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Abstract

A well known result states that the set of numbers in base r in which the digits
i occur with relative frequency p; fori = 0,...,r — 1 is a set of Hausdorff

dimension —(1/logr) Zf;é pi log p;. For instance, decimal numbers in which
only the digits 1 and 6 occur, both with relative frequencies %, have Hausdorff
dimension log 2/ log 10. In this paper we generalize this result to the situation
where one prescribes the relative frequencies of groups of digits in the
expansion. For example, suppose we require that in the decimal expansion
digits from {0, 1, 2} occur with relative frequency %, and also that digits from
{3,4,...,9} occur with this relative frequency. Our result shows that the
Hausdorff dimension of this set is (log2 + % log3 + % log7)/log 10. Actually,
we take a much more general geometric viewpoint, considering subsets of
Moran fractals specified by prescribing the relative frequencies of groups of
symbols in their codings. We determine the Hausdorff dimension of such sets,
and moreover give necessary and sufficient conditions for such a set to have
positive Hausdorff measure in its dimension.

Mathematics Subject Classification: 28A80, 28A78

1. Introduction

One of the first non-compact fractals sets to be studied is that of the numbers in the unit
interval having an anomalous distribution of their digits in a fixed base . According to Borel’s
theorem, almost all numbers will have their digits distributed according to the probability
vector (1/r,1/r,...,1/r). So the set M(po, ..., p-—1) of numbers for which the digits
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0,1,...,r — 1 are distributed according to the probability vector (py, ..., p,—1)—not equal
to uniform distribution—has measure zero, and it is interesting to obtain an idea of its size by
the value of its Hausdorff dimension. Eggleston [2] proved that

r—1
dimy M(po, ..., pr-1) = —% Zpi log p;.
ogr —
In this paper we will generalize Eggleston’s result by weakening the requirements on the
relative frequency of the digits: partition the set of digits in k groups I'y, ..., Iy, i.e. the T';
are disjoint sets with union {0, ..., r — 1}. Now prescribe the (overall) relative frequency c;
with which the digits from the jth group occur, and denote this set by M(I'}, ..., ;). Asa

special case of our result it will appear that
k
dimy M(T r ):ch-aog#r-—logc-)
H Iyeeeslk logerI J J J7°

Here, we recall that the Hausdorff dimension of a set £ in d-dimensional Euclidean space is
obtained by considering the s-dimensional Hausdorff measure H°(E) of E defined by

M (E) = lim H}(E).

where H;(E) is obtained by covering E with sets D; of diameter at most 8:
oo o0
Hy(E) =inf > " |D;|* : |D;| < Sand | JDi 2 E} .
i=l i=I
The Hausdorff dimension of E is now the unique number in [0, d], denoted by dimy E,
such that

HY(E)=0 ifs>dimyE and H(E) = +00 if s < dimy E.

Our goal is to generalize Eggleston’s result even further. The sets M (po, ..., pr—1) can be
considered as subsets of a one-dimensional self-similar set with constant scaling factor 1/r
(the set [0, 1] (!)). We will consider so-called Moran fractals in d-dimensional space which
admit different scalings ay, ..., a,. Various properties of these sets have been studied, e.g.
in [1,2,4,7,8,10, 12-14, 17]. Typically, the tool to describe and analyse Moran fractals is
their coding in sequence space: each point in the set is coded via a finite to one coding map.
For the examples above in the unit interval, e.g. the coding is just the expansion of a point
in digits in base . One can, therefore, specify subsets E of the Moran fractal by prescribing
relative (group-)frequencies of their codings. Our main result (theorem 1) gives the Hausdorff
dimension of the sets thus obtained. Our second result concerns the Hausdorff measure H’ (E)
of E, when t = dimy E. This is called the Hausdorff measure of E in its dimension, and can
be 0, finite and positive, or infinite. The value of H'(E) is a well known way to assess the
regularity of E. We shall give necessary and sufficient conditions for H' (E) to be positive and
finite (theorem 2). This result permits us (at the end of the paper), to solve a problem posed
by Cawley and Mauldin in [1].

