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Given a positive integer M and a real number =z > 0, let
% (x) be the set of all bases ¢ € (1, M + 1] for which there
exists a unique sequence (d;) = dids ... with each digit d; €
{0,1,..., M} satistying

i=1 a

The sequence (d;) is called a g-expansion of z. In this paper we
investigate the local dimension of % (x) and prove a ‘variation
principle’ for unique non-integer base expansions. We also
determine the critical values of % (z) such that when x passes
the first critical value the set % (x) changes from a set with
positive Hausdorff dimension to a countable set, and when z
passes the second critical value the set % (z) changes from
an infinite set to a singleton. Denote by U(z) the set of all
unique g-expansions of x for ¢ € % (z). We give the Hausdorff
dimension of U(z) and show that the dimensional function
z — dimy U(z) is a non-increasing Devil’s staircase. Finally,
we investigate the topological structure of % (x). Although
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the set % (1) has no isolated points, we prove that for typical
x > 0 the set % (x) contains isolated points.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Given a positive integer M and a real number ¢ € (1, M +1], each point x € [0, M/(q—
1)] can be written as

.’I]:ﬂ'q((di)) :ZZ%, di€{0,17...7M} Vi > 1. (1.1)
i=1

The infinite sequence (d;) = didy--- is called a g-expansion of x with respect to the
alphabet {0,1,--- , M}.

Expansions in non-integer bases were pioneered by Rényi [35] and Parry [34]. Different
from the integer base expansions Sidorov [36] (see also [10]) showed that for any ¢ €
(1, M + 1) Lebesgue almost every x € [0,M /(¢ — 1)] has a continuum of g-expansions.
Furthermore, Erdés et al. [19,17,18] showed that for any k& € N U {Xy} there exist
g € (1, M+1) and z € [0, M/(g—1)] such that x has precisely k different g-expansions (see
also cf. [38]). In particular, there is a great interest in unique g-expansions due to their
close connections with open dynamical systems (cf. [13,22,25]). For more information on
expansions in non-integer bases we refer to the surveys [24,37] and the survey chapter
[15].

For ¢ > 1 let U, be the univoque set of x € I, := [0, M /(g — 1)] having a unique ¢-
expansion, and let Uy := 7 L(U,) be the set of corresponding g-expansions. Dual to the
univoque set U, we consider in this paper the set of univoque bases of real numbers. For
x > 0 let % (x) be the set of bases g € (1, M + 1] such that z has a unique g-expansion,
ie.,

Ux)={qe (L, M+1]:x€Uy}.

Clearly, for z = 0 the set Z (0) = (1, M + 1], because for each ¢ € (1, M + 1] the point 0
always has a unique g-expansion 0> = 00---. So, it is interesting to investigate the set
U (z) for = > 0.

When = = 1, the set % = % (1) is well understood. Erdés et al. [19] showed that %
is a Lebesgue null set of first category but it is uncountable. Later Dar6czy and Kéatai
[12] showed that % has full Hausdorff dimension. Clearly, the largest element of % is
M + 1 since 1 has the unique expansion M*® = MM --- in base M + 1. Komornik and
Loreti [26,27] found the smallest element qxr, = qxr(M) of %, which was called the
Komornik-Loreti constant by Glendinning and Sidorov [22]. Furthermore, they showed
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in [28] that its topological closure % is a Cantor set: a non-empty compact set with
neither isolated nor interior points. Hence,

(LM + I\ = (0. 9), (1.2)

where the left endpoints gy run through 1 and the set % \ %, and the right endpoints g
run through a subset %* of % (cf. [13]). In particular, each left endpoint ¢ is algebraic,
while each right endpoint gg, called a de Vries-Komornik number, is transcendental
(cf. [30]). Recently, Kalle et al. [23] showed that the set % has more weight close to
M + 1. For the detailed description of the local structure of % we refer to the recent
paper [5].

However, for a general > 0 we know very little about % (z). Lii, Tan and Wu [33]
showed that for M =1 and = € (0,1) the set % (z) is a Lebesgue null set but has full
Hausdorff dimension. Recently, Dajani et al. [11] showed that the algebraic difference
U (x) — % (z) contains an interval for any x € (0,1]. The smallest element of % (z) was
investigated in [29,6]. In this paper we will investigate the set % (z) from the following
perspectives. (i) We will determine the local dimension of % (z) and establish a so-
called ‘variation principle’ in unique non-integer base expansions; (ii) We will determine
the Hausdorff dimension of the symbolic set U(x) consisting of all expansions of = in
base ¢ € % (), and show that the function x — dimpy U(z) is a non-increasing Devil’s
staircase (see Fig. 2); (iii) We will determine the critical values of % (x) such that when
x passes the first critical value the set % (x) changes from positive Hausdorff dimension
to a countable set, and when z passes the second critical value the set % () changes
from an infinite set to a singleton; (iv) In contrast with % = % (1) we will show that
typically the set % (x) contains isolated points.

For = > 0 let

M
Gz ::min{l—i—M,l—i——}. (1.3)
T
Then ¢, is the largest base in (1, M + 1] such that the given z has an expansion with
respect to the alphabet {0,1,..., M}.
Our first result focuses on the local dimension of % (x).
Theorem 1.1. For any x > 0 and for any q € (1,q,] \ % we have

lim dimy (% (z) N (g — d,q+ 6)) = lim dimy (U, N (x — J,z + J)).
6—0 6—0

Theorem 1.1 can be viewed as a ‘variation principle’ in unique non-integer base ex-
pansions. Recall from [14] the two dimensional univoque set

U = {(z,p) : z has a unique p-expansion} .
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Fig. 1. The graph of ¢ : ¢ — dimpy U, with M = 1. ¢(q) is positive if and only if ¢ > gx 1 ~ 1.78723, and
(q) = 1 if and only if ¢ = 2.

Then the left hand side in Theorem 1.1 is the local dimension of the vertical slice U N
{z =a} = % (x) at the point (z,q), and the right hand side gives the local dimension
of the horizontal slice U N {p = ¢} = U, at the same point (z,¢). So Theorem 1.1 states
that for any 2 > 0 and any ¢ € (1,¢,] \ % the local dimension of U at the point (z,q)
through the vertical slice is the same as that through the horizontal slice.

Let {O,l,...,M}N be the set of all sequences (d;) = dids... over the alphabet
{0,1,..., M}. Equipped with the order topology on {0, 1,... ,M}N induced by the met-
ric

pl(e), (di)) = (M + 1)~ milizLesd) (1.4)

we can define the Hausdorff dimension of any subset of {0,1,..., M }N.
Note that U, = 7, '(U,) € {0,1,.. .,M}N is the symbolic horizontal slice of the
two-dimensional univoque set U. The following result for the Hausdorff dimension of U,

was established in [25] and [4] (see Fig. 1).

Proposition 1.2 (/25,4]). The dimensional function ¢ : ¢ — dimy Uy is a non-decreasing
Dewil’s staircase on (1, M + 1]. In particular,

e 1 is non-decreasing and continuous on (1, M + 1J;
o 1 is locally constant almost everywhere on (1, M + 1];
e ¥(q) € (0,1] if and only if ¢ > qi 1. Furthermore, 1¥(q) = 1 only when ¢ = M + 1.

The detailed study of the plateaus of v, i.e., the largest intervals for which 1 is
constant, can be found in [1]. For the bifurcation set of v, which is the set of points
where 1 is not locally constant, we refer to [3].

