LEFT CELLS OF THE WEIGHTED COXETER GROUP ( ~B_n, ~ℓ)

Qian-qian Mi and Jian-yi Shi

Department of Mathematics East China Normal University Shanghai, 200241, P.R.China

Abstract. The affine Coxeter group ( eB_n, S) can be realized as the fixed point set of the affine Weyl group ( eD_m, eS), m ∈ {2n, 2n + 1}, under a certain group automorphism α_{m,n} with α_{m,n}( eS) = eS. Let eℓ be the length function of eD_m. We study the properties of the left cells of the weighted Coxeter group ( eB_n, eℓ) and give an explicit description for all the left cells L of ( eB_n, eℓ) with a(L) ⩽ 6.

§0. Introduction.

0.1. In his book [6], Lusztig introduced a weighted Coxeter group (W, L), which is, by definition, a Coxeter system (W, S) together with a weight function L : W −→ Z. Lusztig proposed a bundle of conjectures, intending to generalize many results on cells of W in the equal parameter case to the unequal parameters case. The most successful part for such a generalization is when (W, L) is in a certain quasi-split case, that is, W can be realized as the fixed point set of a finite or an affine Coxeter system (~W , ~S) under a group automorphism α with α( ~S) = ~S, the weight function L is the restriction to W of the length function ~ℓ of ~W . The weighted Coxeter group (~W , ~ℓ) is called in a split case (see [6, Chapter 16], [5], [2], [3], [10]).

Key words and phrases. Affine Coxeter group; weighted Coxeter group; quasi-split case; left cells.

Supported by the NSF of China, the SFUDP of China, Shanghai Leading Academic Discipline Project (B407) and Program of Shanghai Subject Chief Scientist (11xd1402200)

Typeset by AMS-TEX 1

0.2. In a weighted Coxeter group (W, L), Lusztig introduced the preorders �_L , �_R, �_{LR} , which generate the equivalence relations ∼_L , ∼_R , ∼_{LR}, the corresponding equivalence classes are called left cells, right cells and two-sided cells. Lusztig defined a function a : W −→ N := {0, 1, 2, ...} in terms of the structural coefficients of the associated Hecke algebra, which was proved to be constant on any cell of (W, L) whenever (W, L) is either in a split case or in a quasi-split case. 0.3. In the present paper, we consider the affine Coxeter group W = ~B_n with n � 3 in certain quasi-split cases where ~W is the affine Coxeter group ~D_m for some m ∈ {2n, 2n + 1}. It is our aim to describe all the cells in the weighted Coxeter group ( ~B_n, ~ℓ). But this is a big and difficult task. As a starting part of the whole project, the present paper is to describe all the left cells L of ~B_n with a(L) � 6 by applying a result in [8, Theorem B]. We introduce the star operations on the elements and also on the left cells of ~B_n (see Theorem 2.5 and Corollary 2.6). We prove the left-connectedness for the left cells of ~B_n with a(L) � 6 (see Theorem 2.10). We describe the minimum elements of L with respect to the weak order �_w in terms of ideals of certain digraphs, by which we obtain the numbers of those left cells L with a(L) = i for each i � 6 (see Tables 1-2 in 4.5 and 4.10). 0.4. The contents of the paper are organized as follows. We introduce some concepts, notation and known results on the groups ~D_m and ~B_n in Section 1. Then we give some general discussion on the cells of ~B_n in Section 2. In Sections 3 and 4, we describe all the left cells L of ~B_n with a(L) = i for any 0 � i � 6.

§1. Some known results on the groups ~D_m and ~B_n.

In this section, we introduce some concepts, notation and known results on the groups ~D_m and ~B_n for later use.

1.1. For any i � j in the integer set Z, denote by [i, j] the set {i, i + 1, ..., j} and denote [0, j], [1, j] simply by (j], [j] respectively. Let ~S_m = {t_i | i ∈ (m]} be the Coxeter generator set of the affine Coxeter group ~D_m, m ∈ {2n, 2n + 1}, such that o(t_0t_2) = o(t_it_{i+1}) = o(t_{m−2}t_m) = 3 for any i ∈ [m − 2], where the notation o(x) stands for the order of an element x. Let ~ℓ be the length function and ~� the Bruhat-Chevalley order on the Coxeter system ( ~D_m, ~S_m). Then the affine Coxeter group ~B_n can be regarded as the fixed point set of the group ~D_m under the automorphism α_{m,n} determined by α_{m,n}(t_i) = t_{m−i}, i ∈ (m]. Let s_i = t_it_{m−i} for any i ∈ (n − 1], s_n = t_n if m = 2n and s_n = t_nt_{n+1}t_n if m = 2n + 1. Then S = {s_0, s_1, ..., s_n} forms the Coxeter generator set of the group ~B_n satisfying that o(s_0s_2) = o(s_is_{i+1}) = 3 for i ∈ [n − 2] and o(s_{n−1}s_n) = 4. Denote S_0 = S − {s_n}.

In the present paper, when we mention the group ~B_n, we always assume n � 3 and that ~B_n is in the quasi-split case with the weight function ~ℓ. 1.2. Denote by ~a, a the functions a on ~D_m, ~B_n respectively. For any w ∈ ~D_m, denote ~L(w) = {t ∈ ~S_m | tw ~< w} and ~R(w) = {t ∈ ~S_m | wt ~< w}. Also, let ℓ be the length function and � the Bruhat-Chevalley order on the Coxeter system ( ~B_n, S). For any w ∈ ~B_n, denote L(w) = {s ∈ S | sw < w} and R(w) = {s ∈ S | ws < w}. Let w, y ∈ ~B_n and w^′, y^′ ∈ ~D_m. Then the following facts can be checked easily:

(1.2.1) y ~� w if and only if y � w.

(1.2.2) Let i ∈ (n]. Then t_i ∈ ~L(w) if and only if s_i ∈ L(w) if and only if t_{m−i} ∈ ~L(w); t_i ∈ ~R(w) if and only if s_i ∈ R(w) if and only if t_{m−i} ∈ ~R(w).

Kazhdan-Lusztig in [4] and Lusztig in [6] proved the following results: (1.2.3) w �_L y implies R(w) ⊇ R(y), hence w ∼_L y implies R(w) = R(y); w �_R y implies L(w) ⊇ L(y), hence w ∼_R y implies L(w) = L(y) (see [6, Lemma 8.6]). w^′ �_L y^′ implies ~R(w^′) ⊇ ~R(y^′), hence w^′ ∼_L y^′ implies ~R(w^′) = ~R(y^′); w^′ �_R y^′ implies ~L(w^′) ⊇ ~L(y^′), hence w^′ ∼_R y^′ implies ~L(w^′) = ~L(y^′) (see [4, Proposition 2.4]).

(1.2.4) w �_{LR} y implies a(w) � a(y). Hence w ∼_{LR} y implies a(w) = a(y); w^′ �_{LR} y^′ implies ~a(w^′) � ~a(y^′). Hence w^′ ∼_{LR} y^′ implies ~a(w^′) = ~a(y^′) (see [6, Chapters 14-16]).

