form 2¢ for
some ¢ € N U {0}. This completes the proof. O

In fact the condition k& # 2° in the above lemma is also a necessary condition for

U (®) = 0.

Lemma 2.8. Let & = (E,{f;}%,) € €& with I = conv(E). If f1(I) N fo(I) = fr—1(I) N
fm(I) =0, then

dimp Use (®) > dimp Us (®) VL € N U{0}.

Proof. We will prove the inequality dim g Use (®) > dimpy U (P) by induction on £. Triv-
ially this inequality holds if £ = 0. Now we assume this inequality holds for some ¢ > 0.
It suffices to prove

dimH u2e+1 ((I)) Z dimH U21{ ((I))

By Condition (C) there exists i € {2,--- ,m — 2} such that f;({) N fiz1(I) # 0. Then
Condition (D) gives two indexes u = u;,v = v; € N such that

LilD) N firi(D) = fimu (1) = flagryre (I)-

By Lemma 2.1 this yields that fi,u(-) = fu41)10(-). Note that any three basic intervals
have an empty intersection. So, by (2.10) it follows that

{fimu(2) = farn1e (¥) 1 @ € Upe(P)} C Upenr (D),

which implies dim g Upe+1 (®) > dimp Upe (P).
By induction we conclude that dimg Use(®) > dimpy Uy (P) for any £ € N. O

Proof of (i) < (ii) in Theorems 1 (A) and (B). Let ® = (E,{f;},-,) € & with I =
conv(E). By Lemmas 2.3 and 2.6 it follows that if f1(I)N fo(I) # @ or frn_1(1) N frn(I) #
(), then
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dimpy Uy (P) = dimpy U1 (D) for all ke N.

On the other hand, if f1(I)N fo(I) = fr—1(I)N fin,(I) = 0, then by Lemmas 2.3, 2.7 and
2.8 it follows that

dimg Uy (®) = dimg Uy () if k= 2° with £ € N U {0},
Up(®) =0 otherwise.

Therefore, the equivalence (i) < (ii) holds true. O
3. Countably many codings

Given ® = (E,{f;}/",) € &, we will consider in this section the set Uy, (®P) of points
having countably many codings, and prove the equivalences (i) < (iii) < (iv) in Theo-
rem 1 (A) and (B), respectively. The equivalence (i) < (iii) follows from the following
result.

Proposition 3.1. Let ® = (E,{f;}",) € £ with I = conv(E) = [a,b].

(i) fr) N faD) # 0 if and only if f1(b) € Un,(®).
(11) fmfl(I) N fm(I) 7é @ Zf and Only fom(a) € uNo((I))'

Proof. Since the proofs of (i) and (ii) are similar, we only prove (i).
Suppose f1(I) N fo(I) = (. Then in view of the locations of these basic intervals we
have

AN fi(I)y=0 forany :€{2,...,m}. (3.1)

Note that b = 7(m®) € Uy (®). Then by (3.1) it follows that f;(b) € U;(®P). This proves
the sufficiency in (i).

For the necessity in (i) we assume fi(I) N fo(I) # 0. Then by Condition (D) there
exist w = uy,v = v1 € N such that fi(I) N fo(I) = fimu(I) = fo10(I), which gives
fimu(+) = fa10(+) by Lemma 2.1. Then

f1(b) = 7(1m™®) = 7(21" " 11m™>) = ... = 7((21°"H)*1m>) = ... (3.2)

for k =1,2,.... This implies that f1(b) has at least countably many codings.

In the following we show that f;(b) indeed has countably many codings. Suppose that
(d;) is a coding of f1(b). Note that f1(b) € FE and f1(b) € fi(I) N fo(I) = frmu(I) =
fo1v(I). Then by Lemma 2.2 it follows that dy ---d, = 1m*~t or dy - --d, = 21°~1.

o Ifdy---d, =1m" ! then by (3.2) we have

7T(du+1du+2 .- ) = 7T(m°°) € u1(<I>)
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This implies that (d;) = 1m®.
o Ifdy---d, =21""1 then by (3.2) it yields that

T(dyt1dyt2 -+ ) = 7(Im>) = fi(b).
By iteration of the above arguments it follows that all codings of f1(b) are of the form
(21°"Hk1im>, k> 0.
Hence, f1(b) € Uy, (®P). This proves the necessity in (i). O

Proof of (i) < (iii) in Theorem 1 (A) and (B). This follows directly from Proposition
3.1. O

In the following it remains to prove the equivalence (i) < (iv) in Theorem 1 (A) and

(B).

Lemma 3.2. Let & = (E,{f;}%,) € € with I = conv(E). If f1(I) N fo(I) = fr—1(I) N
fm(I) =0, then Uy, (®) = 0.

Proof. Suppose on the contrary that Uy, (P) # 0, and take x € Uy, (P). Then x must
have a coding (d;) satisfying
m—2
Ty = 1(dpyrdng2--+) € EN | (£ N fira (D)) (3.3)

=2

for infinitely many n > 1.
Take n satisfying (3.3) and assume that x, € EN f;(I) N fit1(I) for some i €
{2,...,m — 2}. By Condition (D) there exist u = u;,v = v; € N such that

Tp = T(dny1dngz...) € fi(I) N fix1(I) = fime(I) = flagry1e (). (3.4)

Note that f1(I) N folI) = frn—1(I) N fm(I) = 0. Then in view of the locations of the
basic intervals it follows that

AN fT) = feI) N frl(l) =0 (3.5)

for any j # 1 and any ¢ # m. Therefore, by (3.4) and Lemma 2.2, and using (3.5) it
follows that

dn_;,_l te dn+u+1 =im" or dn+1 R dn+v+l = (Z + l)lv
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Note by (3.4) and Lemma 2.1 that fi,«(-) = fi+1)10 (-). Therefore, we have a substitution
im" ~ (i +1)1Y in dy41dp42 - - - . In other words, there exists a unique y € E such that
Tn = fim(y) = fa+n10(9)-

Note that (3.3) holds for infinitely many n € N. Then by an argument similar to
the above it follows that there exist infinitely many independent substitutions in (d;).
This implies that x has a continuum of codings, leading to a contradiction with = €
Uy, ((I)) O

Lemma 3.3. Let ® = (E, {f;},) € € with I = conv(E).

1) If L) N fo(D) = frme(I) = faro(I) and frn1(I) O fr(1) = 0, then [Un,(P)| =
Rg. Furthermore, any point in Ux,(®) must have a coding ending with 1m™> ~
(2111—1)00'

(it) If (1N f2(I) = 0 and frn—1(D)N fi(I) = fam—1yme (1) = fin1a(D), then [Us, (P)| =
Ng. Furthermore, any point in Ux,(P) must have a coding ending with m1> ~
((m — ymr=1)>.

(i) If )N fa(I) = frme (1) = fore (1) and fro—1 ()N fr (1) = fim—1)yme (1) = frm1a(I),
then Uy, (®)| = Ro. Furthermore, any point in Uy, (P) must have a coding ending
with 1m™ ~ (21V=1)%° or m1%° ~ ((m — 1)mP~1)%°.

Proof. Since the proofs of (ii) and (iii) are similar, we only prove (i). Suppose fi(I) N
fo(I) # 0 but fro—1(I) N frn(I) = 0. By Condition (D) there exist u = u;,v = v; € N
such that

AN fo(I) = frme () = fare (1), (3.6)

which yields fiu(-) = f210(-) by Lemma 2.1.

Denote by I = [a,b] the convex hull of E. We claim that fi»(b) € Uy, (P) for any
n > 1. We will prove this by induction on n. Clearly, for n = 1 we have by Lemma 3.1
that f1(b) € Uy, (P). Now suppose fin(b) € Ux,(P) for some n > 1, and consider fin+1(b).
If fin+1(b) € fo(I), then by Condition (D) it follows that

S (b) € fr(T) N fo(I) € frm (D),

which implies fi» (b) € fn(I), leading to a contradiction with f1(I)N f,,(I) = 0. By the
induction hypothesis this proves fin+1(b) € Uy, (®). Hence, by induction it follows that
{f1e(b) s n 2 1} C Uy, (@),

In the following it suffices to prove that any point in Uy, (®) must have a coding
ending with 1m® ~ (21°71)*. Take = € Uy, (®). Suppose on the contrary that = has a
coding (d;) ending with neither 1m° nor (21¥=1)°°. Observe that (d;) satisfies

m—2
m(dnt1dni2--+) € EN U (fiD) N fira (D)) (3.7)



K. Dajani et al. / Advances in Applied Mathematics 124 (2021) 102146 21

for infinitely many n > 1.
Take n satisfying (3.7), and assume 7(dp11dpi2---) € fi(I) N fiz1(I) for some i €
{1,---,m — 2}. Then by Condition (D) there exist p = u;,q = v; € N such that

T(dny1dnya--+) € i) N fix1(D) = fimr (1) = fli41)10(1). (3.8)
By Lemma 2.1 it follows that fi,»(-) = f(i+1)14(+), and then by Lemma 2.2 we have
dpt1 dpyp =imP™1 o dypy-crdpysg = (i +1)197

Now we split the proof into the following two cases.

