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1 | INTRODUCTION

| Ji-Feng Zhang*>

Summary

This paper studies the consensus control of second-order multiagent systems
with intrinsic dynamics based on delayed and noisy measurements, where the
delays in the position and velocity measurements are allowed to be differ-
ent. The nonlinear and linear intrinsic dynamics are considered, respectively.
For the case with nonlinear dynamics, mean square and almost sure consen-
sus conditions are established by applying the degenerate Lyapunov functional
and stochastic stability theorems. For the delay-free case with linear dynamics,
appropriate Lyapunov functions are established to get some simple sufficient
conditions for mean square and almost sure consensus, and necessary condi-
tions for mean square consensus. It is shown that, with respect to the weighted
average type control protocols, second-order multiagent systems are kept mean
square consentable under multiplicative measurement noises alone or intrinsic
dynamics alone, but may become unconsentable due to the coexistence of mul-
tiplicative noises and intrinsic dynamics. These results are further extended to

leader-following multiagent systems.

KEYWORDS

consensus, delay, intrinsic dynamics, noise, multiagent systems

Recently, there has been considerable attention paid to the study of multiagent systems due to their flexibility and intel-
ligence in solving distributed problems. Potential applications of multiagent systems are numerous, including societies,
markets, satellite communications, and biological systems.'” One of the important research interests in multiagent
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systems is the consensus control, which focuses on the design of distributed protocols to guarantee certain agreement or
synchronization. That is, the states (or partial states) of all agents can reach the same value or function by local information
exchange.®”?

Note that measurement noises often exist in data transmission channels.'®!! Hence, multiagent systems subjected to
measurement noises have to be taken into account. In the literature, both the additive and multiplicative noises were
investigated in the consensus control of multiagent systems. For the case with additive noises, the stochastic approxima-
tion method was applied for discrete-time model and continuous-time model to examine mean square and almost sure
consensus,'?*® where the consensus conditions related to control gain functions were found. For the case with multiplica-
tive noises, stochastic stability and martingale convergence theorems were applied to establish necessary conditions and
sufficient conditions for mean square and almost sure consensus of continuous-time models in the works of Ni and Li*
and Li et al,?* and sufficient consensus conditions of discrete-time models in other works.?"?> When the measurement
delay also appears in multiagent systems, Liu et al* got sufficient conditions for mean square average consensus under
additive measurement noises by developing the generalized Gronwall-Bellman-Halanay type inequality, and our previous
work® obtained necessary and sufficient conditions for mean square and almost sure weak and strong consensus under
multiplicative measurement noises by using degenerate Lyapunov functionals.

The consensus analysis aforementioned focused on the first-order multiagent systems. In practical applications, many
mobile agents are determined by both position and velocity states, such as torque motors and gas jets, which are adjusted
for their desired motion directly by the acceleration rather than the speed. Therefore, more and more attention has
been paid to consensus problems of second-order multiagent systems. In the work of Yu et al,? the necessary and suffi-
cient consensus conditions were obtained for the delayed and delay-free cases, respectively. In the work of Carli et al,”’
a second-order consensus algorithm was proposed for a family of nonidentical double integrators. Eichler and Werner®
studied the constrained min-max problem, which optimizes the consensus speed subject to a lower bound on damping.
Li and Chen® applied Riccati equations to establish mean square consensus of linear multiagent systems. Taking the
measurement delay and multiplicative measurement noises into consideration, the second-order consensus conditions
were obtained in the works of Zong et al.***! Besides the second-order dynamic property, mobile agents may be governed
by more complicated intrinsic dynamics.** With the interaction among neighboring agents, intrinsic nonlinear or linear
dynamics will determinate the agents' behavior, such as the well-known Kuramoto oscillator.** Although some publica-
tions considered the second-order multiagent consensus with intrinsic dynamics,* little is known about the joint effects
of measurement delays, noises, and intrinsic dynamics on multiagent consensus.

In this paper, we study the second-order consensus problem by analyzing the joint effects of measurement delays,
multiplicative noises, and intrinsic dynamics on multiagent consensus. Here, the protocol is based on the relative position
and velocity measurements according to the network structure, and the measurement delays in the relative position and
velocity measurements are allowed to be different. Compared with the deterministic case, the consensus conditions of
these models are difficult to be obtained in present of multiplicative noises. Recently, we have successfully established
consensus conditions of linear second-order systems with measurement delays and multiplicative noises.** However, it
cannot be applied to nonlinear second-order models, since the stochastic stability theorem developed in the work of
Zong et al*® is based on the stochastic delay equation with the linear drift. Moreover, delays appear not only in agents’
external measurements but also in their intrinsic dynamics. This will add new difficulties in constructing the Lyapunov
functional and finding consensus conditions, since it produces the pure delayed second-order stochastic system, whose
stochastic stability criterion has not been well established. To this end, first, we make the most of the topology structure
and convert the consensus problem into the stochastic stability issue of complicated stochastic systems, and then apply
the stochastic stability theorem related to degenerate Lyapunov functionals to examine the consensus conditions in the
senses of mean square and probability one.

The main contributions and findings are listed as follows.

« For the leader-free multiagent systems, explicit consensus conditions for nonlinear and linear second-order systems
are established, respectively.

— For the case with nonlinear dynamics and delays, we develop sufficient conditions for mean square and almost
sure consensus and prove that, if the delays and noise intensities in the measurements and the Lipschitz constants
of the nonlinear dynamics are small enough, then the closed-loop system achieves mean square and almost sure
consensus under appropriate control gains.

- For the case with linear dynamics, we obtain some necessary conditions and sufficient conditions for mean square
consensus by choosing appropriate Lyapunov functions. It is revealed that, with respect to weighted average type
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control protocols based on local information, second-order multiagent systems are kept mean square and almost
surely consentable under multiplicative noises alone or intrinsic dynamics alone. However, the co-occurrence
of multiplicative noises and intrinsic dynamics may weaken and destroy the mean square consentability, ie, the
weighted average type control protocols based on the local information may not exist to guarantee the mean square
consensus if intrinsic dynamics and multiplicative measurement noises appear simultaneously. This is different
from the case without intrinsic dynamic.*

« For the leader-following multiagent systems, sufficient conditions for mean square and almost sure leader-following
consensus are obtained under the assumption that the subgraph formed by the followers is undirected.

The organization of this paper is as follows. The consensus conditions of leader-free multiagent systems are addressed
in Section 2, which contains two sections. In Section 2.1, sufficient conditions are established for mean square and almost
sure consensus of second-order multiagent systems with nonlinear dynamics. In Section 2.2, some simple sufficient con-
ditions for mean square and almost sure consensus, and necessary conditions for mean square consensus are obtained for
the case with linear dynamics. In Section 3, consensus conditions for leader-following multiagent systems are obtained.
The simulations are carried out in Section 4 to show the effectiveness of the theoretical method. The conclusion and
future research are given in Section 5.

