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Abstract

Given x € (0, 1], let U(x) be the set of bases g € (1, 2] for which there exists a unique sequence
(d;) of zeros and ones such that x = Z;’ildi/qi. Lii et al. (2014) proved that U(x) is a Lebesgue null
set of full Hausdorff dimension. In this paper, we show that the algebraic sum U/(x) + Al{/(x) and product
U(x) - U(x)* contain an interval for all x € (0, 1] and A # 0. As an application we show that the same
phenomenon occurs for the set of non-matching parameters studied by the first author and Kalle (Dajani
and Kalle, 2017).
© 2018 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

Non-integer base expansions, a natural extension of dyadic expansions, have got much
attention since the ground-breaking works of Rényi [18] and Parry [17]. Given a base g € (1, 2],
an infinite sequence (d;) of zeros and ones is called a g-expansion of x if

[e9) di
x =) 5= (@,

i=1

* Corresponding author.
E-mail addresses: k.dajanil @uu.nl (K. Dajani), komornik @math.unistra.fr (V. Komornik),
d.kong @math.leidenuniv.nl (D. Kong), wxli@math.ecnu.edu.cn (W. Li).

https://doi.org/10.1016/j.indag.2018.05.010
0019-3577/© 2018 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.indag.2018.05.010&domain=pdf
http://www.elsevier.com/locate/indag
https://doi.org/10.1016/j.indag.2018.05.010
http://www.elsevier.com/locate/indag
mailto:k.dajani1@uu.nl
mailto:komornik@math.unistra.fr
mailto:d.kong@math.leidenuniv.nl
mailto:wxli@math.ecnu.edu.cn
https://doi.org/10.1016/j.indag.2018.05.010

1088 K. Dajani et al. / Indagationes Mathematicae 29 (2018) 1087—1104

A number x has a g-expansion if and only if x € I, = [0, q+1]' Contrary to the dyadic
expansions, Lebesgue almost every x € I, has a continuum of g-expansions (see [19]). On
the other hand, for each k € N := {1,2, ...} or k = R there exist ¢ € (1, 2] and x € I, such
that x has precisely k different g-expansions (see [6]). For more information on the non-integer
base expansions we refer to the survey paper [7] and the book chapter [3].

On the other hand, algebraic differences of Cantor sets and their connections with dynamical
systems have been intensively investigated since the work of Newhouse [16], who introduced
the notion of thickness to study whether a given Cantor set C C R has a non-empty intersection
with its translations. Since C N (C + ) # @ if and only if t € C — C, where the algebraic
difference of two sets A, B C Ris definedby A — B := {a — b :a € A, b € B}, the thickness
(see Definition 3.1) can be used to study the algebraic difference of Cantor sets (cf. [1,13,14]).

In this paper, we consider the algebraic differences of sets of univoque bases for given real
numbers. To be more precise, for x € (0, 1], let U/ (x) be the set of bases g € (1, 2] such that x has
a unique g-expansion. Then each element of U/(x) is called a univoque base of x. Lii et al. [15]
proved that U(x) is a Lebesgue null set of full Hausdorff dimension.

We will prove the following result for the algebraic sum and product of U(x) defined
respectively by

UX)+MUx)={p+rig:p,g eUX)} and UKx) UK ={pg":p qgeUx)}.
Theorem 1.1. For every x € (0, 1] and every A # 0 both the sum U(x) + AMA(x) and product
U(x) - Ux) contain an interval.

We mention that the product 2/(x) - (x)* in Theorem 1.1 can be converted to a sum by taking
the logarithm and then repeating the construction (see Section 3 for more details). Hence, we
will focus more on the algebraic sum U/(x) + AU (x).

Remarks 1.2.

e For . = —1 Theorem 1.1 states that the algebraic difference U(x) — U(x) and quotient
Ux) - UX)™! contain an interval for each x € (0, 1].
o For x = 1 the set U = U(1) is well-studied. For example, it has a smallest element

gk ~ 1.78723, called the Komornik-Loreti constant (see [8]), and its closure U is a
Cantor set (see [9]). Furthermore, the local Hausdorff dimension of U is positive (see [12]),
ie., dmgU N(g — 8,9 +38)) > 0foranyq € U and § > 0. Theorem 1.1 for x = 1 and
A = —1 states that the algebraic difference U —U and quotient U -U~" contain an interval.

e The algebraic sum U(x)+ MU (x) containing an interval for all . # O can also be expressed
by saying that for each x € (0, 1] and for each oblique straight line L passing through 0,
the projection of the product set U(x) x U(x) = {(p, q) : p,q € U(x)} onto L contains an
interval for all x € (0, 1].

We will also show that the same phenomenon occurs for the set of non-matching parameters,
recently studied by the first author and Kalle [2]. Let us introduce for each o € [1, 2] the map
Sy : [—1,1] = [—1, 1] by the formula

1
2x + «o, if —l§x<§,
Sa(¥) = 1 2x, it i oy<d
12_ -2
2x — a, if §<x§1
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The parameter « is called a matching parameter if there exists m € N such that §)'(1) =
So(1 — «), and a non-matching parameter otherwise.