Case (I). dpt1 - dntp = imP~L. Then by (3.8) and using fr,—1(1) N fr(I) = 0 it
follows that dy4p+1 = m. Therefore, we have a substitution dy11 - dpipr1 = imP ~
(1 + 1)1

Case (). dpt1 -+ dpyq = (i +1)197 1. Then by (3.8) it follows that dy, 441 = 1 or 2.

o If dyyg+1 =1, then we have a substitution dyy1 - dpigi1 = (¢ + 1)17 ~ imP.
o If dyyyg41 =2, then by (3.6) and (3.8) it yields that

T(dntg1dntqrz--+) € frll) N fo(I) = fimu (D) = faro (1)

So, by Lemma 2.2 it follows that dyyqt1 - dptgtv = 21*~1 and dptqtvr1 = 1or 2.
Note by the assumption that (d;) does not end with (21~1)>. Then by iteration it
follows that there exists NV > n + ¢ such that

dng1 - ANgoyr = 217,

Again, we have a substitution 21V ~ 1m".

By Cases (I)—(II) and (3.7) it follows that there exist infinitely many independent
substitutions in (d;). This implies that x has a continuum of codings, leading to a con-
tradiction with € Uy, (®). We complete the proof of (i). O

By the proof of Lemma 3.3 it follows that if f1(I) N fo(I) # 0, then any z € Uy, (P)
must have a coding ending with 1m®°°, which is a coding of f1(b). Similarly, if f,,,—1 ()N
Jfm(I) # 0, then any x € Uy, (P) must have a coding ending with m1°°, which is a coding
of fm(a). As a corollary of Lemma 3.3 we have a complete characterization of Uy, (®).

Proposition 3.4. Let ® = (E,{f;}i~,) € £ with I = conv(E). Then

uNo(é)
Uieqr,...my- {/i(f1(0))} if f1(1) N fo(I) # 0, frna (D) N (D) = 0;
Uieqr,..omy {fi(fm(a))} if i) N f2(I) =0, fr1(D) N fin(1) # 0;
Uicqr,..my= LAAD)), filfm(a)} if AT O fo(D) # 0, fro1(I) O fin(I) # 0.
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Proof of (i) < (iv) in Theorem 1 (A) and (B). This follows directly from Lemmas 3.2
and 3.3. O

4. Topology of Uy (P)

In this section we investigate the topology of Uy (®), and prove the equivalence (i) <
(v) in Theorem 1 (A) and (B) respectively. First we prove the following useful lemma.

Lemma 4.1. Let ® = (E,{f;}i~,) € € with I = conv(E).

(1) If A O fo(T) = fime(I) = fare(I) and fio(I) N fig11(1) = O for some ig €
{2,...,m — 1}, then for any integer £ >0

m(iom(21°~ 1)) € Uy (@),

where 7(c) € fiy+1(E) NUL (D).

(i) If fro1(I) 0 fn (D) = fm-1yme(I) = frmae(I) and fi,(I) N figp1(I) = O for some
io € {1,...,m — 2}, then for any integer £ > 0

7((ip + D)1((m — D)m* Htc) € Uy (P),
where w(c) € fi, (E) NUL (D).
Proof. Since the proof of (ii) is similar, we only prove (i).
Let x := m(ipm(21°~1)’c). We will prove x, € U;(®) by induction on ¢. First we

prove xg = w(igmc) € Ui (P). Note that f;,(I) N fiy+1(I) = 0. Then in view of the
location of the basic intervals it follows that

Let (d;) be a coding of x9. We will prove (d;) = igmc, where ¢ € 7 1(f;,+1(E) NU1 (D))

has a prefix ig + 1. Since 7(c) € U (), it suffices to prove d; = ip and dy = m.
If dy # 9, then by (4.1) we must have d; = iy — 1. By Condition (D) this implies

m(iome) € fio—1(1) N fiy(I) C figr (1),
which gives m(mc) € f1(I)N f,(I), leading to a contradiction with (4.1). So dy = iy. To

determine dy suppose on the contrary dy # m. Then da must be m — 1. By Condition
(D) it follows that

m(me) € fr-1(I) N frn(I) C frar ().
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This together with 7(c) € fi,+1(E) yields w(c) € fi(I) N fi,+1(I), again leading to a
contradiction with (4.1). Therefore, (d;) = igmec is the unique coding of xg, and then
xg € Z/{l(q)).

We proceed with the induction hypothesis that x, = 7w (igm(21°~1)c) € Uy (P) for
some ¢ > 0, and we consider x,41. By the induction hypothesis it follows that

7((21°"YHle) € Uy (D). (4.2)

Let (d;) be a coding of z¢11. By (4.2) it suffices to prove dj ...d, 1o = igm21*~L. By
an argument similar to the one in the proof of z¢ € U;(®) it follows that d; = ig. To
determine the second digit do we assume on the contrary that do # m. Then do = m—1,
which implies 7(m(21°=1)*e) € fr_1(I) N fou(I) C fra(I). So

m((217 ) e) € f1(1) N fo(1) = fore (D). (4.3)

If £ > 1, then (4.3) implies

(21" He) € AT N f2(1),

leading to a contradiction with (4.2). If £ = 0, then (4.3) implies 7(c) € f1(L) N fig+1(I),
leading to a contradiction with (4.1). Therefore, dy = m.
To prove d3 = 2 we consider the following two cases.

o If d3 = 1, then 7((21""1)**lc) € f1(I) N fo(I) = fa1+(I). By the above arguments
this will lead to a contradiction.

o Ifds = 3, then w((21°~1)*1c) € fo(I)Nf3(I) C fam(I), which gives 7(1°~1(21v~1)’¢c)
€ fm(I). Again this leads to a contradiction with (4.1).

Therefore, d3 = 2. If v = 1, then by the induction hypothesis we are done.

If v > 1, then we claim dy . ..d, 2 = 1V~. Suppose dy # 1. Then 7(1"~1(21*~1)fc) €
i) N fo(I) C fim(I), which leads to a contradiction with (4.1). By iteration of these
arguments we can deduce that dy = --- = dy42 = 1.

Hence, d ...d, 2 = igm21?~1. By the induction hypothesis we conclude that (d;) =
im(21°~1)**c, and thus 2441 € U; (), completing the proof. O

Proposition 4.2. Let ® = (E,{fi}™,) € & with I = conv(E). If fi(I) N fo(I) # O or
fn—1(I) N fin (1) # 0, then Uy (®P) is not closed for any k € N.

Proof. Take k € N. We will prove that U (®P) is not closed by considering the following
two cases.

(D). f1(I) N fo(I) # 0. By Condition (D) there exist v = wuj,v = v; € N such
that f1(I) N fo(I) = fimu(I) = fa10(I). Furthermore, by Condition (C) there exists
i0 € {2,...,m — 1} such that f;,(I) N fi,+1(I) = 0. We claim that for any £ € N
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T o= w(Im* D iom (21" e) € Uy (),
where 7(c) € fi,11(E) NU(®). By Lemma 4.1 (i) it follows that 7(iom (21"~ 1)%c) €
fio (E) NUy (P). Then the claim follows by Lemma 2.5 (i).
Observe that xy ¢ € Uy (P) converges to
T = lim Zk 4 = W(lmu(kil)iom(leil)oo),
£— 00
which has a coding ending with (21°71)°. So by Proposition 3.4 it follows that = €
Uy, (D). This implies that Uy (P) is not closed.
(I1). fin—1(I) N fr(I) # 0. Then there exist u = wy—1,v = vy—1 € N such that
Jm—1(I) N fru(I) = fim—1ymu(I) = fm1v(I). Furthermore, by Condition (C) there exists

io € {1,...,m — 2} such that f;,(I) N fi,+1(I) = 0. By Lemmas 2.5 (ii) and 4.1 (ii) it
follows that

Yi.o = 1(m1°FD (i + 1)1((m — 1)m* 1)’e) € Uy (D),
where 7(c) € f;,(E) NU1(P). However, the limit
e = Jim g = w(m1 6D (g 4+ D1 ((m — D))
—00

has a coding ending with ((m — 1)m*~1)> ~ m1°°. So by Proposition 3.4 it follows that
Yk € Uy, (P). Therefore, Uy (P) is not closed. O

Now we consider the closeness of Uy (®) by assuming f1(I)Nf2(I) = frn—1(I)Nfr(I) =
(). Note by Lemma 2.7 that Uy (®) = () if k # 2° with £ € N U {0}.