Notation. Throughout this paper, unless otherwise specified, we use the following notations. 1y denotes an
N-dimensional column vector with all ones. #;; denotes the N-dimensional column vector with the ith element being
1 and others being zero. Jy = ]%lNlﬁ. Iy denotes the N-dimensional identity matrix. For a given matrix or vector A, its
transpose is denoted by AT, and its Euclidean norm is denoted by |A|. For two matrices A and B, A ® B denotes their
Kronecker product. For a,b € R, a v b represents max{a, b} and a A b denotes min{a, b}. Let (Q, F, P) be a complete
probability space with a filtration {F} o satisfying the usual conditions, namely, it is right continuous and increas-
ing while Fy contains all P-null sets. For a given random variable or vector X, the mathematical expectation of X is
denoted by EX. For a continuous martingale M(t), its quadratic variation is denoted by (M)(t) (see the work of Revuz
and Yor®). For the fixed ¢ > 0, we use C([—7,0];R") to denote the space of all continuous R"-valued functions ¢
defined on [ — 7, 0] with the norm |[[¢||c = sup,¢_, o ll@®)]l-

2 | LEADER-FREE MULTIAGENT SYSTEMS

Consider N agents distributed according to an undirected graph G = {V, £, A}, where V = {1, 2, ..., N} is the set of nodes
with i representing the ith agent, € denotes the set of undirected edges, and A = [a;;] € RV is the adjacency matrix of G
with element a;; = 1 or0indicating whether or not there is an information flow from agent j to agent i directly. N; denotes
the set of the node i's neighbors, ie, forj € Nj, a;; = 1.Inaddition, deg; = 27=1 a;; is called the degree of i. The Laplacian
matrix of G is defined as £ = D — A, where D = diag(deg;, ...,degy). In this paper, G is assumed to be connected. In this

case, £ admits a zero eigenvalue, denoted by 4, and other eigenvalues 0 < 4, < ... < Ay are positive.
The dynamic of each agent is given by
yi(®) =vi(0), o
Vi) = filt — 7)), vit — ), 1) + ui(0),

where y;(t) € R" and v;(t) € R" denote the position and velocity of the ith agent, respectively. Here, 7, and 7, are delays in
the intrinsic dynamic f(y;(t — 7,), vi(t — 7,), ©), u;(¢) is the control input to be designed, and f(-, -, t) is a nonlinear function.
Let y(t) = [y{ (®), ..., yeO1", v(®) = ] @©), ..., v O, x(®) = [Y'(®),v" ()", and u(t) = [u] @), ..., ul®]".

Remark 1. Before this paper, the consensus of nonlinear second-order multiagent systems has been investigated under
general digraphs in the work of Yu et al** and switching graphs in other works.*”* These works are remarkable for
deterministic models without time delay and measurement noise. In this paper, we take the time delays and mea-
surement noises into consideration, where the time delays appear not only in the nonlinear dynamics but also in the
measurements.

In this paper, we consider the following weighted average type control protocols:

u(®) =k1 ) 2y + k2 Y, Zuji(0), @)

JEN; JEN;
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where k; > 0,k; > 0,z,;;(t) = y;(t — 71) — yi(t — 71) + gui(y;(t — 71) — yi(t — 11))&1i(D), and 2, (£) = v;(t — 12) — Vit —
72) + §2;i(v;(t — 72) — vi(t — 12))&,;i(¢) are the position and velocity measurements of agent i from its neighboring agent j,
respectively, 71 and 7, are measurement delays, &;(t) = [&;;(0), §2ﬁ(t)]T is a two-dimensional noise, and g;;(-) and g,;i(-)
are intensity functions. We make the following hypotheses.

Hypothesis 1. The noise process &;;(t) € R satisfies /0[ Ei)ds =wyi(0), £ > 0,1 =1,2,i = 1,2, ...,N,j € N;, where

{w®,1 = 1,2,i = 1,2, ... ,N,j € N;} areindependent scalar Brownian motions.
Hypothesis 2. For each (j,i), ¢1;i(0) = ¢,;;(0) = 0 and there exist positive constants 6, and &, such that for all
y1,y2 € R,

|9171(71) = 91i(32)| < G1ly1 = y2l
and
|92i(71) = 92;i(32)| < G2ly1 = y2l.
We assume that the initial data x(t) = ¢(t) € C([-7,0];R*"), t € [—17,0], where t = 7,V 7, V 71 V 7. We aim to find

the control gains kj, k; such that the control u(t) solves the consensus problems, where the definitions of the mean square
and almost sure consensus are given as follows.

Definition 1. We say that the protocol u(t) solves mean square (or almost sure) consensus if it makes the agents have
the property that for any initial data ¢ and all distinct i, j € V, lim— o E|x;(t) — x;(£)|?> = 0 (or lim;_, o, |Xi(£) — X;(£)| = 0
almost surely.

Remark 2. The deterministic and ideal measurements have been examined in the works of Olfati-Saber and Murray*
and Yu et al* for first-order model and second-order model, respectively. In this work, the measurements z,;;(t)
and z,;(f) can be considered as the joint impact of measurement delays and multiplicative noises on the ideal
measurements y;(f) — y;(¢) and vj(f) — v;(f) and were detailed in our recent works?* for linear multiagent systems.

2.1 | Second-order consensus with nonlinear intrinsic dynamics

We first investigate the consensus conditions of multiagent systems with nonlinear dynamics. We assume that the function
f(y,v, 1) satisfies the following hypothesis.

Hypothesis 3. We assume that f(0,0, t) = 0 and there exist positive constants q, and q, (Lipschitz constants) such that

|f(y’vst)_f(.)_)9]_)’t)| S q1|y_.)_/| +QZ|V_‘_)|
forall y,v,y,v € R™.

We will use the following notations. Define the unitary matrix T, = [%, ¢z, ..., dn], where ¢; is the unit eigenvector

of £ associated with the eigenvalue 4; = Ai(L), ie, ¢l.T£ = Aiq')l.T, |¢;] = 1,i = 2,...,N.Denote ¢ = [¢,, ... ,dn]
and A = diag(4,, 43, ... , An). Denote §,(t) = [(Iy — Jn) ® L,1¥(b), and 6,(t) = [5;1(t), ,5yTN(t)]T, where §,; € R",
1

i = 1,...N. Let 6,(t) = (Tr ® I,)5,(t) and 8,(t) = [EyTl(t), ...,(?yTN(t)]T, and then it can be verified that &,,(f) = =

AL @ I — Jn) ® L) y(t) = 0since 17,(I, — J,) = 0. Denote 5,(t) = [gyTz(t), ,gyTN(t)]T. Similarly, we can define 8,(¢),
5.(t), and 3,(£). Denote 8(t) = (3, (£), 3y (O]

Theorem 1. Suppose that Hypotheses 1, 2, and 3 hold. If the control gains k; and k; satisfy

2ki Ay > 21+ @2 (3
and
p(k1) < o(kz), 4)
where p(k) = W[«s + 1+ Q)7+ 20K Ay + (71 + 7+ DAyt + 2262 4 doka(ry + 1) + 1 +

Q11 + 12+ 2), 0(kz) = 2A:k,(1 — k3 ]%65) - Ll +q+2)+ rl]kg/lN, then the protocol (2) solves mean square and

almost sure consensus.
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Proof. It is enough to prove that the protocol (2) with k; and k; satisfying (3) and (4) can solve mean square and
almost sure consensus. The proof is divided into the following four steps.

Step 1: Transformation of consensus problem into stability problem. We transform the consensus problem
of multiagent system into the stability of a stochastic delayed equation. Let F(£) = [fT(y,(t — 7)), vi(t — ), 0), ... ,
FT(yn(t = 7y),vn(t = 1), )], Substituting the protocol (2) into the system (1) and using Hypothesis 1 yield

dv(t) = F(t)dt — ki (£ ® L,)y(t — 71)dt — ko(L ® I)v(t — 72)dt + dM(¢),

where M(t) = k Zgjzl aij /()t[nN,i ® 7y ji(s — T)]ldwyji(s) + ka Zﬁf’j:l aij /()t[nN,i ® 72;i(s — 2)]dwyji(s), and g ;;(s) =
91i(6y;(8) = 84i(8)), T2 i($) = g2,i(6y;(8) — Si(s)). Noting that 6,(t) = [(Iy — Jn) @ L] y(8) and 6,(8) = [(In — Jn) @ L ]v(D),
then we have from (Iy — Jy)L = LIy — Jy) that

dé,(t) = 6,()dt
dsy(t) = F(t)dt — ky(L ® I,)5,(t — 71)dt
—ka(£ @ I,)6,(t — T2)dt + dMy(1),

where F(t) = [(Iy = Jx) @ L,1F(t) with F(5) = [ @), ..., fE®17 and fit) = fGit = 7,), vilt = 7)., ) = = Loy [t =
), V;(t — 1), £), Mo(t) = ky zlit]j:l aij fot[(IN = JINNN ®Fyji(s — 71)1dwyi(s) + ko Zi]j:l aij /Ot[(IN = INING ® Goji(s —
7,)]dwyi(s). Bear it in mind that 6,(t) = (TT ® L,)8,(¢), 3,(t) = (T ® I,)8,(t), 8,1(t) = 0, and 6,1(¢) = 0. Then, we have
the following delayed second-order stochastic system:

dé ,(t) = 6,(dt
déu(t) = (97 ® L)F(1)dt — ki (A ® I,)6,(t — 71)dt (5)
—ka(A ® I,)6,(t — 72)dt + AV (b) + dM, (),

where M, (1) = ky X1,_, @iy f; 1Q0) ® (s — 7)]dwyi(s) and M) = ko X ayy [ 1Q0) ® ji(s — 2)]dwsi(s) with