If « is a matching parameter, then the density A, of the invariant measure with respect to S,
is simply a finite sum of indicator functions.

It was shown in [2] that the set A of all non-matching parameters is a Lebesgue null set of
full Hausdorff dimension. We prove the following result:

Theorem 1.3. For every A # 0 both the algebraic sum N+ AN and product N - N'** contain
an interval.

The paper is organized as follows. In Section 2 we investigate the topological structure of I/ (x)
and we construct a Cantor subset of ¢/(x) in a symbolic way. In Section 3, we prove Theorem 1.1
by using a theorem of Newhouse on the thickness, and its recent improvements by Astels [1]
(Lemmas 3.2 and 3.6). Section 4 is devoted to the proof of Theorem 1.3. In Section 5 we prove
that neither the algebraic sum /(1) + U(1), nor the product U(1) - U(1) is an interval, and we
conjecture that both the algebraic difference I/(1) — /(1) and quotient U (1)-U (1)71 are intervals.

2. Topological structure of /(x)
Given x € (0, 1], let &, be the coding map defined by

o, : (1,2] — {0, 1}V, g (aj), .1

where (a;) is the quasi-greedy g-expansion of x, i.e., the lexicographically largest ¢g-expansion
of x not ending with 0%°. In this paper, we will use lexicographical order <, <, > and 3=
between sequences in {0, 1} defined in the natural way. The definitions imply that &, is strictly
increasing with respect to this lexicographical order. Therefore, we may define intervals in terms
of their codings via @,. For example, the symbolic interval [(a;), (b;)] with (a;), (b;) € {0, Ny
corresponds to the closed interval [p, g] C (1, 2], where p = @;1((ai)) and g = @;1((bi)). We
emphasize that not every sequence in [(a;), (b;)] corresponds to a base in [p, g]. In other words,
@.([p, q]) is a proper subset of [(a;), (b;)].
Set

Ux) = {P:(q) - g e UMX)}.

Then @, is a bijection between U/ (x) and U(x). So, instead of looking at the set {/(x) of univoque
bases we focus on the symbolic set U(x) of univoque sequences. In [15], Lii et al.proved that
U(x) has more weight at the right endpoint ¢ = 2, i.e., lims_,odimy (U (x)N[2 —38,2]) = 1, and
for g € (1,2) we have lims_, odimy(U(x) N [¢g — 8, g + §]) < 1. Accordingly, in the symbolic
space the cylinder set

Co(x)={(a;))e Ux):ay---a, =x1-X,}

has the same topological entropy as the whole set U(x) for any n > 1, where (x;) = &,(2) is the
quasi-greedy dyadic expansion of x. Here for a set X € {0, 1}" its topological entropy A(X) is
defined by
h(X) :=lim infw,
k—o00

where | B,(X)| denotes the total number of length n blocks appearing in sequences of X.

Motivated by this observation, we will construct a symbolic Cantor subset U, (x) contained
in the cylinder set C,(x) for all large integers n. In the next section we will show that the
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corresponding Cantor set U,(x) = & '(U,(x)) has a thickness larger than one for all large
integers n, and implying that U,(x) + AU, (x) contains an interval for each A # 0. Since
U, (x) C U(x), this will prove Theorem 1.1.

The following result was implicitly given by Lii et al. [15, Section 4], and we refer to this
article for more details.

Lemma 2.1. Fix x € (0, 1] arbitrarily and set (x;) := ®,(2). There exist M € N U {0} and a
strictly increasing sequence (N;) C {3,4, ...} such that the following conditions are satisfied
foreach N;:

(i) we have
xuyn; =1 and Uy, (x) € U),
where U N; (x) is the set of sequences
X1 XN E1E
satisfying
e1=0, and ey1--enqn; € {0V, 1V} forall n=0;

(ii) we have (c;) = OM10% for all sequences (c;) € Uy, (%)
(iii) we have ((lNJ"lO)oo)q < 1 for all bases q € @"(UN.(x)).

Before proving the lemma we mention that although the sets Uy, (x) also depend on M, we
omit this in the notation for simplicity, because in the rest of the paper x and hence M will be
fixed.

Proof. Note that (x;) = &,(2) is the dyadic expansion of x not ending with 0>°. We distinguish
four cases.
(a) If (x;) = x1 - - - x,,01°° for some m > 0, then by [15] we have
X1 xm01/ 28165 -+ € Ux)

forall j > 1, where &; = 0, and for N; := j +2 > 3 we have 41 - - &uqn; & {07, 177}
for all n > 0. This yields (i) and (ii) by taking M = m + 1. Furthermore, for each
qe P I(UN.()C)) the inequality

S
W
holds, and hence (iii) follows:
. (& 1\ (&1
o= | 25 ) () < () () -
(b) If (x;) = 1°°, then x = 1. By a similar argument as in (a) it follows that
2165+ € Ux)

for any j > I, where &y = 0, and for N; = j +2 > 3 we have ¢,11---&nin; &
{ON/, 1 } for all n > 0. This proves (i) and (ii) by taking M = 0. Furthermore, for any
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q € @;I(UN,(x)) we have
N;
> e
—'q'
this y1elds (iii) as above.
(c) If (x;) = 1"10°1120°2 - - - 17k0% - - . with ry, s > 1 for all K > 1, then by [15] we deduce
that
1"10° ... 17+20%+201 g1&, - - - € U(x)

forall j > I, where &y =0 and for N; :=r; +s1+---+rjio+ 510 —2 > 4 we have
En+l " EntN; =4 {ON-/, IN-/} for all n > 0. Therefore, (i) and (ii) follow by taking M = 4.
Furthermore, (iii) holds as in the preceding cases because
N.