Lemma 4.3. Let ® = (E,{f;};~,) € € with I = conv(E). If f1(I) N fo(I) = fr—1(I) N
fm(I) =0 and fi(I) N fis1(I) = fime(I) = fir1y10(L) for somei € {2,...,m — 2}, then

(1™ (im™)*1%°) € Uoe (D)
for any integers n, ¢ > 0.
Proof. Since f1(I) N fo(I) = 0, it suffices to prove
zp = m(1(Im™)*1%°) € Upe (D).
We prove this by induction on £. Clearly, for £ = 0 we have zp = 7(1°) = a € U (D).
Now suppose xp € Uqge (P) for some ¢ > 0, and we will prove zp11 € Upet1 (D).

Since f1(I) N fo(I) = O, by using 7(1(im*)“1%°) = x; € Uge(®) it follows that
7((im*)*1%°) € Uye (P), and then by using f,,,—1(I) N frn(I) = O we have
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T(m(EIm™)1%°) € Uye (®). (4.4)

Let (d;) be a coding of zy1; = m(1(im*)*+11°°). Since f1(I) N fo(I) = 0, it follows that
dy = 1. For the second digit dy we claim that dy € {i,i+ 1}.

If do ¢ {i,i+ 1}, then by using m(dads...) € f;(I) we must have do = i — 1. So
7((im*) 1) € fi (1) N f;(I) € fi(I), which implies

(m*(im")*1%) € fi(D),

leading to a contradiction with f1(I) N f,,(I) = 0. Therefore, do =i or dy =i + 1.
By the claim it follows that

w(dads ...) = 7((im") 1) € fi(1) N fisr (D) = fimu(I) = frirnyo (D).

This together with Lemma 2.2 implies that either dy...dy4+1 = im*tord,... dyt1 =
(i +1)1v~L. Observe that

m(im*~t m(im*)1%°) = n((i + 1)1°7 1(im™)*1°°),
where we have used fi,« = f(;+1)1»+ by Lemma 2.1. Then by (4.4) and the induction
hypothesis 7(1(im*)¢1°) = 2, € Uy (®P) it follows that m(dads...) = m((im®)*F11°°)
has precisely 2¢ + 2¢ = 2/+1 different codings. So zy11 € Use+1(®). By induction this
completes the proof. O
Given § > 0, for a subset F' of R we define its §-neighborhood by

Fs:={z€R:|r—y| <9 for somey e F}.

In the following proposition we show that U; (®) is closed by assuming fi(I) N fo(I) =
fm—1(I) N fr,(I) = 0. To prove this we need the following lemma.

Lemma 4.4. Let ® = (E,{f;}}",) € € with I = conv(E). If f;(I) N fix1(I) = fimu(I) =
Ja+10 (E) for somei € {1,...,m — 1}, then

Li)N fipn(I)NE = fi(E)N fiy1(E) = fimu(E) = fyie (E).

Proof. By Lemma 2.1 we have fiu = f(i4+1)1v, and then fiu(E) = fip1)10 (£). Clearly,
fime(E) = frg110(E) C fi(E) N fir1(E) C fi(1) N fixi(I) N E. So it suffices to prove

fill) NV fig1(D) N E C fimu(E). (4.5)

Take z € f;(I)N fi+1(I)NE. By Lemma 2.3 it follows that  has a coding (d;) beginning
either with im“~! or with (i41)1v~*. Since f;(I) N fix1(I) = fime(I) = friy1)10 (1), this
gives
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W(imu_ldu+1du+2 N ) € fim“ (I) NE or 7'('((2 + 1)1v_1dv+1d7j+2 .. ) S f(i+l)1v (I) NE.
Whence,
W(du+1du+2 .. ) S fm(I) NE or 7T(d»u+1dv+2 . ) S fl (I) NE.

Therefore, to establish (4.5) it suffices to prove the following claim.

Claim: f,,(I)NE = f,,(E) and fi(I) N E = fi(E).

Since the proof for the second equality is similar, we only prove the first equality
fo(DNE = fi(E). If froe1(D)N frn(I) = 0, then it is easy to verify f,,(I)NE = f,(E).
Now suppose fr—1(I) N fr(I) # 0. Then there exist positive integers p,q such that
Jm—1(I) N0 frn(I) = fim—1ymr(I) = fmia(I). It is clear that f,,(E) C f,(I) N E. To
prove that this is indeed an equality let us assume for some y € (fin(I) N E) \ fi(E).
Then by Lemma 2.3 y must have a coding (s;) beginning with s; ...s, = (m — 1)m?~1
Since y ¢ fm(E), we must have s,41 = m — 1, for otherwise we will have a substitution
(m —1)m? ~ ml1? which leads to y € f,,(E). Furthermore, m(spt15p+2...) € frm—1(I) N
fm(I) N E. By the same argument we can also deduce that

-1
Spg1..-82p = (M —=1)mMP™", sgpp1=m—1 and

7T(52p+132p+2 .. ) S fm—l(l) N fm(f) NE.
Tterating this argument we conclude that y has a coding
8189 ... = ((m — l)mpil)oo.

By Lemma 3.3 it follows that y also has a coding m1°°, which implies y € f,,(E), leading
to a contradiction. Hence, the equality f,,,(I) N E = f,,,(F) holds. O

Proposition 4.5. Let ® = (E,{f;}i~,) € & with I = conv(E). If f1(I)Nfo(I) = fr—1(I)N
fm(I) =0, then Uy (®) is closed if and only if k # 2° with ¢ € N. In particular, Uy (®) is
closed.

Proof. First we prove the necessity. Suppose k = 2¢ for some integer ¢ > 1. By Conditions
(C) and (D) there exists i € {2,...,m —2} such that f;(I) N fix1(I) = fimu(I) =
Ji+1)1»(1). Then by Lemma 4.3 it follows that

Ty = w(1"(im")*1%°) € Uy () Vn € N.

However, the limit ©o, := lim, 00 2, = 7(1%°) = a € Uy (P). So, Ux(P) is not closed for
any k = 2¢ with ¢ € N.

To prove the sufficiency, in view of Lemma 2.7, it suffices to prove that U (®) is closed.
Let T : U~ fi(I) = I be the inverse map of the IFS {f;}!",, ie.,
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T(x) = f[l(x) if xe fi(I).

Then T is a multivalued map satisfying E = T(FE). So, if x has a coding (d;) €
{1,.. .,m}N, then T'(x) has a coding o((d;)) = (d;+1), where o is the left-shift map.
Note that f1(I) N fo(I) = fin—1(I) N fr,(I) = 0. Then

g :=min {dist(f1(I), f2(I)), dist(fm_1(I), fm(I))} > 0.

By Condition (D) it follows that if f;(I) N fi+1(I) # 0, then there exist u;, v; € N such
that fi(I) N fix1(I) = fimwi (I) = frivryre: (1). Let

§:=min{r;ry g: fi(I)N fix1(I) # 0} > 0.
Now we claim that
Uy(®)={z € E:T"(z) ¢ O5 Yn >0}, (4.6)

where Oj is the d-neighborhood of O := "' (f:(I) N fix1(I)).
First we prove the inclusion ‘O’ in (4.6). Take x ¢ U;(P). Then = has (at least) two
different codings (d;), (d}) such that

di...dy=dj...dy and |dyy1—dy,q|=1

for some integer N > 0. This implies TV (z) € fay,,(I) N fa . (I) € Os, and then
establishes the inclusion ‘D’

To prove the inverse inclusion in (4.6) it suffices to prove that any x € Os N E has at
least two different codings. By the definition of § it follows that

OsNE=0nNE.

Take z € ONE. Then x € f;(I)N fit1(I)NE for some i € {2,...,m — 2}. By Condition
(D) there exist u = u;,v = v; € N such that

JilD) 0 figr(I) = fime(I) = flaryae (D),

which implies fimu« = f(i41)1» by Lemma 2.1. So by Lemma 4.4 any = € f;(I)Nfiy1(/)NE
has at least two different codings: one begins with ¢m, and the other begins with (i+1)17.
This establishes the claim.