(1.2.5) ~a(w) = a(w) (see [6, Lemma 16.5]);

(1.2.6) a(w) = a(y) and w �_L y (respectively, w �_R y) implies w ∼_L y (respectively, w ∼_R y); ~a(w^′) = ~a(y^′) and w^′ �_L y^′ (respectively, w^′ �_R y^′) implies w^′ ∼_L y^′ (respectively, w^′ ∼_R y^′) (see [6, Chapters 14-16]);

(1.2.7) w ∼_L y (respectively, w ∼_R y) in ~D_m if and only if w ∼_L y (respectively, w ∼_R y) in ~B_n (see [6, Lemma 16.14]);

1.3. Let (W, S) be a finite or affine Coxeter group with the length function ℓ and the function a. For any J ⊂ S with the subgroup W_J of W generated by J being finite, let w_J be the longest element of W_J . For any x, y, z ∈ W , we use the notation z = x · y to indicate z = xy and ℓ(z) = ℓ(x) + ℓ(y). Let W_{(i)} = {w ∈ W | a(w) = i}. Let Δ_i be the set of all the left cells of W in W_{(i)} for any i ∈ N. Let L_i = {w ∈ W_{(i)} | a(sw) < i, ∀ s ∈ L(w)}.

A weak order �_w on the Coxeter system (W, S) is a partial order defined by x �_w y if ℓ(y) = ℓ(x) + ℓ(yx^{−1}). Clearly, the relation x �_w y implies x � y but not the converse. We see by (1.2.5) that any x ∈ L_i is a minimum element in the left cell of W containing it under �_w and that any minimum element in any L ∈ Δ_i with respect to �_w is in L_i.

The following result is a special case of [8, Theorem B].

Proposition 1.4. Let w ∈ ~D_m be in ~W_{(i)}, i ∈ (6]. Then there is an expression w = x · w_J · y for some x, y ∈ ~D_m and some J ⊂ ~S_m with ~ℓ(w_J ) = i. Moreover, if w ∈ L_i, then x = 1 in the above expression.

1.5. For any s, t ∈ ~S_m with o(st) = 3, denote by ~D_L(s, t) (respectively, ~D_R(s, t)) the set of all w ∈ ~D_m such that ~L(w) ∩ {s, t} (respectively, ~R(w) ∩ {s, t}) contains exactly one element . When w ∈ ~D_L(s, t), exactly one (denote it by^{~∗}w) of sw, tw is also in ~D_L(s, t), call the transformation w →^{~∗}w a left {s, t}-star operation (or a left star operation in short) on w. Similarly, we can define a right {s, t}-star operation (or a right star operation in short) on any w ∈ ~D_R(s, t) with w^{~∗} the resulting element.

The following results are well known.

Proposition 1.6. (see [4]) Let x, y ∈ ~D_m. Let s, t ∈ ~S_m satisfy o(st) = 3.

(1) If x ∈ ~D_L(s, t)) then^{~∗}x ∼_L x; if x ∈ ~D_R(s, t) then x^{~∗} ∼_R x. (2) Assume x, y ∈ ~D_R(s, t). Then x ∼_L y if and only if x^{~∗} ∼_L y^{~∗}. (3) Assume x, y ∈ ~D_L(s, t). Then x ∼_R y if and only if^{~∗}x ∼_R^{~∗}y.

1.7. We see by (1.2.3) that for any left cell L of ~D_m, if there exists some w ∈ L satisfying w ∈ ~D_R(s, t) for some s, t ∈ ~S_m with o(st) = 3, then L ⊆ ~D_R(s, t). In this case, we see by Proposition 1.6 (2) that the set L^{~∗} := {y^{~∗} | y ∈ L} forms a left cell of ~D_m, called the left cell obtained from L by a right {s, t}-star operation. Similarly, by Proposition 1.6 (3), we can define a right cell^{~∗}R of ~D_m obtained by a left {s, t}-star operation on a right cell R in the case where R ⊆ ~D_L(s, t).

We say that two elements x, y ∈ ~D_m have the same right generalized τ-invariants, if for any sequence x_0 = x, x_1, ..., x_r in ~D_m with x_i obtained from x_{i−1} by a right star operation for every i ∈ [r], there exists the corresponding sequence y_0 = y, y_1, ..., y_r in ~D_m with y_i obtained from y_{i−1} by a right star operation for every i ∈ [r] such that ~R(x_j ) = ~R(y_j) for any j ∈ (r] and if the condition holds when interchanging the roles of x, y.

The following result is well known.

Lemma 1.8. (see [7, Proposition 4.2]) If x ∼_L y in ~D_m then x, y have the same right generalized τ-invariants.

1.9. We introduce a certain direct graph (or a digraph in short) Γ = (N, A), where N is a node set, and A = A_0 ∪ A_1, A_0 is an arrow set, each arrow is an ordered node pair in N, i.e., x −→ y with x ≠ y in N, call x the tail and y the head of the arrow x −→ y, and the set A_1 either is empty or consists of a single unordered node pair with a double-edge connected, i.e., x === y with x ≠ y in N. Call z ∈ N a source (respectively, a sink) of Γ, if z is the tail (respectively, the head) of any arrow of Γ incident to z. By an ideal of a digraph Γ = (N, A), we mean a sub-digraph Γ^′ = (N^′, A^′) of Γ such that N^′ contains all the sources in N and that for any x −→ y (respectively, x === y) in A, the condition y ∈ N^′ implies x ∈ N^′.

Example 1.10. Observe the digraphs in Figure 1.

(1) The digraph (a) consists of 15 nodes and 19 arrows. The the nodes 0, 3, 5 in the leftmost column are sources and the nodes 6, 0 at right and top-right places are sinks. The digraph (b) is an ideal of (a). Note that two nodes of a digraph in the different places are regarded as different nodes though they might have the same label. For example, there are three different nodes with the same label 5 in the digraph (a).

(a) (b)

(c) (d) Figure 1 (2) The digraph (c) consists of 5 nodes and 3 arrows and 1 double edge, where the nodes 5, 4 are sources and the nodes 5, 0 are sinks (hence the node 5 is both a source and a sink). The digraph (d) is an ideal of the digraph (c). 1.11. To each w ∈ L_i with i ∈ [6], we associate a digraph Γ_w = (N_w, A_w) as follows. Let w = v_1v_2 · · · v_r be a reduced expression of w with v_i ∈ S (hence ℓ(w) = r). We define a digraph Γ^′_w = (N^′_w, A^′_w), where N^′_w consists of all the nodes v_i with i ∈ [r], and A^′_w consists of all arrows v_i −→ v_j , where i < j and o(v_iv_j ) > 2 and that there is no sequence i_0 = i < i_1 < · · · < i_m = j with m > 1 and o(v_{ip−1} v_{ip} ) > 2 for every p ∈ [m]. If Γ^′_w contains some sub-digraph v_i −→ v_j −→ v_k with i < j < k in [r] such that o(v_iv_j ) = 3 and v_i = v_k and that there is no q with i < q < k and q ≠ j satisfying o(v_iv_q) � 3 (respectively, v_i −→ v_j −→ v_k −→ v_l with i < j < k < l in [r] such that o(v_iv_j ) = 4 and v_i = v_k and v_j = v_l and that there is no q, p with i < q < k and j < p < l and q ≠ j and p ≠ k satisfying o(v_iv_q), o(v_j v_p) � 3), then by the condition of w ∈ L_i, i ∈ [6], such a sub-digraph, when it exists, must be unique with {v_i, v_j} its source set. In particular, the sub-digraph v_i −→ v_j −→ v_k −→ v_l occurs only if m = 2n and hence (~ℓ(S_0), ~ℓ(s_n)) = (2, 1). In this case, we define a digraph Γ_w which is obtained from Γ^′_w by replacing the sub-digraph v_i −→ v_j −→ v_k (respectively, v_i −→ v_j −→ v_k −→ v_l) by v_i === v_j and by replacing all the arrows v_k −→ v_m (m ≠ l), v_l −→ v_p by v_i −→ v_m, v_j −→ v_p respectively. Note that v_j −→ v_k (respectively, v_k −→ v_l) is the only arrow in Γ^′_w with v_k (respectively, v_l) its head. If Γ^′_w contains neither a sub-digraph v_i −→ v_j −→ v_k nor v_i −→ v_j −→ v_k −→ v_l as above, then we define Γ_w to be Γ^′_w.

