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3�)�Á/ª: 4ò �Á�m: 180 ©¨ ÷©: 100 ©5¿: 1. 
 4 K´7�K, 2l 5{11 K¥?ÀüK, KÒ�WXþ¡�L¥.2. ¤k�KÑL�3dÁò��µ�m>, �3Ù§�þ�Æ��.3. �µ��>�Õ�K, �µ�	Ø�k6¶9�'IP.4. X�K�xØ
, ��3���¡, ¿I²KÒ.�! (�K 15 ©) � S Ǒ R3 ¥�ÆÔ¡ z = 12(x2 + y2), P = (a; b; 
) Ǒ S	��½:§÷v a2 + b2 > 2
. L P � S �¤k��. y²µù
����:á3Ó�Ü²¡þ.y² � ` ´L P :�ÆÔ¡ S ��^��, §����þǑ V = (u; v; w).K�:�L¤ Q = P + tV = (a + tu; b + tv; 
 + tw), Ù¥ t ´�g�§2(
 + tw) = (a + tu)2 + (b + tv)2;ǑÒ´ (u2 + v2)t2 + 2(au + bv � w)t + (a2 + b2 � 2
) = 0���­�. (5©)ù�, (au + bv � w)2 = (u2 + v2)(a2 + b2 � 2
);t = w � au� bvu2 + v2 = a2 + b2 � 2
w � au� bv : (10©)u´�: Q = (X;Y; Z) = (a + tu; b + tv; 
 + tw) ÷vaX + bY � Z = (a2 + b2 � 
) + t(au + bv � w) = 
: (15©)u´¤k�: Q á3²¡ ax + by � z = 
 þ.
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�! (�K 15 ©) �¢�g. f(x1; x2; x3; x4) = xTAx , Ù¥x = 0BBBB�x1x2x3x4
1CCCCA ; A = 0BBBB�2 a0 2 �2a 0 b 
d e 0 fg h k 4

1CCCCA ;a0; a; b; 
; d; e; f; g; h; k �Ǒ¢ê. ®� �1 = 2 ´ A ���AÛ­êǑ 3 �AÆ�. Á£�±e¯K:(i) A UÄ�quéÆÝ
;eU, ��Ñy²;eØU, ��Ñ~f.(ii) � a0 = 2 �, Á� f(x1; x2; x3; x4) 3��C�e�IO..y² (i) du tr(A) ´ A �AÆ��Ú, � �1 ��ê­êǑ´ 3, 
 A �,��AÆ� �2 = 0, � �2 = 0 ��ê­êǑ 1. (J A ko��5�'�AÆ�þ.� A �éÆz. (5©)(ii) du �1 = 2 �­êǑ 3, �krank(A� 2E) = rank0BBBB�0 2 2 �2a �2 b 
d e �2 fg h k 2
1CCCCA = 1: (7©)?
 a=0 = �2=2 = b=2 = 
= � 2, � a = 0; b = �2; 
 = 2; d=0 = e=2 =�2=2 = f= � 2, � d = 0; e = �2; f = 2; g=0 = h=2 = k=2 = 2= � 2, �g = 0; h = �2; k = �2. u´,A = 0BBBB�2 2 2 �20 0 �2 20 �2 0 20 �2 �2 4

1CCCCA : (10©)5¿� f(x1; x2; x3; x4) = xTAx = xTBx , Ù¥B = A +AT2 ; B = 0BBBB� 2 1 1 �11 0 �2 01 �2 0 0�1 0 0 4
1CCCCA :B �AÆ�Ǒ �1 = 2 (�­), �2 = 1 + 2p3 (�­), �3 = 1 � 2p3 (�­). �f(x1; x2; x3; x4) 3��C�e�IO.Ǒ2y21 + 2y22 + (1 + 2p3)y23 + (1� 2p3)y24: (15©)1 2 �£� 13 �¤



n! (�K 20 ©) � f(x) ´ [0;+1) þ�K��¼ê, f(0) = 0; f 0(x) 6 12 :b� R +10 f(x)dx Âñ. �y: é?¿ � > 1; R +10 f�(x)dx ǑÂñ, ¿�Z +10 f�(x)dx 6 �Z +10 f(x)dx�� ; � = � + 12 :y² - g(t) = �Z t0 f(x)dx�� � Z t0 f�(x)dx; (5©)K g(t) ��, � g0(t) = f(t) "� �Z t0 f(x)dx���1 � f��1(t)# :- h(t) = � 1��1 Z t0 f(x)dx� f 2(t): (10©)Kk h0(t) = f(t) h� 1��1 � 2f 0(t)i :du � > 1; f 0(x) 6 12 ; ·�k h0(t) > 0: ù`² h(t) üN4O, (15©)l h(0) = 0; � h(t) > 0: Ï
 g0(t) > 0: 2l g(0) = 0; �� g(t) > 0; =Z t0 f�(x)dx 6 �Z t0 f(x)dx�� :- t! +1; =�¤y. (20©)