Note that Os is the finite union of open intervals, and then it is an open set. By (4.6)
it follows that

U (@) = B\ | T7(05),
n=0

and then it is closed. This completes the proof. 0O
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Proof of (i) < (v) in Theorem 1 (A) and (B). The equivalence (i) < (v) follows by
Propositions 4.2 and 4.5. O

5. Geometrical structure of E and U, (P)

In this section we show that the self-similar set E and the set U (®) of points with
a unique coding can be both described as the strongly connected graph-directed set
satisfying the OSC (see [25]).

5.1. Geometrical structure of Uy (P)

Given ® = (E,{fi}/~,) € &, first we consider the graph-directed structure of the
univoque set U; (P). Let

F:= U {am®, (i + 1)1"}

FiDNfigr(D=Fimus (D=F(iy1y100 ()

be the set of forbidden blocks, and let
Xp = {(dl) e{l1,... ,m}N : (d;) does not contain any block from F} .

Then (Xg,o0) is a N-step subshift of finite type (cf. [24]), where N + 1 is the length of
the longest word in F, and o is the left shift map. For n € NU{0} we denote by B, (XF)
the set of all length n admissible words in X, i.e.,

B, (Xr) ={d=d;...d, : d occurs in some sequence of Xg}.

In particular, for n = 0 the set By(Xw) is the singleton consisting of the empty word e.
We will show that (Xg,0) is transitive, which means any two admissible words can be
connected in X.

Now we construct a directed graph G = (Bx(XF), E) for the set U; (®). Let By (XF)
be the set of vertices of our graph G. So each admissible word of length N in Xp is a
vertex of G. For two vertices ¢ = ¢;...cy,d =dy...dy € By(Xw) we draw a directed

—
edge from c to d, denoted by cd, if
co...cn=dy...dy_1 and c¢...cydy € BN+1(XF).

In this case the corresponding map for the edge cTi is denoted by f:d = fe,. Let E be
the set of all directed edges in G. We will show that the set U;(®) can be identical to
the graph-directed set satisfying the OSC.

Note that the set U, (P) is not alway closed (see Proposition 4.2). We define a countable
subset N of 7(Xg) which is not included in U; (®).
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Definition 5.1. The subset N of 7(Xg) is defined as follows:

. If fl(I) n fQ(I) = f21v(.[) and fmfl(I) n fm(I) = @, then

N=) U {r@@erhH=};
n=0deB, (Xr)
o If fi(1) N fo(I) = 0 and fro—1(1) N frn(I) = fem—1)ymr (1), then
N={J U {#@m-1mr1=)};
n=0deB, (XrF)
. If fl(I) M fQ(I) = fglv (I) and fm—l(l) N fm(I) = f(mfl)mp(1)7 then

N=U U (=@ ). x(d((m—1m)>)}.

n=0deB, (Xr)

If f1(1) N f2(d) = 1 (D) N frn(I) = 0, then N = 0.

In fact, by Proposition 3.4 it follows that any point in A" has countably many codings.
For each word ¢ = ¢; ...¢cny € By(XF) we set

Ue :={m((d))) : (d;) € XF, dy...dy =c},

where 7 is the projection map defined in (1.1). By Lemma 2.1 and our construction of
X it follows that

U@ UN =r(Xp)= ) U, (5.1)

ceEBN(XF)

where the union in the above equation is pairwise disjoint. Furthermore, for each c €
By (Xg) we have

Ue= | foUa)- (5.2)
cdeE

One can also verify that the union in (5.2) is pairwise disjoint. Therefore, by (5.1) and
(5.2) it follows that up to a countable set N the set U;(®) is a graph-directed set
satisfying the OSC.

Lemma 5.2. The subshift of finite type Xy is transitive. Or equivalently, the directed
graph G is strongly connected.
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Proof. By our construction it is clear that Xy is a N-step subshift of finite type. So it
suffices to prove that X is transitive.
By Condition (C) there exists j € {1,...,m — 1} such that

[N fia (D) =0. (5.3)

For any two admissible words ¢ =c¢;...¢cp, and d = d; ...d; in Xy we will construct a
word 7 such that cnd is still an admissible word in Xg. To rephrase it, the word cnd
does not contain any block from F. Note that Xg is a N-step subshift of finite type. We
prove the transitivity in the following two steps. In the first step we show that ¢ can be
extended to the right which gives an admissible word cw ending with m®; in the second
step we show that the word m”" can be connected to d via a word w’. Then by using
[24, Theorem 2.1.8] it follows that cww’d is an admissible word in Xg.

Step I. We extend the word c to the right such that the new word cw is admissible
in Xg and ends with m®V. This will be verified by the following five cases.

(i). ¢ = ¢1...¢, ends with im* for some i # m and k € {1,...,p—1}. If f;(I) N
fiz1(I) = 0, then we can choose w = m”, and one can easily check that cwum® € Xp.
If f;(I) N fiz1(I) # O, then there exist u = u;,v = v; € N such that

[ill) N fixa(I) = fimu(I) = figye (1)

¥ is an admissible word, we have k < u. By (5.3) it follows that

Sincec=cy...cp_—19M
o if j # 1, then we can take w = jm®, and thus cwm™ = ¢; ... c,_g_19m*jm> € Xp;
e if j = 1, then we can choose w = (5 + 1)jm”™ = 2Im", and thus cum™ =

cl... cp,k,lim’@lmoo € Xp.

(ii). ¢ = mP. Then by an argument similar to the proof in Case (i) one can verify that
cm™ € Xg. So we can take w = m® in this case.
(iii). ¢ = ¢1...¢, ends with i1¢ for some i # 1 and ¢ € {1,...,p— 1} If fi_i (1) N
fi(I) =0, then in view of (5.3) we can take
(5 + 1)im¥N it j+1#m,
jm”Y =(m—1)m if j+1=m.
Indeed, one can check that cum®™ =¢; ... cp,z,lile(j +1)jm*> € Xg if j+1 # m, and
cum™® =cy ... cp,g,lilé(m —1m>® e Xpif j+1=m.
If f;_1(I) N fi(I) # O, then there exist u = u;_1,v = v;_1 € N such that

ficaD) 0 fil) = fi—iyme(I) = fire (I).

Sincec=c¢y ... Cp_g_lile is admissible, we have ¢ < v. Then we can take
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w— gm¥ it j#1,
] GEDimN =21mN if =1

One can also verify that cum®™ € Xg.

(iv). ¢ = 1P. By an argument similar to the proof in Case (iii) we can take the word
w as defined in (5.4). One can check that cwm™ € Xg.

(v).c=ci...cpwithe, =i ¢ {1,m}. If fi(I)Nfiy1(I) = 0, then we can take w = m®¥
since cwm™ = ¢y ...cp—1tm™ € Xp. If f;(I)N fix1(I) # 0, then in view of (5.3) we can
take w as defined in (5.4). Again, one can verify that cwm™ € Xp.

Step II. There exists a word w’ such that m~w’d is admissible in Xg. Suppose (d;) €
XF begins with d. If d; # 1, then take w’ = m, and one can check that m™Nw'ddy ... =
mN*ldydy ... € Xg. If d; = 1, then we take w’ = j + 1, and thus by (5.3) it follows that
mN(] + 1)d1d2 ... € Xp.

By Steps I and II it follows that Xy is a transitive subshift of finite type. So the
directed graph G is strongly connected. O

By (5.1), (5.2) and Lemma 5.2 it follows that U, (®) is identical to a strongly connected
graph-directed set satisfying the OSC. Then by using [25, Theorem 3] the Hausdorff di-
mension of U; (D) can be calculated via the spectral radius of the corresponding adjacency
matrix of G, and the corresponding Hausdorff measures of U; (®) are positive and finite.

Proposition 5.3. Let ® = (E,{f;}.~,) € &. Then up to a countable set the univoque
set U (D) is a strongly connected graph-directed set satisfying the OSC. So, for s =
dim gy Uy (D) the s-dimensional Hausdorff measure of Uy () is positive and finite.

5.2. Geometrical structure of E

Similar to the construction of G, we construct a directed graph G, for the self-similar
set F. Let

F, = {im" : f;(I) N fiz1(I) = fimui (1) = fligprye (1)}
be the set of forbidden blocks, and let
Xp, = {(dl) e{1,... 7m}N : (d;) does not conatin any word from F*} .