Example 1.12. Let w = s_1s_2s_1s_3s_4 and y = s_5s_4s_5s_4s_3s_2 be in ~B_5. Then w, y ∈ L_6. The corresponding digraphs Γ^′_x and Γ_x with x ∈ {w, y} are as follows.

Γ^′_w Γ_w

Γ^′_y Γ_y Figure 2 1.13. Note that for any w ∈ L_i, i ∈ [6], the element s ∈ S is in L(w) (respectively, R(w)) if and only if there is a node labeled by s is a source (respectively, a sink) in Γ_w. In particular, when Γ_w contains a double edge, the set L(w) always consists of two elements of S corresponding to the nodes joined by the double edge. In the above example, we have L(w) = {s_1, s_2} and L(y) = {s_4, s_5} and R(w) = {s_1, s_4} and R(y) = {s_2, s_5}. The digraph Γ_w depends only on the element w ∈ L_i but not on a particular choice of a reduced expression of w.

We shall describe all the left cells of ~B_n in the set W_{(i)} for any i ∈ (6]. Each of those left cells contains a minimum elements w with Γ_w occurring as an ideal of the digraph defined above. §2. Some results on ~B_n.

In the present section, we study the properties for the cells of the group ~B_n. Some of them will be used in the subsequent sections.

2.1. Let W be any finite or affine Coxeter group. For any i ∈ N, let F (i) be the set of all w ∈ W with a(w) = i such that a(sw), a(wt) < i for any s ∈ L(w) and any t ∈ R(w). Clearly, the inclusion F (i) ⊆ L_i holds in general. In [9, Algorithm 3.4], we constructed an affective algorithm for finding the set L_i from F (i) whenever the set F (i) is known explicitly. Though such an algorithm was originally constructed for W in a split case, it is apparently also applicable for W in a quasi-split case by the results in [6, Chapters 14-16].

By Proposition 1.4 and by regarding ~B_n as the fixed point set of ~D_m under the automorphism α_{m,n}, the sets F (i), i ∈ (6], can be described as follows.

Lemma 2.2. For any i ∈ (6], the subset F (i) of ~B_n consists of all the elements w_J with J ⊂ S and ~ℓ(w_J ) = i, and some additional elements in the following cases:

(1) Assume (~ℓ(S_0), ~ℓ(s_n)) = (2, 3). Then s_ns_{n−1}s_n ∈ F (4). When n � 4, we have {s_ks_ns_{n−1}s_n | k ∈ (n − 3]} ⊆ F (6).

(2) Assume (~ℓ(S_0), ~ℓ(s_n)) = (2, 1). Then s_{n−1}s_ns_{n−1} ∈ F (3). When n � 4, we have {s_ks_{n−1}s_ns_{n−1} | k ∈ (n − 3]} ⊆ F (5).

2.3. For any s, t ∈ S with o(st) ∈ {3, 4}, denote by D_L(s, t) (respectively, D_R(s, t)) the set of all w ∈ ~B_n such that L(w) ∩ {s, t} (respectively, R(w) ∩ {s, t}) contains exactly one element. When w ∈ D_L(s, t), exactly one (denote it by^∗w) of sw, tw is also in D_L(s, t) unless that o(st) = 4 and w = xy for some y ∈ ~B_n and some x ∈ W_{{s,t}} with L(y) ∩ {s, t} = ∅ and ℓ(x) = 2. In this exceptional case, we have {sw, tw} ⊆ D_L(s, t) (denote by^∗w_1,^∗w_2 with {^∗w_1,^∗w_2} = {sw, tw} and ℓ(^∗w_1) < ℓ(^∗w_2)). In any of the above cases, we say that the transformation w → w^′ ∈ {^∗w,^∗w_1,^∗w_2} is a left {s, t}-star operation (or a left star operation in short) on w if ~ℓ(w^′w^{−1}) = min{~ℓ(s), ~ℓ(t)}. Clearly, the resulting element is unique whenever it exists.

Similarly, we can define the elements w^∗, w^∗_1 , w^∗_2 from w and a right {s, t}-star operation on w accordingly whenever w ∈ D_R(s, t).

Regarding ~B_n as the fixed points set of ~D_m under the automorphism α_{m,n}, we have the following results.

Lemma 2.4. Let x, y ∈ ~B_n.

(1) If y can be obtained from x by a left (respectively, right) {s, t}-star operation in ~B_n for some s, t ∈ S with o(st) = 3 then y can be obtained from x by successively applying two left (respectively, right) star operations in ~D_m.

(2) If y can be obtained from x by a left (respectively, right) {s_{n−1}, s_n}-star operation in ~B_n, then y can be obtained from x by successively applying some left (respectively, right) star operations in ~D_m if and only if ~ℓ(yx^{−1}) = min{~ℓ(s_{n−1}), ~ℓ(s_n)}

(respectively, ~ℓ(x^{−1}y) = min{~ℓ(s_{n−1}), ~ℓ(s_n)}).

Proof. The results can be checked directly in a case-by-case way. □

Theorem 2.5. Let x, y ∈ ~B_n. Let s, t ∈ S satisfy o(st) ∈ {3, 4}. (1) If x^′, x^{′′} ∈ ~B_n be obtained from x by a left, respectively, right, star operation, then x^′ ∼_L x and x^{′′} ∼_R x. (2) Assume x ∼_L y.

(2a) If x ∈ D_R(s, t) then y ∈ D_R(s, t);

(2b) In the case of (2a), if there exists some x^{′′} ∈ ~B_n which is obtained from x by a right {s, t}-star operation, then there exists some y^{′′} ∈ ~B_n which is obtained from y by a right {s, t}-star operation;

(2c) x^{′′} ∼_L y^{′′} in the case of (2b). (3) Assume x ∼_R y.

(3a) If x ∈ D_L(s, t) then y ∈ D_L(s, t);

(3b) In the case of (3a), if there exists some x^′ ∈ ~B_n which is obtained from x by a left {s, t}-star operation, then there exists some y^′ ∈ ~B_n which is obtained from y by a left {s, t}-star operation;

(3c) x^′ ∼_R y^′ in the case of (3b).

Proof. (1) follows by Lemma 2.4 and (1.2.7). For the remaining part of the lemma, we need only to show (2), then (3) is just another side version of (2) and hence can be shown similarly. Now assume x ∼_L y. Then R(y) = R(x) by (1.2.3). This implies (2a). Written x = x_0x_1 and y = y_0y_1 with R(x_0)∩{s, t} = R(y_0)∩{s, t} = ∅ and x_1, y_1 ∈ W_{{s,t}}. Under the assumption of (2b), we need only to deal with the case where o(st) = 4 and ~ℓ(x^{−1}x^{′′}) = min{~ℓ(s), ~ℓ(t)}. In this case, we have to show that there exists some y^{′′} ∈ D_R(s, t) with ~ℓ(y^{−1}y^{′′}) = min{~ℓ(s), ~ℓ(t)}. For otherwise, assume ~ℓ(s) > ~ℓ(t) for the sake of definiteness, then by the assumption x ∼_L y in ~B_n and (1.2.3), we would be in one of the following two cases:

(a) (s, t) = (s_{n−1}, s_n) with (~ℓ(s_{n−1}), ~ℓ(s_n)) = (2, 1); either y_1 = s_n and x_1 ∈ {s_ns_{n−1}s_n, s_{n−1}s_n}, or y_1 = s_{n−1}s_ns_{n−1} and x_1 ∈ {s_ns_{n−1}, s_{n−1}};

(b) (s, t) = (s_n, s_{n−1}) with (~ℓ(s_{n−1}), ~ℓ(s_n)) = (2, 3); either y_1 = s_{n−1} and x_1 ∈ {s_ns_{n−1}, s_{n−1}s_ns_{n−1}}, or y_1 = s_ns_{n−1}s_n and x_1 ∈ {s_n, s_{n−1}s_n}.