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o! (�K 20 ©) éõ�ª f(x); P d(f) L«Ù��Ú��¢��m�ål. � n � 2 Ǒg,ê. ���¢ê C, ��é?¿¤k�Ñ´¢ê� n gõ�ªf(x), Ñk d(f 0) � Cd(f).y² Cmax = q1� 2n : (2©)Ø� f(x) ���¢�Ǒ 0, ��¢�Ǒ a. �f(x) = (x� x1)(x� x2) � � � (x� xn); 0 = x1 � x2; � � � ; xn�1 � xn = a:ky±eÚnµ e�3 2 � k;m � n � 1 �� xk < xm, - xk < x0k � x0m < xm ÷vxk + xm = x0k + x0m, -f1(x) = (x� x01)(x� x02) � � � (x� x0n); x0i = xi; i 6= k;m:Kk d(f 01) � d(f 0). (5©)y²µ 5¿� f(x) = f1(x)� ÆF (x), Ù¥F (x) = f1(x)(x� x0k)(x� x0m) ; Æ = x0kx0m � xkxm > 0:� � Ú � ©OǑ f 01(x) ���Ú��¢�,Kk f1(�) � 0, f1(�)(�1)n � 0. dÛ�½n � � xm; � � xk, ¿�f 0(�) = Æ (2�� x0k � x0m)(�� x0k)2(�� x0m)2f1(�):K f 0(�)f1(�) � 0. � f 0(�) � 0. ùL² f 0(x) = 0 ���¢��u½�u �. Ón, f 0(x) = 0 ��¢��u½�u �. Úny.. (12©)- g(x) = x(x� a)(x� b)n�2; b = x2 + x3 + � � � + xn�1n� 2 :dÚn�� d(f 0) � d(g0). (15©)du g0(x) = (x� b)n�3(nx2 � ((n� 1)a + 2b)x + ab);d(g0) = sa2 � 2a2n + �a� 2bn �2 � r1� 2n a:u´ C ���� Cmax � q1� 2n , �� f(x) = x(x � a)(x � a=2)n�2 �,d(f 0) = q1� 2nd(f): (20©)
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Ê!(~�©�§ 15 ©) � f(x; y) Ǒ [a; b℄�R þ'u y üNeü���¼ê. � y = y(x) Ú z = z(x) ´��¼ê, �÷vµy0 = f(x; y); z0 � f(x; z); x 2 [a; b℄:®� z(a) � y(a). �y: z(x) � y(x); x 2 [a; b℄.y²µ ^�y{. ��3 x0 2 [a; b℄ �� z(x0) > y(x0). - M = fx 2[a; b℄ j z(x) > y(x)g, KM Ǒ [a; b℄ ���mf8. (5©)��3m«m (�;�) �M ÷vy(�) = z(�); z(x) > y(x); x 2 (�;�):ùíÑ z(x)� y(x) üNØO. � z(x)� y(x) � z(a)� y(a) = 0. gñ. (15©)
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8! (EC¼ê 15 ©) � D = fz 2 C : jzj < 1g ´ü ��, �~ê¼êf(z) 3 D þ)Û, �� jzj = 1 �, jf(z)j = 1. �y f(D) = D:y² ÏǑ� jzj = 1 �, jf(z)j = 1, ¤±�â4���n, 3 D þkjf(z)j < 1; =, f(D) � D: (5©)e�3 a 2 D; �� a 62 f(D); K¼êg(z) = 1� �af(z)f(z)� a±9 1=g(z) 3 D þ)Û, ¿�N´�y� jzj = 1 �, jg(z)j = 1. (10©)Ïd�â4���n, 3 D þk jg(z)j 6 1; j1=g(z)j 6 1: ù`²3 D þkjg(z)j = 1: ÏǑ�Ǒ~ê�)Û¼ê´~ê, ¤± g(z) 3 D þǑ~ê, l
 f(z)3 D þǑ~ê, ù�K�gñ. ùÒy²
 f(D) = D: (15©)