L1

2 <!
i1 4
forall g € @;I(UN].(X)).

(d) If (x;) =01 1°1021%2 - . - 0"k 1% - . . with ry, s > 1 forall kK > 1, then by [15] we have

01 1%L - O+ 1541074201 g8, - - - € U(x)

forall j > 1, where ¢y = 0,and for N; := 51 +ry+sy+---+7jp 1 +8j41+rjpo—1 >3 we
have &,11 - enyn; & (O, 1Y }for all n > 0. This yields (i) and (ii) by taking M = r;+3.
Finally, (iii) holds again because

<1

||M2

1
LI
forallg € @;1(UN_/.(x)). ([

Remark 2.2. Lemma 2.1 does not hold for x > 1. Indeed, Lemma 2.1(i) states that the set U(x)
contains sequences with arbitrarily long blocks of consecutive zeros, and for this U(x) must
contain bases arbitrarily close to 2: this follows from the usual lexicographic characterization
of unique expansions. However, for x > 1 the largest base for which x has an expansion is
g =14+1/x <2.

By Lemma 2.1 the tails of the sequences in U N; (x) contain neither N; consecutive zeros, nor
N consecutive ones. Furthermore, UN (x) C U(x) forall x € (0, 1] and Jj = 1. Setting

Uy, (x) = &, Uy, () = {g € (1,2] : D:(q) € Uy, (x)}
we have
Uy, (x) S Ux) (2.2)

for all x € (0, 1] and j > 1. Hence the algebraic sum U (x) + AU (x) containing an interval will
follow if we prove that the algebraic sum Z/[Nj (x) + )»Z/INJ. (x) contains an interval for any fixed
A # 0, if j > 1 is sufficiently large. For this we will apply the results of Newhouse [16] and
Astels [1]. Notice that L{Nj (x) is a Cantor set for any x € (0, 1] and j > 1. In order to estimate
the thickness of U N; (x) we need to describe its geometrical structure. For this we need to find an
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efficient way to construct I/ n; (x) by successively removing a sequence of open intervals from a
closed interval.

Fix x € (0,1] and j > 1 arbitrarily. Since the coding map @, defined in (2.1) is strictly
increasing, each g € Z/{Nj (x) may be encoded by a unique sequence @,(q) = (a;) € Uy, ().
Conversely, each sequence (a;) € UNj (x) can be decoded to a unique base g € Z/{Nj (x). Let
(x;) = ®,(2) be the dyadic expansion of x not ending with 0>°. Suppose that the integer M and
the sequence (N;) depending on x are defined as in Lemma 2.1. Given j > 1, let {2;(x) be the
set of all finite initial words of length larger than M + N; occurring in U N; (x),1.e.,

2i(x) = {a)l cewpin>MA4N; o and wp---wpcicr-- € UNj(x) for some (ci)} .
Since the tails of the sequences in Uy, (x) contain neither N; consecutive zeros, nor N;
consecutive ones, the words of {2;(x) are divided into 2N; — 2 disjoint classes: the words ending
with 10* and those ending with 01* for some k € {1,2,..., N; — 1}.

Recall that a symbolic interval [(a;), (b;)] corresponds to the closed interval [p, ¢q], if (a;) =
9.(p) and (b;) = P.(q). For each w € {2;(x) we denote by I, the smallest symbolic interval
containing all sequences of Uy, (x) that begin with w. The following explicit description of these
intervals follows directly from the definition of U N ().

Lemma 2.3. Let w € §2;(x).
(1) If w ends with 10kf0rs0mek € {1, .., Nj— 1}, then
Ia) — [wonflfk(lonfl)oo, a)(leflo)OO].
(i) If w ends with Olkforsome k € {1, ..., N; — 1}, then
Ia) — [(I)(ONj_l 1)00, a)le_l_k(Ole_l)oo].

By Lemma 2.1(i) all sequences in UN] (x) begin with x; - “XM4N; 0= x;- “XMANj-1 10.
Applying Lemma 2.3(i) it follows that the smallest symbolic interval Wthh contains Uy, (x) 18

IXI“'XM+NJ-0 = [xl o 'xM-‘rNj(ONj_ll)ooa X1 'xM-‘rNj(Ole_l)oo]'

An immediate consequence of Lemma 2.3 is the following:

Lemma 2.4. Let w € £2;(x).
() If o ends with 10Ni~! then
w0 & 2;(x) and 1, =1,.
(i) If w ends with 01Vi=", then
wl & 2;(x) and I, =1,
(iii) In the remaining cases, 1, is the disjoint union of the non-empty intervals
Lo, I, and G, =1,\ J,Ul,).