We can observe that in any of the cases (a)-(b), x, y would have different right generalized τ-invariants regarding as elements of ~D_m, contradicting Lemma 1.8 by (1.2.7). Let us take y_1 = s_n and x_1 = s_{n−1}s_n in the case (a) as an example to illustrate our observation. In this example, we have y = y_0t_n and x = x_0t_{n−1}t_{n+1}t_n. Applying a right {t_{n−1}, t_n}-star operation on both y and x in ~D_m, we get the resulting elements y^{~∗} = y_0t_nt_{n−1} and x^{~∗} = x_0t_{n−1}t_{n+1}. Since ~R(y^~∗) ∩ {t_{n−1}, t_{n+1}} = {t_{n−1}} and {t_{n−1}, t_{n+1}} ⊆ ~R(x^~∗), this implies that x, y have different right generalized τ-invariants in ~D_m. So (2) is proved. Finally, y^{′′} is obtained from y by the same sequence of right star operations as x^{′′} from x regarding as elements of ~D_m. In ~B_n, we get x^{′′} ∼_L y^{′′} from x ∼_L y by (1.2.7) and Proposition 1.6 (2). □

Corollary 2.6. In the setup of Theorem 2.5, we have

(1) x ∼_L y if and only if x^{′′} ∼_L y^{′′}; (2) x ∼_R y if and only if x^′ ∼_R y^′.

Proof. (1) follows by Theorem 2.5 and the fact that a right {s, t}-star operation on the set D_R(s, t) is involutive. Then (2) is just another side version of (1). □

2.7. We see by (1.2.3) that if a left cell L of ~B_n satisfies L ∩ D_R(s, t) ≠ ∅ for some s, t ∈ S with o(st) ∈ {3, 4}, then L ⊆ D_R(s, t).

In this case, suppose that there exists some x^{′′} ∈ ~B_n which is obtained from some x ∈ L by a right {s, t}-star operation. Let L^∗ be the set of all y^{′′} ∈ ~B_n with y^{′′} obtained from some y ∈ L by a right {s, t}-star operation. Then L^∗ forms a left cell of ~B_n by Theorem 2.5 and Corollary 2.6 (1). Call L^∗ the left cell obtained from L by a right {s, t}-star operation.

Similarly, by (1.2.3), Theorem 2.5 and Corollary 2.6 (2), we can define the right cell^∗R of ~B_n obtained by a left {s, t}-star operation on a right cell R in the case where R ⊆ D_L(s, t) for some s, t ∈ S with o(st) ∈ {3, 4} and there exists some x^′ ∈ ~B_n obtained from some x ∈ R by a left {s, t}-star operation.

We say that two elements x, y ∈ ~B_n have the same right generalized τ-invariants in ~B_n, if for any sequence x_0 = x, x_1, ..., x_r in ~B_n with x_i obtained from x_{i−1} by a right star operation for every i ∈ [r], there exists the corresponding sequence y_0 = y, y_1, ..., y_r in ~B_n with y_i obtained from y_{i−1} by a right star operation for every i ∈ [r] such that R(x_j ) = R(y_j ) for any j ∈ (r] and if the condition holds when interchanging the roles of x, y.

By Lemma 2.4, we see that if x, y ∈ ~B_n have the same right generalized τinvariants in ~D_m then they have the same right generalized τ-invariants in ~B_n. So by (1.2.7) and Lemma 1.8, we get the following result.

Lemma 2.8. (Comparing with Lemma 1.8) If x ∼_L y in ~B_n then x, y have the same right generalized τ-invariants in ~B_n.

As a result in applying [9, Algorithm 3.4] on the subsets F (i), i ∈ (6], of ~B_n, we observe the following phenomenon by Lemma 2.8.

Lemma 2.9. Any left cell L of ~B_n with a(L) ∈ (6] has a unique minimum element (denoted by w_L) with respect to �_w except for the case where a(L) = 6 and there is some minimum w ∈ L satisfying L(w) = {s_i, s_j} with o(s_is_j ) = 3 (call it the exceptional case for L).

A subset K of a Coxeter group (W, S) is left-connected, if, for any x, y ∈ K, there exists a sequence x_0 = x, x_1, ..., x_r = y in K with some r � 0 such that x_{i−1}x^{−1}_i ∈ S for every i ∈ [r]. Lusztig conjectured in [1] that any left cell of an affine Coxeter group is left-connected.

Theorem 2.10. Any left cell L of ~B_n with a(L) � 6 is left-connected.

Proof. Given a left cell L of ~B_n. Any x ∈ L can be written in the form x = x^′ · x^{′′} for some x^′, x^{′′} ∈ ~B_n with x^{′′} a minimum element of L with respect to �_w. Let x^′ = s_1s_2 · · · s_r be a reduced expression of x^′ with s_i ∈ S and let x_i = s_is_{i+1} · · · s_rx^{′′} for i ∈ [r]. Then x_0 = x, x_1, ..., x_r, x_{r+1} = x^{′′} is a sequence of elements in L by (1.2.4) and (1.2.6). So we see by Lemma 2.9 that any left cell L of ~B_n with a(L) � 6 is left-connected if L is not in the exceptional case. The result for L in the exceptional case will be proved in Lemma 3.5 later. □

§3. Left cells L of ~B_n with a(L) = 6.

In the present section, we consider the left cells of ~B_n in the set W_{(6)}.

3.1. By [6, Lemma 16.5], Proposition 1.4 and Lemma 2.2, we see that any w ∈ ~B_n is in L_6 if and only if the following conditions (1)-(3) on w hold: (1) One of the following cases holds:

(1a) J := L(w) ⊆ S_0 and ℓ(w_J ) = 3;

(1b) L(w) = {s_{n−1}, s_n} and (~ℓ(S_0), ~ℓ(s_n)) = (2, 1);

(1c) (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and w = s_ks_ns_{n−1}s_n · y for some y ∈ ~B_n and some k ∈ (n − 3] with n � 4.

(2) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊂ S with either ~ℓ(w_I ) = 6 and x^′ ≠ 1, or ~ℓ(w_I ) > 6.

(3) w ≠ x^′ · s_ks_ns_{n−1}s_n · y^′ for any x^′, y^′ ∈ ~B_n and any k ∈ (n − 3] with n � 4 and x^′ ≠ 1 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3).

3.2. Let Ξ be the set of all subsets J of S_0 such that |J| = 3 and ℓ(w_J ) = 3. Let L and L^′ be two left cells of ~B_n with a(L) = a(L^′) = 6 such that there are some w ∈ L ∩ L_6 and w^′ ∈ L^′ ∩ L_6 with L(w) ∈ Ξ. By Lemma 2.9, we have L = L^′ if and only if w = w^′.