For x > 0 let ®,(q) = x1(¢)x2(q) ... be the quasi-greedy g-expansion of z (see Sec-
tion 2 for its definition). Now we define the symbolic set of univoque bases by
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Fig. 2. The graph of ¢ : z — dimpy U(z) with M = 1. ¢(z) is positive if and only if z < zx =~ 1.27028,
and ¢(z) = 1 if and only if z < 1.

U(z) :={P.(q) :q€ % (x)}.

Observe that for each q € % (x) the sequence @, (q) € U(z) is the unique g-expansion of
x. So, the map ¢ — ®,(q) is bijective from % (x) to U(x). We will show in Proposition 3.1
that the map ¢ — ®,(q) is locally bi-Hélder continuous on % (x).

Observe that U(z) = @,(% (x)) is the symbolic vertical slice of the two dimensional
univoque set U. Comparing with Proposition 1.2 our second main result gives the Haus-
dorff dimension of U(z), and shows that the dimensional function x — dimy U(z) is a
non-increasing Devil’s staircase (see Fig. 2).

Theorem 1.3. For any x > 0 the Hausdorff dimension of U(x) is given by
dimpy U(z) = dimy Uy, ,

where q s defined in (1.3). Consequently, the dimensional function ¢ : x — dimpy U(z)
is a non-increasing Devil’s staircase on (0,00). In particular,

(i) ¢ is non-increasing and continuous on (0,00);

(ii) ¢ is locally constant almost everywhere;

(iii) ¢(x) € (0,1] if and only if x < (]I(le—l Furthermore, ¢(x) =1 if and only if x < 1.
Recall from [9] that the generalized golden ratio is defined by

k1 i M =2k
q9G = QG(M) = { kt14vEZI6kEE - (1'5)
% it M=2k+1.

Note that gqrxr = qrr (M) is the smallest element of % = % (1) and 1 < q¢ < gk <
M + 1. The following result on the critical values of U, = m,(U,) was first proven
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by Glendinning and Sidorov [22] for M = 1 and then proven in [31] for all M > 2.
Furthermore, the Hausdorff dimension of U, was given in [25]. For a set A we denote by
|A| its cardinality.

Proposition 1.4 (/22,31,25]). For any q € (1, M + 1] the Hausdorff dimension of Uy is
given by

dimH Uq

dimgy qu = log ¢

Furthermore, we have the following properties.
« Ifqe (1,qq], then Uy = {0, %}
e Ifq€ (gc,qxL), then |Uy| = Ro;
o If q=qkr, then |Uy| = 2% and dimy U, = 0;

o Ifqge (gxr, M +1], then dimy U, € (0,1]. Furthermore, dimy U, = 1 if and only if
q=M+1.

Here in Proposition 1.4 and throughout the paper we keep using base M +1 logarithms.
By Theorem 1.3 and Proposition 1.4 we are able to determine the critical values of % ()
for z > 0and M > 1. Set

M
To = and zgp = ——.
qc — 1 grr — 1
Since 1 < g¢ < grr, < M + 1, it follows that 1 < zg; < zg. Furthermore, by (1.3) it
follows that g, = qg and ¢z, , = ¢xr-

Theorem 1.5. Let M > 1. The set % (x) has zero Lebesque measure for any x > 0.
Furthermore,

if x € (0,1], then dimpy % (z) = 1;

ifx € (1,xxL), then 0 < dimpy % (x) < 1;
if x € [txL,xq), then |% (z)| = No;

if v > xq, then % (x) = {qs}-

Remark 1.6.

o Theorem 1.5 (i) was first established in [33] for M = 1.
¢ In Lemma 4.6 we present a stronger result than Theorem 1.5 (ii): for z € (1,z k1)
we have

0 <dimyU,, <dimpyg % (x) < max dimgU, < 1.
qE ()
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o In contrast with Proposition 1.4 for the univoque set U, Theorem 1.5 shows that
there is no « > 0 such that the set % (z) is uncountable but has zero Hausdorff
dimension.

Recall that % = % (1) has no isolated points and its closure % is a Cantor set. Then
it is natural to ask whether this is true for % (z)? Our forth main result shows that
typically this is not the case. Let

Xiso :={x € (0,00) : Z () contains isolated points} .
We show that for M = 1 the set X5, is dense in (0, 00).

Theorem 1.7. Let M > 1. The set X5, is dense in [0,1]. If M = 1, the set X5, is dense
in (0, 00).

Remark 1.8.

e For M > 1 we show in Lemma 5.2 a slightly stronger property: for any « € [0, 1] any
neighborhood of x in X4, contains an interval.

o For M =1 we show in Proposition 5.3 that X;s, D (1, 00). This means for any x > 1
the set % (x) contains isolated points.

The rest of the paper is arranged in the following way. In the next section we in-
troduce the greedy and quasi-greedy expansions, and present some useful properties of
unique expansions. In Section 3 we investigate the local dimension of % (z) and prove
Theorem 1.1. Based on this we are able to calculate in Section 4 the Hausdorff dimen-
sion of the symbolic set U(x) and prove the irregularity of the dimensional function
x +— dimg U(z) (see Theorem 1.3). Furthermore, we determine the critical values of
% (x) such that when = crosses the first critical value the Hausdorff dimension of % (z)
vanishes, and when z crosses the second critical value the set % (x) degenerates to a sin-
gleton (see Theorem 1.5). The proof of Theorem 1.7 is presented in Section 5. Although
the set % (1) has no isolated points, we show that typically % (x) contains isolated points.
In the final section we pose some remarks and questions on % (z).

2. Preliminaries

In this section we recall some well-known properties from unique non-integer
base expansions. First we need some terminology from symbolic dynamics (cf. [32]).
Let {0,1,...,M}N be the set of infinite sequences with digits from the alphabet
{0,1,..., M}. Denote by o the left shift on {0,1,..., M}N such that o((¢;)) = (¢iy1)- By
a word ¢ = ¢y . ..c, we mean a finite string of digits with each digit ¢; from {0,1,..., M}.
Let {0,1,...,M}" be the set of all words including the empty word e. For two words
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c,d € {0,1,...,M}" we write cd as a new word which is the concatenation of them.
We denote by ¢ =cc... € {0,1,...,.M }N the periodic sequence which is the infinite
concatenation of ¢ with itself. Throughout the paper we will use the lexicographical
ordering “<, <, =" or “>=” between sequences and words in the usual way. For example,
for two sequences (¢;), (d;) € {0,1,.. .,M}N we write (¢;) < (d;) if ¢4 < dy, or there
exists n > 1 such that ¢;...¢,_1 = d1...d,_1 and ¢, < d,. Furthermore, for two
words ¢,d we say ¢ < d if c0® < d0*°. For a sequence (c¢;) we denote its reflection by
(c) = (M—c))(M—cy)...€{0,1,..., M}, Similarly, for a word ¢ = ¢ .. . ¢, we denote
its reflection by € := (M —c1)... (M —¢,). If ¢, < M, we write ¢™ :=cy ...cp_1(ch +1);
and if ¢, > 0, we write ¢~ := ¢1...¢p—1(cn — 1). So, €, ct and ¢~ are all words in
{0,1,..., M}".

