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o¡N�	�²18¡N

� [1 ö�Ö2,3

(1. uÀ���ÆêÆX, þ° 200241; 2. S �Ú{1�¥Æ, S  Ú{ 238200;

3. uÀ���ÆêÆX��a¬, þ° 200241)

�©¥, ·�5?Øo¡N�	�²18

¡N��35, ±9�d²18¡N�'�5

�.

1 	�²18¡N��35

�ko¡N ABCD. L AB �¥: E �

CD �²1� C ′D′, ¦� C ′D′ = CD, � E�

C ′D′ �¥:. Ón, L CD �¥: E′ � AB �

²1� A′B′, ¦� A′B′ = AB, � E′�A′B′ �

¥:. K²¡AC ′BD′//²¡A′CB′D,AC ′BD′

� A′CB′D Ñ ´ ² 1 o > /, � ü ö � �.

ù � · � Ò � � 
 ² 1 8 ¡ NAC ′BD′ −
A′CB′D(Xã1). o¡N ABCD �c´T²

18¡N�¡é��. d�{·�N´��ù

��²18¡N´���.

ã 1

3�©¥, ·�rT²18¡N��o¡

N�	�²18¡N, To¡N��²18¡

N�S�o¡N. rº:3²18¡N�L¡

½SÜ�o¡N��²18¡N�S¹o¡

N.

2 o¡N9Ù	�²18¡N�5�

2.1 ooo¡¡¡NNN���­­­%%%

3ã 1 ¥, � P ´ EE′ �¥:, : O ´�

m¥?¿�:, K
−−→
OP =

1

2
(
−−→
OE +

−−→
OE′)

=
1

2

[1

2
(
−→
OA +

−−→
OB) +

1

2
(
−−→
OC +

−−→
OD)

]

=
1

4
(
−→
OA +

−−→
OB +

−−→
OC +

−−→
OD).

Ón, �: F!F ′ ©O´ AD!BC �¥

:, : G!G′ ©O´ AC!BD �¥:, K: P

Q´ FF ′ �¥:, �´ GG′ �¥:. ¢Sþ,

: P Ò´o¡N ABCD �­%.

2.2 ooo¡¡¡NNN������

XJ±²1uAC ′BD′ �²¡ π ��o

¡N ABCD, ��¡ A1B1C1D1(Xã 2), K´

� A1B1//AB//D1C1, A1D1//DC//B1C1, l


o>/ A1B1C1D1 ´²1o>/, ·�¡

§�o¡N ABCD ��^�. �²¡ π �²

¡ AC ′BD′ m � å l � h1, ² ¡ A′CB′D �

AC ′BD′ m�ål� h, �
h1

h
= t, K 0 < t <

1, �
A1D1

DC
= t,

A1B1

AB
= 1 − t, �²1o>

/ A1B1C1D1 �±�(=��)�

lA1B1C1D1
= 2[(tCD + (1 − t)AB)].

ã 2

3þã(Ø¥, XJ� t =
1

2
, =��Xe

(Ø.

(Ø 1 ±o¡N ABCD �c AC!BC!

BD!AD �¥:�º:�o>/(=To¡N

��^¥�)´��²1o>/, �Ù±�(=

¥���) l �uéc AB 9 CD ��Ý�Ú,

= l = AB + CD.
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3o¡N ABCD ¥, XJ AB = CD, =

k�ééc�Ý��, @o·�qkXe(Ø.

(Ø 2 3o¡N ABCD ¥, XJ AB =

CD, @o^²1uc AB 9 CD �²¡�o

¡N¤��o>/�±��Ó, Ñ�u 2AB.

·���±���o¡N�NÈk'�

(Ø.

(Ø 3 ±o¡N ABCD �c AC!BC!

BD!AD �¥:¤(½�²¡(¥�¡)þ©

o¡N�NÈ.