Let Ξ_1 be the set of all J ∈ Ξ such that the equations o(ts) = o(ts^′) = 3 can’t hold simultaneously for any t ∈ S − J and any s ≠ s^′ in J. Let Ξ_2 be the set of all J ∈ Ξ such that there exists some t ∈ J satisfying that for any s ∈ J − {t}, there exists some r ∈ S − J with o(sr) = o(rt) = 3. Let Ξ_3 = Ξ − (Ξ_1 ∪ Ξ_2). Then Ξ = Ξ_1 ˙∪Ξ_2 ˙∪Ξ_3. For any i ∈ {1, 2, 3}, let Ξ_{i1} be the set of all J ∈ Ξ_i with s_{n−1} ∈ J and let Ξ_{i2} = Ξ_i − Ξ_{i1}. Let Ξ_{311} be the set of all J ∈ Ξ_{31} such that s_{n−3} ∈ J and let Ξ_{312} = Ξ_{31} − Ξ_{311}.

Let Ξ^′_1 be the set of all J = {s, s^′} ⊆ S_0 with o(ss^′) = 3 and let Ξ^′_2 = {{s_{n−1}, s_n}}.

Let Ξ^{′′} = {s_ks_ns_{n−1}s_n | k ∈ (n − 3]} if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and n � 4. Let Ξ^{′′} = ∅ if otherwise.

3.3. Let L^′_{n,6,i} be the set of all w ∈ L_6 with L(w) ∈ Ξ^′_i for i ∈ {1, 2}. Let L^{′′}_{n,6} be the set of all w ∈ L_6 such that w = z · y for some z ∈ Ξ^{′′} and some y ∈ ~B_n. Let L_{n,6,j} be the set of all w ∈ L_6 with L(w) ∈ Ξ_j for j ∈ {1, 2, 3}. Let L_{n,6,jk} be the set of all w ∈ L_6 with L(w) ∈ Ξ_{jk} for j ∈ {1, 2, 3} and k ∈ {1, 2}. Let L_{n,6,31k} be the set of all w ∈ L_6 with L(w) ∈ Ξ_{31k} for k ∈ {1, 2}.

3.4. Let L^′_{n,6,i} be the set of all left cells L of ~B_n such that L contains some elements in L^′_{n,6,i} for i ∈ {1, 2}. Then any L in L^′_{n,6,1} (respectively, L^′_{n,6,2}) contains an element w in L^′_{n,6,1} (respectively, L^′_{n,6,2}) with Γ_w an ideal of a digraph in (a)-(c) (respectively, (d)) of Figure 3.

(a) (b)

(c) (d) (e) Figure 3

where k ∈ [2, n − 2] in (a); {α, β} = {0, 1} in (b)-(c). Lemma 3.5. Let L ∈ L^′_{n,6,i} and l^′_{n,6,i} = |L^′_{n,6,i}| for i ∈ {1, 2}.

(1) L is left-connected.

(2) l^′_{3,6,1} = 12 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1); l^′_{n,6,1} = n^2 if either n � 4 or (~ℓ(S_0), ~ℓ(s_n)) = (2, 3).

(3) l^′_{n,6,2} is 2n if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1) and 0 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3). Proof. When either n � 4 or (~ℓ(S_0), ~ℓ(s_n)) = (2, 3), the set L^′_{n,6,1} consists of all the elements in (i)-(iv) below.

(i) x_{k;i,j} := s_ks_{k+1}s_ks_{k+2}s_{k+3} · · · s_{j−1}s_j ·s_{k−1}s_{k−2} · · · s_{i+1}s_i and y_{k;i,j} := x_{k;i,n} · s_{n−1}s_{n−2} · · · s_{j+1}s_j for i � k < j in [n] with k ≠ n − 1;

(ii) x_{k;0,j} := s_ks_{k+1}s_ks_{k+2}s_{k+3} · · · s_{j−1}s_j · s_{k−1}s_{k−2} · · · s_2s_0 and y_{k;0,j} := x_{k;0,n} · s_{n−1}s_{n−2} · · · s_{j+1}s_j for k < j in [2, n] with k ≠ n − 1;

(iii) x_{0;0,j} := s_0s_2s_0s_3s_4 · · · s_{j−1}s_j and y_{0;0,j} := x_{0;0,n} · s_{n−1}s_{n−2} · · · s_{j+1}s_j for j ∈ [2, n];

(iv) x_{α;α,β} := s_αs_2s_αs_β and y_{α;α,β} := s_αs_2s_αs_3s_4 · · · s_{n−1}s_ns_{n−1} · · · s_3s_2s_β for {α, β} = {0, 1}.

When (~ℓ(S_0), ~ℓ(s_n)) = (2, 1), the set L^′_{3,6,1} consists of all the elements in (i)-(iv) with n = 3, and those in (v) below.

(v) x_{α;α,β}z for z ∈ {s_3, s_3s_2, s_3s_2s_3} and {α, β} = {0, 1}.

We have L^′_{n,6,2} = ∅ if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and L^′_{n,6,2} = {z_{n,a}, z^′_{n,0}, w_{n,b} | a ∈ (n − 1], b ∈ [2, n]} if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1), where

z_{n,a} : = s_ns_{n−1}s_ns_{n−1}s_{n−2} · · · s_{a+1}s_a, z^′_{n,0} : = s_ns_{n−1}s_ns_{n−1}s_{n−2} · · · s_3s_2s_0, w_{n,b} : = z_{n,0} · s_2s_3 · · · s_{b−1}s_b.

For any i � k < j − 1, the element x_{k+1;i,j} (respectively, y_{k+1;i,j}, x_{k+1;0,j}, y_{k+1;0,j}) can be obtained from x_{k;i,j} (respectively, y_{k;i,j}, x_{k;0,j}, y_{k;0,j}) by a left {s_{k+1}, s_{k+2}}-star operation followed by a left {s_k, s_{k+1}}-star operation. Hence x_{k+1;i,j} ∼_L x_{k;i,j} and y_{k+1;i,j} ∼_L y_{k;i,j} and x_{k+1;0,j} ∼_L x_{k;0,j} and y_{k+1;0,j} ∼_L y_{k;0,j} by Theorem 2.5 (1). Also, x_{α;α,β} can be obtained from x_{β;β,α} by a left {s_2, s_α}-star operation followed by a left {s_2, s_β}-star operation; x_{0;0,j}, y_{0;0,j}, can be obtained from x_{2;0,j}, y_{2;0,j}, respectively by a left {s_0, s_2}-star operation followed by a left {s_2, s_3}-star operation. Hence x_{α;α,β} ∼_L x_{β;β,α} and x_{0;0,j} ∼_L x_{2;0,j} and y_{0;0,j} ∼_L y_{2;0,j} by Theorem 2.5 (1).

When n = 3 and (~ℓ(S_0), ~ℓ(s_n)) = (2, 1), for any z ∈ I := {s_3, s_3s_2, s_3s_2s_3} and {α, β} = {0, 1}, the element x_{α;α,β}z can be obtained from x_{β;β,α}z by a left {s_α, s_2}-star operation followed by a left {s_2, s_β}-star operation.

Note that x_{i;i,n} = y_{i;i,n} for any i ∈ (n − 2]. Let (~ℓ(S_0), ~ℓ(s_n)) = (2, c) be with c ∈ {1, 3}. For any n � 3, define the sets

E^′_n = {x_{i;i,j}, y_i′_{;i}′_{,j}′ , y_{1;1,0} | i < j in (n], i ≠ n − 1; i^′ < j^′ in (n − 1]}.