2.1. Quasi-greedy and greedy expansions

Let M > 1 and > 0. Recall from (1.3) that ¢, = min{l1+ M,1+ M/z} =
max % (x). For q € (1, 5] let

®,(q) = 21(q)22(q) ... € {0,1,..., M}

be the quasi-greedy g-expansion of x, which is the lexicographically largest g-expansion of
x not ending with 0°°. In other words, ®,.(q) = (z;(q)) is the g-expansion of = satisfying

n

le(q) <z foralln>1.
i=1 ¢

In particular, for x = 1 and ¢ € (1,¢1] = (1, M + 1] we reserve the notation a(q) =

(a;(q)) = ®1(q) for the quasi-greedy g-expansion of 1.
Similarly, for ¢ € (1, g] let

V. (q) = 31(q)F2(q) ... € {0,1,..., M}

be the greedy g-expansion of x, which is the lexicographically largest g-expansion of x.
Then ¥, (q) = (Z;(q)) is the g-expansion of x satisfying

n ~
Z m,(zq —|— — >z whenever Z,(q) < M.
i=1 q
If 2 has a unique g-expansion, i.e., ¢ € % (z), then ®,(q) = V., (q).
The following lemma for the quasi-greedy expansion ®,(¢q) and greedy expansion
U, (q) was essentially proven in [14].
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Lemma 2.1.

(i) Let x > 0. Then the map q — D,(q) is left continuous and strictly increasing in
(1, qz]. Moreover, the sequence ®,(q) = (x;(q)) satisfies

Tna1(Q)Tni2(q) - < alq)  whenever x,(q) < M.

(ii) For x > 0 the map q — V. (q) is right continuous and strictly increasing in (1, q.].
Moreover, the sequence ¥, (q) = (%;(q)) satisfies

Tnt1(Q)Zny2(q) - < alq)  whenever Z,(q) < M.

Proof. The monotonicity statements in (i) and (ii) are obvious by the definitions of ®,
and U, respectively. The continuity statements follow from [14, Lemmas 2.3 and 2.5].
Finally, the lexicographical characterizations of ®,(¢q) and ¥, (gq) can be found in [§].

Remark 2.2. Taking = 1 in Lemma 2.1 (i) it follows that the map ¢ — ®1(q) = a(q)
is left-continuous and strictly increasing in (1, M + 1]. In particular, the quasi-greedy
expansion a(q) = (a;(q)) satisfies apt1(q)n42(q) ... < a(q) whenever ay(q) < M.
Indeed, one can verify (see also [16, Proposition 2.3]) that the map ¢ — «(q) is bijective
from (1, M + 1] to the set of sequences (a;) € {0,1,.. .,M}N not ending with 0% and
satisfying

Op+1Qnt2 - .- S aras ... foralln > 0.
2.2. Unique expansions
For g € (1, M + 1] we recall the symbolic univoque set
U, = {(d) € {0.1,..., M} s my(d) € Uy }
where 7, is the projection map define in (1.1). Then each sequence (d;) € U, is the
unique g-expansion of m,((d;)). So 7, is a bijective map from U, to U,. The following

lexicographical characterization of U, was given by Erdds et al. [19] (see also [13]).

Lemma 2.3. Let g € (1, M + 1]. Then U, consists of all sequences (d;) € {0,1,..., M}N
satisfying

dn+1d7l+2 S a(q) Zf dn, < M,
dn+1dn+2 RS a(q) Zf dn, > 0.

Observe that for any x > 0 and ¢ € (1,M + 1] we have ¢ € % (z) if and only
if ®,(q) € Uy. Recall that % = % (1) is the set of bases for which 1 has a unique
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expansion. Komornik and Loreti [28] showed that its topological closure % is a Cantor
set as described in (1.2). Motivated by the work of de Vries and Komornik [13] we
introduce the bifurcation set ¥ of the set-valued map ¢ — U, defined by

Vv i={qe(1,M+1]:U, #U, Vr >q}. (2.1)

They showed in [13] that % C ¥, and ¥ \ % is countably infinite.
The following intimate connection between U,, % and ¥ was established by de Vries
and Komornik [13] (see also [16]).

Lemma 2.4. Let M > 1. The following statements hold true.

(i) The set-valued map g — U, is non-decreasing with respect to the set-inclusion.
Furthermore, for any connected component (qo,qs) of (1, M + 1]\ % and for any
D,q € (qo,q5) the difference between U, and U, is at most countable.

(ii) For each connected component (qr,qr) of (1, M + 1]\ ¥ the set-valued map q — U,
is constant in (qr,qg).

3. Local dimension of % (x)

In this section we will investigate the local dimension of % (z) by showing that
the map ®, is locally bi-Holder continuous from % (z) onto U(z). This provides a
good estimation for the local dimension of % (z) via its symbolic set U(x). Based
on this estimation we are able to prove the ‘variation principle’ as described in The-
orem 1.1.

Recall that the symbolic set U(x) = {®,(q) : ¢ € % (z)} and the metric p is defined
n (1.4). First we show that the map ®, : % (z) — U(x) is locally bi-Hélder continuous.

Proposition 3.1. Let z > 0 and 1 < a < b < M + 1. Then for any p1,p2 € % (x)N(a,b),
1 1
Cilp1 — pa|[™=e < p(P(p1), P2(p2)) < Calpr — pa|™=?, (3.1)
where C1,Cs> 0 are constants independent of p1 and ps.

Proof. Take p1,p2 € % (z) N (a,b) with p; < ps. By Lemma 2.1 (i) we have (z;(p1)) =
D, (p1) < @(p2) = (zi(p2)). Then there exists an integer n > 1 such that

z1(p1)  Tn—1(p1) = x1(p2) - wp-1(p2) and  z,(p1) < Tn(p2). (3.2)

Note that
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n—1 0 oo n—1
) gzl geaiee) o alea) .
i=1 P i=1 D1 i=1 Pa i—1 y2) Do (p2 - 1)
Then by (3.2) it follows that
( )<T§$i(102) - zi(p1) " M < M
P2 — 1 i— - i— n— - , n— )
=1 P2 ! i1 D1 L (e —1) T oph (e — 1)
which implies
< (3.3)
P2—P< = - .
o)) 2(172 -1z

Therefore, by (3.2) and (3.3) it follows that

1 1
p(®y(p1), @u(p2))l8s = (M + 1) "lo8a = — > —

an = py
> %Mh — 1l
> %Im — 1.
This proves the first inequality of (3.1) by taking Cy := (%)l/loga.

For the second inequality of (3.1) we note that b < M +1. So, a(b) < a(M+1) = M>
by Lemma 2.1 (i). Then there exists 9 > 1 such that

ay(b) - iy (b) < M. (3.4)

Since pg € % (x), we have ®,(p2) € Up,. Then by (3.2), (3.4) and Lemma 2.3 it follows
that

n

3 xi(i)?) >

- P i=1

3

oo n
zi(p2) zi(p2) 1
= , > - + —
; Py ; ps  pyt

2

This implies

1 — (wi(p2) @ p2 __ Mip; —pi|
wm<;(pi ) Z<1zﬁ‘@ﬁnm—u (35)

Hence, by (3.2) and (3.5) it follows that
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1 1
P(@e(p1), D (p2))8" = (M + 1) 7" 8 = o0 < o
2
Mpg’
My
B =D P
< M bl
=la-1)y P1 — P2|-

This establishes the second inequality in (3.1) by taking Cy := (%)1/ logb

The following lemma for the Hausdorff dimension under Hélder continuous maps is

well-known (cf. [20]).

Lemma 3.2. Let (X,dy) and (Y,ds) be two metric spaces, and let f : X — Y. If there
exist positive constants 6,C and \ such that

da(f(2), f(y)) < Cd(a,y)*
for any x,y € X with dy(z,y) <8, then dimp f(X) < 5 dimpy X.