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Ô! (¢C¼ê 15 ©) � Ek ´���ÿ8§ f 2 L(S1k=1Ek).1) - A = limk!1Ek, y² ZA f(x)dm = limn!1 ZS1k=nEk f(x)dm.2) - B = limk!1Ek, y² ZB f(x)dm = limn!1 ZT1k=nEk f(x)dm.3) XJ fEkg ´üN�, �y: limk!1Ek = E �3, �kZE f(x)dm = limk!1 ZEk f(x)dm:y² 1) A = limk!1Ek = T1n=1S1k=nEk = T1n=1 Fn,Ù¥ Fn = S1k=nEk, K F1 � F2 � � � � � Fn � Fn+1 � � � � , (2©)* f 2 LS1k=1 Ek ) f 2 LFn;8n > 1 ) f 2 LA.- fn(x) = 8<:f(x); x 2 Fn0; x =2 Fn:i) fn(x) �ÿ§8n � 1;ii) limn!1 fn(x) = f(x)�A(x); x 2 R;8x 2 R, e x 2 A, K f(x)�A(x) = f(x)§q x 2 A = T1n=1 Fn;8n �1; fn(x) = f(x). � limn!1 fn(x) = f(x)�A(x). e x =2 A; f(x)�A(x) = 0,
x 62 A = T1n=1 Fn;9n0; x 62 Fn0; fFng #§ 8n � n0; x 62 Fn; fn(x) = 0, =limn!1 fn(x) = f(x)�A(x). � limn!1 fn(x) = f(x)�A(x).iii) jfn(x)j � jf(x)j�F1(x);8n � 1, � jf(x)j�F1(x) 2 LR. (6©)d��Âñ½n§ limn!1 RR fn(x)dm = RR limn!1 fn(x)dm.= limn!1 ZS1k=nEk f(x)dm = limn!1 ZFn f(x)dm= ZR f(x)�A(x)dm= ZA f(x)dm: (7©)2¤B = limk!1Ek = S1n=1T1k=nEk = S1n=1 Fn, ùpFn = 1\k=nEk; F1 � � � � � Fn � Fn+1 � � � � ;f 2 LS1k=1 Ek ) f 2 LFn;8n � 1 ) f 2 LB. (2©)- fn(x) = 8<:f(x); x 2 Fn0; x =2 Fn:1 7 �£� 13 �¤



i) fn(x) �ÿ§8n � 1;ii) limn!1 fn(x) = f(x); x 2 B;iii¤jfn(x)j � jf(x)j; x 2 B.d��Âñ½n, limn!1 RB fn(x)dm = RB f(x)dm.= limn!1 ZT1k=nEk f(x)dm = limn!1 ZFn f(x)dm= limn!1 ZB fn(x)dm= ZB f(x)dm: (6©)3) e fEkg ") limk!1Ek = limk!1Ek = limk!1Ek = S1k=1Ek = E.d 2¤Fn = T1k=nEk = En;ZE f(x)dm = limn!1 ZFn f(x)dm = limn!1 ZEn f(x)dm: (1©)e fEkg #) limk!1Ek = limk!1Ek = limk!1Ek = T1k=1Ek = E.d 1¤Fn = S1k=nEk = En;ZE f(x)dm = limn!1 ZFn f(x)dm = limn!1 ZEn f(x)dm: (2©)
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l! (�©AÛ 15 ©) � � ´n�î¼�m¥�Ü²¡þ��^ÆÔ�, ` ´� �O�. ò � 7ÙO� ` ^=�±, ��^=¡ S. � S �ü�Ì­Ç�'�.y²: 3�mÀ��IX§��O� ` Ǒ z� ¶§ÆÔ� � á3 Oxz ²¡þ, �ÆÔ�º:Ǒ P = (p; 0; 0), �:Ǒ F = (2p; 0; 0). duÆÔ�þ�?¿:X = (x; 0; z) ÷v jXF j = x, ·��� (x� 2p)2 + z2 = x2. �ÆÔ��§Ǒx = p + 14p z2: (5©)·�P f(z) = p + 14p z2, ù�^=¡ S ��§�L¤
 = 
(z; �) = (f(z) 
os �; f(z) sin �; z); � 2 [0; 2�℄; z 2 R:
� = (�f(z) sin �; f(z) 
os �; 0);
z = (f 0(z) 
os �; f 0(z) sin �; 1);K S �ü {�þǑ n = 1pf 0(z)2 + 1(
os �; sin �;�f 0(z));
�� = (�f(z) 
os �;�f(z) sin �; 0);
�z = (�f 0(z) sin �; f 0(z) 
os �; 0);
zz = (f 00(z) 
os �; f 00(z) sin �; 0):u´, ^=¡�1�Ä�/ª I = Ed�2 + 2Fd�dz + Gdz2 Ú1�Ä�/ªII = Ld�2 + 2Md�dz +Ndz2 ǑµE = f(z)2; F = 0; G = f 0(z)2 + 1;L = � f(z)pf 0(z)2 + 1 ; M = 0; N = f 00(z)pf 0(z)2 + 1 : (10©)ÏǑ k1 = L=E; k2 = N=G, ·���k1=k2 = LG=EN = �f 0(z)2 + 1f(z)f 00(z) = �2: (15©)5µ�â k1 Ú k2 �ØÓüS, Ǒ�± k1=k2 = � 1=2.