2. Notations and main results

A Moran fractal can be constructed as follows. Denote Q2 = {1,2,...,r}, where r > 2. The
following notations will be used in this paper.
() Q*f = Uj’n":lszm with Q" = {o = (6 (1),02),...,0(m)) : 0(j) € Q} form € N; while
Q={oc=((),02),...):0(j) € Q}.
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(ii) |o| is used to denote the length of word ¢ € Q*. For any 0,7 € QF write
ox1 = (6(l),...,0(ol), t(1),...,7(|t])); and, for any T € Q*, o € Q¢ write
txo = (t(l),...,7(1]),0(1),0(2),...).

(iii) olm = (6 (1),0(2),...,0(@m)) foro € Q¥ and m € N.

(iv) For o € @™, the cylinder set C (o) is defined as C (o) = {r € Q“ : 7|m = o}.

(v) When f;(x) : RY — RY, are maps for 1 <i < r, wedenote f, (x) = fy1)0 -0 for(m(x)
foro € Q™ and x € R?.

Fixing a nonempty compact set J C RY with intJ = J, a constant 0 < ¢ < 1 and positive
real numbers 0 < a; < 1,i = 1,2, ..., r, the related Moran fractal (or Moran set) is defined
according to the following two steps.

Step 1. For each 0 € ", m € N, construct a compact set J, in R? by induction:

o Afamily {J; : j = 1,2,...,r} of non-overlapping nonempty compact subsets of J is
chosen for m = 1 such that M = J;, |J;| = a;|J|, where | - | denotes the diameter of
a set, and J; contains an open ball of diameter c|J;]|.

e Suppose that J, is given for some o € Q. Choose a family {J, : i =1,2,...,r}of
non-overlapping nonempty compact subsets of J, suchthatintJ,,; = Joui, |Joxil = ailJ5|
and J,,; contains an open ball of diameter c|Jy;|.

Step 2. The Moran fractal F associated with {0 < a; < 1:i =1,2,...,r}and (Jy)seq* 18
defined as the nonempty compact set

F= U % )
m=1oceQm

The compact sets J,, o € Q* are generally referred to as component sets of F. In particular,
J, is referred to as an mth level component set of F if ¢ € Q. Define ¢ : 2 — R by

oo
@)} =) Join- ©)
m=1
It is easy to see that ¢ (2“) = F and ¢(C(0)) = F () J, by (1). But ¢ may not be injective.
Let p be the metric on Q¢ such that for any o, T € Q¢

,O(G, ‘L’) — 2—min[i:a(i)7£t(i)}’

with the convention p(o, o) = 0. Let F be equipped with the Euclidean metric. Then, ¢ is
continuous. Thus each x € F can be encoded via ¢: a sequence o € Q¢ is called a location
code of x € F if ¢ (o) = x. Therefore, ¢ is also called the coding map and Q2 is called the
code space (or symbolic space). As a result, F is a projection of Q“ on R? via ¢.

Some comments about Moran fractals are listed below.

(C1) Moran fractals are regular fractals in the sense that it has been proven that
0 < H(F) < o0, with s = dimy F, given by Zle a;®* =1 (see [9,11,13,14]).

(C2) A Moran fractal is termed as map-specified if there exist similitude contractions f;, i =
1,2,...,r,such that J, = f,(J) for any o € Q*. In this case F is actually the self-
similar set determined by f;, 1 < i < r, which satisfy the open set condition with respect
to the open set O = intJ (i.e. | J;_, fi(O) € O with a disjoint union on the left) and the
coding map ¢ in (2) can be changed into

(¢@)) =[] fom(0) = { lim_fs1n(0)}.

m=1
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(C3) Let 0 < R < |J| - minjg;¢ra;. A component set J, of F is termed as an R-size
component set if

|Jo] < R and [Joi(o1-n| > R.

Itiseasy toseethatforany 0 < R < |J|-min;;<, a;, the set of all R-size component sets
of F is a non-overlapping finite R-covering of F'. Hence, by means of lemma 9.2 in [3],
the requirement that J,, contains an open ball of diameter c|J,, | implies an important fact:
there exists a positive integer ¢, independent of R and x € R?, such that any ball Bg(x)
with radius R and centre at x intersects at most ¥ of the R-size component sets of F.
Many analogues of this fact appear in this paper. A direct sequel leads to an important
property of ¢:

sup#{p~" (x)} < v ?3)

xeF
Otherwise, suppose that for some x € F we have #{¢p~'(x)} > ©. Take ® + 1 different
elements oy, 09, ..., 0y41 from this set. Letm € N be such that o |m, o3|m, ..., 6941|m
differ from each other. Taking R = min ;g1 |Jo;ml, X lies in at least & + 1 R-size
component sets of F', which implies that the ball Bg(x) intersects at least ¢ + 1 of the
R-size component sets of F.