E_{n,c} = � E^′_n, if (n, c) ≠ (3, 1), E^′_3 ∪ {x_{0;0,1}z | z ∈ I}, if (n, c) = (3, 1).

Assume (~ℓ(S_0), ~ℓ(s_n)) = (2, c) with c ∈ {1, 3}. From the above discussion, for any L ∈ L^′_{n,6,1}, we see that L contains a minimum element in the set E_{n,c} and that for any x ∈ L, there exists a sequence x_0 = x, x_1, ..., x_r in L with some r � 0 such that x_{i−1}x^{−1}_i ∈ S for every i ∈ [r] and x_r ∈ E_{n,c}. The map w → Γ_w gives rise to a bijection from the set E_{n,c}, (n, c) ≠ (3, 1), (respectively, E_{3,1}; L^′_{n,6,2}) to the set of ideals of the digraphs (a)-(c) (respectively, (b), (d); (e)) in Figure 3. We see from the digraphs in Figure 3 that any two different elements in the set E_{n,3} (respectively, E_{n,1} ∪ L^′_{n,6,2}) have different right generalized τ-invariants and hence belong to different left cells of ~B_n by Lemma 2.8. This implies that any L ∈ L^′_{n,6,i}, i ∈ {1, 2}, is left-connected, (1) follows.

Hence (2)-(3) follows just by enumerating the sets E_{n,c} and L^′_{n,6,2}. □

(a) (b)

(c) (d)

Figure 4.

where k ∈ (n − 4] in (a); n > 4 in (a)-(b); {α, β} = {0, 1} and n = 4 in (c)-(d). 3.6. Now assume (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and n � 4. Let L^{′′}_{n,6} be the set of all left cells L of ~B_n with L ∩ L^{′′}_{n,6} ≠ ∅. If n > 4 then any L ∈ L^{′′}_{n,6} contains some w ∈ L^{′′}_{n,6} with Γ_w either the digraph (a) or an ideal of the digraph (b) in Figure 4, where Γ_w contains n −→ n − 1 −→ n as its sub-digraph. If n = 4 then any L ∈ L^{′′}_{n,6} contains some w ∈ L^{′′}_{n,6} with Γ_w an ideal of one of the digraphs (c)-(d) in Figure 4, where Γ_w contains 4 −→ 3 −→ 4 as its sub-digraph.

Lemma 3.7. When (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and n � 4, let l^{′′}_{n,6} = |L^{′′}_{n,6}|. Then l^{′′}_{n,6} = � � � n + 1, if n > 4, 16, if n = 4, 0, if n = 3.

Proof. By Lemmas 2.2 and 2.8, this follows by counting the ideals Γ^′ of the digraphs in Figure 4, where Γ^′ contains n −→ n − 1 −→ n as its sub-digraph. □

3.8. Let L_{n,6,j} (respectively, L_{6,1i}) be the set of all left cells L of ~B_n such that L contains some elements in L_{n,6,j} for j ∈ {1, 2, 3} (respectively, in L_{6,1i} for i ∈ {1, 2}). Then any L in L_{6,11} (respectively, L_{6,12}) contains an element w in L_{6,11} (respectively, L_{6,12}) with Γ_w the digraph (a) (respectively, an ideal of the digraph (b)) in Figure 5.

(a) (b)

Figure 5.

where i, j, k in (a) satisfy {s_i, s_j, s_k} ∈ Ξ_1 and n − 1 /∈ {i, j, k}; i, j in (b) satisfy {s_i, s_j, t_{n−1}} ∈ Ξ_1.

Lemma 3.9. Let l_{n,6,1} = |L_{n,6,1}|. Then l_{n,6,1} = 0 unless n > 7. When n > 7, we have

l_{n,6,1} =

�_1 6 n(n − 5)(n − 7), if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1), 1 6 (n − 2)(n − 6)(n − 7), if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3).

Proof. When n � 7, we have L_{n,6,1} = ∅ since Ξ_1 = ∅. Now assume n > 7. Consider a set E = {s_i, s_j, s_k} ∈ Ξ_1. We may assume the node s_j locates between s_i and s_k in the Coxeter graph of ~B_n. Hence j ∈ [4, n − 4]. When s_j is fixed, the number of the choices of the set {s_i, s_k} is (j − 2)(n − 3 − j). This implies that |Ξ_1| =

�_{n−4} j=4 (j − 2)(n − 3 − j) =^1_6 (n − 2)(n − 6)(n − 7). Next consider

E = {s_i, s_j, s_{n−1}} ∈ Ξ_{11}. When s_j is fixed, the number of the choices of s_i is j − 2. So |Ξ_{11}| =

�_{n−4}

j=4 (j − 2) =^1_2 (n − 4)(n − 7).

Any left cell L of ~B_n in L_{n,6,1} contains a unique minimum element (denote it by w_L) by Lemma 2.9. Let L and L^′ be two left cells of ~B_n in L_{n,6,1} with L(w_L) = E and L(w_L′ ) = E^′. If either (~ℓ(S_0), ~ℓ(s_n)) = (2, 3), or (~ℓ(S_0), ~ℓ(s_n)) = (2, 1) and s_{n−1} /∈ E then L = L^′ if and only if E = E^′. On the other hand, if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1) and s_{n−1} ∈ E, then there exist exactly two left cells L satisfying L(w_L) = E (see the digraphs (a) and (b) in Figure 5).

Based on the above observation, we have l_{n,6,1} = |Ξ_1| =^1_6 (n−2)(n−6)(n−7) if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3), and l_{n,6,1} = |Ξ_1|+|Ξ_{11}| =^1_6 n(n−5)(n−7) if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1). □

(a) (a^′) (b)

(b^′) (b^{′′}) (b^{′′′})

(c) (d)

Figure 6 where {α, β} = {0, 1} in (b)-(b^{′′′}); k ∈ [4, n − 3] in (c).

Lemma 3.10. Let l_{n,6,2} = |L_{n,6,2}|. Then l_{3,6,2} = 0 and l_{4,6,2} = 6 and l_{5,6,2} = 2. On the other hand, we have

l_{n,6,2} = � � � 5n − 8, if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and n > 5, 5n + 7, if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1) and n > 6, 66, if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1) and n = 6.

Proof. Any L ∈ L_{n,6,2} has a unique minimum element (denote it by w_L) by Lemma 2.9. The equation l_{3,6,2} = 0 is obvious. Then the equation l_{4,6,2} = 6 (respectively, l_{5,6,2} = 2) holds by the fact that the digraph Γ_w corresponding to any w in L_{4,6,2} (respectively, L_{5,6,2}) is an ideal of the digraph (a^′) (respectively, (a)) in Figure 6. Now assume n > 5 and observe the digraphs in Figure 6. The number l_1 of L ∈ L_{n,6,2} with L(w_L) = {s_0, s_1, s_3} is 2 by counting the ideals of the digraph (a). Let l_2 be the number of L ∈ L_{n,6,2} with L(w_L) ∈ {{s_0, s_3, s_5}, {s_1, s_3, s_5}}. Then l_2 = 20 if either n > 6, or n = 6 and (~ℓ(S_0), ~ℓ(s_6)) = (2, 3) by counting the ideals of the digraph (b), and l_2 = 64 if n = 6 and (~ℓ(S_0), ~ℓ(s_6)) = (2, 1) by counting the ideals of the digraphs (b^′), (b^{′′}), (b^{′′′}) (Note that the repeated ones should be taken off). When n > 6, the number l_3 of L ∈ L_{n,6,2} with L(w_L) ∈ {{s_{k−2}, s_k, s_{k+2}} | k ∈ [4, n−3]} is 5(n−6) if (~ℓ(S_0), ~ℓ(s_6)) = (2, 3) by counting the ideals of the digraph (c) and 5(n−3) if (~ℓ(S_0), ~ℓ(s_6)) = (2, 1) by counting the ideals of the digraphs (c), (d). We have l_{n,6,2} = l_1 + l_2 + l_3. Therefore l_{n,6,2} = 5n − 8 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3). If (~ℓ(S_0), ~ℓ(s_n)) = (2, 1), then l_{6,6,2} = 66 and l_{n,6,2} = 5n + 7 for n > 6. □