Now we may describe the geometrical structure of Z/IN (x). Given a symbolic interval I =
[(a;), (bi)] with (a;), (b;) € UN (x), we denote by I = [p q] the corresponding interval in R,
where p = & '((a))) and g = 45 '((b;)). Then the symbolic intervals I,,, G,, are transferred to
the real 1nterva1s 1,, G, respectlvely Set

i) = {o € 2;(x) : G, # 0}.
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1,

[w() [wl
G

Fig. 1. The geometrical structure of the basic intervals I,,, 1,0, I,1 and the gap interval G,.

Lemma 2.5. The non-empty open intervals G, w € Q]*-‘(x) are pairwise disjoint, and

uN (x) xl AM+N; 0\ U G
wE.QI*(x)

Proof. The map &, : Uy, (x) — Uy;(x) is strictly increasing, hence bijective. Lemmas 2.1, 2.3
and 2.4 imply that

uNj (-x) g le---xM+Nj0\ U Gw
weQﬁ.‘(x)

For the converse inclusion, first we remove from the closed interval Iy, ...x,, N0 the non-
empty open interval Gy, .., N0 to obtain the union of two non-degenerate dlSjOlnt closed
intervals Iy,..x,, ;00 and I, .x,,, v.01- We emphasize that the non-empty of Gy, _,, N0 follows
by Lemma 2.4, smce N; > 3 and the word x; . - XM+N; 0 ends with 10 by Lemma 2 1. Then
we proceed by induction. Assume that after a ﬁnlte number of steps we get a disjoint union of
non-degenerate closed intervals I,,, where  runs over all length n(> M + N;) words of (2;(x).
We will construct all level n + 1 sub-intervals in the following way. If @ € 27(x), then we
remove the open interval G, and replace I, by the two disjoint closed sublntervals 1,0 and 1,
(see Fig. 1). If v & .Qj*(x), then either w0 € §2;(x) or w1 € {2;(x). In this case we keep the
interval I, with either I, = I, or I, = I .

Repeating this procedure indefinitely we construct the set Uy, (x), and we obtain the converse
inclusion

Lyesyenyo\ | Go S UN;00).

we!?}‘(x)

Furthermore, we obtain that the gap intervals G, with w € Q}*(x) are pairwise disjoint. [

3. Proof of Theorem 1.1

By Lemma 2.5 the Cantor set Uy, (x) can be obtained by successively removing from the
closed interval I, ...x), o & sequence of open intervals. By using the notation from Lemma 2.5

we define the thickness of U, v, (X).
Definition 3.1. The thickness of U v, (x) 1s defined by

ol Ilel}
1Gol” 1Gol

wUy, ()= nt {
[0} j X

where || := g — p denotes the length of an interval I = [p, ¢q].
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We point out that the thickness given in Definition 3.1 coincides with that defined by
Astels [1], and it is essentially the same as that defined by Newhouse [16]. Notice that the
thickness is stable under non-trivial scaling, i.e., I(M/{Nj x)) = t(Z/le (x)) for all A # 0. The
following result follows from [ 1, Theorem 2.4].

Lemma 3.2. If T(Z/{Nj (x)) > 1, then Z/le x)+ )»UNj (x) contains an interval for all A # 0.

In view of the relation (2.2) and Lemma 3.2, the algebraic sum U (x) + AU/ (x) containing an
interval will be proved if we find an index j > 1 such that ‘L’(Z/[Nj (x)) = 1. For this we will
compare the length of each non-degenerate interval G, with the lengths of its neighbors 1,0 and
I,1. We need three further lemmas; for the first one see also [10].

Henceforth we denote by ¢ := %g the Golden Ratio.

Lemma 3.3. We have U(x) C (¢, 2] for all x € (0, 1].

Proof. For g € (1, ¢] only the endpoints of [0, 1/(g — 1)] have unique expansions, and they are
outside (0, 1]. O

Next we establish some elementary inequalities.

Lemma 3.4. If the integers m and n are sufficiently large, then
1\ 110 1\ 1"=10)>
(1+—> <—( 1)2 and <1+—> <—(( 3 )™)n .
Q" ((10"=1)%°), " ((10"210)%),,

Proof. The lemma follows from the following relations:

1 2m
lim (1 + —) =1,
m—00 (pm

lim ((10"~")%),, = = (110%),

<

AW

1
@
and

1
lim ((10"310)®), = — < I = lim (1"7'0)®),. O
n— o0 ) n—oo

Lemma 3.5. Let j > 1 be sufficiently large. Then
|Gw| = |1w0| and IGwl = |Iw1|

forall w € Q}k(x).

Proof. Fix w € Q}*(x) of length n(> M + N;). Writing

Ioo =lg1,92] and 1,1 =1[g3, q4]

we have to prove the inequalities

B-—@p=q@p—q and g3—q>=<qgs—q3
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for some large integer j. By Lemma 2.3 it follows that
o(0" 7 D™ < Gu(g) < @0(10YTH, - Bi(gr) = 001N T0)%;
wlO1H® 5 @.(g4) S (1Y 710, Bi(g3) = 01(0Y 1),
We emphasize by Lemma 2.5 that g; € Z/INJ. (x)foralll <i <4.