Then (Xg,,0) is a N,-step subshift of finite type, where N, + 1 is the length of the
longest word in F,.

Now we describe the graph-directed structure of E based on the N,-step subshift of
finite type Xg,. We construct a directed graph G, = (By, (XF,), E.) in the following
way. Let By, (Xr,) be the set of vertices of our graph G,. For two vertices c =¢;...cn

N.
andd=d;...dyn, € By, (XF,) we connect a directed edge from c to d, denoted by cd,
ifeg...eny, =dy...dy,—1 and ¢;...¢en,dy, € By, +1(Xw,). In this case we write the



32 K. Dajani et al. / Advances in Applied Mathematics 124 (2021) 102146

corresponding map f o= fe,- Let E, be the collection of all directed edges in the graph
G.. For each word ¢ =¢; ...cn, € By, (Xr,) let

E; = {ﬂ'((dz)) : (dz) S XF*, dl...dN* = Cl...CN*}.

Then the self-similar set £/ can be written as

E=7nXr,) = FE.. (5.5)
c€Bn, (XF,)

By Lemma 2.1 and our construction of Xg, it follows that the union in (5.5) is pairwise
disjoint. Furthermore, for each ¢ € By, (XF,) we have

Ec= |J [fo(Ba). (5.6)

=
cdeE,

One can also verify that the union in (5.6) is pairwise disjoint. Therefore, by (5.5) and
(5.6) it follows that E is a graph-directed set satisfying the OSC which can be represented
by the directed graph G..

By an argument similar to the proof of Lemma 5.2 one can show that the graph G, is
strongly connected.

Lemma 5.4. The subshift of finite type (Xg,,0) is transitive. Or equivalently, the graph
G. s strongly connected.

Hence, by (5.5), (5.6), Lemma 5.4 and using [25, Theorem 3] it follows that the
Hausdorff dimension of E can be calculated via the spectral radius of the adjacency
matrix of G, and then the corresponding Hausdorff measure of F is positive and finite.

Proposition 5.5. Let ® = (E,{f;},~,) € €. Then the set E is a strongly connected graph-
directed set satisfying the OSC. So, fort = dimy E the t-dimensional Hausdorff measure
of E is positive and finite.

In the next section we will explicitly determine the Hausdorff dimensions of U (®)
and .

6. Hausdorff dimensions and Hausdorff measures of E and Uy, (P)

Let ® = (E,{f}~,) € €. In this section we will investigate the Hausdorff dimensions
and Hausdorff measures of F and Uy (®), and prove Theorem 2.
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6.1. Hausdorff dimensions of E and Uy (P)

Recall from Propositions 5.3 and 5.5 that both the self-similar set E and the univoque
set Uy (P) can be identical to strongly connected graph-directed sets satisfying the OSC,
and thus the corresponding Hausdorff measures of E and U;(®) are positive and finite.
Based on this and by using Bonferroni inequality we are able to determine the explicit
formulae for the Hausdorff dimensions of E and Uy (®P), respectively. Moreover, we prove
that the Hausdorff measure of Uy (®) is infinite for any k& > 2 satisfying Uy (P) # 0.

Given ® = (E,{f;}.—;) € &, by Propositions 5.3 and 5.5 it follows that the cor-
responding Hausdorff measures of E and U;(®P) are both positive and finite, i.e., for
s:=dimyg Uy (P) and t := dimy E we have

HE (U (@) € (0,00) and H'(E) € (0,00). (6.1)

Furthermore, note that U;(®) is a proper subset of E, and E is a strongly connected
graph-directed set satisfying the OSC. Then dimy U; (®) < dimy E. Note that

E = Uyxg ( U UNO U

So, by (6.1) and Theorem 1 it follows that
dimp Uyne (@) = dimpy B, and  H' Uy, () = H'(E) € (0, 00). (6.2)

In the remaining part of this subsection we will focus on explicit formulae for the Haus-
dorff dimensions of E and U (®), respectively. This will be done by the Bonferroni
inequality (cf. [9, Exercise 3.12]).

For ® = (E,{fi};~,) € £ we recall from Definition 1.2 that the overlapping vectors
u = (Up,...,Uy),Vv=(V1,...,0y) of ® are defined as follows: if f;(I) N fi1(I) # 0,
then there exist u,v € N such that f;(I) N fix1(I) = fimu(I) = fi+1)10(I), and in this
case u; = u and v; = v. Otherwise, u; = v; = co. In particular, u,, = v, = co.

Proposition 6.1. Let ® = (E,{f;}~,) € £ with fi(z) = rix +b; for 1 <i <m. Then the
Hausdorff dimension t = dimy E satisfies

m

er(l — ity =1,

=1

Proof. Note that E = |J.", fi(E), and by Condition (B) that any three basic intervals
have empty intersection. Then by Bonferroni inequality it follows that

m—1

= <U fz‘(E)) = ZHt(fi(E)) - Z HY(f;(E) N fis1(E)), (6.3)
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where t = dimpy E. Observe by Condition (D) that if f;(1) N fix1(I) # 0, then f;(1) N
fix1(I) = fimu: (I) for some positive integer u,;. By Lemma 4.4 this also implies

[i(E) N fis1(E) = fimei (E).

Since the Hausdorff measure H? is translation invariant, using the scaling property of
the Hausdorff measure in (6.3) it follows that

Zat (f:(E Yo H i (B))
i=1 Fi(DNfigr (I)#0

=> riH'(E) - > rirtHY(E)
i=1 Fi(DNfipr (I)#0

Z (1= VM (B),

where the last equality holds by using that r%t = 0 if f;(I) N f;11(I) = 0. Note by (6.1)
that H!(F) € (0,00). Then the lemma follows by dividing H!(E) on both sides of the
above equation. 0O

Now we turn to determine the explicit formula for the Hausdorff dimension of U (®).
First we need the following lemma. Set U := U;(®), and for a word w € {1,...,m}"
write U(w) :==U N fw(E). Then any x € U(w) has a unique coding with a prefix w.

Lemma 6.2. Let ® = (E,{f;}i~,) € € with fi(x) =z +b; for 1 <i<m.

(i) For anyi€ {1,...,m},

Uiy =
fild) if fica(D) N fil) = fi1) N fiya(I) =0,
i)\ fiU(1%-1)) if fici(D) N fiD) # 0 and f;(I) N firi(I) =0,
i)\ fid(m*7)) if fioa(I)N fiI) =0 and fi(I) N fiy1(I) # 0,
L@\ (@A =) U f;(Um™))) if fici(D)N fi(D) # 0 and fi(I) N fir (1) #0

(ii) For any u,v € N we have

Uim") = Jone (U) if 1) N frn(I) =
S (U) \ S (U(lvm_l)) if fm_l(]) e fm(I) +

and

U1?) = { he (M) if  A)N f2I)

fro@U)\ fre@U(m*™)) dif  fr(I) N f2(1) #
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Proof. Let i € {1,2,...,m}. Since the proofs for different cases in (i) are similar, we
only prove that

U(i) = i)\ (L") U fiU(m™)))

assuming that f;—1(I) N fi(I) # 0 and f;(I) N fix1(I) # 0.

Take = € U(i). Then x has a unique coding 7~!(z) = z122 ... with z; = i. Clearly,
m(xoxs...) € U. This implies x = 7w(izgxs...) € fi(U). Since by Condition (D) that
fica) N fil) = fa—ym=i-1(I) = firvi-a(I), any point in f;(U(1"~1)) has at least
two different codings: one begins with 1¥i-! and another begins with (i — 1)m®i-1.
This gives ¢ f;(U(1Vi-1)). Similarly, note by Condition (D) that f;(I) N fir1(I) =
Jimwi (I) = f@g1)1vi (I). Then any point in f;(U(m"?)) has at least two codings: one
begins with im* and another begins with (i + 1)1%. So, ¢ f;(U(m"?)). This proves
U) < @)\ (FUA") U LU m))).

To prove the reverse inclusion we take y € f;(U) \ (fs(U(1V=*)) U f;(U(m"*))). Then
y has a coding 1y . . . satisfies

y1 =1 and 7(y2ys...) €U. (6.4)

Furthermore,

Y2 oo Y4, 170 and Yo ... Y14, MU (6.5)

It remains to prove y € U. Suppose on the contrary that y has another coding ¢}y . . ..
If 4§ = y1 =4, then

T(yoys ) = m(y2ys .. .)

has at least two different codings, leading to a contradiction with (6.4). So y; # y1. Note
that y; = ¢. This implies y € fi_1(I)Nfi(I) ory € fi(I)N fixa (D). Ity € fi_i(I)N fi(1),
then by (6.4) it follows that y2 ... y144, , = 1", leading to a contradiction with (6.5).
If y € fi(I) N fix1(I), then by (6.4) we obtain ys...y144, = m*, again leading to a
contradiction with (6.5). Therefore, y1ys . . . is the unique coding of y, i.e., y € U(i). This
completes the proof.