Lemma 3.11. Let l_{n,6,3} = |L_{n,6,3}|. Then l_{3,6,3} = l_{4,6,3} = 0. When (~ℓ(S_0), ~ℓ(s_n)) = (2, 3), we have l_{5,6,3} = 3, l_{6,6,3} = 7 and l_{n,6,3} =^1_2 (5n^2 − 35n + 44) if n � 7. When (~ℓ(S_0), ~ℓ(s_n)) = (2, 1), we have l_{5,6,3} = 8, l_{6,6,3} = 13 and l_{n,6,3} =^1_2 (5n^2 −21n−12) if n � 7.

Proof. We see from Figure 7 that l_{3,6,3} = l_{4,6,3} = 0. If n ∈ {5, 6} and if L is a left cell of ~B_n containing some w ∈ L_6 with L(w) ∈ Ξ_3, then the digraph Γ_w must be an ideal of one of the digraphs (c), (g) in Figure 7. This implies that l_{5,6,3} = 3, l_{6,6,3} = 7 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and that l_{5,6,3} = 8, l_{6,6,3} = 13 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1). Now assume n � 7. If (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) then l_{n,6,3} = 2(n − 5)(n − 6) + 6(n − 6) +^1_2 (n − 4)(n + 1) =^1_2 (5n^2 − 35n + 44) by counting the ideals of the digraphs (a)-(c) in Figure 7. If (~ℓ(S_0), ~ℓ(s_n)) = (2, 1) then l_{n,6,3} =^1_2 (5n^2 − 35n + 44) + 6 + 2(n − 7) + 4(n − 5) + n =^1_2 (5n^2 − 21n − 12) by counting the ideals of the digraphs (a)-(g) in Figure 7. □

(a) (b) (c) (d)

(e) (f) (g)

Figure 7 where k ∈ [6, n − 1] in (a); j ∈ (i − 3] ∪ [i + 5, n − 1] and (j, i) ≠ (0, 3) in (b) with i ∈ [2, n − 3] if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and with i ∈ [2, n − 4], j ≠ n − 1 if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1); l ∈ [4, n − 1] in (c); n � 7 in (d); h ∈ [2, n − 6] in (e); p ∈ (n − 6] in (f); {α, β} = {0, 1} in (a) and (d).

When (L(S_0), L(s_n)) = (2, c), c ∈ {1, 3}, denote by m_{2,c}(n, k) the number of left cells L of ~B_n with a(L) = k. Theorem 3.12.

m_{2,1}(n, 6) =

� � � � � � � � �

� n + 2 3 � + (n + 1)^2, if n � 7, 127, if n = 6, 45, if n = 5, 30, if n = 4, 18, if n = 3.

m_{2,3}(n, 6) =

� � � � � � �

� n + 1 3 � + n^2 + 1, if n � 6,

36, if n = 5, 34, if n = 4, 9, if n = 3.

Proof. We have l_{n,6} = l^′_{n,6,1} + l^{′′}_{n,6} +

�_3

i=1 l_{n,6,i} if (~ℓ(S_0), ~ℓ(s_n)) = (2, 3) and l_{n,6} = �_2

j=1 l^′_{n,6,j} +

�_3 i=1 l_{n,6,i} if (~ℓ(S_0), ~ℓ(s_n)) = (2, 1). So our result follows by Lemmas 3.5, 3.7, 3.9, 3.10 and 3.11. □

§4. The numbers m_{2,c}(n, a) for c ∈ {1, 3} and a � 5.

We assume that (L(S_0), L(s_n)) is (2, 1) in 4.1-4.5 and (2, 3) in 4.6-4.10.

4.1. Now we consider the left cells of ~B_n in the set W_{(5)}. Let E = {s_is_js_n, s_ks_{n−1}s_ns_{n−1} | i, j ∈ (n − 2], o(s_is_j) = 2, k ∈ (n − 3]}. By Lemma 2.2, we see that any w ∈ ~B_n is in L_5 if and only if the following conditions hold:

(1) w = z · y for some y ∈ ~B_n and some z ∈ E;

(2) w ≠ x · z · y for any x, y ∈ ~B_n and any z ∈ E with x ≠ 1;

(3) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊂ S with ~ℓ(w_I ) � 6.

Hence the ideals of the following digraphs correspond to the elements in L_5.

(a) (b) (c) (d)

(e) (f)

(g) (h)

(i) (j) (k)

Figure 8.

where i, j ∈ (n − 3] with j − i � 3 and (i, j) ≠ (0, 3) in (a); k ∈ [2, n − 5] in (b); h ∈ (n − 5] in (c); l ∈ [2, n − 3] in (g); {α, β} = {0, 1} in (d), (h)-(k); also, n > 5 in (a)-(e), n = 5 in (i)-(k), n � 5 in (g), n � 4 in (h) and n � 3 in (f). In Figure 8, we see that the number of digraphs is^1_2 (n − 3)(n − 6) in (a); n − 6 in (b); n − 4 in (c), (g); 2 in each of (d), (h), (i), (j), (k); 1 in each of (e), (f). Hence by counting the ideals of the digraphs in Figure 8 (where a considered ideal in any of the digraphs (g), (h) is required to contain the sub-digraph n − 1 −→ n −→ n − 1) and by Lemma 2.9, we get m_{2,1}(n, 5) = � � � � � n^2 + n + 1, if n > 5, 47, if n = 5, 10, if n = 4, 3, if n = 3.

4.2. By Lemma 2.2, any w ∈ ~B_n is in L_4 if and only if the following conditions hold:

(1) w = s_is_j · y for some y ∈ ~B_n and some i, j ∈ (n − 1] with o(s_is_j) = 2; (2) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊆ S with either ~ℓ(w_I ) > 4 or ~ℓ(w_I ) = 4 and x′ ≠ 1.

Observe the digraphs in Figure 9.

(a) (b) (c) (d)

(e) (f)

(g) (h) Figure 9.

where i, j ∈ (n − 2] with j − i � 3 and (i, j) ≠ (0, 3) in (a); h ∈ (n − 4] and n > 4 in (b), (e); k ∈ [2, n − 4] in (c); {α, β} = {0, 1} in (e)-(h); n = 4 in (g)-(h).

When n > 4 (respectively, n = 4; n = 3), each left cell L of ~B_n with a(L) = 4 contains an element w ∈ L_4 with Γ_w an ideal in one of the digraphs (a)-(f) (respectively, (f)-(h); (f)). By Lemma 2.9, we get m_{2,1}(n, 4) = � � � � �

� n + 1 2 � + 2n + 1, if n > 4, 24, if n = 4, 6, if n = 3.