S . 0 Iy- 0 0 0 0
Q(l)=¢(IN—JN)nN,i.LetL=L0+L1+L2w1thL0=[0 Nol],m:[_kl/\ 0],andL2=[0 _sz].Then,

we have
ds(t) = F()dt + (Lo ® I,)s(t)dt + (L1 ® I,)5(t — 11)dt + (L ® I,)6(t — 75)dt + dM;(t) + dM,(0), (6)

where F(t) = [0, (67 ® L)F ()17, Ms(t) = ky X3,y iy fy Buyj(s—71)dwsi(s), Ma(t) = kp X3y @iy Jy Baij(s—72)dwai(s),

Bu;(t) = [0, blTij(t)]T, biy(H = Q@) ® Fy;u(D), Bayj(t) = [0, szij(t)]T, and by;;(t) = Q(i) ® Jy;,(t). Note that 5,(t) =

Vi — ij:l ye(®/N, 8,(t) = v; — Zgzl v()/N,i = 1, ... ,N. Hence, by the definition of 5(f), we can see easily that the
consensus problem is converted into the stability problem of (6).

Step 2: Construction of degenerate Lyapunov functional. To get the stability analysis of (6), we need to
construct a degenerate Lyapunov functional. Let

uh Ol
P= 7
[QIN—1 INa ] ™)

with 4,0 > 0 to be designed. In fact, we need 6* < uA, to guarantee the positive definiteness of P. Let
() =6(t) + (L1 ® I) / 8(s)ds + (L ® I,) / 5(s)ds. (8)
t—1, t—7,

We choose the degenerate Lyapunov functional
V(60 = Vi(6(0) + Va(0), )
where

Vi(6e) = 20T (P ® L)z(t) (10)
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_ 0 t_r _ 0
Vi (5,) = / [ / 5 (9) (LlTPL1®In)6(0)d0] ds + / [
-7 t+s e

t t 0 t
+0+1) lfh / 18,(s)|*ds + QZ/ |5v(S)|2dS] + k(g + QZ)/ / 5:(M)(/\2 ® I)5,(u)duds
-7, t -1, Jt+s

-1, -1,

and

+s

t g . _
/ 5 (0) (LZPL2®In)6(9)d9] ds
t

0 t_p _ t t
+k3(q1 + q2) / 8y W(A* @ 1)y (w)duds + (71 + 72)(q1 / 16,(8)]*ds + g2 / |6,(s)|*ds)
=T, J 1+S t—‘ry t—-1,
t t
4Nt ko2 / Sf(s)[A ® I,16,(s)ds + N = 1k§a§ / 5y ()IA ® I,15,(s)ds (11)
t t

N N

! —7

with 6, = {6(t + 0) : 6 € [—7,0]}. In the following, we will give an estimation of the functional (9).
Step 3: Computation and estimation of It6 operator LV(-). Computing the It6 operator LV/(-) on the solution
path 6(¢) yields

16 = 22" OP ® ) [F) + L ® 13| + 1)
6
=3 () [L"P+PLY® L] 5(0) + 3 I,

Jj=1
where
N N
Ji(t) =k} Zaijlblji(t - Tl)|2 +k; Zaij|b2ji(t - Tz)|2,

i,j=1 Lj=1

L) =25 (O(P ® L)E(®),

t
J5(t) =25 ()LTPLy ®I) / 5(s)ds,
t—1;
t
Ju(t) = zET(t)(LTPL2 ®1I,) / 5(s)ds,
t—1,

b _r -
Js(t) =2 / 6 (5)ds (L{P @ I,)F(1),
t

-7

tor ~
Ts(t) =2 / & (s)ds (LJP ® I,)F(t).
t

-7,

Note that ¢p¢p” = Iy — Jyand Iy — Jn)? = Iy — In), 111{, (UN—=INNN = 1% From the definition ofg(t), Hypothesis 2,
T — .
and 26, (H[A ® L15,(t) = Y, TN a;;16,,(t) — 6,:()|%, we obtain

N—1,, ,T -
Ji(t) £2 N k2638, (t — T)[A ® I,]6,(t — 1)

N-1

N = 1120050t ) [A ® I,]6,(t 12
N 2 v 2 nlOv 72). (12)

+2 2

Let y(t) = 1%] Zj\l:l y;(®) and ¥(t) = % 27:1 v;(1); then, 6,;(t) = yi(t) — ¥(¢) and 6,;(t) = v;i(t) — V(t). Note that fiH =:
pi (D) + pi(d) + po3(t), where p(£) = f(yit — 7)), vi(t — 7)), 1) — f(yi(t — 7)),V — ), 0, pa(®) = fyi(t — 7,),0(t —
), 1) — f(J(E — 7)), V(t — ), 1), po3(f) = Il\, Zf]:l Ajf(t),and A; f(t) = f(F(t — 7)), 0t = 1), 1) = f(¥;(t = 7)), V; (£ = T), D).
Then, F(t) = p;(t) + p,(t) + 1n ® py;(t), and we have

—T T _ =T T -
Jo(t) = 206, ()(¢” & L)F(t) + 26, ()(¢~ & L)F(D).
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By Hypothesis 3, we obtain

257(Opa(®) < g2 (16,01 + 18wt = 7)I7)
26, () < q1 (16,1 + 18,(t = 7)),
265(0pa (0 < g2 (18u(O1 + 180t = w)I%) ,

( .

26T (OPp®) < q1 (181 + 18,i(t — 7))

It can be obtained that Y%, 8T(DPos(t) = 0, SN 8T(0Ppos(t) = 0, |6,()|2= [8,(D)]% and |5,(t)|*= |5,(t)| Hence,

i=1 “yi
2Ef(t)(¢T ® I)E(t) = 25T (1)(pp” ® I)[UIn — In) ® L 1F (1)
N
= 265](OF () =2Y (850pu() + 65O
i=1

< (g1 + @16, + qul6,(t — 7)1* + q216u(t — )2

Similarly, we have

1

N
28, (0(@" ® [NF(D) =2 (8,5 (DPu(®) + 6, (Opa(D))
=1

< (@1 + @8O + q118,(t = 7)I° + 216, = )]
The two inequalities aforementioned produce
() < (@1 + 42 (018,0F +13,01)

O+ @3, - 7)P + @bt - 7P (13)

By the inequality 2xTy < %lxlz +e|yl%, e > 0,x,y € R™, we have

-T T — t T T —
J3() <76 (O)LTPL @ I,)6(t) + / 8 (8)(L{PL; ® I,) 6(s)ds (14)
t—1
and
T T — t T T —
J(t) £ 16 ()(LTPL @ I,)8(t) + / 5 (8) (L3PL, ® I,) 6(s)ds. (15)
t—1,