2.3 ooo¡¡¡NNN���NNNÈÈÈ

3o¡N ABCD¥, �
−−→
DA = ~a,

−−→
DB = ~b,

−−→
DC = ~c, |~a| = a, |~b| = b, |~c| = c, AB = d,

AC = e, BC = f . �± DA!DB!DC �c

�²18¡NΣ �NÈ� VΣ, @o VABCD =
1

6
VΣ. 
 V 2

Σ = (~a,~b,~c)2, Ù¥ (~a,~b,~c)�~a, ~b, ~c

�·ÜÈ.

d�þ�êþÈ½Â��, êþÈ (~a,~b) =

|~a||~b| cos〈~a,~b〉 = ab · a2 + b2 − d2

2ab
=

1

2
(a2 + b2

− d2). Ón, (~a,~c) =
1

2
(a2 + c2 − e2), (~b,~c) =

1

2
(b2 + c2 − f2).

�3�m���IXOxyz ¥, ~a = (a1,

a2, a3), ~b = (b1, b2, b3), ~c = (c1, c2, c3), K

V 2
Σ = (~a,~b,~c)2 =

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣

∣

∣

∣

∣

∣

·

∣

∣

∣

∣

∣

∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





a1 a2 a3

b1 b2 b3

c1 c2 c3



 .





a1 b1 c1

a2 b2 c2

a3 b3 c3





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

(~a,~a) (~a,~b) (~a,~c)

(~b,~a) (~b,~b) (~b,~c)

(~c,~a) (~c,~b) (~c,~c)

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

a2 a2+b2−d2

2
a2+c2−e2

2

a2+b2−d2

2 b2 b2+c2−f2

2

a2+c2−e2

2
b2+c2−f2

2 c2

∣

∣

∣

∣

∣

∣

∣

∣

∣

= F,

Ù¥, F = F (a, b, c, d, e, f) ´��±c�a!

b!c!d!e!f �Cþ�8� 6 gknXêà

gõ�ª. l
�

úª 1 o¡N ABCD �NÈ�

VABCD =
1

6

√
F

=
1

6

∣

∣

∣

∣

∣

∣

∣

∣

∣

a2 a2+b2−d2

2
a2+c2−e2

2

a2+b2−d2

2 b2 b2+c2−f2

2

a2+c2−e2

2
b2+c2−f2

2 c2

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

2

.

úª 1 ´±c�5L«o¡N�NÈ. §

�²¡þ^>�5L«n�/¡È�°Ôúª

aq, �´�\E,. XJ(Üc�m�Y�,

·���±��e¡/ª�NÈúª.

- p =
a2 + b2 − d2

2
, q =

a2 + c2 − e2

2
,

r =
b2 + c2 − f2

2
, ∠ADB = α, ∠ADC = β,

∠BDC = γ, K p = ab cos α, q = ac cos β,

r = bc cos γ, �

F =

∣

∣

∣

∣

∣

∣

a2 p q
p b2 r
q r c2

∣

∣

∣

∣

∣

∣

=
1

p

∣

∣

∣

∣

∣

∣

a2 p q
p b2 r
pq pr pc2

∣

∣

∣

∣

∣

∣

=
1

p

∣

∣

∣

∣

∣

∣

a2 p q
p b2 r
0 pr − b2q pc2 − rq

∣

∣

∣

∣

∣

∣

=
1

p2

∣

∣

∣

∣

∣

∣

a2 p pq
p b2 pr
0 pr − b2q p(pc2 − rq)

∣

∣

∣

∣

∣

∣

=
1

p2

∣

∣

∣

∣

∣

∣

a2 p 0
p b2 pr − b2q
0 pr − b2q b2q2 + c2p2 − 2pqr

∣

∣

∣

∣

∣

∣

=
1

p2
[a2(b2(b2q2 + c2p2 − 2pqr)

− (pr − b2q)2)− p2(b2q2 + c2p2 − 2pqr)]

= a2b2c2 + 2pqr − (a2r2 + b2q2 + c2p2)

= a2b2c2 + 2a2b2c2 cos α cos β cos γ

− a2b2c2(cos2 α + cos2 β + cos2 γ)

= a2b2c2[1 + 2 cos α cos β cos γ

− (cos2 α + cos2 β + cos2 γ)].

dd, ·��

úª 2 o¡N ABCD �NÈ�

VABCD =
1

6
abc× [(1+2 cos α cos β cos γ−

(cos2 α + cos2 β + cos2 γ)]
1

2 .