(C4) A more general Moran fractal structure was proposed by Wen (see [17] for details), where
the code space Q“ = []°2, ©, and corresponding to different €2, there are different
scaling coefficients {0 < a,,; < 1, j=1,2,...,r,}. Some dimension results of these
generalized Moran sets can be found in [5-8, 11]. The class of generalized Moran sets
clearly contains the class of Moran sets discussed here, and in fact is far larger, since
a generalized Moran set often has different fractal dimensions, and has zero or infinite
Hausdorff measure in its dimension.

For any E C F there exists A C Q@ such that E = ¢ (A). For certain A, it should be possible
to determine the dimensions of the projections £ = ¢ (A). Some solutions, which depend on
the structure of A, can be found in [1,2,4,7,8,10,12-14], etc.

Let2 < k < r. Fixreal numbers ¢j, j = 1,2, ..., k, such that ¢; > 0 and ZI;=1 c;j =1
LetT';, j =1,..., k, be disjoint nonempty subsets of €2 with UI;:1 I'; = Q. In this paper we
will consider sets A specified by relative frequencies:

o w .. HILi<n:o@) ely} .
A=MTy,...,.Tx) =10 € QY: lim =cj, 1 <j<ky.

n—00 n

Let
My, ...,TY) = ¢(A) = ¢(M(Ty,...,T})),

i.e. the subset of the Moran fractal F whose elements have their codings lying in I'; with
a prescribed relative frequency c¢;. We remark that M(I';, ..., ) is dense in F since
o eMTy,..., Ty ifandonlyifi xo € M(Ty,...,Ty), i € ;and that M(T'y, ..., T%) =
Ui, fitM(Ty, ..., Ty)) for the map-specified case (cf (C2)). Let

k k
Z(t) =Y cjlogy al - c;logc;,
j=1 1

iel; j=
where, here and throughout the whole paper, we adopt the convention 0 - log 0 = 0. It is easy
to see that the function Z(¢) has a unique zero in [0, s] where s is defined by Zle a =1,
since Z(t) is strictly decreasing with Z(0) > 0 and Z(s) < 0. In this paper, we obtain the
following results.
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Theorem 1. dimy M ('}, ..., [y) = t where t is the unique non-negative real number
such that

k k

chlogcj:chlogZaf. 4)
j=1 j=1 ieT;

Theorem 2. Suppose dimy M(I'y, ..., 'y) = t. Then, the following four statements are

equivalent:

(i) 0 < H'(M[yq,...,Ty) < ooy

(ii) Y i_yai =1, ie t =dimy F (cf (Cl));

(iii) ¢; = Zier, al,1 < j<k

(iv) dimyg M(Ty, ..., T}) =dimyg(F\ MTy, ..., Ty)).

As an application of these results we rewrite, for convenience, Q2 = {0, 1,...,r — 1}. Take

J = [0, 1] and for each ¢ € Q® let J, = f,(J) (cf (C2)), where f; : [0,1] — [0, 1] is

defined by

1
filkx) = —(x +1i), i=0,1,....,r—1.
r

Then by (1) we have that F = [0, 1] is a map-specified Moran set. In this case, we have
a;=1/rforalli,and ¢ : Q¥ ={0,1,...,r — 1}V — [0, 1] is given by
oo
¢(0) = lim_fo,,(0) = 2_:1
Hence the r-ary expansion of ¢ (o) is ¢(o) = (0.0(1)a(2)...),. Thus, M(Ty,..., )
consists of those x € F = [0, 1] for which the occurrence of digits of I'; in its base-r
expansion has fixed relative frequency c;. Theorems 1 and 2 yield that

Zl;zl cj(log#I"; —logc;)

o(m)

rm

dimy M(Ty, ..., %) =

’

logr
and M (I, ..., I'x) has positive Hausdorff measure in its dimension if and only if c; = #I"; /r,
implying dimyg M (", ..., I}) = 1. In particular, taking I'; = {i — 1} for 1 < i < r,
My, ..., T,) just consists of those real numbers in [0, 1] in whose r-ary expansion the digit

i has density ¢;. So we recover Eggleston’s result ([12]), mentioned in the introduction.
3. Hausdorff dimension and measure property