By Proposition 3.1 and Lemma 3.2 we have the following estimation for the local
dimension of % (x), which states that the local dimension of % (z) at any point ¢ €
(1, M 4+ 1) can be roughly estimated by the local dimension of the symbolic set U(x) at
D,.(q).

Proposition 3.3. Let x >0 and 1 <a<b< M + 1. Then

dimy @, (% (z) N (a,b))

dimy ©,(% (x) N (a,b))
logb '

loga

< dimpy (% (z) N (a,b)) <

Proof. Excluding the trivial case we assume that % (z) N (a,b) contains infinitely many
elements. Note that the map

Oy U (x) N (a,b) — @o(% (x) N (a,0)); pr=> Palp)

is bijective. Then its inverse map ®;! is well-defined. Hence, the proposition follows by
Proposition 3.1 and Lemma 3.2. O

To prove Theorem 1.1 we still need the following lemma.

Lemma 3.4. Fiz q € (1, M + 1). There exist constants C1,Cy > 0 such that for any
c=(¢;),d = (d;) € U, we have

Cr - ple, )7 < [my(c) — my(@)] < Co - ple, ). (3.6)
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Proof. Define a metric p, on U, by

Pq (C, d) = q_ inf{i>1:c;#d; }

for any c¢,d € U,. Then the map m, : (Ug, pg) = (Uy, |- |) is bi-Lipschitz (cf. [2, Lemma
2.2]). Since py(c,d) = p(c,d)*89, this proves (3.6). O

Proof of Theorem 1.1. Let 2 > 0 and ¢ € (1,q,] \ %Z. Note by (2.1) that  C ¥
and the difference ¥\ % is countable. Then there exists a 6 > 0 such that ¢ —§ > 1
and (¢ — d,q) N ¥ = (. So, by Lemma 2.1 (i) and Lemma 2.4 it follows that each
p € % (x)N(q—9,q) determines a unique y = 74(P,(p)) € U, N (x —n, x) for some n > 0
depending on §. This defines a bijection

¢: Ux)N(q—06,q9) > Uy N (x—m,2); prrme(Pa(p)).

If the set % (x) N (g — d,q) is empty, then so is Uy N (x —n, ). In this case, it is trivial
that

lim dimy (% (z) N (g — 4, ¢)) = lim dimy (U, N (z — n, z)), (3.7)
6—0 n—0

and the limit is equal to zero. In the following we assume % (z) N (¢ — d,q) # 0. Then
by (3.1) and (3.6) it follows that there exist constants Dy, Dy > 0 such that

log g
Di|p1 — p2|™=la= < |p(p1) — ¢(p2)| < D2|pr — p2|

for all p1,ps € % ()N (g—9,q). In other words, ¢ is ‘nearly bi-Lipschitz’ on % (z) N (q—
d,q). By Lemma 3.2 this implies

dimpg (Uy N (z —n,z)) < dimg (% () N (g —6,q9)) < logg

Letting 6 — 0, which implies  — 0, we then establish (3.7) for any 2 > 0 and ¢ €
(1, ]\ %.

The proof for the right local dimension similar to (3.7) is more involved. The main
obstacle in this case is that for a base r € % (x) N (¢, ¢ + J) the expansion ¢, (r) may
not belong to Ug, and then we have problems to build a bijective map similar to ¢.
Fortunately, if (¢,q + ) N % = (0 then the set of all such bases is at most countable.
So, in the proof for the right local dimension we can throw away all of these bases
r € % (x)N(q,q+ ) satistying ®,(r) ¢ U,.

Take q € (1,q]\ % . If q=q. ¢ %, then q, = 1+ M/x < M +1. So, ¥,(g.) = M,
and thus x is the largest element of U, . Note that ¢, = max % (). Then it is clear that

U (x) N (Ge:qu +0) =Uy, N (x,z+ ) =0 for any §,( > 0. (3.8)
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In the following we assume ¢ € (1,¢;) \ %. Choose § > 0 such that ¢ +J < ¢, and
(¢,q+0)N% =0. Let

Fz,q,5 = {7”' € %(’I’) N (qvq + 6) : \Ijr(r) € Uq} .
By Lemma 2.1 (ii) and Lemma 2.4 (i) it follows that the difference between T, 5 and
% (x) N (q,q + &) is at most countable. So they have the same Hausdorff dimension.

Observe that each r € I'; ; s determines a unique z = my(¥,(r)) € Uy N (z, 2 + () for
some ¢ > 0 depending on §. This defines a bijection

V:ilpqs 72U N (T, 2 +C); T mg(Ty(r)).

Hence, by (3.1) and (3.6) we can prove that v is nearly bi-Lipschitz, and then by the
same argument as in the proof of (3.7) we conclude that

lim dimg (% () N (¢, ¢+ 90)) = lim dimy I'; ¢ 5 = lim dimy Uy N (2, 2 + ().
6—0 6—0 ¢—0

This, together with (3.7) and (3.8), completes the proof. O

4. Hausdorff dimension and critical values of U(x)

Given x > 0, recall that the symbolic set U(z) = {®,(q) : ¢ € Z ()} consists of all
unique expansions of & with bases in % (z). Clearly, ®, is a bijective map from % (x)
to U(z). Instead of looking at the set % (x) directly we focus on the symbolic set U(x).
In this section we will investigate the Hausdorfl dimension of U(z) with respect to the
metric p defined in (1.4), and prove Theorem 1.3. Furthermore, by using Theorem 1.3 and
Proposition 1.4 we determine the critical values of % (), and then prove Theorem 1.5.

4.1. Hausdorff dimension of U(x)

Our first result states that the set-valued map x — U(x) is non-increasing on (1, c0)
with respect to the set inclusion.

Lemma 4.1. The set-valued map x — U(x) is non-increasing on (1,00).

Proof. Let z € (1,00) and (d;) € U(z). Then there exists a unique base ¢ € % (z) C
(1, M 4+ 1) such that

(di) = ®2(q) € U, (4.1)

Take y € (1,x). Then the equation
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(4.2)

-5

determines a unique base § € (¢, M + 1), since mp4+1((d;)) < 1. Observe by Lemma 2.4
(i) that the set-valued map ¢ +— U, is non-decreasing. Then by (4.1) it follows that
(d;) € U, C Ug. In view of (4.2) this implies that

Tb|&

®,(B) = (di) € Ug.
So, (d;) € U(y), and thus U(z) C U(y). This completes the proof. O

Now we turn to the Hausdorff dimension of U(z). This is based on the following

lemma.
Lemma 4.2. Given x € (0,1), let (g;) = ®,(M + 1) be the quasi-greedy expansion of x
in base M + 1. Then there exist a word w, a positive integer N and a strictly increasing
sequence (N;) C N such that
Uy, (z) CU(z) forallj>1,
where
x) = {e1...enyn,Wdidy ... dpgy...dnsn, & {0V, M9} V0 >0},
Proof. The proof of this lemma is similar to [33, Section 4]. Let (g;) € {0,1,..., M}N
be the quasi-greedy expansion of x in base M + 1. We distinguish two cases.
(I). (¢;) ends with M°. Then we can write

(i) =¢€1...€m M for some m > 1 with g, < M. (4.3)

Let w = € be the empty word, N = m and N; = m + j for j > 1. Take a sequence
(yi) € Un, (). Then it can be written as