2.4 ²²²111888¡¡¡NNN���SSS¹¹¹ooo¡¡¡NNN



8–26 2017 c1 8 Ï

'u²18¡N�S¹o¡N, ·�kX

e(Ø.

(Ø 4 3²18¡N�S¹o¡N¥,

NÈ���´S�o¡N.

y²: �²18¡N AC ′BD′−A′CB′D �

NÈ� V , ÙS�o¡N�NÈ� V0, Kd�

Ö{�, V0 =
1

3
V . � MNPQ ´²18¡N

�S¹o¡N.

�/�: o¡N MNPQ k��¡²1u

²18¡N�,^c.

Xã3(1), Ø��¡ NPQ ²1uc AC ′,

¡ NPQ � ² 1 8 ¡ N � � ¡ �HIJK, K

�¦o¡N MNPQ NÈ¦�U�, : M �

¡ HIJK � å l A ¦ � U �, K : M A 3

c AC ′, A′C, DB′, D′B o ^ c ¥ å l ¡

HIJK � � � c þ, Ø � � 3 AC ′ þ, d

u : M 3 AC ′ þ � ? Û   �, o ¡ N � N

È Ø C, q : N!P!Q 3 � ¡ HIJK þ �,

△NPQ ¡È�����²1o>/ HIJK ¡

È � � �, Ï d k VMNPQ 6 VC′
−HIJ =

VH−C′IJ 6 VH−C′CJ =
1

6
V < V0. ¤±, d

�o¡N�NÈØ´���.

ã 3

�/�: o¡N MNPQ �?Û��¡Ñ

Ø²1u²18¡N�?¿�^c.

Xã3(2), ?�o¡N���¡, Ø��

�¡ NPQ, �²18¡N¤��¡�ã¥Ò

Kõ>/, ÏT¡�²18¡N�?�cØ

²1, �º: M �k�²18¡N�,�º

:�, âU¦o¡N�NÈ��. ,�2�Ä

¡ MPQ, ed�¡MPQ ²1u²18¡N

�,^c, =��/�, d�, o¡N�NÈØ

´���. ÄK, �¦o¡NNÈ��, Kº

: N �7½�²18¡N�,�º:. Ón,

º: P!Q �Ñ7L´²18¡Nº:�, â

U¦o¡NNÈ��.

�o¡N MNPQ �o�º:Ñ´²18

¡N�º:�, U²18¡N�þ!e.¡

¹ko¡Nº:�ê©�üa: 1�a´o

¡Nkn�º:Ó3þ.¡½Ó3e.¡, d

� VMNPQ =
1

6
V < V0; 1�a´þe.¡�

¹o¡N�ü�º:, d�, ekü�º:Ó

3,^cþ, Ko¡N7kn�º:3²18

¡N���¡þ, Ó�k VMNPQ =
1

6
V < V0.

e?¿ü�º:ÑØÓ3,^cþ, K§��

ë��þe.¡�Ø�¡�¡é��, d�,

o¡N MNPQ �²18¡N�S�o¡N,

¤±, VMNPQ = VABCD =
1

3
V = V0.

nþ, ²18¡N�S¹o¡N¥, �k

S�o¡N�NÈ��, ÙNÈ�T²18¡

NNÈ�n©��.

2.5 zzzééééééccc���ÝÝÝ���������ooo¡¡¡NNN

du��²1o>/�Ý/�¿©7�

^�´To>/�ü^é���Ý��, ¤±

o¡N��ééc�Ý����=�ù�éc

¤3�To¡N�	�²18¡N�¡´Ý

/. Ï
��Xe(Ø.