(ii) can be proved analogously to (i). O

Proposition 6.3. Let & = (E,{f;},-,) € £ with fi(x) = rix +b; for 1 <i <m. Then the
Haudorff dimension s = dimy U (®) satisfies

Ui s _ 2Um—15 _ _uys
S 1— Tm (2 7’1 Tnzl ) =1
Ty 1 Tﬂm—ls u1s -

i=1 R I'm
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Proof. Suppose without loss of generality that f1(I)Nfo(I) # 0 and frr—1 (DN fin (1) # 0.
Let U = U(®), and for a word w € {1,2,...,m}" we write U(w) = U N fw(E). Note
that

where the union is pairwise disjoint. By Lemma 6.2 (i) it follows that if f;_1 (I)Nf;(I) # 0
and f;(I) N fix1(I) # 0, then U (i) can be written as

Ui) = i)\ (HUA) U fild(m™)))),

where the union is disjoint. For other cases U(i) can be written analogously, see
Lemma 6.2 (i). Let s := dimy U. Then the s-dimensional Hausdorff measure of U can
be written as

W) = D) = Y (R0 = e (Fi(1=) = (1 Um™))) )

= > (W) — H () - R Um)) ).

where we set vy := co. We emphasize that if f;_1(I) N f;(I) = 0, then v;_; = oo which
implies H*(U(1Y-1)) = 0. Similarly, if f;(I) N fix1(I) = 0, then u; = oo which gives
HfU(m™)) = 0. So (6.6) holds for all cases independent of the locations of the basic
intervals fi—l(l); fz(I) and fi+1(I).

Since f1(I) N fo(I) # 0 and fr—1(I) N fr(I) # 0, by Lemma 6.2 (ii) it follows that
HAUA ) = H (froes U) = H (frois U(m™))
= () = e U m)))

= U = (HE (s @) = H (s UU(71)))
— rvi—ISHs(u) _ Ti)i—ﬁrgnls?_[s(u) U1 1S ulsHs(u(lvm,l))
_H ( ) Vi— 18(1_7,,:1;113)_’_?,,111'—157,:471157_[ ( (1117”71))'

Repeating using Lemma 6.2 (ii) in the above equation we can deduce that for any
N e N U {0},

N
Hs(u(lvi—l)) :H (u),r.'fl 15 177‘:_:"15 Z Um—18 uls

k=0
+rv1 18 ;,Lnls(/r'fvn 18 ;Lrlls)NH ( (1vm 1))
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Letting N — oo, and then (r{™ "*ru)N — 0, using that H*(U(1v-1)) < H*(U) < o
we obtain

Tvi,ls(l _ ’I“uls)

HAUL ) = H(U) s as - (6.7)
1—7r m
Similarly, one can prove
s w, o TS (1 —
) = e B0, ©5)

Substituting (6.7) and (6.8) into (6.6), and using that H*(U) € (0, c0) it follows that

m 1 Vm—18 m

1—rws Vi_1s 8]
S m S 7 — S, U; S
E :Tz T Um 18 urs E :Tirl - 1 _ pUm—18,us E :T T -
i=1 mooi=1 1 meoog=1
Vi—
Note that vy = 00,up = 00, and by fivi-1 = fr_1ym=-1 that rr"™" = ri_yrp "

Rearranging the second summation in the above equation we conclude that the Hausdorff
dimension s = dimgy U satisfies

m Um—18

1= s _ 177’ suls_ 177‘1 su7s
- Ti 1 Um 1€ uls T Um 18 uls T
m v s

R -

- T 1— Um 15’7,u15 .

This completes the proof. O

6.2. Hausdorff measure of Uy (D)

Given ® = (E,{f;}~,) € &, in this subsection we will show that the corresponding
Hausdorff measure of Uy (®) is infinite for any k& > 2 satisfying Uy (P) # 0.

Let ® = (E,{fi}]~,) € £ By Lemmas 2.5 and 2.7 we construct a large subset of
U, (P) as described in the following lemma. For simplicity we write U := U;(®) and
U := 7 }(U). Furthermore, we denote by B,(U) the set of all length n prefixes of
sequences from U.

Lemma 6.4. Let ® = (E,{f;};",) € € with I = conv(E), and let k € N.

(1) If A) N fo(I) = fime(I) and fi(1) O fiyr(I) = O for some i € {2,...,m — 1},
then

m(er ... en ImFD d) € Uy (D)

foranyecy...c, € By(U) with ¢, =i+1 and for any d = dids ... € U with dy = i.
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(11) Iffmfl(l)mfm(l) = fml“(I) and fz(I)mferl(]) =0 fOT some i € {L"'?m_ 2}7
then

m(er ... cnml" D d) € Uy (P)

forany ey ...c, € Bp(U) with ¢, =4 and for any d = dyds ... € U withdy = i+1.
(it)) If (1) N f2(I) = fn—1(D) N fn(I) = 0 and fi(1) O fiy1(I) = fimu(I) for some
i€{2,...,m —2}, then

mler...cn (im™)F d) € Uy (P)
for any ¢y ...c, € Bp(U) with ¢, = m and for any d = dydy ... € U with d; = m.

For ® = (E,{f;}!",) € € note by Proposition 5.3 that ¢/ (®) is identical to a strongly
connected graph-directed set satisfying the OSC. In [25] Mauldin and Williams showed
that the Hausdorff dimension s = dimg U; (P) can be calculated via the spectral radius
of the corresponding adjacency matrix A(s) = (a; ;(s)) which is defined in the following
way. Recall from Section 5 that U;(®) can be represented by the directed graph G =
(BN (Xw),E). The size of the matrix A(s) is |By(XF)| x |By(Xw)|. For two vertices
c=cy...cy and d =d;...dy, if ¢ is connected to d, then we define the map for the

—
edge cd by fc—é(x) = f¢,(x). In this case, the corresponding entry of A(s) is defined by
ac,a(s) =y,

If ¢ is not connected to d, then we define acq(s) = 0.

Note by Lemma 5.2 that the directed graph G is strongly connected. Then A(s) is an
irreducible non-negative matrix. So it has a unique largest non-negative eigenvalue p(s),
which is also called the Perron eigenvalue of A(s). It was shown in [25, Theorem 3] that
the Hausdorff dimension s = dimg U; (®) satisfies

p(s) = 1.

Proposition 6.5. Let ® = (E,{f;};~,) € £ and let s = dimp Uy (P). Then
H* (U (D)) = 00

for any k > 2 satisfying Uy (®) # 0.

Proof. Let I = conv(E) and let k > 2 with Uy (®) # 0. Since the proof for different
cases is similar, we assume without loss of generality that f1(I) N fo(I) # 0 and f;(I) N
fix1(I) = 0 for some i € {1,...,m — 1}. So there exists a positive integer u such that
fiI) N fo(I) = fimu(I). By Lemma 6.4 (i) it follows that
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%)
U U {mler..cntm™Vdids .. (di) € U,dy =i} < Up(®),
n=1c¢;...cn € B, (U),cp=i+1

where U = 7~ 1(U; (®)). Furthermore, note that k > 2, ¢ ... ¢, is an admissible word in
U, and f;({) N fi+1(Z) = 0. Then one can verify that the union in the above equation is
pairwise disjoint. Let s = dimy U; (®). Therefore,

HE (Un(P))

(@
> i 3 7—[3({7r(01 e lm* D dy ) (i) € U, dy = z})

€1...cn€Bn(U),cn=i+1 (6.9)
=Dy > 11
n=1lecy...cn€Bn,(U),cpn=i+1 \j=1
where
D= H( {77(1m“<’f—1>dld2 L) (d) eUdy = i})
= i DIHA (fi(B) N U (@) > 0

using Proposition 5.3. Note that D is a constant independent of the summation in (6.9).
By using the Perron-Frobenius Theorem (cf. [24, Chapter 4]) it follows that

) [Ir ) = Do nls) (6.10)

c1...cn€By(U),cp,=i+1 \Jj=1

for some constant Dy > 0, where p(s) is the Perron eigenvalue of the matrix A(s). Note
that p(s) = 1. By (6.9) and (6.10) we conclude that

HE (U, (D)) > ip "Dy=o00. O

Proof of Theorem 2. The Hausdorff dimensions and Hausdorff measures of E and
Uyr, (D) follow by Propositions 5.5 and 6.1. This proves (i). For the Hausdorff dimen-
sion of Uy (P) it can be deduced from Theorem 1 and Proposition 6.3. For the Hausdorff
measures of Uy (P) it follows from Propositions 5.3 and 6.5. This completes the proof. O

7. Local dimension of self-similar measure
Let ® = (E,{f;},~,) € &. Given a probability vector p = (p1,...,pn) with each

p; > 0, recall from the first section that pp is the self-similar measure supported on £
satisfying
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m
Hp = Zpiﬂp © fi_l-

i=1

In this section we will determine the local dimension of up, at points in U (®) and U, (P).
7.1. Local dimension of pp at points in Uy (P)

First we consider the local dimension of pp, at points in Uy (®). Recall that B(z,r) =
(x — 7,z + ) is the open interval with center at z and radius r.