It can be seen that

t
Js(t) = —2k1/ SZ(S)dS(Aqu ® L)F (),
t

-7

t
Jo(1) = —2k2/ Sf(s)ds(/\ng ® I)F(t).
t

-7,
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Note thatgy =¢Ts,,A=¢pTLe, PP = Iy —JIn, In — JN)? = Uy = In), Uy =JIN)L = £ = LIy —Jy),and £T1y = 0.
Then, we obtain

¢ T
Js(t)=—2k1< / Sy(s)ds> ("L Ppp" ® L)F (1)
2

-7

t T
= —2k1< / 6y(s)ds> (LT @ I)F(t)
t

-7,

; T
= -2k, </ 5y(s)ds> (£" @ I)[p1(t) + p2(1)]
t

-7
t

=T = 1 1
< 2k3(q1 + q2) 8y (S)(A* @ I,)5,(s)|*ds + <q—|131(f)|2 + q—|P2(t)|2> 7
2 1

t—1,
t
—-T — — —
<ki(q + qz)/ 8y ()(A? @ In)d,()ds + qu71[6,(t — 7,)1> + qam 60t — )|,
t—1,
and similarly,

t
—T — — —
Jo() < k5(qu + qz)/ 8u ()A? ® L)éy($)ds + qu7216,(t = 7,)I” + g272|80(t — 7).
t—1,

Then, we obtain

t —_— —_— —_—
J5() +Js(8) < ki(qu + ) / 5§(S)(/\2 ® In)éy(s)ds + qi(z1 + 12)[6,(t — 7))
t—1,

t
—-T — —
+K5(q1 + q2) / 8y ($)(A? ® 1,)6,(5)ds + qa(71 + 72)|6,(t — )|, (16)
t—1,
Combining (12) to (16) yields

t t

5 () (LTPL, ® I,) (s)ds + / 3 (s) (LTPL, ® I,) 5(s)ds

t—1,

V1(6) < S1(5(t)) + /

t—1y
t

+ O+ quld, )P + @l - )P | + i@+ a2 | 500 @ L)3,ds

t—1
t
2 <7 2 = N-1,, 5T =
+ky(q1 + qz)/ 6y (S)(A” ® I)6y(s)ds + ZTklal 6, (t — t)[A ® I,]6,(t — 71)
t—1,

N-1,, ,<T - - -
+ ZTk§G§5v (t = )[A ® I,]6,(t — 12) + (71 + 12) (Q1|5y(t - Ty)lz + q2|5v(t - Tv)|2> s (17)

where
$16(6) =3 () ((LTP+PL+LTPL(zy + 1)) ® I) 3() + (1 + q2) (49|5y(t)|2 + |3v(t)|2> .

Hence, from the definition of V{(-), we obtain that

VG <3 (D(Q® L)3(), 18)

where Q = L"P+PL+L"PL(z1+7,)+L] PLy71+L} PLy T, +Dwith D = [duO(G) dzzo(é))] ,d11(0) = (2q1+92)0In_1+(71+
‘L'2+1)q11N_1 +(q1 +q2)k%A2’Fl +2]%k%6%/\, and d22(0) = (q29+2q2 +q1 +q2(1'1 +Tz))IN_1+(q1 +q2)k§A2’L'2 +2]%k§622/\
In the following, we show that conditions (3) and (4) can guarantee P > 0and Q < 0.
Step 4: Stability and consensus analysis under degenerate Lyapunov functional. It can be obtained that
[ —2k10A — ki — ko)A
LTP +PL = 1 (/4 1 2) i
| (1 — k1 = 0ko))A 2(0In-1 — k2 \)

TP = [ kiAz kiko A% — ki OA
- | klsz - k10A (/4 - k29)A - kzeA + k%/\z ’

[K2A2 0 0 0
L{PLy = | ™1 0] and LIPL, = [o szz] :
L 2
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Letu = kl + k29 + k19(11 + ’1'2). Note that

0 kkA]_[KA2 0
k1k2A2 0 - 0 kg/\z ’

Therefore, we have

511(6) 0
QS[ 0 522(9)]

where s11(0) = dn(@) - 2k10A + 2k§/\2(11 + Tz) + k%Ale and S22(9) = dzz(e) + 2(0[1\]_1 - kz[\) + (M - 2k29)/\(71 +
72) + k%AZ(Tl + 215). Then, we need s1;(f) < 0 and s»(0) < 0. It is easy to verify that s;;(0) < 0 for 6 >

61 = ﬁ[((3 +q + Q2)T1 + 21’2)]{2/1]\7 + (Tl + 75 + 1)q1). + 2k2N 15 2] and S22(9) < Ofor @ < 92 =
272419,
24,k (1~ kzNNl 5= Aaky (71 472)= A ANK3 (@1 +4, +2) 75+ 71 1=, G5 (71 +7,+2)

YV e . Note that conditions (3) and (4) guarantee 6; < 6,, and then
s11(0) < 0 and sp(@) < 0for & € (61,0,). Thatis, Q < Ofor & € (61,6,). We now show that the choice
U = ki + ka0 + k16(z, + 7;) with & € (6, 8,) can still guarantee the matrix P to be positive definite. From 8% < uA,
andu = ki + 6k, + kle(Tl + 1), itis enough to show that for 6 € 64, 0,), 0% — eﬂz(kz + kl(Tl + 13)) — ki, < 0.
This can be guaranteed under the condition 0 < 8 < 6*, where

0 = /12 (k2 + kl(Tl + Tz)) + \/i%(kz + kl(Tl + T2))2 + 4k1/12 /2 (19)

It is easy to see that 6, < 6*. That is, for any 8 € (61, 6,), we have P > 0 and Q < 0. It is easy to compute form
Hypothesis 3 that |I? | < Cl(lg(t -1+ |5(t —1)|). This, together with Hypothesis 2, implies that all the coefficients
satisfy the linear growth condition. Therefore, by stochastic stability theorems (theorems 4.3 and 4.4 in the work of
Zong et al*?), we know that

14

e""E|5(t)|? < C and lim sup% log|5(t)| < -7 as.
t—o0
for certain C,y > 0. Note that §,,(t) = y; — % Z;\il y;(t) and 8,,(t) = v; — ]%I Zjil v;(t),i = 1, ... ,N,and thenfori # j,
i) =y < [6y;(O] + 18,0 and |v;(t) — vi(H)] < [6,;(0)] + |6,i(0)|. Therefore, we can obtain mean square and
almost sure consensus. O

Remark 3. For pure delayed second-order stochastic systems such as (5), little is known about the stochastic stability
conditions. In the proof of Theorem 1, we introduce the degenerate Lyapunov functional V(-) to get the stability anal-
ysis. Here, the degenerate Lyapunov functional** denotes a classes of functionals without satisfying V(@) > c|@(0)|?
for all continuous functions ¢ defined on [ —7, 0].

Remark 4. Theorem 1 implies that, for any given measurement delays 71, 7, and noise intensities &1, 65, if the growth
rates of the intrinsic dynamics g, and g, are small enough, then there are k; and k, such that mean square and almost
sure consensus can be obtained. In fact, for any given 71, 7, and noise intensities &1, 65, we can first fix k, such that
2A:k,(1 — kz—az) > 0; then, if g, and g, are small enough, then we can choose k; small such that 2k; 4, > 2q; + q,
and p(k1) < o(kz)

If the intrinsic dynamics vanish, ie, g, = g, = 0, then Theorem 1 gives the following corollary.

Corollary 1. Suppose that Hypotheses 1, 2, and 3 hold and q;, = q, = 0. If pk;) < o(ks), where p(k;) =
W[(3rl + 21)AN + Z—Uz]kl + Azkl(Tl + 13), O(kz) = ZA.zkz(l - kzN 5 2 - 0.5Q1, + Tl)kzﬂN) then the
protocol (2) solves mean square and almost sure consensus.