(Ø 5 o¡N�zééc�Ý���¿

©7�^�´o¡N�	�²18¡N´��

N.

d(Ø 5 ��, zééc�Ý���o¡

N�z�¡Ñ´���, Ïd, (Ü(Ø3, ·

��ke�(Ø.

(Ø 6 ±zééc�Ý���o¡N

ABCD � c AC!BC!BD!AD � ¥ : ¤

(½�²¡(¥�¡)Qþ©o¡N�NÈ, q

þ©o¡N�L¡È.

2.5.1 zzzééééééccc���ÝÝÝ���������ooo¡¡¡NNN���NNNÈÈÈ

XJ ABCD ´zééc�Ý���o¡

N, @o3úª 1 ¥, d = c, e = b, f = a, l


F =

∣

∣

∣

∣

∣

∣

∣

∣

a2 a2+b2−c2

2
a2+c2−b2

2

a2+b2−c2

2 b2 b2+c2−a2

2

a2+c2−b2

2
b2+c2−a2

2 c2

∣

∣

∣

∣

∣

∣

∣

∣

.

31�ª F ¥, òÙ1 2 1� 1 �!1 3

1�−1 �\\111, K1�ª�1 1 1C

� (a2 + b2 − c2, a2 + b2 − c2, 0), Ïd, 1�
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ª�J�Ïªa2 + b2 − c2. aq�y, 1�ª

kÏª b2 + c2 − a2 Ú c2 + a2 − b2. duùn�

Ïªüüp�, Ïd, F kÏª

(a2 + b2 − c2)(b2 + c2 − a2)(c2 + a2 − b2).

�´®� F ´� 6 gõ�ª, 
þãÏª

�´ 6 g�, ¤±�3knê k, ¦�

F=k(a2+b2−c2)(b2+c2−a2)(c2+a2−b2).

�¦~ê k ��, �I¦^AÏ�{. ~

X3þã�ª¥- a = b = c = 1, @o

k = F (1, 1, 1, 1, 1, 1) =

∣

∣

∣

∣

∣

∣

∣

1 1
2

1
2

1
2 1 1

2
1
2

1
2 1

∣

∣

∣

∣

∣

∣

∣

= 1
2 ,

u´, F =
1

2
(a2 + b2 − c2)(b2 + c2 − a2)(c2 +

a2 − b2), l
k

úª 3[1] zééc�Ý���o¡N�N

È�

VABCD =
1

6

√
F =

√
2

12
×

√

(a2+b2−c2)×
√

(b2+c2−a2)(c2 + a2 − b2).

�â(Ø 5, zééc�Ý���o¡

N � 	 � ² 1 8 ¡ N ´ � � N. | ^ ù �

( Ø, · � � � ± � Ñ ù a o ¡ N � N È

úª�,�«í��{. �	���N�

AA′BB′ − C ′CD′D, ÙNÈ�V , éA�o¡

N�ABCD. �DB′ = x, DC ′ = y, DD′ =

z(Xã 4).

ã 4

d��½n�














x2 + y2 = a2,

y2 + z2 = c2,

z2 + x2 = b2,

u´�






























x2 =
a2 + b2 − c2

2
,

y2 =
c2 + a2 − b2

2
,

z2 =
b2 + c2 − a2

2
,

l


VABCD =
1

3
V =

xyz

3
=

1

3

√

x2y2z2 =
1

3
√

1

8
(a2 + b2 − c2)(b2 + c2 − a2)(c2 + a2 − b2),

=

VABCD =

√
2

12
×

√

(a2 + b2 − c2)×
√

(b2+c2 − a2)(c2+a2 − b2).

lþã?Ø��±wÑ, du��N�>

� x!y!z þ�u 0, ¤±, d{u½n�, �

¦ù��	���N�3, o¡N��¡(§�

´���n�/)ÑAT´b�n�/.