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Ê!(VÇÚO 15 ©) ��Ýf¥CkIþ 1 �N � N Ü� , k�£/�Ü�Ü/Ä�, e·��Â8 r ÜØÓ�� , K�Ï"Äõ�gâU��§�?�,b���zÜ� ´��U�,�gÄ�´Õá�.) ù�¯K�±w�´�«���m¯K. ·���1 r Ü#� Ñy. ±�1; �2, � � � �gL«é�Ü#�´����m. ÏǑ1�gÄ��o´#�, ¤±�1 = 1. u´ �2 Ò´Ä�?�ÜØÓu1�gÄÑ��Ü� ����m. duùgÄ�Ek N Ü� , �#��k N � 1 Ü, Ïd¤õ�VÇǑ p = N�1N . u´, �2�©Ù�Ǒ P (�2 = n) = N � 1N � 1N�n�1 ; n = 1; 2; � � � :l
 E�2 = 1Xn=1 n�1� 1N�� 1N �n�1 = �1� 1N� � 1�1� 1N�2 = NN � 1 :(4©).3Â8�ùüÜØÓ�� ��, é1nÜ#�´����mÙ¤õ�VÇǑp = N�2N . Ïd E�3 = NN � 2:�daí. é 1 6 r 6 N , ·���E(�1 + �2 + � � � + �r) = NN + NN � 1 + � � � + NN � r + 1= N � 1N � r + 1 + � � � + 1N� : (8©)AO, e r = N �, KE(�1 + �2 + � � � + �N) = N �1 + 12 + � � � + 1N� :e N ´óê, r = N2 �, KE(�1 + �2 + � � � + �N2 ) = N  1N2 + 1 + � � � + 1N! : (12©)dî.úª 1 + 12 + � � � + 1N = lnN + C + "N ; Ù¥ C ´î.~ê, "N Ǒ N ªu�¡���¡�þ. dulimN!1 1lnN �1 + 12 + � � � + 1N� = 1:u´, � N ¿©��, ·���Cqúª 1 + 12 + � � � + 1N � lnN: Ï
E(�1 + �2 + � � � + �N) = N �1 + 12 + � � � + 1N� � N lnN:1 10 �£� 13 �¤



E(�1 + �2 + � � � + �N2 ) = N  1N2 + 1 + � � � + 1N!= 2r� 1r + 1 + � � � + 12r + 1 + 12 + � � � + 1r�� 2r�1 + 12 + � � � + 1r�� 2r ln 2r � 2r ln r = N ln 2;= E(�1 + �2 + � � � + �N2 ) � N ln 2 � 0:69315N: (15©)ù`²XJ��Â8��� ,½���õu��ê�Ä�gê=�.