Bounds on g, — q. First we give an upper bound of ¢, — ¢,. It follows from (3.1) that

(@(O01VI71)®),, = x > (@Y7' 1)®),,,
whence

(0"(01Yi 712, — (0" (0" ' 1)®),, = (@0),, — (@0™),,.

1095

3.1

Since w = w; - - - w, contains a non-zero digit w, = 1 forsome 1 < £ < M+1by Lemma 2.1(ii),

the right hand side may be bounded as follows:

1 1 Il @-q _¢@—q
(@0%)g; = (@0%)g, 2 7 — — = - = 2w
q, q, q19, q> q149, q,
Combining the two estimates and using Lemma 2.1(iii) we conclude that
¢ —q1 < qéw+2 ((On(Ole—l)OO)qz _ (On(on—l l)OO)ql)

M+2

- q 1
< ¥ O1N ), < = et
2 2

Now we focus on the lower bound of g, — g;. We infer from (3.1) that
(@01 710)®),, = x < (@0(10Y1 7)),
and this implies the estimate

(0"4’1(11\/]‘710)00)(12 _ (0n+1(10Nj71)00)ql < (a)ooO)ql _ ((I()OOO)‘]2

- i(i_l> __ @—a
T \g (g1 — D(g2— 1)

Choosing by Lemma 3.4 a large integer jy > 1 such that

)"*‘ B (110%),
((10Ni~ty),

N; >4 and <1+ m
7

forall j > joandn > M + N;, we deduce from the above estimate for all j > jj that
g2 — qi > ((p _ 1)2 ((On+1(le710)OO)q2 _ (On+1(10Nj71)OO)ql)
> (q) _ 1)2 ((On+l(le—10)OO)q2 _ (On+111000)q2)
_ 12
S

n+4
)

(3.2)

(3.3)

34)

Here the first inequality holds because g» > ¢ > ¢ by Lemma 3.3 and the last inequality
holds because N; > 4. The crucial second inequality follows by (3.2), (3.3) and the inequality
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9 > q1 = ¢:

n+1 Nj—1yoo
(On+l(10Nj_l)oo)ql — ﬂ) ((10 ) )q]

n+1
9,

o —ql)"“«loN‘l)w)w

q1 q;+1

(

( n+1

( 1 ) ((10Yi~1)®),,
(

n+1
q,

! >”+‘(<10N'-1>°°>¢

n+1
9

< (OI’L-H 1 1000)(]2

9
Bounds on g4 — q3. We adapt the above arguments for g, — ¢q;. First we give an upper bound
of g4 — 3. We infer from (3.1) that
(@LOYIT DXy, = x < (@(1V710)¥),,.

Since there exists 1 < £ < M + 1 such that w;, = 1 by Lemma 2.1(ii), it follows that

(0n+1(1Nj7201)00)q4 _ (On+1(0Nj711)OO)q3 > (a)looo)q’; _ (wlooo)q4
= ie - 1e z %'
a3 44 44

This implies that
gs — g3 < qiw+2 ((0n+l(1Nj—201)OO)q4 _ (On+1(0Nj—ll)OO)q3)

M42, 411 Nj—21100 ‘I4M+2 1 (3.5)
=qq (O AVTODT),, < S
4 4

where the third inequality follows by Lemma 2.1(iii) because g4 € L{Nj (x).
Now we seek a lower bound of ¢4 — g3. By Lemma 3.4 there exists j; > jo (we use jo chosen
in the first part of the proof) such that

1 nt2 1Ni—1gy>®

(1 + ) < ((NJ_# (3.6)
oM ((10%7310)),

forall j > jiandn > M + N;. By (3.1) we have

(@1(ONi7'1)™),, = x > (01(01Y7H™),,,
whence

(0n+1(011\/j71)00)q4 _ (0n+1(0Nj711)00)q3 < (a)l()OO)q3 _ (a)looo)q4

Z( ) _ q4 — 43
a5 g (ga—D(gz— 1)’
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Since g4 > g3 > ¢ by Lemma 3.3, hence we deduce the following estimate of g4 — g3 for all

J =i
gs —q3 > (9 — D? (011N H),, — (0" 0N 1)™),,)

> ((0 _ 1)2 ((On+1(010Nj731)00)q3 _ (0n+1(0Nj711)00)q3)

12
o
q3
Here the crucial second inequality follows from (3.5) and (3.6):
n+2 N;-3 [e9)
1077210
(0n+1(010Nj731)00)q3 — (q_4> (( n+2) )q3
q3 94

2 _

< (1 e q3>"+ ((10%7210),

q3 qz-&-z

qqu—M—l qz+2

1 \""20Yi-310)®

<1+ ) (« )¢
@

n—M n+2
q4

n+2 3 .
5<1+ 1 ) (10%310)),

<

(Ni7'0)),
< —q::+2

< (On+l(01Nj_l)oo)q4.