2.5.2 zzzééééééccc���ÝÝÝ���������ooo¡¡¡NNN���SSS���¥¥¥

X J � z é é c � Ý � � � o ¡ N

ABCD �c�� a!b!c, Ù	���N�c

�� x0!y0!z0, � x2
0 + y2

0 = a2, y2
0 + z2

0 =

c2, z2
0 + x2

0 = b2. �T��N�¥% O ´�

m���IX��:, �§�cþ��I¶²

1. K�I�
(

−x0

2
,
y0

2
,
z0

2

)

,
(x0

2
,−y0

2
,
z0

2

)

,
(x0

2
,
y0

2
,−z0

2

)

�:�T��N�nº:(b�

§��´To¡N�º:), 
Lùn:�²¡

�§�
2

x0
x +

2

y0
y +

2

z0
z = 1,

@o�:�T²¡�ål�

r =
1

√

4

x2
0

+
4

y2
0

+
4

z2
0

=
1

√

8

a2+b2−c2
+

8

b2+c2−a2
+

8

c2+a2−b2

,

=

r =

√
2

4
×

1
√

1

a2+b2−c2
+

1

b2+c2−a2
+

1

c2+a2−b2
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f!AÛã/y²�Ä�)KüÑ

�} 

(ô��M²½Fw{1�¥Æ, ô� M² 361003)

éõÆ)�E,�AÛã/¯K“¡é

¡”�,   )Kg´Ø�, �\“ÃÞX”�ð

Û. Ïd, 3�Æ¥, ��A¿©éu!Ú�Æ

)lAÛã/y²�Ä�)KüÑ—–“¿Ûã

/”�“&Ä�{”8å, kSuÐÆ)Ü�í

nÚüÌínUå. e¡±��SK�~\±

`².

~K¥yXe.

ã 1

Xã 1, o>/ ABCD!BEFG þ���

/.

(1) X ã 1, ë � AG!CE, � ä AG Ú

CE � �'X¿y²;

(2) ò � � / BEFG 7 : B ^ � � ^

= β � (0◦ < β < 180◦), Xã 2, ë� AG, Ù

ò��� CE ��u: M , ë� MB, ¦y:

∠EMB = 45◦.

¯K(1) �â“SAS”, y²△BECT△BGA

=�;

¯K(2)´��mqE,�¯K, �Ïk±

eü:.

(1) ©i�ó�E,, L¡þ´�«`�

6�$Äa¯K. X“ò��/BEFG7:B^

��^=β� (0◦ < β < 180◦)”, Ù¢“^=”�

´��KÞ, Æ)  �uù«Â'b��¥,

g�?\(¸;

(2) ã/�E,, �¢“{��j”. E,�

ã/�X��H�´e�0ê,   ¦Æ)ú

sGÏ, 8Ø4­:, Ø�XÛeÃ.

∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼

=

√
2

4
·
√

(a2+b2−c2)(b2+c2−a2)(c2+a2−b2)√
2a2b2+2b2c2+2c2a2−a4−b4−c4

.

aqO���, �: O �o¡NÙ¦�¡

�ålÑ´ r, u´ r Ò´o¡N�S�¥�

�».

úª 4 b� a!b!c ´zééc�Ý�

��o¡N�c�, KTo¡N�S�¥�

» r kXeO�úª

r =√
2

4
·
√

(a2+b2−c2)(b2+c2−a2)(c2+a2−b2)√
2a2b2+2b2c2+2c2a2 − a4 − b4 − c4

.

ù � ú ª � � ± d ú ª 3 ( Ü r =
3VABCD

4S△ABC

��, d?lÑ.

2.5.3zzzééééééccc���ÝÝÝ���������ooo¡¡¡NNN���			���¥¥¥

zééc�Ý���o¡N�	�¥Ò

´§�	���N�	�¥, 
��N�	�

¥�»Ò´T��N�é��, Ù�Ý�

2R =
√

x2
0 + y2

0 + z2
0 =

√

1

2
(a2 + b2 + c2),

¤±, ´�

úª 5 b� a!b!c ´zééc�Ý�

��o¡N�c�, KTo¡N�	�¥�

» R kXeO�úª

R =

√
2

4
·
√

a2 + b2 + c2.

ë�©z
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