Remark 5. For the case without intrinsic dynamics(q; = g, = 0), the previous work of Zong et al* studied stochastic
consensus problems under the condition 7; = 7,, ie, the delays in position measurements and velocity measurements
are equal, while Corollary 1 relaxes this condition by considering different measurement delays. Moreover, Corollary 1
shows that, for any noise intensity and measurement delay, mean square and almost sure consensus can be achieved by
choosing the appropriate control gains k; and k,. In fact, for any given 7, 7,, and oy;;, we first choose k; satisfying k, <

(N L5 2 +0.5(21, + 71)An) "}, which can assure o(k,) > Ofork, < k3. Then, fix k, and choose a sufficiently small
k1 that p(kl) < o(ky) since limy, o p(k;) = 0. Therefore, mean square and almost sure consensus can be obtained.
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If all the noises and delays in the measurements vanish, then we obtain the following corollary, which implies that, for
arbitrary Lipschitz constants g, and g,, multiagent consensus can be solved by choosing sufficiently large control gains.

Corollary 2. Suppose that Hypotheses 1, 2, and 3 hold and t1 = 7, = 61 = 6, = 0. If the control gains k; and k, satisfy

2q1 + + 2
S q1 CI2’k2>Q1 Clz’

ki
24> 24>

and
2+ g2)q1 < 2Azky — q1 — 2¢2)(2A2k1 — 2q1 — q2),

then the protocol (2) solves the deterministic consensus.

Remark 6. Corollary 6 improves theorem 1 and corollary 2 in the work of Yu et al** in the case of undirected graphs.
For example, we assume N = 4,q;, = 0.2,q, = 0.1 and take k; = 1.2,k, = 1.1, then A, = 0.5858. Then we can see

that 0.5858 = A, < 0.5 % (Q1/k1 + kl/kg + Ch/kz + \/(ql/kl - kl/kg - ql/k2)2 + (ky + k2)2 * q%/(kf * kg)) = 1.1810

and 4, < % That is, the sufficient conditions in theorem 1 and corollary 2 in the work of Yu et al** are defied and

2
whether the consensus can be solved is unknown from the work of the aforementioned authors.** However, we can
see that 0.42 = (2 + q,)q; < (RAzkz — q; — 2q,)(2Azk; — 2q; — q,) = 0.8051. That is, conditions in Corollary 6
hold and the consensus is solved.

For the case with multiplicative noises alone*! or intrinsic dynamics alone (Corollary 6), mean square and almost
sure consensus can be definitely solved by protocol (2) with appropriate k; and k,. However, the coexistence of mul-

tiplicative noises and intrinsic dynamics may weaken or destroy the consentability with respect to linear protocols.

. . . 2 .
From Theorem 1, p(k;) < o(k;) implies o(k;) > 0, which means k, < P r T R At the same time, p(k;) <

o(k,) implies k, > L¥entot?)

at least. Hence, the condition p(k;) < o(k;) cannot hold for large &,, 55, q;, and g,. That
2

is, the consensus may not be solved by u(t) for any k;, k, when multiplicative noises and intrinsic dynamics exist simulta-

neously with large intensities and large growth rates, respectively. This is revealed clearly in Theorem 2 and Remark 3 in

Section 2.2.

2.2 | Second-order consensus under linear intrinsic dynamics

From the proof of Theorem 1, we can see that the intrinsic dynamics and the delays in intrinsic dynamics and mea-
surements increase the difficulty and complexity of consensus analysis. In the aforementioned statement, we only get
sufficient conditions. Particularly, if all the delays vanish and the intrinsic dynamics are linear, we can find more simpler
sufficient conditions for mean square and almost sure consensus, and necessary conditions for mean square consensus.
We need the following hypothesis.

Hypothesis 4. For each (j,1), g1;i(0) = g2,i(0) = 0 and there exist positive constants 1, o, ¢,, and ¢, such that for all
y.»n€R

o=l < |91ji()’1) - glji(.VZ)l < o1y =yl
and

0,1y = vl £ |92ji(01) — 92;i(32)| < 62131 = y2l.

Theorem 2. Suppose Hypotheses 1, 2, and 4 hold, 7, = 7, = 71 = 7, = 0,and f(y,v,t) = q,y + q,ywithq, > 0
and q, > 0. Ifthere exist ky and k; such that

k] > Z—l,kz > Z—z, (20)
and
k2o2Nt
191 N-1
—k1 —g < kyAr — g2 — —~ k363 22, (21)
}‘2

then the protocol (2) solves mean square and almost sure consensus. Moreover, if the protocol u(t) solves mean square
consensus, then k, and k, must satisfy (20) and

Kady — %kggw > . 22)
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Proof. For linear intrinsic dynamics, (6) can be simplified as the following stochastic differential equation (SDE):
dé(t) = (Ls ® I,)(t)dt + dMs(t) + dMu(b), (23)

0 In
Qi1 — kA qIn-1 — kA

consensus problem is converted into the stability problem of SDE (23). We choose

where L; = ] , M3(t), and My(t) are defined in (6) with z7; = 7, = 0. Then, the

k1A — qi1In— O(k, A — q2IN— OIn_
P=[1 qiIn-1 + 0(k; q2In-1) N-1 24)
HIN_l IN—l
Here, P > Ofor 0 € [0,0%), where
o — kodz = @2 + \(kado — @2)? + 4(ki Az — q1)
= 3 .
Choose the following Lyapunov function:
— T —
V3(6(0) =6 (O(P ® I,)6(D). (25)

Then, one can obtain that .
V3(6(1) <6 (1S Q 1,)d(0),

s11(0 0 . _ _
where S = z[ ui®) s22(9>] withs11(0) = ~(ki A=quly-1)0+ ko2 A and s2(0) = Oy ~ke A+ oly-1 S IGo2A.
kzgzﬂ _ i
Hence, 511(0) < Ofor6 > 6, := ;c 2 and s(0) < Ofor 6 < 6, 1= kpdy — g2 — I%kgag/lz. It is easy to see that

13

0, < 6" and condition (21) implies 9; < 0,. Hence, the choice 8 € (61, 0;) guarantees that P > 0Oand S < 0.
Therefore, by stochastic stability theorems (theorems 4.2 and 4.4 in the work of Mao**), we know that mean square
and almost sure consensus follow.

Note that mean square consensus is equivalent to mean square stability of (23). Note that Brownian motions do not
contribute positively to the mean square stability of the closed-loop system, ie, the unstable system cannot be mean
square stabilized by Brownian motions (see the work of Zong et al**). Hence, in order for the mean square stability of
SDE (23), the deterministic part must be stable. That is, the matrix L; must be Hurwitz, which implies condition (20).
We choose the Lyapunov function as follows:

Va(h) = 5, () [(a A = Q1) ® In] 8,00 + 5,0 (26)

Applying the It6 formula to V,(t), we have
AV4(1) = =28, (1) [(kaA + Galn1) ® L] Bu(t)dt + d(M ) (1)
+ d(V,) () + 25, (0)d [V () + V(D) 7)
where M; (¢) and M,(t) are defined in (5), (M; )(t) = k? Zlit]jzl a; fol |b1i;(s)|2ds, and (M )(t) = k2 Zi]jzl a; fot |bai;(s)|?ds.

Similar to (12), we can get
AV (8) > Zkfgg%gf(t)m ® I)3, (Dt (28)
and

N =157 00 ® Ls. (. (29)

d(M,)(t) > 2k507
Hence, taking expectations on the both sides of (27), we obtain
t
EVi(t) 2 Va(0) + 2E / 505 [h(ka, ) ® 1] 3,(5)ds, (30)
0

where h(ky, A) = gaIn-1 — koA + kggz%/\, since (M, )(t) > 0. Let hi(ks) = qoln-_1 — ko Ai + kggz%/li, i=2..,N
Now, if condition (22) is defied, thell hi(ky) > Oforanyi = 2, ... ,N. Hence, h(k;, A) > 0, and then we must have
lim inf,_o EV,4(t) > V4(0) > 0 for 6(0) # 0. This is in conflict with the definition of the mean square consensus.