(y,) =& ...€N+de1d2... =& ...EmMdeldQ..., (44)

where (d;) € {0,1,..., M}N contains neither IV; consecutive 0’s nor IV; consecutive M’s.
Let g; be the unique root in (1, M + 1) of the equation

=34

Here we emphasize that ¢; < M + 1 because Y .o, y;/(M + 1)* < . We claim that (y;)
is the unique gj-expansion of z.

e
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Observe that the tail sequence

Ym+1Ym+2 ... = MNj dldg L. = (52)

satisfies 0™((0;)) < (8;) for all n > 0. Then by Remark 2.2 it follows that (d;) is the
quasi-greedy expansion of 1 for some base ¢ € (1, M + 1], i.e., a(q) = (J;). Note that
Nj > N =mande,, < M. Then by (4.4) it follows that the initial word y; ... yn4 ;-1 =
e1...emMNi~1 contains neither N; consecutive 0’s nor IV; consecutive M’s. So, by the
definition of (d;) in (4.4) it follows that

0N < yiv1. . yirn, < MY Vi >0,

and the equality yit1 ... yitn, = MPNi holds if and only if 4 = m. This implies that (J;) =
MPNidyd, . .. is the lexicographically largest tail sequence of (y;). Hence, by Lemma 2.3
it suffices to prove that a(g;) > a(q) = (d;). In other words, it suffices to prove

oo
5.
d o< (4.5)
i1 %
This follows from the following calculation: By (4.3) and (4.4) we obtain

m

€i = Yi i i 1
= G Z =gt
i=1 (M+1 M+1 i=1 M+1 i= 1qJ im1 4 q;'nz 19

which gives

1 £ 4a;
;g @’ ((M+1 +Z( M+ ) %)) = (M +1)m <L
where the inequalities follow since ¢; < M + 1. This proves (4.5).

Therefore, by Lemma 2.3 it follows that (y;) is the unique g;-expansion of z, i.e.,
(yi) € U(x). Hence, Uy, (z) C U(x).

(IT). (£;) does not end with M. Since (¢;) is the quasi-greedy expansion of z in
base M + 1, (&;) does not end with 0°°. Then there exists an integer N > 3 such that
en—2 > 0. Choose N; > N such that enxyn,+1 > 0 and

{1<i<Ni:e;>0}>N+1, |[{1<i<N :e;<M}|>N+1. (4.6)

In fact, we can choose a strictly increasing sequence (N;) such that en 4,1 > 0 for any
7 >1.Set w=0M. Fix j > 1, and take a sequence

(yi)zal...€N+NjOMd1d2... EUNj(J?), (4.7)
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where the tail sequence (d;) contains neither N; consecutive 0’s nor N; consecutive M’s.
It follows from (4.6) that the initial word &1 ...en4 N; contains neither N; consecutive
0’s nor N; consecutive M’s. Hence, by (4.7) it gives that (y;) contains neither (N; + 1)
consecutive 0’s nor (N; + 1) consecutive M’s. Note that the equation

A Zy

zlqﬂ

determines a unique g; € (1, M+1). Here we emphasize that ¢; < M4-1, since enyn, 41 >
0 = yn4n,+1 which implies that > ;7 y;/(M + 1) < z. Then by Lemma 2.3, to show
that (y;) is the unique gj-expansion of z it suffices to show that a(g;) = MYit10% or
equivalently, to prove

M
Y <1 (4.8)
i=1 q]
Observe by (4.7) that
N+N; ) oo N+N; )
i Yi & €;
; 4 =1 q; ! ;(M—Fl) ; (M+1)l+(M+1)N+Nj
This, combined with ey_o > 0 and ¢; < M + 1, implies that
Mrlog _ ] ! <N§j - o < =
q;(M+1)N-2 — qé\’*2 (M+1)N=2 = & ¢ (M+1)i (M + )N+,
Rearranging the above inequality yields
q; M

M+1—-gq; <

< w10
(M +1)Ni+2 q;vjﬂ

which gives M (1 — qj_Nj_l) < ¢; — 1. Thus,

proving (4.8).
Therefore, (y;) is the unique gj-expansion of z, i.e., (y;) € U(x). Hence, Uy, (z) C
U(x) for all j > 1, completing the proof. O

The following lemma can be deduced from [4, Theorem 3.1].
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Lemma 4.3. For any q € (1, M + 1] and n € N let

Uy = {(dz) con(q) . can(q) < digr - dign < 01(q) ... an(q) Vi > O} . (4.9)

Then

lim dimg Uy, = dimg U,,.
n—oo

Proof. Take ¢ € (1, M + 1], and set I~Jq = {(d,) ca(q) < diy1diga ... < a(q) Vi > O}.
Then by Lemma 2.3 we have U, C U,. Furthermore, by [25, Lemma 2.5] it follows that

dimy U, = dimy U,. (4.10)
Define a sequence of subsets
Vyn = {(dz) :m Ldiy1.. ditn < a1(q) ... an(q) Vi > 0}, n > 1.
Then U, ,, C U, C V., for all n > 1. So by (4.10) it suffices to prove
lim dimy U, = lim dimy V. (4.11)

n—oo n—oo

Note that for any n > 1 the sets U, ,, and V,, are both subshifts of finite type, and
then by [21, Proposition 3.1] it follows that

h’tOP(Uq”ﬂ)
log(M +1)

ht0p (Vq,n)

d. U n — )
R P, log(M +1)

and dimg Vg, =

where h,(X) denotes the topological entropy of a subset X C {0,1,..., M}N. So, (4.11)
follows directly from [4, Theorem 3.1 that lim,_, o htop(Ugn) = limy_so0 hrop(Vgn)-
This completes the proof. 0O

Proof of Theorem 1.3. Note by Proposition 1.2 that the function ¢ — dimg U, is a
non-decreasing Devil’s staircase on (1, M 4 1]. Then by the definition of ¢, it suffices to
prove

dimy U(z) = dimy Uy, for all z > 0. (4.12)
First we consider x € (0,1). Let (g;) = ®,(M + 1) be the quasi-greedy expansion of

x in base M + 1. Then by Lemma 4.2 there exist a word w, a positive integer N and a
strictly increasing sequence (N;) C N such that

UNj (l‘) = {81 . ..EN+Nde1d2 Lo (dz) S AJ} C U(l‘) for all] >1, (413)
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where
Aj = {(di) e {01, M¥N dniy . dnin, ¢ {ON, M3} v > 0}.
By (4.13) it follows that for any j > 1,
dimg U(z) > dimy Uy, (z) = dimyg A; = dimg Uy, (4.14)

where p; € (1, M + 1] satisfies

Note that the function ¢ — dimg U, is continuous. Letting j — oo in (4.14), so that
N; — oo and hence p; — M + 1, it follows by Proposition 1.2 that

dimH U(i) 2 dlmH UM+1 =1.

Note that ¢, = M + 1 for all z € (0,1). Hence, dimy U(z) = 1 = dimy U,, for all
z € (0,1). This proves (4.12) for z € (0,1).