In this section we will first determine the Hausdorff dimension of M (I"y, ..., I'y). The usual
way is to find an appropriate probability measure u supported on the set in order to obtain
a lower bound dimy p for its Hausdorff dimension. The measure p can be constructed as
the image measure under ¢ of a probability measure i supported on My, ..., T%). For m
we take the infinite product probability measure on Q¢ corresponding to probability vectors
(p1, p2, - .., pr) satisfying Zier,- pi =cjfor j =1,..., k. The key is to choose concrete
pis such that dimy u reaches a maximum. The estimation of the upper bound of its Hausdorff
dimension will be done by choosing an efficient sequence of coverings of the set.

Proof of theorem 1. We have to pay attention to the fact that some c;s may be zero. Without
loss of generality we assume thatc; > Ofor1 < j < kjandc; =Ofor j > ki, where k; < k.

k
Denote 2; = ;L T';.
(A)dimy M(T'y, ..., %) > t. This bound is trivial when t = 0. Suppose ¢ > 0. Let
ale;

b,‘ i€ Fj. (5)

B Zlel‘j al[ ’
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Thus, we have Zieﬂl b; = 1 and b; = 0 fori € Q\;. Construct a probability measure i on
Q® by defining for any o € Q™

A(C ) =[] bow.
i=1
where C(0) = {t € Q% : t|m = o} is the cylinder set determined by . Let u on F be the
image measure of (i under ¢. Let

9 #l<l<n:o()=1i
M:{er“’:aeQ‘fand lim { n:o® l}:

n—o00 n

bi,léigr}. 6)

Then M € M(Ty,....,Ty) and M = ¢(M) € M(Ty,...,T%). By Birkhoff’s Ergodic
theorem ([16]) we have for ji-a.e. o
#H1<Il<n:o0(l)=1i}
n—00 n
Therefore, /l(M) = u(M) = 1. Now for 0 € Q* write a(c) = ]_[1‘;‘1 as () and
b(o) = I—[l‘i'1 bs(iy. Then, for any o € M itis easy to verify that

logh(alh) _ . log[Ti_; boy _ Yicq, bilogh;

=b,', lgzér

im = = ; @)
o loga(oll) 1= log[]\_, ariy  Dicq, bilogai
using ([16]). Note that
k] kl
Zbi logh; = ZZbi logh; = ZZbi tloga; +logc; —logZaf
i€ j=liel; j=liel; lel’;
_tZZbloga,+Z Zbi logcj—logZal’
j=liel} iel’; lel';
_tZZbloga,+Zc, logcj —log ) "aj | =t biloga;, 8)
j=liel} lel; e
by (5) and (4). From (7) and (8) it follows that for any o € M
logb(o|l)
im ————= =
I-o0 loga(o|l)
Fix 0 < € < t. Let M™ = ¢(M™) where
N ~ logb(oll
M™ = UGM:Og—(GU>t—eforalll>m . )
loga(oll)
Then,
= A(M) = lim a(M™), L= pu(M) = lim u(M™).
m—00 m—00

Now fix m such that Z(M™) > 0. Let fi,, be the restriction of & to M™ and let 1, be the
induced measure on M of i, by ¢, i.e. for any Borel set A € M ™

1m(A) = (@71 (A)) = (@' (A) N M™).
By Bg(x) we denote the closed ball with centre at x and radius R. Let0 < R < (min;¢;<r a;)™.

For each o € M™ there exists a positive integer (o, R) such that
R- mlg a; < a(olh(o, R)) < R. (10)

I1<i<
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Note that i(o, R) > m and writt W = {o|h(o, R) : o € M™}. For any fixed x € M™
let W* = {t € W: J, [ Br(x) [\ M™ # @}. Then, there exists a finite positive constant &
independent of R and x such that #W* < & by lemma 9.2 in [3]. So

1 (Br(x)) < fin ( U cm) <D AC@) =) b(r)<E-R

TeW* TeW* TeW*
by (9) and (10). So we get
10g 1t (Br(x)) _

lim inf >
R—0 log R
Theorem 1 in [15] tells us
dimy M(Ty, ..., Tx) > dimgM > dimgM"™ >t —,
which implies, letting € — 0, dimy M(T"y, ..., ) > ¢