Therefore, the necessity of condition (22) follows. O
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Remark 7. Theorem 2 gives the explicit consensus conditions of mean square and almost sure consensus. At the same
time, the necessary condition (22) implies that the gains k; and k, for mean square consensus may not exist. In fact, if

q2, 0, are large and satisfies 4q, I%g% > Ay, then ky Ay — g2 — ]%kgaglm <0, for any k, € R. That is, (22) is violated,
and then mean square consensus cannot be achieved for any k;,k, € R. The necessity of (22) is also revealed in
the simulation section (Section 4), where an example is given to see that mean square consensus cannot be achieved

without (22).

In Theorem 2, we study the linear case with q; > O0Oandg, > 0.Ifg; < 0andg, < 0, then each single original
second-order system is stable, and then the noisy input control with small control gains does not affect such stability.*
In the following, we will consider the casesq; < 0,g, > 0Oandg; > 0,q, < 0.

Theorem 3. Suppose Hypotheses 1, 2, and 4 hold, t, = v, = 71 = 7, = 0, and f(y,v,t) = q,y + g,y withg; < 0
and q, > 0. If k; satisfies

N-1
0<kyi, — q — Tkgﬂ;lz, (31)
then the protocol (2) with k; = 0 solves mean square and almost sure consensus. Moreover, if the protocol u(t) with
ki = 0 solves mean square consensus, then k, must satisfy (22) and
k> L2, (32)
A

Proof. Under the protocol u(t) with k; = 0, (6) can be simplified as
ds(t) = (L3 ® I)6(t)dt + dMu(t), (33)

0 IN_l
Q-1 QeIn-1 — kA
SDE(33). We choose P defined by (24) with k; = 0. Note that (31) implies (32). Hence, P > 0 for 8 € [0,0"), where
0* = kyda=qa+V/ (kA —g5)° —4q,

2

where L; = [ ] . Then, the consensus problem is converted into the stability problem of

. Considering the Lyapunov function (25), one can obtain that
— T —
RV3(6(1) <6 (1)(S @ In)d(t),

S R )] 0
where S = 2 [ 0 522(0)

s11(0) < 0for§ > Oand sy () < 0ford <0, :=kydy —qs — I%kgazz/lz, it is easy to see that #, < #* and condition
(31)implies0 < 6,.Hence, the choice § € (0,0,) guarantees that P > 0and S < 0. Therefore, by stochastic stability
theorems (theorems 4.2 and 4.4 in the work of Mao*), we know that mean square and almost sure consensus follow.

Note that mean square consensus is equivalent to mean square stability of (33). Hence, in order for the mean square
stability of SDE (33), the matrix L3 must be Hurwitz, which implies condition (32). Considering the Lyapunov function

V4(¢) defined by (26) with k; = 0 and applying the 1t6 formula to V,4(t), we have

] with $11(0) = —q,0Iy_1 and $5,(0) = 0In_1 — koA + @aIn-1 — I%kga%/\. Hence, for

V() = —23, (1) [(kaA + Galy—1) ® L) 8u(Dt + d(VL,)(8) + 25, (DAV(D), (34)

where M,(t) is defined in (5) and (M,)(t) = k3 Zﬁjj.:l a;; fot |baij(s)|%ds satisfies (29). Hence, taking expectations on the
both sides of (34), we obtain (30). Then, by the similar skills in proving Theorem 2, we can obtain the necessity of (22).
O

Theorem 4. Suppose Hypotheses 1, 2, and 4 hold, 7, = v, = 71 = 7, = 0,and f(y,v,t) = q,y + q,vwithq, > 0
and q, < 0. Ifk; satisfies

h>% (35)
and
k2oL
Ii 1 271 <_an (36)
L
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then the protocol (2) with k; = 0 solves mean square and almost sure consensus. Moreover, if the protocol u(t) with
k, = 0 solves mean square consensus, then k, must satisfy (35) and

k2oL
171
—— < (37)

Proof. Under the protocol (2) with k, = 0, (6) is be simplified as

dé(t) = (L3 ® L,)6(t)dt + dM;(b), (38)

0 1
Qiln-1 —kiA qaIna
converted into the stability problem of SDE (38). We choose

p= kiA —qiln_1 —0q2In1 OIny
OIn_1 In

where Ly = and Ms(¢) is defined in (6) with z; = 0. Then, the consensus problem is

—42 V 2 4k1j'2_ 1 . .
Here, P > Ofor 0 € [0,0%), where §* = W. Choose the following Lyapunov function:

V3 (30) =5 (P @ 1,)5(0). (39)

Then, one can obtain that
— —T —
LV3(6(1) <6 (H)(S ® I)s(b),

where s = 2 1”00 | with510) = ~GaA = qul-)0 + 55PN and 5a0) = Ol + gl 1. Henee,
ZUZE 9 g

s11(0) < Ofor6 > 6, := Ilcl—;f and s5,() < 0forf < 6, : = —q,. Itiseasy to see that 6, < 6" and condition (36)
a

implies 8; < 6,. Hence, the ézlloice 0 € (0,1, 0,) guarantees that P > 0and S < 0. Therefore, by stochastic stability
theorems (theorems 4.2 and 4.4 in the work of Mao*), we know that mean square and almost sure consensus follow.

The necessity of condition (35) for mean square consensus can be obtained similarly to that of (20) for mean square
consensus. The remaining is to prove that mean square consensus implies (37). For the Lyapunov function (39), we
can obtain

33E(1) 2 5 (DS ® L)), (40)

s, (6 0 . - ...
where S =2 [-11(5 ) s (9)] with s ,(0) = —(kiA — q1In-1)6 + %k%ng and s,,(0) = (0 + g2)In-1. If condition (37)

222

is defied, then

2 2N-1
kioy N

-4
170

—-q2 £ 03 := AO". (41)

It can be proved that s, (6) > 0 and s,,(0) > 0 for & € [—q,,83]. This, together with It6 formula and (40), yields

t

— — _T — —

EV3(6(0) = V3(6(0)) + ]E/ 5 (5)(S ® In)a(s)ds > V3(6(0)).
0

Hence, we must have lim inf;_, EVg(g(t)) > V3(5(0)) > 0 for 3(0) # 0. This is in conflict with the definition of mean

square consensus. Therefore, the necessity of condition (37) follows. O

Remark 8. Theorems 3 and 4 tell us that if the original linear second-order system is partially stable (g, < 0 or g, < 0);
then, the protocol with partial relative measurements (the velocity measurement or the position measurement) is
enough to solve mean square and almost sure consensus. Moreover, we find some necessary conditions for mean
square consensus. Especially, for the case g, < 0, the condition (37) shows the necessary relationship between the
control gain k; for the position measurement and the velocity coefficient g, in the original system, and then it is
different from the necessary condition (22) in Theorems 2 and 3, which focus on the necessary relationship between
the control gain k;, for the velocity measurement and the velocity coefficient g, in the original system.
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3 | LEADER-FOLLOWING MULTIAGENT SYSTEMS

In this section, we consider a leader-following multiagent system consisting of N + 1 agents where the agent indexed by
0 acts as the leader and the other agents indexed by 1,2, ... , N, respectively, act as the followers. Generally, the behav-
ior of the leader is independent of the followers. Here, x, denotes the state of the leader and is assumed to have linear
dynamics as

Yo(t) = o(D), Vo(t) = f(yolt — 7). vo(t — 7)) - (42)

For the ith follower, the dynamics is described by (1) with u;(¢) defined by (2). Note that this is different from Section 3,
since for each agent i, its neighbor set N; may contain the leader 0. Hypotheses 1 and 2 is also deemed to include the leader
0. Considering the information flow from the leader to the followers, we denote the topology graph by ¢ = {V, A} with

]7 ={0,1,2, ...,N} and »Z = <aoo OzﬁN) € R(NH)X(NH), where A = [aij] € RNXN, ap = [ao, ... ,aNo]T, ap = 1if

0 € N;; otherwise, a;p = 0. Let Dy = diag(ajo, ... ,ano). We use G = (V, A) to represent the subgraph formed by the N
followers, where ¥V = V \ {0}.