Now we prove (4.12) for > 1. Then g, = 1+ M /x, and the quasi-greedy g¢,-expansion
of z is M*°. We claim that for any N € N there exists an integer J = J(N) > 0 such
that

Iyg={M’didy...: (d;) € Uy, v} C U(z), (4.15)

where Uy, n is defined as in (4.9).
This can be verified by the following observation. Take N € N. Since ®,(q,) = M,
by Lemma 2.1 we can choose J sufficiently large such that

a1(gn,g) - -an(gn,g) = a1(gz) - - an(ge), (4.16)

i

where gy, s is the positive root of the equation Z;]:l Mq~" = x. Note that each sequence

(yi) € ',y determines a unique base p € (1, ¢,) via the equation

(3
E = =z
=

Since M70% < (y;) < M*, we must have gn.; < p < ¢z. Then by Lemma 2.1 and
(4.16) it follows that ay(p) ... an(p) = a1(qz) - - - an(¢gsz). So by Lemma 2.3 we conclude
that each (y;) € I'w,s is the unique expansion of z in some base p € (¢n,7, ¢»). In other
words, I'y ; C U(x), proving (4.15).
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By (4.15) it follows that
dlmHU(I) ZdlmHl—‘N”]:dlmH UqI,N V N € N. (417)

By Lemma 4.3 it follows that limy_oc dimyg Uy, y = dimg U, . Letting N — oo in
(4.17) we conclude that

dimy U(z) > dimy U, .

The reverse inequality is obvious since U(z) C U,, by Lemma 2.4 (i). This proves (4.12)
forallz>1. O

4.2. Critical values of % (x)

Observe by Proposition 3.1 that the map ®, : % (x) — U(z) is bijective and locally bi-
Holder continuous. So, to determine the critical values of % () is equivalent to determine
the critical values of U(z). We do this by using Theorem 1.3 and Proposition 1.4.

Recall from (1.5) that g¢ = qo(M) € (1, M +1) is the generalized golden ratio. Then
xg = M/(ge — 1) > 1. First we show that % () is a singleton for any = > z¢.

Lemma 4.4. If x > z¢, then % (x) = {q. }.

Proof. Note by Proposition 1.4 (i) that for ¢ < g¢ the symbolic univoque set U, =
{0°°, M>°}. Since for > z¢ we have by (1.3) that ¢, < gg, so

U(z) C{0>°, M} Vz>uzg.

If 0° € U(z), then z = 7,(0°) = 0, leading to a contradiction with our assumption
that © > zg > 0. So U(z) = {M°°}, which implies % (z) = {g,} for any z > zg. O

In the following lemma we show that z¢ is indeed a critical value for % (z). Recall that
axr € (¢¢, M +1) is the Komornik-Loreti constant. Then zx, = M/(qxr—1) € (1,2¢).

Lemma 4.5. For any © < xg the set % (x) contains infinitely many elements. In partic-
ular, for x € [xkL,zq) we have |% (x)] = No.

Proof. Let © < xg. Then ¢, > g¢g. Note by Theorem 1.3 that dimgy U(x) =
dimgy Uprpq = 1 for z € (0,1]. So it suffices to prove that U(x) contains infinitely
many elements for z € (1,zg). Take © € (1,z¢g). Then by (1.3) it follows that
gz=14+M/x € (qe,M + 1) and the quasi-greedy expansion ®,(q,) = M. By
Lemma 2.1 (i) it follows that for k € N sufficiently large the equation

T (MFalge)) = @ (4.18)
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determines a unique base py € (¢¢,¢.), and pr 7 ¢, as k — oo. So, there exists
K = K(z) € N such that py, € (¢g,¢s) for any k > K. Take k > K. Then a(pr) = a(qq).
By Lemma 2.3 it follows that M*a(ge) € Up,. Therefore, by (4.18) we conclude that

MF*a(qe) € U(z) Yk > K.

This implies that % (z) is an infinite set for any = < z¢.

On the other hand, observe by Lemma 2.4 (i) that U(z) C U, for any = > 0.
Furthermore, ¢, € (q¢,qxr) if and only if € (zxL,xc). By using Proposition 1.4
(ii) it follows that U(x) is at most countable for any x € (xxr,z¢). If © = 2k, then
¢z = qxr and ®,(g,) = M. Observe that

Ux) = {M>*} U{®(p) :p € %(x) N (1,qkL)}

=0 u U {20 p e 20 e - 5

c{mM>=julJU

n=1

1.
dKL—3m

Then by Proposition 1.4 (ii) we can deduce from the above equation that U(x) is also a
countable set for x = xx . Therefore, |% (x)| = N for any z € [zxL,zg). O

In the next lemma we demonstrate that xx, is also a critical value of % (x).

Lemma 4.6.

(i) If x € (0,1], then dimpy % (x) = 1;
(ii) Ifx € (1,zkL), then

0 <dimyU,, <dimy % (zx) < max dimgU, < 1.
qEY ()

Proof. (i) was first proven by Lii, Tan and Wu [33] for M = 1. For M > 1 the proof was
given by Xu [39] in his thesis. For completeness we prove this by using Theorem 1.3 and
Proposition 3.3.

For 2 > 0 note that % (z) C (1, ¢»]. Then by using the countable stability of Hausdorff
dimension (cf. [20]) and Proposition 3.3 it follows that

dimy % (z) = dimpg (U@/(x) N(1+n"t g — n_l))
=supdimy (Z(z)N(1+n"' ¢ —n""))

1
> sup

i -1 -1
il e — dimy @, (% (x)N(1+n"", ¢ —n""))
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> log supdimy @, (Z(z)N(1+n"' ¢ —n""))

dlmH(U(I’ )ﬁ(l-l-nfl,%—nil)))

log Gz
_dimyg U(z) dimpyg U,
- loggy  logg,

where the last equality follows by Theorem 1.3. Therefore, by Proposition 1.4 we obtain
that

dim g 02/(.%) > dimpg Z/{qm Vaz>0. (419)

Note by (1.3) that ¢, = M + 1 for all x € (0,1]. Then by (4.19) and Proposition 1.4 we
conclude that dimy % (x) = dimy Upr41 = 1 for all z € (0,1].

Now we prove (ii). Let z € (1,xx71). Then ¢, € (¢xr, M+1). The first two inequalities
of (ii) follow from (4.19). For the remaining inequalities in (ii) we set

¢ = max dimy U,.
qEY ()
Since % (z) C (1,q,] and ¢, € % (x) N (¢x1, M + 1), by Proposition 1.2 it follows that

0 < £ < 1. Take € > 0. By Proposition 3.3, Lemma 2.4 (i) and Proposition 1.2 it follows
that for each ¢ € % (x) there exists 6 > 0 such that

dimpyg @, (% (z) N (g — 6,9+ 9))

dimp (% (z) N (¢ — 6, +6)) < log(q — 0)

< log(g+9)
log(q 5) log(q+4) (4.20)
_ log(q +9)
~ log(q—9)

SdlmHuq+€§€+€

dimyg Ugqs

dimpg Ugs

For each q € % () we choose a 0, € (0, M +1—¢,) satisfying (4.20). Then the collection
{(q — 04,4+ 0q) : q €U (z )} forms an open cover of % (x). Since % (x) is compact, there
exists a finite cover {(¢; — d;,¢; + 9; )} ", of % (z), where §; := &,,. By (4.20) this implies

N

dimyg% (z) = dimpy (%(m) N U(qz —0i,q; + 51))

i=1

= 12112)5\7 dlmH(OZ/(l‘) N (qi —0;i,q; + (51))

<E&+e.

Since € > 0 was arbitrary, this completes the proof. O
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Proof of Theorem 1.5. By Lemmas 4.4-4.6 it suffices to prove that % (z) has zero
Lebesgue measure. This result was first proven in [33] for M = 1 by using the Lebesgue
density theorem. Here we present an alternate proof by using Proposition 3.3. By the
same argument as in the proof of Lemma 4.6 (ii) one can easily verify that for > 0,

dim gy (%(m)ﬂ(LM—i—l—%)) <1 foranyn>1.