4.3. Let E = {s_ks_n, s_{n−1}s_ns_{n−1} | k ∈ (n − 2]}. Then by Lemma 2.2, any w ∈ ~B_n is in L_3 if and only if the following conditions hold.

(1) w = z · y for some y ∈ ~B_n and some z ∈ E; (2) w ≠ x · z · y for any x, y ∈ ~B_n and any z ∈ E with x ≠ 1; (3) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊆ S with ~ℓ(w_I ) > 3. Observe the digraphs in Figure 10.

(a) (b) (c) (d)

(e) Figure 10.

where i ∈ (n − 3] and n > 3 in (a); {α, β} = {0, 1} in (c)-(e); Γ_w contains n − 1 −→ n −→ n − 1 as its sub-digraph when being an ideal of the digraph (e).

When n > 3 (respectively, n = 3), each left cell L of ~B_n with a(L) = 3 contains an element w ∈ L_3 with Γ_w an ideal of one of the digraphs (a), (b), (e) (respectively, (c)-(e)) in Figure 10. By Lemma 2.9, we get

m_{2,1}(n, 3) = � 2n + 1, if n > 3, 11, if n = 3.

4.4. We see that L_2 = S_0 ∪ {s_{n−1}s_n} is a representative set for the left cells L of ~B_n with a(L) = 2 and that there is a unique left cell L^′ of ~B_n with a(L^′) = 1, where s_n ∈ L^′.

4.5. The results in 4.1-4.4 and in the first part of Theorem 3.12 are summarized in Table 1.

a m_{2,1}(n, a), n>6 m_{2,1}(6, a) m_{2,1}(5, a) m_{2,1}(4, a) m_{2,1}(3, a) 6 �_{n+2} 3 � + (n + 1)^2 127 45 30 18 5 n^2 + n + 1 6^2 + 6 + 1 47 10 3 4 �_{n+1} 2 � + 2n + 1

�_{6+1} 2 � + 2 · 6 + 1

�_{5+1} 2 � + 2 · 5 + 1 24 6 3 2n + 1 2 · 6 + 1 2 · 5 + 1 2 · 4 + 1 11 2 n + 1 6 + 1 5 + 1 4 + 1 3 + 1 1 1 1 1 1 1 Table 1.

4.6. In the remaining part of the section, we assume (~ℓ(S_0), ~ℓ(s_n)) = (2, 3).

Let E = {s_ks_n | k ∈ (n − 2]}. By Lemma 2.2, any w ∈ ~B_n is in L_5 if and only if the following conditions hold.

(1) w = z · y for some y ∈ ~B_n and some z ∈ E; (2) w ≠ x · z · y for any x, y ∈ ~B_n and any z ∈ E with x ≠ 1; (3) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊆ S with ~ℓ(w_I ) > 5. Observe the digraphs in Figure 11.

(a) (b)

(c) (d) (e)

Figure 11.

where k ∈ [2, n − 3] in (a) and {α, β} = {0, 1} in (b), (d)-(e); n = 3 in (d)-(e).

When n > 4 (respectively, n = 4; n = 3), each left cell L of ~B_n with a(L) = 5 contains an element w ∈ L_5 with Γ_w is an ideal of one of the digraphs (a)-(c)

(respectively, (b)-(c); (d)) in Figure 11. By Lemma 2.9, we get

m_{2,3}(n, 5) = � � � � n + 1 2 � + 1, if n > 3, 8, if n = 3.

4.7. Let E = {s_is_j | i, j ∈ (n − 1], o(s_is_j) = 2}. By Lemma 2.2, any w ∈ ~B_n is in L_4 if and only if the following conditions hold.

(1) Either L(w) = {s_i, s_j} ⊆ S_0 with o(s_is_j ) = 2, or w = s_ns_{n−1}s_n; (2) w /∈ {x · y, s_ns_{n−1}s_n · x | x, y ∈ ~B_n, x ≠ 1, L(y) ∈ E}; (3) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊆ S with ~ℓ(w_I ) > 4. Observe the digraphs in Figure 12.

(a) (b) (c)

(d) (e) Figure 12.

where i, j ∈ (n − 1] with j − i � 3 and (i.j) ≠ (0, 3) in (a); k ∈ [2, n − 3] in (b); {α, β} = {0, 1} in (d)-(e); n > 3 in (d).

When n > 4 (respectively, n = 4; n = 3), each left cell L of ~B_n with a(L) = 4 contains an element w ∈ L_4 with Γ_w an ideal of one of the digraphs (a)-(e) (respectively, (c)-(e); (c), (e)) in Figure 12. By Lemma 2.9, we get

m_{2,3}(n, 4) = � � � � n + 2 2 � , if n > 3, 7, if n = 3.

4.8. By Lemma 2.2, any w ∈ ~B_n is in L_3 if and only if the following conditions hold.

(1) L(w) = {s_n};

(2) w ≠ x^′ · w_I · y^′ for any x^′, y^′ ∈ ~B_n and any I ⊆ S with either ~ℓ(w_I ) > 3, or I = {s_n} and x^′ ≠ 1.

Observe the digraph in Figure 13.

Figure 13.

where α ∈ {0, 1}. Each left cell L of ~B_n with a(L) = 3 contains an element w ∈ L_3 with Γ_w an ideal of the digraph in Figure 13. By Lemma 2.9, we get

m_{2,3}(n, 3) = n + 1.

4.9. We see that L_2 = S_0 is a representative set for the left cells L of ~B_n with a(L) = 2 and that there is no left cell L of ~B_n satisfying a(L) = 1. 4.10. The results in 4.6-4.9 and in the second part of Theorem 3.12 are summarized in Table 2.

a m_{2,3}(n, a), n > 5 m_{2,3}(5, a) m_{2,3}(4, a) m_{2,3}(3, a) 6 �_{n+1} 3 � + n^2 + 1 36 34 9 5 �_{n+1} 2 � + 1 �_6 2 � + 1 �_5 2 � + 1 8 4 �_{n+2} 2 � �_7 2 � �_6 2 � 7 3 n + 1 6 5 4 2 n 5 4 3 1 0 0 0 0

Table 2.

References

1. T. Asai et al., Open problems in algebraic groups, Problems from the conference on algebraic groups and representations held at Katata (Ryoshi Hotta (ed.)), August 29–September 3, 1983.

2. K. Bremke, On generalized cells in affine Weyl groups, J. Algebra 191 (1997), 149-173. 3. J. Guilhot, Kazhdan-Lusztig cells in the affine Weyl groups of rank 2, International Mathematics Research Notices 17 (2010), 3422-3462.

4. D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent.

Math. 53 (1979), 165–184.

Left cells of the weighted Coxeter group (^eBn,^eℓ) 27

5. G. Lusztig, Left cells in Weyl groups, In “Lie Group Representation I ”, LNM 1024, Springer- Verlag, Berlin, 1984, pp. 99-111.

6. G. Lusztig, Hecke algebras with unequal parameters, CRM Monograph Series, vol. 18, AMS, USA, 2003.

7. J. Y. Shi, Left cells in affine Weyl groups, Tohoku J. Math. 46(1) (1994), 105-124. 8. J. Y. Shi, Left-connectedness of some left cells in certain Coxeter groups of simply-laced type, J. Algebra 319(6) (2008), 2410–2433.

9. J. Y. Shi, A new algorithm for finding an l.c.r. set in certain two-sided cells, Pacific J. Math.

256(1) (2012), 235–252.

10. J. Y. Shi, The cells of the affine Weyl group eC_n in a certain quasi-split case, preprint.