(B) dimy M(T"y, ..., 'x) < ¢. This part of the proof is similar to that in [2]. Fore > 0
and m € N, let

Qm,e)={o e Q" :(cj—em<#HI<i<m:o@)elj}<(cj+e)m, 1 < j <k}

Note that for any given € > 0 and any given o € M(Ty, ..., T) there exists an my € N
such that

—Cj| <€,

'#{1 i<m:0(i)ely}
m

forall m > my,i.e. 0 € Q(m, €) for all m > mq. Then, for any € > 0, we have

UN U %omT.....To.

mo=1m=mg c€Q(m,e)
Thus, in order to prove that dimy M (I"y, ..., T'y) < ¢, it is sufficient to show that, for every
integer mg and every n > 0, there is an € > 0 (which is a function of 7 only) such that

dlmH(ﬂfno mo Uneﬂ(m,e) JU) < r+ .
Since (M —mo UaeQ(m o) Jo is covered by {J, : 0 € Q(m, €)}, form > my, itis sufficient
to show that given n > 0, there is an € > 0 such that

Z |J, """ — 0 m — oo.

oeQ(m,e)
Let
+n
maxig gk €j Z‘EF-7 4q; ..
K =4——SIS0 7 max ’;’M,lgh,pgk . (11)
minigj<k ¢ Dier,, 4
Let € satisfy
.
0<e<—- min c (12)
r1<j<hk
and
ky Z at+r7 Cj k Z at+n €
ier; 4 ier; 4 ke
r[(—z a{) - I1 (—E )-K <1 (13)
j=1 iel; i j=ki+1

Now, we have

k
Z |J |t+n _ |J|t+nZ d ‘ 1_[ Z 141 ’ (14)

oe2(m,e) j=1 \iel;
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where the summation is over sets of non-negative integers d;, 1 < j < k such that

k
Y di=m and m(c;—e€) <dj <mlcj+e), 1<j<k (15
Jj=1
Hence, fori € Q and j € 2, if me > 1
d; +1 m(ci+€)+1 < maxg gk, Cj

< S4— ; (16)
dj m(cj — 6) ming gk €j
by (12) and (15). Let
! k “
m!
0= " T 2 )
Hj:ldj' j=1 \iel;

and Q, be the term of the sum (14) for which in (17) the d;, and d;,, for some j; # j, with
J1 € Qand j, € i, are replaced by d;, + 1 and d;, — 1, respectively, and the other d;s are
kept fixed. Thus, when me > 1

01 _dj+1 Xier, " maxicien e Lier, <K (18)

Q2 d]2 Zler al+’] ~ minlgjgkl Cj Zie]"jl aif+77 X 9
by (11) and (16). Let Qg be the term of (14) for which d; is the integer part of mc; for
1 < j < ki — 1, the integer part of me for k; + 1 < j < k. Therefore, there are real numbers
0 <48 < 1with j # k;suchthatd; =mc; —6; forl < j <k —1,d; = me —§; for
ki+l<j<kanddy, =m—3; , dj =mcy, —(k—ki)me+) ;. 8; = mcy, — &, with
8, = (k—ki)yme =3, 8;. Then, by means of the Stirling formulan! = v/2n(n/e)"e 0/12n
(0 <6 <1)and (4) we have

d; d;
k ! o 1/2) amm n6/12 k !
m! rn 27[1’)’lm+( / )e me /12m 1+
Qo = 1—[/( d:! 1_[ Zai - k \/z_ddﬂ—(l/Z) —d; a0;/12d l_[ Zai
j=1%i"  j=1 \ier,; l_[j:l na; e eV oy \iery
dj
mm+(1/2) "
o 1
s Ki— 407D 1_[ Z“
Hj:l J j=1 \iel;
d
(x|
= K] a. -
k Y x Ny i
l_[jlzl(mcj —8;)mei S+(1/2) ]_[j:k]+l(m€ — ;)" d#(1/2) j=1 \ieT;
(1/2)(k—1) @
m- B t
=K~ S /m)ymei—3;+(1/2) TT 8./ m)yme—5;+(1/2) H Z“i+n
[Tii(c; = 8;/m) [T 1 (€ = 8;/m) j=1 \ier;
d:
=1/ =) k oY
< i
~ K2 I—[kl cm‘/ I—[ eme 1_[ Zal
j=16; =k j=1 \iel;
ki Z at+n mcj k Z at+n me
_ _ r ier; i
< K5 -m U/2% ‘).1_[ ’E— . 1_[ Ze ) (19)
j=1 Zierj aj j=ki+1 €

where K|, K, and K3 are appropriate positive constants independent of m. Since (18) implies
that for any term Q of (14)