Bounds on g3 — ¢q». Note that
(@0(1Y1710)®),, = x = (@1(OYi~'1)™),,

(3.7)

by (3.1). Since there exists 1 < £ < M + 1 such that w; = 1 by Lemma 2.1(ii), it follows that

P 00 71 i— o0 (o¢] oo 1
O 10N 1)), — (001N T10)%)g, = (@0%)g, — (@0%)gy = —

Using the inequalities ¢, < g3 < 2 hence we infer that
g3 — q» S 2M+2 ((Onl(ONj_ll)oo)% _ (Ono(le—lo)OO)qz)
S 2M+2 ((Onl(on—l 1)00)q3 _ (0110(1N_/—10)00)q3)
< 2M+2 ((OnOINj—l4ooO)q3 _ (01101N_/'—1000)q3)
2M+4

AN
q3

Here the crucial third inequality follows by
(Onl(on—l 1)00)q3 < (On-‘rl(le—]z)OO)‘B
and the estimate

. —Nj _N:
@iy, = W20 _T4ay _L+e
q3 — —N; = —N; =

1 —g, 1—g, -

using that (1Y70),, < 1,43 > ¢ and N; > 3.

< q3 — 42

M+2

q3

(3.8)
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Since 1 < g» < g3, we may choose j, > j; such that
M+4 2 Njp=3 2 Nj—2
2+§(¢_1)422 S(go—l)q32 .

(The second inequality automatically follows from the first one.) Then, using also the relations
(3.4) and (3.8), the following estimate holds for all j > j,:

2M+4 2M+4 (‘P _ 1)2
q3 —q2 = < =q2—q.
— n-‘rNj-‘rl n-‘rNj-‘r] — n+4 —
q q, q

Similarly, using (3.7) and (3.8) we obtain that

2M+4 ((p_ 1)2
q3 —q2 = AN S T s =44 —q3
q3 3

for all j > j,. Since the word w was taken arbitrarily from QJ* (x), this completes the proof. [

Now we consider the algebraic product part of Theorem 1.1. By Lemma 3.3 we have
U(x) C (p, 2] for each x € (0, 1]. Then

Ux) - Ux) ={pg" : p.g eU)} =[P p g e U)}.

So, the algebraic product 2/(x) - U(x)* containing an interval is equivalent to that the algebraic
sum Inl/(x) + A Inl(x) contains an interval, where Inlf(x) := {lng : g € U(x)}. Observe by
Lemma 2.5 that for any x € (0, 1] and any j > 1 the set Z/{Nj (x) is a Cantor subset of I/(x). This
implies that In/ n;(x) is also a Cantor subset of In U(x). Combining this with Lemma 3.2 on the
thickness we obtain the following

Lemma 3.6. For any given x € (0, 1], if r(lnb{Nj (x)) > 1 forsome j > 1, then UN/. (x)-UN/. (x)*
contains an interval for each non-zero real number ).

Proof of Theorem 1.1. Fix x € (0, 1] and A # O arbitrarily. By Lemmas 3.2 and 3.5 it follows
that the algebraic sum U/ (x)-+Al/(x) contains an interval. As for the algebraic product I/ (x)-U (x)*
it suffices to show that t(ln U N (x)) > 1 if j is sufficiently large. Indeed, then the theorem will
follow from Lemma 3.6 because of the inclusion (2.2).

Fixw e Q;‘(x) arbitrarily, of length n(> M + N;), and consider the intervals

Ioo = g1, 2], 11 =1g3,94] and G, = (g2, q3)

as in the proof of Lemma 3.5. Then the corresponding basic intervals of level n + 1 of In({/ N; (X))
are

In(I0) ;= [Ingi,Ingy], In(l,):=[Ings,Ings] and In(G,) := (Ingy,Ings).
We have to prove that if j is sufficiently large, then
Ings; —Ing; <Ing; —Ing; and Ing; —Ing, <Ings —Ings,
or equivalently
q3 _ 494

B L g BE (3.9)

q2 qi q2 q3
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We use the estimates obtained in the proof of Lemma 3.5. If j > j,, then we infer from (3.4)
and (3.8) the relations

N el VA el Vi

o gttt T @
93 -1 2M+4 -1 2M+4
q_ =1+ ntNj+1 = + n+N;j+2
2 9295 49 -
Hence there exists j3 > j, such that
B M+ 1+(§0—1)2<92
P N2 S s =
2 95 ge o

for all j > js, establishing the first inequality in (3.9).
Similarly, we deduce from (3.7) and (3.8) that

—1)? M+4
%ZH% and L1
q3 q3 q2 9295 J
for all j > j,. Hence, there exists j; > j3 such that
a3 _ oM+ | (p—1)? _ 4
sl —ma <t =
q2 q29; qs q3

for all j > j. This proves the second inequality in (3.9). O

4. Proof of Theorem 1.3

In this section we apply the symbolic Cantor sets constructed in Section 2 to the set A of
non-matching parameters, and we prove Theorem 1.3. In order to describe the non-matching set
N we recall the doubling map D on the unit circle [0, 1) defined by

D :[0,1)— [0, 1); x = 2x (mod 1).