Lemma 7.1. Let h(z) = ax + b with a > 0. Then
h(B(e,r)) = B(h(c), ar).
Proof. For any z = h(y) € h(B(c,r)) with |y — ¢| < r we have
|z — h(c)| = aly — | < ar,
which implies that z € B(h(c), ar). On the other hand, for any z € B(h(c), ar) we have

z—b Z‘h(Zb)—h(C)

«

o —c = |z —h(c)| < ar.

«

Thus, z = h(=2) with =t € B(e,r). O

[0

In the following proposition we show that the local dimension of i, at each point in
U (P) is uniquely determined by a point in U; (P).

Proposition 7.2. Let ® = (E,{fi}/~,) € € and k > 2. Then for any © € Uy(®) there
exists a word i € {1,...,m}" and a unique y € Uy (®) such that x = fi(y), and

dimy,.pp () = dimy o pip(y),  dimyeepip () = dimyoesip (y).

Proof. Since the proofs for different cases are similar, we assume without loss of gener-
ality that f1(I) N fo(I) # 0 and fr—1(I) N fr(I) # 0, where I = conv(E) is the convex
hull of E. Let

S = L_J (fi(B)N fiy1(E)).

Then any x € S has at least two different codings. Define the expanding map on E by

fil@) if xe fi(E)\S

T:E—E; xHT(I):{fi—l(x) it z€ fi(E)N fia(E).
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Then Uy () ={z € E:T"(z) ¢ S Vn > 0}.

Fix an integer k > 2 and take x € Uy (P). Then there exists a smallest integer k1 > 0
such that yo := T*1(z) € S. So there exists a unique block iy ..., € {1,...,m}"" (it
is the empty block € if k; = 0) such that z = f;,.
j1 € {1,...,m — 1} such that

(yo). Since yo € S, there exists

ik

Yo € fjl (E> n fj1+1(E) = fjlm“(E) = f(j1+1)1“ (E)7

where u = u;,,v = v;; € N are the overlapping indices. Note that = ¢ Uy, (®). By
Corollary 3.4 it follows that yo & {fj,mu(a), f(j,+1)1+(b)}. So, either there exists an
integer 1 > 0 such that

Yo € fiimurer (B)\ fjymeree1 (E), (7.1)

or there exists an integer ¢} > 0 such that
Yo € f(jl—‘rl)lvmé,l (E) \f(j1+1)1”m[/1+1(E)- (72)
Since the proof for the case in (7.2) can be handled similarly, without loss of generality
we assume (7.1) holds. Note that f,,—1(1) N fiu(I) = fm-1)mr (1) = fm1e(I) for some

positive integers p = uy—1,q = vm—1. Then by using fimu=f;,,)» and fmie = fim—1)me
it follows that

f(j1+1)1”+21 = fjlmulel = fjlmufl(mfl)mplelfq == fjlmufl((mfl)mpfl)smlél*5‘1

forall s =0,1,..., L%J. Here |r] stands for the integer part of a real number r. So, by
(7.1) there exists a unique y; € E and Ny := L%J + 2 different blocks

Wi = (1 + 1)1v+0,
Wi = jim"1%,

Wl,g = jlmufl(m — 1)mp1€17q,

W1 sq0 = jlmu_l((m — l)m”_l)smlél_sq,

Wi, = jim" " ((m = 1ymP~ )M =2p1h -2,
such that

Yo = fwy.(y1) forallie {1,...,N;}.
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This implies that yo has N; different codings landing on y;. Furthermore, note that
fi(I) N frn(I) = 0. One can verify that yo has precisely N; different codings landing on
y1. Observe that z = fil...ikl (yo) has a unique coding landing on yo. Therefore, = has
precisely N7 different codings landing on ;.

If y; € Up(P), then k = N; and the proof is complete by taking y = y;. Otherwise,
there exists a smallest integer ks > 0 such that T%2(y;) € S. By the same argument as
above to the point T%2(y;) we can find a unique point y, € E and N, different blocks
Wa1,Wapg,...,Wa N, such that fw,, = fw,, for any i # j, and y1 = fw,,(y2). In
other words, y; has precisely N, different codings landing on ys. This, combined with
the discussion from z to y;, implies that x has precisely My < Ny - Ny different codings
landing on y5. We emphasize that My might be strictly smaller than Ny - No if y3 € S.

Since k is finite, proceeding the above arguments for finitely many times we can find
a unique point y; € Us (®) and M different blocks Wy 1, Wys, ..., Wy n, such that

r=fw,,(ys), and fw,, =fw,, Vi#j (7.3)

Furthermore, = has precisely M different codings landing on y;. Since y; € Uy (P), this
implies that k = M.

In the following it suffices to prove that the local dimension of i, at x is the same as
that at y;. Note that the contraction ratios of fw,,,1 <1 < M are the same, denote it
by 7. Define

n n—1
Cy:= {il..,ine{l,...,m}*:Hm <ryj< Hm}.
=1 =1

Then Wy, € Cy foralli € {1,...,M;}, and

ieCy

where the union is pairwise disjoint. Here [i] is a cylinder set generated by the block i.
So, for r >0

pp(B(x,r) = Y pwhp o fiy' (B(z,r))

wecl,
My

= pw,.ipo fih (Bla,r) + > pwapo fyt (B(x,r).
=1 WeC,\{Wi}isd

(7.4)

Observe that for any W € C; \ {Wh}i\i"l and for sufficiently small » > 0 the open set

B(z,r) is separated from fy (F). So the second summation in (7.4) will disappear for
small r > 0. By (7.3), (7.4) and Lemma 7.1 it follows that for sufficiently small » > 0,
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MJ MJ
ip(B(@,1) = > pw i (BURS, @) 15t 1) = 1p(Blus, 7)Y pws
i=1 i=1

Observe that Zf\i’l pw,, and r;l are both positive constants independent of r. This
implies

di—mloc:u’l)(m) = dimloc/’LP(yJ) and di—mloc:up (37) = di—mlocup(yJ)' a

By Proposition 7.2 the local dimension of pip, at points in Uy, (®) is uniquely determined
by the local dimension of up at points in U (®). In the following result we explicitly
determine the local dimension of pp, at points in U (®).

Proposition 7.3. Let ® = (E,{f;}/~,) € € with f;(z) = rix +b; for 1 <i < m. Then for
any y € Uy (P) with its unique coding (jr) = j1jz ... € {1,... ,m}N we have

dim,, p1p(y) = lim inf 722:1 log pj dimyeefip(y) = limsup 722:1 log pji
==locl'P n—oo > logr;,’ focf'p nooo Y opqlogry,

Proof. Let y € U;(®) with its unique coding (ji). Note by Condition (C) that there
exists at least one pair of disjoint neighboring basic intervals, i.e., f;(I)N f11(I) = 0 for
some i € {1,...,m —1}. Let I = [a,b] be the convex hull of E, and let

g :=min{fiy1(a) — fi;(b) : fi(I)N fiz1(I) = 0}.