Q 2kme
— < K , 20
0o < (20)
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it follows that

dj
Z |J |t+r; |J|t+17 Z ‘ 1_[ Za;+7] < QO . Kkae . (ZmE)k . |J|t+77
oeQ(m,e) d j=1 \i€l}
ki t+n\ €j k t+n\ €
< Ky -m1/2G&D 1—[ Zief/ 4 ) l_[ ZieFf 4 . 2k
. Z r; a? . €
j=1 el ™1 Jj=ki+1
-0

as m — 00, by (19), (20) and (13), where K4 is an appropriate positive constant independent
of m. This completes the proof. QED

In theorem 1 we show that dimy M (T'y, ..., I'x) = t by proving that for any positive real
numbers € and n dimyg M(T", ..., %) >t — e anddimy M(I"y, ..., y) <t+n. Sowedo
not get any information about the value of H' (M ("1, ..., I'})). In the following, we will get
the sufficient and necessary conditions for M (I"y, .. ., [';) to have positive Hausdorff measure
in its dimension.

Let Q ={J, :0 € Q*}and Q, = {Jy4; : T € Q*} for o € Q*. Forany 0 < @ < oo and
any subset E of Moran set F define

(E) = hm 1nf {Z [V:|* : {V;} is a non-overlapping 8-covering of E, V; € Q} 21

Similarly, for 0 < & < oo and E C F () J, define

H“ (E) = l1m 1nf {Z [V:|* : {V;} is a non-overlapping 8-covering of E, V; € QU} .
i=1

Lemma3. () IfE C F () J,, then hH"é" (E) < H"é(E) < H‘éd (E), where the positive real
number h is independent of o and E.
() If E C F, then

474 (c min a;)"H%(E) < HY(E) < HY(E), (22)
1<i<

IIr

where the positive constant ¢ can be found in the definition of the Moran set F. In particular,
the covering {V;} of E in (21) can be taken finite when E is compact.

Proof. (I) It is clear that HOé(E) < H"éﬂ(E). Let § < a(o)|J|. For any non-overlapping
d-covering {V;} of E with V; € Q, write B; = {V;}if V; € J, and

B = {Ja*r D Jewl V] < |Ja*r|(|a*r|71)| and Jo4o ﬂ Vi mE #* f{)} ’

if V; C J, does not hold. Then, there exists a finite positive constant 2~ independent of o
such that #8; < h~! by the lemma 9.2 in [3]. Hence, B = U; Bi € Qo is a é-covering of E.

So we have
U< hT IZ|V|‘*

UeB

Since for any a, b € Q* either J, and J, are non-overlapping or J, € J, (or J, C J,), we
can assume that B is a non-overlapping covering (we can delete some elements from B if
necessary). Therefore, we get H(, (E) = hH{, (E).
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(Il) The right inequality is clear. We only need to prove the left inequality. Let
{W; : 1 <i < p < oo} be an open §-covering of E (where p < oo if E is compact).
Forany 1 <i < plet

A = {Js 1 s < W] < |J(,|(|U|_1)| and J, "W, NE ;ﬁ @}

Hence |, ¢;_, A; is a §-covering of E with each of its elements in Q. Similarly as in (I), we
can assume the Ulg i<p A; is a non-overlapping covering of E (we can delete some J, from
some A; if necessary).