The following characterization of N was implicitly given by [2].

Lemma 4.1. The following statements are equivalent:

() a e N.

(ii) For all n > 0 we have

(! .
(a)ﬁ‘(%’ %)'

(iii) 1/« € [1/2, 1] has a unique dyadic expansion (a;) € {0, N satisfying

An1Qni2 - S a1ay - -+ if a,=0, @.1)
Apy1dp42 - = (1 _al)(l _aZ)' o lf a, = 1 '
foralln > 1.

Proof. The equivalence of (i) and (ii) follows from [2]. As for (iii) = (ii), let (a;) be the unique
dyadic expansion of 1/«. Then (1 — a;) is the unique dyadic expansion of 1 — 1/«. Hence, (ii)
follows from (4.1).
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To prove (ii) = (iii), we first observe that the greedy dyadic expansion (a;) of 1/« cannot end
with 10%°, for otherwise there must exist n > 0 such that

1 1 1 1
D'l—-)==-€e|—,1——).
o 2 200 20

Hence, 1/« has a unique dyadic expansion (a;). Furthermore, (4.1) follows from the following
observation: for eachn > 1,

1 1
D! <—) <— <<= a,=0and ay11ap42...xq1az...
o 2a
and
1 1
D! <—>Z]—— <— a,=1and g,p1a,12... =0 —ap))(l —ay).... U
o 2a

Let N be the set of all sequences (a;) € {0, 1}N such that it is the unique dyadic expansion of
((a))2 € [1/2, 1] and it satisfies the inequalities in (4.1). Then by Lemma 4.1 it follows that the
projection map

1
V:N—->N; i)
NN @ G
is well-defined. Indeed, V¥ is bijective and strictly decreasing. Motivated by the symbolic Cantor
sets constructed in Section 2, we will construct the symbolic Cantor subsets N,, contained in N,
such that the thickness of ¥(N,,) is larger than 1.
Given an integer m > 3, let N,, be the set of sequences (a;) € {0, 1} satisfying

ay--au, =1" and a1 -apam € {0’", 1’"}

for all n > m. Then each sequence (a;) € N,, satisfies (4.1) and ends with neither 01°° nor 10°°.
Hence, by Lemma 4.1 it follows that

N, €N forall m > 3.

By an analogous argument as in Lemmas 2.3-2.5, the set N,, is indeed a symbolic Cantor set and
has a similar structure as UNj (x) as described in Section 2. Write V,, :== ¥(N,,). By Lemma 4.1
it follows that \V;, C N for all m > 3. Therefore it suffices to prove the thickness T(N,,) > 1
for some large integer m.

In contrast with the definitions of the set {2;(x) of finite words and the symbolic intervals I, in
Section 2, we introduce the following notation. For m > 3, let {2(N,,) be the set of all finite initial
words of length larger than m occurring in N,,,. Given a word w € 2(N,,), let J,, be the smallest
symbolic interval containing all sequences of N,, that begin with w. Similarly to Lemma 2.3, one
can verify that the interval J,, has the form J, = [(a;), (b;)] with (a;), (b;) € N,,. Notice that the
map V is strictly decreasing on N,,,. Then we denote by J,, = [p, ¢g] the corresponding interval
in R, where p = ¥((b;)) and g = ¥((«;)).

Proof of Theorem 1.3. Fix a word w € 2(N,,) of length n(> m) such that the open interval
Oy = Jy \ (Jpo U Jp1) # @. Write

Jo = Jo1 U Oy U Juo = [p1, P21V (p2, p3) U [p3, pal.
Notice that the map ¥ is strictly decreasing. By Lemma 2.3 it follows that

U(1"0)%) < pr < P(@1(O1"H),  pr= P10 D)

4.2)
P (@0(10"1)™) < ps < T((0™'1D™),  p3 = T(wO(1"'0)™).
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By the thickness as described in Lemma 3.2, in order to prove Theorem 1.3(i) it suffices to prove
the inequalities

p3—p2=<p>—p1 and p3—p> < ps—p3 4.3)
for some large integer m.

By (4.2) it follows that
p2—p1 = V(10" '1)®) — U(01(01"7H)
1 1 - (0"210%),

(@10 11)®), (w101 1)®), — ((wuooo)z)y

v

P (w0(10™H™) — T (w0(1™10)™)
1 B 1 . (0"1210%),
(w0(10m=1)°),  (w0(1"m=10)>), — (1 1o<>o)2)2

Pas— p3

and
Py — p2 = ¥(@0(1"7'0)%) — ¥(w1(0"~'1)>)

1 1 - (071 30%°),
(@0(1"=10)®),  (@1(0™~11)%®), ~ ((wo1000)2)2'
Take mq > 3 such that

(0™m30), 1 [(w010%),\?
— < — —

(071210%), 2 \(w110%),
for all m > my. Here the existence of m( follows from that the left term of (4.4) tends to zero
as m — oo, while the right term is a positive constant independent of m. Then (4.4) and the
estimates of p, — p1, p4 — p3, p3 — p2 imply (4.3) for all m > my:

(On+m 3000)2 (On+2 1000)2 )
5 < 5 < min{p, — p1, ps — p3}.
((w010°°)2) ((a)l 1000)2)

“4.4)

p3—p2 =

Applying Lemma 3.2 we conclude that A, + AN, contains an interval for all A # 0 and any
m > my.