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�!(Ä��ê 15 ©) �+ G = AB, Ù¥ A, B þǑ G � Abel f+, �AB = BA. 8g1; g2 2 G, ^ [g1; g2℄ L«� f, =, [g1; g2℄ = g1g2g�11 g�12 , G0 L«G �� f+ (=d G �� f¤)¤�f+). y²µ(a) 8a; x 2 A, 8b; y 2 B keª¤áµ[x�1; y�1℄[a; b℄[x�1; y�1℄�1 = [a; b℄:(b) G0 Ǒ Abel +.y²µ (a). 3 (a) �^�e, �y² [x�1; y�1℄[a; b℄[x�1; y�1℄�1 = [a; b℄, =�y² x�1y�1xyaba�1b�1y�1x�1yx = aba�1b�1:d®� AB = BA ��: �3 A ¥��� a�, x�, B ¥��� b�, y� ��ya = a�y�; xb = b�x�:u´k(1) yaba�1b�1y�1 = a�y�ba�1b�1y�1 (d ya = a�y�)= a�by�a�1b�1y�1= a�ba��1yb�1y�1 (d y�a�1 = a��1y)= a�ba��1b�1 = [a�; b℄. (5©)(2) aq�yµ x[a�; b℄x�1 = [a�; b�℄;y�1[a�; b�℄y = [a; b�℄;x�1[a; b�℄x = [a; b℄:X¤I. (a) ¼y. (10©)(b). ?� G ���� f [a1b1; b2a2℄, ai 2 A, bi 2 B, i = 1; 2. k[a1b1; b2a2℄ = a1b1b2a2b�11 a�11 a�12 b�12= a1b1 a�11 b�11| {z } b1a1|{z} b2a2b�11 a�11 a�12 b�12= [a1; b1℄b1a1b2 a�11 b�12 b2a1| {z }a2b�11 a�11 a�12 b�12= [a1; b1℄b1a1b2a�11 b�12 b�11 b1| {z } b2a1a2b�11 a�11 a�12 b�12= [a1; b1℄[a�1 ; b2℄ b1b2a1a2b�11| {z }a�11 a�12 b�12= [a1; b1℄[a�1 ; b2℄ b1b2a1a2b�11 a�12 a�11 b1b�11 b�12| {z }= [a1; b1℄[a�1 ; b2℄[(a1a2)�; b�11 ℄, Ù¥ (a1a2)� Ǒ A ¥�,�.ù�§ G0 =< f[a; b℄ : a 2 A; b 2 Bg >, l
d (a) ��, G0 Ǒ Abel +.(15©)
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��!(ê�©Û 15 ©) �½õ�ªS�T0(x) = 1; T1(x) = x;Tn+1(x) = 2xTn(x)� Tn�1(x); n = 1; 2; � � ��y: (1) � x 2 [�1; 1℄ �, Tn(x) = 
os(n ar

os x):(2) � C[�1; 1℄ ´«m [�1; 1℄ þëY¼ê�¤�SÈ�m,Ù¥SÈ½ÂǑhf; gi := Z 1�1 f(x)g(x)p1� x2 dxK Tn(x) ´TSÈ�m���õ�ª,=� n 6= m � hTn(x); Tm(x)i = 0:(3) � P (x) ´gêǑ n �Ä�XêǑ 1 �õ�ª. �y:kP (x)k1 > 12n�1��Ò¤á��=� P (x) = 12n�1Tn(x); ùp kP (x)k1 = maxx2[�1;1℄ jP (x)j:y²(1) ^8B{. � n = 0; 1 �, (Øw,. � n 6 k �, Tn(x) = 
os(n ar

os(x)).� n = k + 1 �, - x = 
os(�), KTk+1(x) = 2xTk(x)� Tk�1(x) = 2 
os(�) 
os(k�)� 
os((k � 1)�)= 
os((k + 1)�) = 
os((k + 1) ar

os(x))(4 ©)(2) hTn(x); Tm(x)i = Z 1�1 Tn(x)Tm(x)p1� x2 dx- x = 
os(�), þãÈ©zǑZ 0� 
os(n�) 
os(m�)sin(�) d(
os(�)) = Z �0 
os(n�) 
os(m�)d�� n 6= m �, þãÈ©Ǒ". (8 ©)(3) 5¿±e¯¢µTn(x) ´Ä�XêǑ 2n�1 � n gõ�ª, jjTn(x)jj1 = 1,� Tn(x) 3 xk = 
os(k�n ) ?��4�, = Tn(xk) = (�1)k, k = 0; 1; : : : ; n.yb� jjp(x)jj1 < 12n�1 . �Ä¼ê q(x) = p(x) � 12n�1Tn(x). K q(x) 3xk ?�ÎÒ� Tn(x) 3 xk ?�ÎÒ��, =Ǒ (�1)k+1§k = 0; 1; : : : ; n.u´ q(x) ��k n �":. �´ q(x) gê�u n, ù´ØLU��Ïd,jjp(x)jj1 > 12n�1 . (13 ©)� kp(x)k1 = 12n�1 �, �y q(z) ��k n �":, l
 q(x) � 0; =p(x) = 12n�1Tn�1(x): (15 ©)1 13 �£� 13 �¤