This implies that % (z) N (1, M +1 — 5= ) has zero Lebesgue measure for all n > 1. Then
we conclude that % (x) is a Lebesgue null set by observing

U(x) C {M+1}U G (%(x)m(LMH_Qin)). o

5. Isolated points of % (x)

In this section we will consider the topological structure of % (x) when z varies in
(0,00). In particular, we will investigate the isolated points of % (x), and prove Theo-
rem 1.7. Recall from (1.2) that (1, M +1]\ % = U(go, ¢;), and recall ¥ from (2.1). Then
for each connected component (qo, qg) of (1, M + 1]\ % we can write the elements of
Y N (qo,q5) = {qn},—, in an increasing order as

GO<G<q@p< < <gp1<--, and g, ~¢;asn— oco.

By Lemma 2.4 (ii) it follows that U, = U, ., for any p € (¢n,qn+1]- For n > 1 set

UZnJrl =Ug.., \Ug, = {(dl) € U, ., : (d;) ends with a(gy,) or a(qn)} .

It was shown in [13] that Uy is dense in Ug, .,

First we give a sufficient condition for the set % () to include isolated points.

for any n > 1.

Proposition 5.1. Let (qo,q;) be a connected component of (1, M + 1]\ %, and let
{an}or, =7 N (qo,q5). Then for any

T € U U ﬂ'p(UZnH)

n=1pe(qn,qn+1)

the set % (x) contains at least one isolated point.

Proof. Forn > 1let z € m,(Uy ) for some p € (¢n; gn+1)- In the following we will show
that p is an isolated point of % (z). Note by the definition of ¥ that ®,(p) € Uy |
U = U,. Then ®,(p) = (x;(p)) € U,. Furthermore, by the definition of U}

dn+1 qn+1
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follows that @, (p) ends with a(g,) = (a1...ama1--- )™ for some m > 1. So there
exists N € N such that
Oo.

D,.(p)=21(p)...an(p)(a1 ... ama1 - Gm)

Now suppose p € (¢n, gn+1) is not an isolated point of % (x). Then by Lemma 2.1 (i)
there exists a p’ € % (2) N (¢n, ¢n+1) such that p’ # p and P, (p") = (x;(p’)) coincides
with @, (p) for the first N 4 2m digits, i.e.,

z1(p") .. aNyom (@) = 21(p) ... 2N (P)ay . .. amT1 - Gy (5.1)

Observe that ®,(p') € Uy = U, ,, and a(gny1) = (a1...amG1 .. am Far - amay ...
a,.)*°. Then by (5.1) and Lemma 2.3 it follows that
O,.(p") =z1(p) ... 2N, (p) (a1 - .. Q@1 -G = P (p).

This implies p’ = p by Lemma 2.1 (i), leading to a contradiction with our hypothesis.
So, p is an isolated point of 7 (xz). O

Recall from Section 1 that X;5, = {z > 0:%(z) contains isolated points}. By
Lemma 4.4 we see that % (x) = {q.} is a singleton for any x > z¢ = M/(gc — 1).
This implies that [zg,00) C Xs0. In the following result we show that the set X, is
dense in [0, 1].

Lemma 5.2. For any x € [0, 1] and any § > 0 the intersection X;soN(x—0,2+0) contains
an interval.

Proof. Take x € [0,1] and 6 > 0. Then there exist y € (x — %,x + g) and an integer
N1 = Ny(z,6) > 0 such that the quasi-greedy expansion ®,(M + 1) = y1y2 ... contains
neither N; consecutive 0’s nor N; consecutive M’s. By Lemmas 2.3 and 2.4 (i) this
implies

(vi) € Uy Vq>pn,, (5.2)

where p,, is the root of 7 | pM = 1lin (1, M +1). Clearly, p,, ,* M +1 as n — co. Note
that the map

g:[pn, M +1] =R g mg((yi))

is continuous, and g(M + 1) = y. So there exists an integer No > N such that

1) 1) 20 26
g(q)E(y—g,gﬁ—g)C(x—?,x—kE) Vq € [pNn,, M +1]. (5.3)
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Let (qo,q3) C [pny, M + 1] be a connected component of (1, M + 1] \ %, and write
(q0,95) \ ¥ = U, Zo(qn+ qn+1)- Take n > 1. Recall from [13, Theorem 1.4] that the set
U?  is dense in U

dn+1 dn+1

that (yz) eU

with respect to the metric p defined in (1.4), and note by (5.2)

gns1- Then there exists a sequence (2;) € Uy | such that

Imq((22)) = 9(@)] = |mq((2:)) = mq((i))| < g Vg € (Gn: qn+1)- (5-4)

Since (qn, Gn+1) C [PN,, M + 1], by (5.3) and (5.4) it follows that

2% = ﬂ—q((zl)) € (:L' - 5,1’ + 5) Vq € (Qn;Qn-‘rl)'
Furthermore, by using Proposition 5.1 we obtain that % (z%) contains isolated points
for any q € (gn,qn+1)- In other words, X;s, N (x — d,x + ) contains the sub-interval

(z@nt1,2%). O

In the following we consider isolated points of % (x) for > 1. When M = 1 we show
that X5, D (1,00)

Proposition 5.3. Let M = 1. Then for any x > 1 the set % (x) contains isolated points.
Note by Lemma 4.4 that X;s, D [xg,00). Thus it suffices to prove that X;s, covers
(1,z¢). In the following we fix M = 1, and we will prove Proposition 5.3 in several

steps. Let (qo,q5) = (1,qxz) be the first connected component of (1,2] \ %. Then
Y N (q0,95) = {a1, 42, g3, - . .} satisfying

l=q<q <q2<q3<--<q =gk, and @¢n 7 qKL asn — 0.
Furthermore, for each n > 1 the base ¢, € (1, ¢k ) admits the quasi-greedy expansion

algn) = (11...732)%, (5.5)

where (7;)22, = 01101001 ... is the classical Thue-Morse sequence (cf. [7]).
The following properties of the sequence (7;) are well known (see, for example, [27]).

Lemma 5.4. For any integer n > 0 we have

(1) Ton41...Tontl = T1 ...7'271+
(11) TL...Ton_j = Tjg1...Ton X T1...Tan_; V0O<i<2m.

Now we construct sequences in U;‘nﬂ.
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Lemma 5.5. Forn>1 and k > 1 let

Cnj i=T1...Ton—1(T1 - Tgn-1" )k(ﬁ . Tan

Then cp;, € U} forall k> 1.

dn+1

Proof. Note by (5.5) that ¢, ends with (71...75.)> = a(¢n). Then by Lemma 2.3 it
suffices to prove

O‘(QTHA) = Uj(cn,k) =< a(anrl) Vi >1, (5'6)

where o is the left-shift map. Since a(gn4+1) begins with 7y ... 72, we prove (5.6) by

considering the following three cases.
(I). 1 < j <21 Then (5.6) follows by Lemma 5.4 (ii), which implies that

TLe - Ton1_; < Tjf1.--Ton-1 X T1...Tgn-1_j and 71...7; < Ton—1_j41...Togn-1.