Definition 2. We say that the protocol u(f) solves mean square (or almost sure) leader-following consensus if it
makes the N + 1 agents have the property that for any initial data ¢ and all i € V, lim,_ o, E|x:(t) — x(8)|> = 0
(or lim;_ o |x:(t) — xo(t)] = 0 a.s.).

We impose the following assumption on the graph G and its subgraph G.
Hypothesis 5. Assume that the graph C contains a spanning tree and its subgraph G is undirected.

Let Ly = L + Dy. Under Assumption 5, we know that £, is symmetric, and then all the eigenvalues of the matrix £,
are positive,” denoted by { A }Ii\i ,- Hence, there exists an unitary matrix ® such that ®TLy® = diag(Ao1, ..., Aon) =: Ao.
Without loss of generality, we assume 0 < Adg; < ... < Agn-

Theorem 5. Suppose Hypotheses 1, 2, 3, and 5 hold. If the control gains k; and k, satisfy

2k1Ao1 > 2q1 + g2 (43)
and
p(k1) < o(ka), (44)
where p(ky) = (2+q22;fﬁjff(2;1:22)2”m [(B+q1+q2) 71 +212)k3 Aon+(T1+ T2+ 1)q1 A5 +2K267 14+ Ao1 ki (71 +72)+q1 +q2 (71 +72+2)

and o(ky) = 201k (1 — kzc‘rg) —Anl(q1 + g2 +2)7, + 11]k§AON, then the protocol (2) solves mean square and almost sure
leader-following consensus.

Proof. Let 8,i(t) = y(t) — yo(b), 6u(t) = vi(t) — v fori = 1, ... ,N. Define y(t) = [y](®), ....yL®OI", v(t) =
V@), . VEO1T, 8,(0) = [6%,(0). ... 60,017, and 6,(t) = [85,(0). ... 87 (D). Let 3,(t) = ®T6,(t), 5,(1) = DT6,(1),

I _ . _ |10 Iy _ 0 0 |0 0 o
®@) = D'y, and L = Ly + Ly +L2VVlthL0—[O 0 , L1 = kAo O ,and L, = 0 —kyAg . Substituting

the protocol (2) into the system (1) and using the definitions of gy(t) and 6,(¢), we have dgy(t) = Ev(t)dt, and
dsu(t) = (@ @ L)F(t)dt — ki (Ao ® In),(t — 11)dt — ka(Ag ® L) ® Lby(t — 72)dt + dMa(1), (45)
where F(t) = F(t) — Iy ® f(yo(t — 1), vo(t — 7)), F(t) is defined in the proof of Theorem 1, and M\u(t) =
ki Xy 2o ay fy @) f1i(8,(5 — 71) = Sy(s — T))Awn () ko Tity Lo @iy Sy P)L7i(Bu (5 — 72) — 8uils — 72))dwji(s).
By the definition of §(¢), we obtain
ds(t) = F(Odt + (Lo ® I)8(0)dt + (L ® I,)5(t — 71)dt + (Ly ® I,)(t — 72)dt + d Maa(0),

where F() = [0,(¢7 ® INFT(0)]7, Maa(t) = Ma(0) + Ma(t), M3(t) = ky XLy Toai; [y Bus(s — t)dwayics), Ma(t) =
ko Xty S @iy fo Baij(s — 12)dwai(s), Buyy (1) = [0, (017, big(t) = (i)fy(85(8) — 8(1))), Bays (8) = [0, b, (0], and

1ij
//lAO OIN

byi(t) = @(i)fzji(évj(t) — 8,i(t)). Let z(¢) be defined by (8) and choose P = [ 0Ly Iy

] with 4,0 > 0 to be designed.
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Similarly, we choose the Lyapunov functional V(5;) = Vi(t) + Va(t), where V1(5;) = 2(H)T(P @ I,)z(t) and

_ 0 t_gp _
Va(8y) = / [ / |5 (0) (L{PL1®I,,)5(9)d9] ds
-7 t+s

0 t g _
+ / [ / |5 (0) (LZTPL2®I,,)6(9)d9] ds
-1, t+s

t _ 2 t
O+ lql / 5y(s)| ds +q» /
t—‘ry t—1,

K2 U [ F w (A ® 1) 5. adud
+ki(q1 + q2) y W) (A§ ® 1) 6,(w)duds
t+s

-7

— 2
5v(s)| ds]

0

2 ‘o1 2 <
+k3(q1 + q2) 8y (W) (Ay ® I) 5(w)duds
t+s

— 2 — 2
5,(5)| ds+qs / 5.09)| ds>
t

t t
+ (11 + 72) (‘h/
-1, -1,

t t
+2k20? / 3, (9)[Ao ® 15, (s)ds + 2k20? / 3 ()[Ao ® I,]5,(5)ds.
t—1, -1,

We compute the It6 operator LV (-) as follows:
W) = 220" (P ® L) [F(©) + L @ 1)30)| + 1)

4
=38(t)" [L"P+ PL) @ I] 8(t) + ) J;(0),

=1

where {]l-(l,‘)}f=2 have the same forms as these in the proof of Theorem 1, and

N N N N
Jl(t) = kuZaﬂblﬁ(t - Tl)|2 + kEZZaﬂbzﬁ(t - T2)|2.
i=1j=0 i=1 j=0

From the definition of 5(t), Hypothesis 2, and 26T (L @ In)s,(t) = 25\;1 Zf\il aij|6,;(t) — 6,i(t)|*, we obtain
Ji(0) S k6787 (¢ = 71) [(2L + Do) ® In] 8,(t — 71) + k5556, (t = 72) [2L + Do) ® In] 6,(t — 72)
< 2k2575, (t — 1) (o) ® In)By(t — 1) + 2k2528, (£ — T2) (o ® )3yt — 7). (46)
By the definition of J,(f), we have
1) = 205, (1@" @ L)F(0) + 28, (0@ ® L)F ().
It can be obtained that ®®T = Iy, |5,(t)|* = |3y(t)|2, and |6,(1)|> = |6,(t)|*. Hence, by Hypothesis 3, we get

—-T — -
26, (O(@" ® I)F(t) = 26, (N(PP" ® L,)F(1)

N
=265 (£ (it = 7 vit = 7)) = f (3ot = ), v0(t — 7))
i=1

N
<2 16| (g |81t = 7,)] + g2 18ui(t — 7))

i=1
— 2 — 2 — 2
<@ +a[5,0| +ald,c-o)| +affe-w].