Next, since 1 < p; < p» < p3 < 2, we also infer from (4.4) and the estimates of
D2 — P1, P4 — P3, p3 — p» for all m > my the relations

0n+m3000 0n+210<>o
Eil—i-( )22<1+ ( )22§Q
P2 P2((@010%),) pi(@110%),)° P
and
0n+m30c>o 0n+2looo
&§1+( )22<1 ( )225&.
P2 P2((@010%),) p3((@110%),) p3

Applying Lemma 3.6 we conclude that the algebraic product A, - A% contains an interval for
all A # 0 and any m > m.
Since N,, € N for all m > 3, this completes the proof. [
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5. Final remarks

The method used in the proofs of Theorems 1.1 and 1.3 can also be applied to many other
Cantor sets that come up in dynamics. In this section we continue the investigation of the
algebraic sum and product of {/(x) for x = 1. Recall that /(1) is the set of univoque bases
q € (1, 2] such that 1 has a unique g-expansion. As it is customary, let us simply write I/ instead
of U(1).

Since both U + U and U - U contain an interval by Theorem 1.1, it is natural to ask whether
U + U and U - U themselves are intervals. The answer is negative:

Proposition 5.1. Neither U + U, nor U - U is an interval. The same conclusion holds if we
replace U by its topological closure U.

Before proving ProRosition 5.1 we recall some results from [4,5,8,9] on the topological
properties of U. First, U is a Cantor set and gx; ~ 1.78723 is its smallest element. Next, we
have

U = lgxr, 21\ U(QL, qr),

where on the right-hand side we have a union of countably many pairwise disjoint open intervals:
the connected components of [gxr, 2] \ Uu.

Furthermore, for each of these intervals (g, gr) there exists a word a; - - - a,, with a,, = 0,
satisfying the lexicographic inequalities

(@ ——an)® <o'(ar-an)®) < (a - -a,)>® forall i>0 5.1
and the equalities

®i(qr) = (ar---an)® and Di(gr) =a---asai apay---amay---af - . (5.2)

Here o denotes the usual left-shift operator, and we use the notations

@y = —a)- - (L—ay). ar-a) =aiau 1@, + 1),

We recall that the left endpoints ¢, are algebraic integers, while the right endpoints gg, called
de Vries—Komornik numbers in [11], are transcendental and their expansions @;(gg) are Thue—
Morse type sequences.

We also need an elementary lemma:

Lemma 5.2. Let A be a non-empty set of real numbers, and set
a:=infA, b:=supA.
If there exists a non-empty subinterval (c, d) of (a, b) such that
AN(,d)=0 and d—c>c—a,
then A + A is not an interval.
Proof. Since A + A meets a neighborhood of both 2a and 2b by the definition of the infimum
and supremum, it suffices to show that it does not meet the non-empty subinterval (2¢, a + d).

Letx,ye A. If x <cand y < ¢, then x + y < 2¢. Otherwise at least one of them is at least
d. Since the other one is at leasta, thenx +y >a +d. 0O
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Proof of Proposition 5.1. In order to prove that i/ + U is not an interval, by the preceding
lemma it suffices to find a connected component (g, gg) of [gxr, 2] \ U satisfying
qr —4qL > 4L — 4KL- (5.3)

We claim that the interval (g, gg) associated with the word a; - - - ag = 110100 satisfies this
inequality.
This word defines an interval (g, gg) indeed, because it satisfies the inequalities in (5.1):

(001011)> < ¢’ ((110100)>) < (110100)®  forall i > 0.
In view of (5.2) the endpoints of (g, gr) satisfy the relations

@1(qr) = (110100)*° and &(gg) = 110101001011 001010110101 --- .
By a numerical calculation we have gq; &~ 1.78854 and g ~ 1.79656. Hence

qr — qr > 1.79654 — 1.78854 = 0.008
and

qr — gL ~ 1.78854 — 1.78723 = 0.00131,

so that the inequality (5.3) is satisfied. The above proof remains valid for If +{{ instead of U +U.
Next we consider the product If - Y. Since it is homeomorphic to

InU +Ind ={lnp+1Ing: p,qeld},

it suffices to find a connected component (g, gg) of [gxr, 2]\ 7 satisfying
qr qL

—_— > .

qL qKL

This is satisfied with the same interval (g, gg) ~ (1.78854, 1.79656) as in the first part of the
proof because

IR ~ 1.00448 > 1.00073 ~ 2L

qL dKL

Ingg —Ingy > Ing; —Ingg,, ie., 5.4)

by a numerical computation. The proof remains valid for I - U instead of U - U. [

We end our paper with the following

Conjecture 5.3. Both the algebraic difference U — U and quotient U - U ~! are intervals. The
same conclusion holds if we replace U by its topological closure U.
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