Then g > 0 is the length of the smallest gap between the neighboring basic intervals.
Denote by 7z := maxi<i<m 7. Then there exists a large integer N; > 1 such that

N1 (b—a) <g. (7.5)
Recall from Definition 1.2 that (uq, ..., u;,) and (vy, ..., v, ) are the overlapping vectors.
Let
N5 := max { max Us, max vi} .
1<i<m,u; #oo 1<i<m,v;#oo

Take n > Ny sufficiently large, and let

Ry =1 (b—a) [ .
k=1

Clearly, the ball B(y, R,,) contains the interval fj, _j, , v, (/). On the other hand, by (7.5)
we have R,, < g[[}_, rj.. Observe that the basic intervals of higher level have similar
geometrical structure to that of the first level. So, B(y, R,) NI is included in the basic
interval fjln-jn—Nz (I).
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Therefore,

fjl...jn,+N1 (I) C B(ya Rn) nic fjl...jn_N2 (I)a
which implies
n+Np n—Na

H Pj. < kp(B ) < H Pjy - (7.6)

Here we emphasize that the integers Ny, No are independent of n. Taking the logarithms
and dividing by log R, on both sides of Equation (7.6) yields

Yoy logp, _ logpp(Bly, Ra) _ Yp1" logpy,

log R, - log R, - log R, (1)

Denote by pmin = mini<i<m pi and rpi, 1= mini<;<,, r;. Using the inequalities p; >
Pmin ad Tin <75 < Fipag in (7.7) it follows that

n—N-
log pip(B(y, Rn)) 2k=1 108Dy
log Ry, o ZZ;{VQ log rj, + NalogTmin + N1logrmas + log(b — a)
n— N
log 1p(B(y, Rn)) Z *log pj, + (N1 4+ N2)10g prmin
log R, DY 1 *logrj, + (N1 + Na)log rmas + log(b — a)

Letting n — oo we obtain

IOg :up(B(yv Rn)) ZZ 1 IngJk

lim inf =1li f
lnn—l>g log R, 1nIIl)IOI<1> Zk 1log 'rjk (7 8)
1 B(y, Ry, _ logp; '
limsup 28HeBW Bn)) _ o le_l 08 Dy
n—00 log R,, n—oo Zk:l IOgTjk
Now for R,,+1 <r < R,, we have
log pip(B(y, Bn)) _ logup(B(y,r)) _ logup(B(y, Bnt1)) (7.9)

log Ry 41 - logr - log R,
Since 7pin < Rg—:l < Trmaz and R, — 0 as n — oo, we have loligﬂ‘%g:l%lasnﬁoo. By
(7.8) and (7.9) we conclude that

1 B 1 B n 1
dimy, jip (y) = timinf 28R BWT) 108 (B Rn)) e D 108D
r—0 logr n~>oo log R, n—00 Zk logr;,’

and similarly,

T s ZZ—I Ingjk
dimyeepip(y) = limsup =5=——%.
P n—oo D gy 108 7],
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7.2. Local dimension of pp at points in Uy, (P)
Recall from Proposition 3.4 that any « € Uy, (®) must be of the form
= fi(f1(b)) if fi(D)Nfo(D) #0
for some i € {1,...,m}", or of the form
b= (@) B fua(D) O (D) 20
for some j € {1,...,m}".
The following lemma can be shown by an argument similar to that in the proof of
Proposition 7.2.
Lemma 7.4. Let ® = (E,{f;}.-,) € £ with the convezx hull conv(E) = |a, b].
o Ifz = fi(fi(b)) € Un,(®) withie {1,...,m}", then
dimyee pip () = dimyee pip (f1(D)).
o Ifx= fij(fm(b)) € U, (P) withj € {1,...,m}", then
dimyee pip () = dimyoe pip (i (D))-
By Lemma 7.4 it suffices to consider the local dimension of up at fi(b) and f,(a).

Proposition 7.5. Let ® = (E,{f;}i~,) € £ with I = conv(E) = [a,b], and let u =
(U1, .-y Um),v=(v1,...,0) be the overlapping vector.

(1) If fr(D) N fo(I) # 0, then

log py, logpa + (v1 — 1) log py
log 7y’ uy logr, '

dimyee pp(f1(b)) = min {

(i) If fr—1(I) N frn(I) # 0, then

dimyoc pip (fim(a)) = min { ingl , 108 Prm—1 + (tm-1 = 1) 10g pm } .
og i Um—1log T
Proof. Since the proof of (ii) is similar, we only prove (i). Suppose fi(I) N fo(I) # 0.
Then there exist integers ui,v1 > 1 such that f1(I) N fo(I) = fimu (1) = fare (I). We
will determine the local dimension of up at z = f1(b) € Uy, (P).
Denote by p := min {b — fi,(a),b— fm—1(b)}. Then p > 0, and the ball B(b, p) has
empty intersection with f;(I) for any ¢ € {1,...,m — 1}. This implies B(b, p) C fim(I).
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On the other hand, since the set sequence f,»(I) decreases to {b} as n — oo, there
exists a large integer N such that B(b, p) D f,,~(I). Therefore,

me(I) C B(b,p) - fm(l)

Take a large integer n such that R, := ri7),p € (0,1). Note that = f1(b) = fimn (D).
Then by Lemma 7.1 and the above inclusions it follows that

Frmnin (I) € fromn (B(b, p)) = Bz, Rp) C frpnsr (). (7.10)

Observe that fimer = fager. Then for any k € N»,,,

k
Jime(I) = floro1-1ys1mr—sus (I) forall s =0,1,..., Lu—lj (7.11)
Applying (7.11) to (7.10) yields that for n > uy

| 2N By

U f(217’1—1)51m"+N_S“1 (I) - B(1’>Rn) - U f(21“1*1)51m"+1*5“1 (I)
s=0 s=0

This implies

5]
max_ (p2py ) pip N T < pp (B, Ra)) <) (papit T pap
0<s<[ EY s=0
(7.12)
Now we split the proof into the following two cases.
Case 1. pgpll’l*1 < p#i. Then taking the logarithms and dividing by log R,, on both
sides of (7.12) it follows that

m

P pulfl S
log pp (B(z, Ry,)) _ log (maXOSSSL%J p1( zpqlq ) ) + (n+ N)logpm

log - nlogry, +log(r1p)
lo Zmlj (pzqulfl)S +((n+1)lo
log p(B(, Rn)) _ 8\ s=0 P1\"pm & Pm

log R,, - nlogr,, + log(rip)

Note that pgplfl*1 < pit. Letting n — oo in the above equation gives

i 08 #e(B(@, By)) _ logpm
n—co log R, log 7,

(7.13)
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Case 1II. pg]fl’l_1 > p¥1. Then the inequalities in (7.12) can be rearranged as

N w1 n+1\,;75u1
pp(B(r, Ra)) > (o ™)™ max g ()T
0<s<|%EN | \papy
11 LnTtlJ pul n+l—suy
po(Bla B)) < (o™ ) 530 py(2)
s=0 p2p1

By using pgp’fl_l > pil and an argument similar to the proof in Case I one can verify
that

lim log ip(B(z, Ry)) _ logpsy + (v — 1) logpy

7.14
n—00 log R,, uy log rp, ( )

By (7.13) and (7.14) it follows that

log pp(B(z, Ry)) . {logpm logps + (v1 — 1) Ingl}

li =
500 log R, i log 7’ uy log ry,

Note that R,4+1/R, is bounded away from zero and infinity, and R, — 0 as n — oo.
Therefore, we can conclude from the above equation that

log p1p (B log pm 1 ~1)1
dimyo () = lim log pup (B(,7)) _ min 4 28Pm 108D + (v1 — 1) log py 4
r=0 log r log T'm (5% IOg Tm

Proof of Theorem 3. For the local dimension of y, at points in U (®) it follows from
Propositions 7.2 and 7.3. And for the local dimension of up, at points in Uy, (®P) it can
be deduced from Lemma 7.4 and Proposition 7.5. O

8. Final remarks

We believe some of the results obtained in this paper can be extended to a much more
general class of SIFS (see e.g., [18]). Observe that Condition (D) in our class &, also
called the complete overlap condition, is very strong. For a possible extension one might
think of dropping out this complete overlap condition.

Example 8.1. Let E be the attractor of the IFS { f;(x)}; with m > 5. Denote the convex
hull of E by I = [a,b]. Suppose ® = (E, {f;};~,) satisfies the following conditions.

o fim = fo1;

fo(D)N fi(I) =0 for any i > 2;

fm O f;(I) =0 for any j < m;

fi(I) C (f2(b), fm(a)) for any i € {3,...,m — 1}.
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Observe by the last condition that we have a lot of flexibility for the locations of f;(I)
for 3 < i <m — 1. Then ® does not necessarily belong to £. But one can still show that
dimpg Uy (®) = dimpy U (P) for any k € N.

The object studied in this paper is in one dimension. It would be interesting to consider
a higher dimensional analogue.
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