Similarly, we have
2

25, (@7 ® L)F(D) < (q1 +q2) Byt — 1)

The two inequalities aforementioned produce

— 2 — 2
50| + a1, -7)| +a

—_ 2 —_ 2 —_ 2 —
L) < (@1 +q2) <0’5y(t)‘ n 5V(t)‘ ) +O+1) [quéy(t - Ty)’ + ot =)

1
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The estimations of J3(¢) and J4(f) have the form (14) and (15), respectively. Let p,;(t) = f(y;(t — 7)), vi(t — 7)) —
Tt = 1), it = 7)), and py () = f(¥o(t = 7). Vit — 7)) = f(Yo(t — 7y),vo(t — 7). Then, F(¢) = p1(t) + pa(D),
where pi(t) = [pn ()7, ... ,plfv(t)]T, l = 1,2. Note that §, = @75, and Ay = ®TL,®. Then, we obtain

t _ T
Js(t)=—2k1< / 6y<s>ds> (¢"Lipdp™ ® I,) F(1)
t

-7

¢ T
=—2k1< / 6y(s)ds> (L5 ®In) [p1(D) + p2(D)]
t

-7
t

_T — 1 1
< 2ki(q1 + q2) 8y(5) (A5 ® I,) 6,(s)|*ds + <a|131(t)|2 + q—1|P2(l‘)|2> 7

t—1

2 bt 2 = < 2 < 2
< ki@ +q2) / 5,(5) (A} ® 1) 3,(9)ds + qura[3,( = 7)| + gm0t = )|
t—1,
and similarly,
t
2 =T 2 = < 2 < 2
IO <B@+a) [ 56 (A ® L) 3u)ds + queafd,(t - )|+ grafbult - w)| -
t—1,
Hence, we get
t t
— — T T — T T —
LV1(60) < 1 <6(t)> + / 6 (5) (L{PLy ® I;) 6(s)ds + / 8 (8) (LyPLy @ I,) 8(s)ds
t—1, =7

— 2 —
+O+D |5t )| +arfpu -

2 Py =
] + 2k2625,, (t — 7)Ao ® I]d,(t — 71)

2 bt 2 = Sy =
+ k(g1 + Q2)/ 8y (5) (A§ ® In) 6,()ds + 2k3055, (t — 72)[ Ao @ In]5,(t — 72)
t—1,
2 tor 2 <
+ kz(ql + Q2) ] 0y (8) (Ao ® In) 5V(S)dS

— 2 —
@) (afs-n)| +@fbe-w)

),

where

S, (5(0) =3 (O ((LTP+PL+LTPL(z + 12)) ® In) 5(t) + (q1 + q2) (Q‘Ey(t)r + gv(t)’2> .

Hence, from the definition of V(-), we obtain (18) with Q = L"P + PL + L"PL(z, + ;) + L{PLi7; + L]PL;7, + D,
di1(0 0
b= [ Ho( : dzz(g)] ,di(0) = Qq1 + q2)0In-1 + (11 + 72 + Dquly-1 + (@1 + @)k2A2e1 + 2k262 Ao, and dp(9) =
(@20 +2G2 + q1 + @o(71 + ) Iny + (@1 + GIKEAZT, + 2k202 Ao
Thus, following the proof of Theorem 1, we can obtain the desired assertions. O

Remark 9. If the graph QN forms a star graph, then £ = 0, Dy = Ay = Iy, © = Iy, and (46) can be estimated by
Ni(t) < k367116,(t — T)II* + k365 116,(t — 72)||*. In this case, (43) and (44) with Aoy = 1 and 67,6 being replaced by
0.567, 0.565 are the corresponding consensus conditions.

4 | SIMULATIONS

We consider mean square and almost sure consensus for nonlinear and linear scalar four-agent systems with the topology
graph G = {V, &, A}, where V = {1,2,3,4}, £ = {(1,2),(2,3),(3,4),(4,3),(3,2),(2,1)} and A = [a;;]axa With az; = a1, =
as; = a3 = aq3 = ag3 = 1 and other being zero. It is easy to see that the graph G is strongly connected. Moreover, we
can compute the eigenvalues of the corresponding Laplacian matrix £, ie, 4; = 0,4, = 0.5858, 43 = 2,and 44 = 3.4142.
We first investigate the nonlinear case with delays in the intrinsic dynamics and measurements.
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FIGURE 2 Mean square errors of the relative states for the case with nonlinear dynamic [Colour figure can be viewed at
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Nonlinear case with delays:f(y,v, ) = 0.001sin(y) 4+ 0.01 cos(v). Assume the delays in the intrinsic dynamics 7z, =
0.8,7, = 1, and the delays in the measurements r; = 0.1 and 7, = 0.2. The noise intensity functions in the position
measurement and velocity measurement have the forms g1;:(y) = 61y, 92ji(v) = &,v, for any y,v € R. We assume that
&1 = 0.2 and &, = 0.4. The initial values are given as y(t) = [2, —4, —2,5]7,v(t) = [5,8
wherez = 7, V7, V7 V1)

It is easy to see that Hypothesis 3 holds with q1 =
consensus, we first choose 0.52 = k; <

,—1,—-3]T forallt € [—7,0],

0.001 and g, = 0.01. In order for mean square and almost sure
T 2+l(q1+q2+2)12+71MN = 1.0232, which will guarantee g(k;) = 0.2996 > 0. Then,
we choose k; = 0.075. It is easy to verlfy 2kyA; > 2q; + g, and to compute p(k;) = 0.2887 < o(k;) = 0.2996. Hence,
from Theorem 1, we know that the second-order system can achieve mean square and almost sure consensus.

To see almost sure consensus, we take one random path and have Figure 1, which shows that the positions and velocities
of the four agents tend to get together, respectively. That is, almost sure consensus is revealed. In order to simulate mean
square consensus, we consider the behaviors of the relative states { |y;(£) — y; ()| }i=23.4 and {|vi(¢) — v1(£)| }i=23 4. We gener-
atep = 10* sample paths, and relative states { |y;(£) — y; ()| }i=2.34 and { |vi(¢) — v1(£)| }i = 2,3 4 under the pth path are denoted
as {|y/(t) — ¥, (O] }i234 and {|V(£) — V) (0)|}iz2.3.4. Then, we take mean square average, ie, we use % 21041 FAOERAG]S
to approximate [E| yf () — yf (t)|?, and obtain Figure 2, which shows that the four agents achieve mean square consensus.

Linear case without delay: f(y,v,t) = q,y + q,v. This simulation is to show the effectiveness of Theorem 2 under
T, = 7, = 71 = 7, = 0. Wefirstsee that conditions (20) and (21) can guarantee mean square and almost sure consensus.
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2 _2N-1
1N

Assume that g, = 0.2,q, = 0.3, and choose k; = 1,k, = 0.8. Then, it is easy to see 0.0456 = llc -

— < kzﬂz - Q2 —
42
%kgagﬂz = 0.1237. Theorem 2 yields that almost sure and mean square consensus can be achieved. Simulations in
Figures 3 and 4 confirm the sufficiency of the condition (21).

If the noise intensity 6, = 2, then 4q; 1%0% — Ay = 0.1858 > 0 and the condition (22) is defied for any k1, k, since

Q(ky, k) :=kyAn—q2— ]%kgag An < 0 for any ki, k,. From Theorem 2, we know that mean square consensus cannot be
achieved for any choice k;, k,. For the choice k; = 1,k, = 0.8, Q(k;, k) = —4.1239, and we can obtain Figure 5, which

shows that mean square consensus cannot be achieved without condition (22).

5 | CONCLUSION

In this paper, the consensus conditions of the delayed multiagent systems with multiplicative noises have been derived
by using degenerate Lyapunov functionals and stochastic stability theorem. The necessary conditions and sufficient con-
ditions are established for nonlinear and linear multiagent systems. For the case with the coexistence of the intrinsic
dynamics and multiplicative noises, it is proved that if the noise intensities and the Lipschitz constant of the intrinsic
dynamics are small enough, then multiagent systems can achieve mean square and almost sure consensus. However, for
the delay-free case with linear dynamics, it is proved that, if noise intensities and Lipschitz constant are large enough,
then multiagent systems may not be mean square consentable with respect to weighted average type control protocols, ie,
mean square consensus protocol based on the relative state measurements may not exist. We also extend the leader-free
multiagent systems to the leader-following case and obtain the sufficient conditions for mean square and almost sure
consensus and stabilization.

It is worthy noting that the case with nonidentical measurement delays has been investigated in the works of Bliman
and Ferrari-Trecate*® and Miinz et al*’ for deterministic systems, but it is still difficult to extend this to stochastic systems.
We hope to discuss it in the future work. Moreover, in this paper, we assume that the topology is undirected and fixed.
We hope to further the current work to the cases with the general directed and switching graphs. Another future research
topic is stochastic consensus based on the event-trigger mechanism.
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