Again #.4; is bounded by a constant by lemma 9.2 in [3]. But, this time, we would like to
give an argument. In fact, let B; be an open ball with centre in W; and radius 2|W;| and recall
that for each o € Q*, J, contains an open ball with diameter c|J,|. Then,

d
diB.) — N > Hd > d > : i ). .
HI(B) = @i > H ]UA I /JEA: (clol)! > <c|w,|lggral) #A;,
o €A; o €A

which implies

#A; < 4%c min a;)7. (23)

IRr

Consequently, for any open §-covering {W; : 1 <i < p < oo} of E we can get a §-covering
U <i<p A; of E, with each of its elements in Q (this covering is finite if p < 00), such that

Dol = )0 Y < Y (W #A)

JJEU1@‘<,;-AI' 1<i<p Jo€A; 1<i<p
<4%(c min a)™ Y Wi (24)
1<i<r -
I<i<p

by (23). Thus our result (22) is obtained by (24) and (21), taking the limitas § — 0. QED

Proof of theorem 2. (iii) = (ii). This is clear. (ii)) = (ii). Let M(I';, Q\I';) =
¢(M(Fj, Q\I';)), where M(Fj, Q\I';) is defined corresponding to the relative group-
frequencies ¢; and 1 —¢;. Forany fixed 1 < j < k,since M(I'y, ..., T'y) € M(T';, Q\I';) €
F, by the definition of M (I'(, ..., I'x) and M(I";, Q\I';), we have dimy M (I";, Q\I';) = ¢.
Hence, ¢ is also such that

cjlogej+ (1 —c¢j)log(l —¢;) =c;log Zaf +(1—cj)log|1— Zaf (25)
iel’; iel’;
by (4) in theorem 1 and (ii). Note that at this moment it must be true that 0 < ¢; < 1. Itis
easy to check that the function g(x) = c;(logc; —logx) + (1 —¢;)(log(1 — ¢;) —log(1 — x))
has a unique zero in (0, 1). Consequently, we getc; =), er, a! from (25).
(i1) = (i). Construct a probability measure (i on Q® by requiring that for any o € Q™

() = []abe.

i=1
where C (o) is the cylinder determined by o. Let i on F be the image measure of [t under
¢. Let

i’

~ #H1<I<n:ol) =i
M:{aeQ“’:lim { n:od) l}:

n—00 n

al lgigr}.
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Note that by the above we know (iii) also holds. Then, M - M(Fl, LT, M= ¢(M) C
MTy,...,I'and u(M) = ,&(M) = 1 by Birkhoff’s Ergodic theorem. By Bz (x) we denote
the closed ball with centre at x and radius R. Let R small enough be given. Then, for each
o € M there exists a positive integer (o, R) such that

R - 1migﬂa,- < a(olh(o, R)) < R. (26)
Let W = {olh(o,R) : o € M}. For any fixed x € M let W* =

{t € W: J, [ Br(x) (M # #}. Then, there exists a finite positive constant & independent
of R and x such that #W* < & by lemma 9.2 in [3]. Hence,

1(Br(x)) < fi ( U C(r)) < D AC@) =) (@) <ER'

TeW* TeW* TeW*

by (26). So we get
H (M, ..., Tp) = H (M) = u(M) =1
by proposition 4.9(a) in [3]. On the other hand, we have
H' (M, ..., Ty) < H(F) < o0.
(i) = (ii). Itis easy to check, that for any m € N

My, ..., Ty) = U ox M(Ty, ..., Ty,
oeQm
whereo#M(T'y, ..., Ty) = {oxt : T € M(T'y,..., T)}. Denote M (o) = o+ M(Ty, ..., T)
and M (o) = ¢(M(0)). Then, M(Ty, ..., T%) = J,cqn M(0). Note that {J,, : 7 € AC
Q*} is a non-overlapping covering of M (o) if and only if {J; : T € A C Q*} is a non-
overlapping covering of M (', ..., I'¢) and |Jy4:| = a(o)|J;|. Thus,
0, (M(0)) = (a(@)) Hy(M(Ty, ..., Ty)). 27

Then, we have

LM, ....T) ="M, ( U M(a)) < Y Hyp(M(0)

oeQm oeQm

< Y HL (M©) =Y @) Hy(M(T, ... Ty)

oeqQn oeqQn
= (Zaf) oM(T1, ..., Ty)), (28)
i=1
by lemma 3(I) and (27). In addition, for any x € M(I'y, ..., ['}), x must lie in at least one,
but in at most ¥ of the M (c), 0 € Q" by (3). We claim that
> Hy(M(0)) < OHY(M(Ty, ..., T). (29)