(1). 21 < j < (k4 1)2"~L. Note that 62" (cnx) = (T 72 )R (A 72 7).
Then (5.6) again follows by Lemma 5.4 (ii), which implies that

Ti...Togn—1_; = Ti41-- .T2n71+ <XT1...Togn-1_; and 7Tq...7; < Ton—1_j41-..Ton—1
(5.7)
for any 0 <i < 2"~ L
(II1). j > (k + 1)2"~L. Then (5.6) follows from (5.7) with n — 1 replaced by n. O
By the definition of c,, i it is easy to see that
Cnk / Cnoo =Tl .Ton1 (T Tgn-1)® ask — oo.

In the following lemma we construct sequences in Uy — that decrease to ¢y, o0-

Lemma 5.6. Forn > 2 and k > 1 let

dp i =71...Ton-1(T1.-- 72n71+)k T g (T )™

Then d,, i € U} forall k> 1.

dn+1

Proof. It is clear that d,, x ends with a(gy,). Then by Lemma 2.3 it suffices to prove

agni1) < O’j(dn’k) < alqne1) Vji=>1. (5.8)

Since a(gn+1) begins with 7y ... 72n, by Cases (I) and (II) in the proof of Lemma 5.5 we
only need to verify (5.8) for j > k2"~1 4 27=2. Observe by Lemma 5.4 (i) that
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O_k2n71+2n—2 (d

+

nk) =Ti...Ton—2T] .- Tgn-2  (T1 .- Tgn-1T1 ... Ton-1)>

= (T1...Ton-1T1 - Tan-1) = a(qn)-

Then by the same argument as in the proof of Case III in Lemma 5.5 it follows that
(5.8) holds for all j > k2"~! + 272, This completes the proof. 0O

Clearly,
dpi Ndpoo i =71.. Togn—1 (Lo Tgno1 1) = Cnoo as k— oc.
Now we are ready to prove Proposition 5.3.
Proof of Proposition 5.3. Let M = 1. By Lemma 5.5 and Proposition 5.1 it follows that

00, e

e(‘]n;‘]7z+1)

ﬁC}

U Tanes (Cnk)s Tg (Cak))y  (5.9)

where the bases ¢, € ¥ are defined as in (5.5). Similarly, by Lemma 5.6 and Proposi-
tion 5.1 it follows that

Xiso D) U U U Wp(dn k

n=2k=1pe(qn,qn+1)

HC8

Uvrqw k) g (A ). (5.10)

In the following we will show that the unions in (5.9) and (5.10) are sufficient to cover
(1, .’17(;).

First we prove that the union in (5.9) covers (1,2¢) up to a countable set. By (5.5)
and Lemma 5.4 (i) it follows that

Tams (Crot1) = Mgy (T1 - Ton—1 (Tr - Tgn—1 Yt e (1 Tona T 1))
< Tgs (T1 oo Tona (AT g1 )R F20%)
= Mgy (T1- - 'rgn()zn_lk T T 0%) + g, (02" (A= 1)F0™).
(5.11)
On the other hand, by (5.5) we obtain
Tqn (Cn7k) = Tyq, (Tl .. Togn—1T71 ... 7'2n71+0°°) + Tqn (OZTL (7'1 ‘e 7'27171+)k000) (5 12)

=14, (02" (A1 )k0>).

Since 7g, (11 ... 72002 A T0®) < 1 for any n > 1L,k > 1, by (5.11)
and (5.12) it follows that m,, . (Chpry1) < 7g,(Cnk). Therefore, the intervals Jj :=
(Tgrsr (Cnk)s g, (Cnk)) With k& > 1 are pairwise overlapping. So,
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oo
U Tgni1 (Cnk)s T, (€nk)) = (Tg,i1(€n,1), Mg, (Cnoc)) (5.13)

where we recall that €, 00 = 71 ... Ton-1(T1 ... Ton—1 ). Note by Lemma 5.4 (i) that

Cnl =Ti...Ton—1T1 ... Tgn—1 P ) =71 Ton (Fr e )™ = Cntl,00-
(5.14)
Write z, 1= 7y, (Cn,00)- Then by (5.9), (5.13) and (5.14) it follows that
Xiso D) U (szrla Zn)
n=1
Observe that z1 = 74 (C1,00) = 74, (1°°) = 2. Furthermore, since ¢, ' qrxr and

Cnoo \TiT2...as n — 00, we have

Zn = Tq, (Cnoo) \ Tgpp (TiT2...) =1 asn — oo.
Therefore,
Xiso D (1,zg) \ {zn : n > 2}.
To complete the proof it remains to prove z, € Xz, for all n > 2. We will show that
all of these points z, belong to the union in (5.10). Recall that for n > 2 the sequence

d,, i, decreases to dy oo = Cpn,oc as k — 00. Since d,, ;, and ¢,  are both quasi-greedy
gn-expansions, by Lemma 2.1 (i) it follows that

Tgn (dni) > g, (Cnoo) = 2 Vk > 1. (5.15)
On the other hand, since

klgn Tnt1 (dn,k) = 7an+1(cn700) < Ty, (Cn,OO) = Zn,
by (5.15) there exists K € N such that for all kK > K we have
Zn € (Mg (dn k), g, (dn k) C Xiso VN > 2. (5.16)

This completes the proof. 0O

Remark 5.7. By Proposition 5.1 and (5.16) it follows that for any z, = m,, (cp,00) With
n > 2 and for any k > K the equation

Tp (dn k) = 2n
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determines a unique pg € (gn,gn+1). Note by Lemma 5.6 that d,,, € U Then

qn+1"
zn € mp, (U, ). So, by the proof of Proposition 5.1 it follows that py is an isolated

point of % (z,). Observe that for any k # j we have d,, ; # dy j, and thus p; # p;. This
means that for each n > 2 the set % (z,,) contains infinitely many isolated points.

Proof of Theorem 1.7. The theorem follows by Lemma 5.2 and Proposition 5.3. O
6. Final remarks and questions

At the end of this paper we pose some questions. In view of Theorem 1.1 it is natural
to ask the following question.

Question 1. Does Theorem 1.1 hold for any = > 0 and any ¢ € Z?

By Theorem 1.3 and Theorem 1.2 it follows that the bifurcation set of ¢ : =
dimy U(x) can be easily obtained from the bifurcation set of ¢ : ¢ — dimy U,. More
precisely, x is a bifurcation point of ¢ if and only if ¢, is a bifurcation point of . The
same correspondence holds for the plateaus of ¢ and . Motivated by Lemma 4.1 and

the works studied in [13,3] we ask the following question.

Question 2. Can we describe the bifurcation sets of the set-valued map = — U(x)? In
other words, can we describe the following sets

E,={2x:U(y) # U(x) Vy >z} and Fs={z:dimyg(U(z)\U(y)) >0y > z}?

Although we can calculate the Hausdorff dimension of U(z) as in Theorem 1.5, we
are not able to determine the Hausdorff dimension of % (z) for z € (1,xky).

Question 3. What is the Hausdorff dimension of % (x) for z € (1,zx1)?

Finally, for the isolated points of % (z) we have shown in Theorem 1.7 that X, is
dense in (0, 00) for M = 1. Our proof does not work for M > 2 in the interval (1, z¢).

Question 4. Is it true that X, is dense in (0, 00) for any M > 2?7 We conjecture that
% (x) contains isolated points <= =z € (0,1) U (1, 00).

Up to now we know very little about the topological structure of % (x). Clearly, for
x > xg the set % (x) = {q.} is a singleton.

Question 5. When is % () a closed set for x € (0,z¢)?
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