2
=

&

o5 IOk Selbine/ el

wr S (SVD)

4 8=
5.1 [Widigr4d
5.2 Householder 284l Givens 5t
5.3 QR /i@
5.4 SR
5.5 Selkive FemlBr R ig ik
5.6 Hsiosy
5.7 1595 SIS ALR]R
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CLEVE'S

CORNER

Professor SVD BY CLEVE MOLER

Stanford computer science professor Gene Golub has done more than anyone to
make the singular value decomposition one of the most powerful and widely used

fools in modemn matrix computation.

Gene Golub

Popularized numerical computing with
matrices via the informal “Golub thesis”™

APR CALIFORNIR fa2008)

PROF SVD

Gene Golub’s license plate, phofographed by Professor P M. Kroonenberg of Leiden University.

“anything worth computing can be
stated as a matrix problem”

THE $25,000,000,000° EIGENVECTOR
THE LINEAR ALGEBRA BEHIND GOOGLE

KURT BRYAN' AND TANYA LEISE!

William Kahan

Formalized IEEE-754 floating point arithmetic.

Make it possible to compute with probabiltties
as 'real numbers” instead of discrete counts.
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0-8-1 | % 5atit5% Ao

WL 5.1 R AeC™" (m>n), MELABERE U c C™™ Fo V e C" {47

¥
U*AV = v,

by
| % a-v
0

K+ 3 = diag(oy,09,...,0,) € R H

KRR (5.1) A A B ENR (SVD), @ o1, 00,...,0, WA A 75

(5.1)

£ R A R™ " B4R, N U, V tART AR LR

§ http://math.ecnu.edu.cn/~jypan
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Ay e SRR

¥ 0
0

= | A*A=VE*SV*, AA*=U U*

§http://math.ecnu.edu.cn/~jypan 5/12



Ay e SRR

XX 0
0

V* | = | A*A=VIZ'SVY, A4 =U U*

A AT SRS A" A TR T iR

§http://math.ecnu.edu.cn/~Jypan 5/12



Ay e SRR

XX 0
0

V* | = | A*A=VIZ'SVY, A4 =U U*

A 2SR A A YRR -5 .

B W AAT 5 A A ATA I AR BT, RS ML T DS AA A R A S
B 2 rank(A) = r < n, WA IR SRS TARREIPR)

012092 +20p>0p41 = =0p,=0.

W e, W rank(A) = n, W25 FAEAD R IER, B IR f HiEE S 4625 5.

§http://math.ecnu.edu.cn/~Jypan 5/12



2
1
=
2

v* —| AVv=U E, AU = [2,0]V

Avizaiui, i:1,2,...,n,
A*ui = 04V, 1= 1,2,...,??,,

A'u; =0, i=n+1,n+2,...,m.

B B U = w1, o, um] BOFIFTRRRA A B0 28 S b
B BBV = (01,0, .., vn] MIBIFTERR A BOATZE SRl

§http://math.ecnu.edu.cn/~Jypan 6/12



%Ky SVD

Y " "

*

A=lut,... up) [0 [v1,..., 00" = or1urv] + o2ugvs + -+ + opunYL = E oUi;
i=1

§http://math.ecnu.edu.cn/~jypan 7/12



%Ky SVD

b « "

* * * *

A= [ul, ... ,um] [0 [vl, .. ,vn] = 01U1V] + O2U2Vy + - - - + OpURY,, = g iU V;
i=1

B0 Un = [ur, w1 € C50 ) Uy, S BAREBIE ZEHE R (B U2 Uy = L), HL

A=UXV* (5.2)

XS 4l SVD (thin SVD ) § KBy SVD (reduced SVD).

“ A BSCHEREE (5.2) BROA AT B iR

§http://math.ecnu.edu.cn/~Jypan 7/12



W SvD
B Bk < n, A
Ay = o1urv] + oqugvy +

A A iy W1 SVD (truncated SVD )

& http://math.ecnu.edu.cn/~jypan

k

ot oRuRYyL = Z iUV

i=1
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#Wr SvD
k<, RATHR
k
Ay = o1uiv] + o2ugvy + - - + opuRYy = Z iUV
i=1
A A iy W1 SVD (truncated SVD )
W rank(A) =r <n, MW o; =0,i=r+1,...,n, Ji}

,
A=A, = E o}
=1

§http://math.ecnu.edu.Cn/~Jypan 8/12



#Wr SVD

% Bk < n, AT

k
Ay = o1uiv] + o2ugvy + - - + opuRYy = Zaiuw;‘
i=1
A A iy W1 SVD (truncated SVD )

W rank(A) =r <n, MW o; =0,i=r+1,...,n, Jlif

r
A= Ar = E aiuiv;‘.
i=1

Bl SVD LEARAkE I Hh A 7 A B A

§http://math.ecnu.edu.cn/~jypan 8/12



Al SR

© THAE R 2- YR AR B

© MR BMER (numerical rank)

© SRR/ — A

© HERE AR B BRI

© ERALBE, AR, ERA AT, Bl #r, ..

§http://math.ecnu.edu.cn/~Jypan 9/12



9-8-2 | 25k R

T 5.2 £ A=U

0
(1) A*A BBAEER of, % EMBEAER v,

b))
V* & AeCm™ ™ (m>n) 4 A{EASMR, N T @LbmL:

i=1,2,...,n;

(2) AA* BUHAEER o Foom —n AR, St RMABFEOER u;, i =1,2,...,m;

3) [l = o1} | I1AllF = /o2 + 03 + -+ 2 |

(4) (BREMR) & X € C™™ fo Y € C¥n 2 HEM, N

AP 5.3 F A HFRE, M ka(A) = 01/0,]

& http://math.ecnu.edu.cn/~jypan

?

0i(X*AY) = 0i(4) |
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SVD 112w H: (KR Ut

k
L 5.4 FH A=U,SV* & Ae C™" Y SVD. 4 Ay = Y ouuvf, M A &

=1

min |A — Bl|2 (5.3)
BeCmxn rank(B)=k
ﬁ{]——/l\ﬁgy ﬂ

”A — AkHQ = Ok+1-
SuBt, HAVHE A), & A 8 — Aok IEIE

§http://math.ecnu.edu.cn/~jypan 11/12



SVD 112w H: (KR Ut

k
L 5.4 FH A=U,SV* & Ae C™" Y SVD. 4 Ay = Y ouuvf, M A &

=1

min I|A — Bl|2 (5.3)
BeCmxn, rank(B)=k

H—ANf, B

”A — AkHZ = Ok+1-
BBt HAVHE A), & A 8 — Aok GEIE

“ sEP g (5.3) RATAKE A

min HA Bll2
BeCmxn, rank(B)<

§http://math.ecnu.edu.cn/~Jypan 11/12
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