oeQn
This is not obvious, and needs some demonstration. Let {V;} be a non-overlapping §-covering
of M(T'y, ..., T%),withV; € Q and § < min,cqn |J,|. Foreacho € Q™, choose the covering
B, of M (o) from {V;} by taking B, = {V; : V; N M (o) # @}. In this way, each V; is chosen at
most ¥ times. Otherwise, without loss of generality, suppose V| € B,, fori =1,2,..., 9 +1.
Then, there exist t; € C(o;),i = 1,2,...,9 + 1 such that ¢(zr;) € Vi N M(0;). Take
R = | V|| and consider the R-size component sets of F'. Consequently, corresponding to each
oi,i = 1,2,...,0 + 1, there exists an R-size component set J,, such that J,, < J,, and
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¢ (v;) € J,,. Therefore, taking x € V;, we have that the ball Br(x) intersects at least 9 + 1 of
the R-size component sets of F', which contradicts (C3). Thus,

DY vI<e Y il
oeQ" VeB, i

which leads to (29). From lemma 3(I) it follows that
D HeM(@) 2 h Yy My (M(0)). (30)
geqQn oeqQn

Thus, by (27)—(30) we have for any m € N
’Q(M(l"l,-..,l“k))<(zaf) oMy, ..., T) <h” "M, oMy, ....Tw). (3
i=1

Note that 0 < H'(M(T'y,...,T})) < oo if and only if 0 < HtQ(M(l"l, ..., Tk)) < oo by
lemma 3(II). Hence, we obtain ) _, a! = 1 by (31).
>iv) = (ii). If dimgyg M (T'y, ..., Ty) = dimg (F\M Ty, ..., %)), then
dimy F = max{dimyz M (', ..., [}), dmg(F\M{Ty,...,TW)} =t
Thus (ii) holds.
(ii)=>(iv). On the other hand, since there exists atleastone j, 1 < j < k, suchthatc; > 0,

without loss of generality we can assume ¢; > 0. Fix0 < € < ¢ and take non-negative real
numbers ¢;, 1 < i < k, such that

ep=c1—€, e=c+e, and e; =cj, 2<j<k.
By M*(I'y, ..., I't) we denote the corresponding set with ¢; in place of ¢;, 1 < j < k. Write
t(e) = dimgy M*(Fl, ..., I'v) where 7 (¢) is such that
k

(c; —€) -log(c; —€) + (ca +€) -log(c, +€) + ch logc;
j=3

=(c1—€)log) a“+(cr+e€) - log) al+ Zc log Y a'?,  (32)

iel’y iel’, iel’;
by theorem 1. Since M*(I'y, ..., [x) € F\M{Ty,...,v) C F, we get
t(e) = dimy M*(Ty, ..., T}) <dimg(F\M ([, ...,T}) <dimy F =1, (33)
by (ii). Note that#(0) = ¢ and 7 (¢) depends on € continuously by (32). Then, lim._.?(€) = t.
So, dimy (F\M(T'y, ..., %)) =dimy My, ..., x) =t by (33). QED

Finally, we discuss question 2.18 in [1] by Cawley and Mauldin. When k = r the sets
I';, 1 < j <r,are all singletons. In this case formula (4) reduces to

i ¢i-loge;
t = XZ;ZIC—OgC_ (34)
> ci-loga;
Thus theorem 1 yields
. Z?:] ¢ -loge;
dimy M(Ty,.... ) ==F———. (35)
Yo ci-loga;

Now take positive real numbers p;, 1 <i < rsuchthat) ._, p; = 1. Forany g € R let B(q)
be the unique real number such that

Z pq Bl@) _
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Leta(q) = —B'(q) = [Xi_, plallog pil/IX;_, plal* loga]and f(g) = q(@)+B(q).
Taking ¢; = piqa;s(q), 1 <i < r,itiseasy to check r = f(g) by (34). Thus, denoting—with
this choice of (¢c;)—M, = M(I'y, ..., I'}), (35) shows dimy M, = f(g), which was given by
Cawley and Mauldin ([1]) for the multifractal decomposition of Moran fractals. Assume that
log p1/loga; = - -- = log p,/log a, does not hold. In this case f(g) = s with > ;_, a] = 1 if
andonly if g = 0 ([1]). Question 2.18 in[1]is: ‘If g # 0, isittrue that 0 < Hf(q)(Mq) < 00?.
Here, our theorem 2 shows that 0 < 1/ (M,) < oo if and only if ¢ = 0.
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