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CLEVE’S

CORNER

PI‘OfESSOI‘ SVD BY CLEVE MOLER

Stanford computer science professor Gene Golub has done more than anyone to
make the singular value decomposition one of the most powerful and widely used

tools in modern matrix computation.

Gene Golub

Popularized numerical computing with
matrices via the informal *Golub thesis”

“anything worth computing can be
stated as a matrix problem”

THE $25,000,000,000° EIGENVECTOR
THE LINEAR ALGEBRA BEHIND GOOGLE

KURT BRYAN' AND TANYA LEISE?

William Kahan

Formalized IEEE-754 floating point arithmetic.

Make it possible to compute with probabiiities
as 'real numbers” instead of discrete counts.

Gene Golub’s license plate, photographed by Professor P M. Kroonenberg of Leiden University.
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SVD
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A a9 A e o i
T (SVD) % A€ C™ " (m>n), MEABEER Uc Cmm Fo Ve Cn {47
H A=U

by
0

He sziag(Ul,UQ,...,Un) ER"XH, H
012>022>...20,2>0.

o (3.1) A A st AN R (SVD), @ 01,09,...,0, MARA A t4airi.

(4 F)
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A a9 A e o i
P (SVD) & A€ C™ (m>n), MELBER Uc C™ Fo Ve Cn {43
H A=U

hM
WAV! Vv, (3.1)
0

£d ¥ = diag(oy,09,...,0,) € R™" H
o1>09>...>0,>0.
AfR (3.1) #A A AFHENR (SVD ), @ o1, 00,...,0, MNARA A 455
(&)

v AR A e R™M RUHERE, W] U, V kel R SR
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H (3.1) AIAl
Y0
0 0

A*A = VSV, AA* = U[ U*.

A 07,03, ... 00 & A*A R AA* WIRFAEM.
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H (3.1) AIAl
Y0
0 0

A*A = VSV, AA* = U[ U*.

A 07,03, ... 00 & A*A R AA* WIRFAEM.

A WAL A* A BRI TR
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H (3.1) AIAl
Y0
0 0

A*A = VSV, AA* = U[ U*.

A 07,03, ... 00 & A*A R AA* WIRFAEM.

A WAL A* A BRI TR

# rank(A) = r < n, WA

012022 20p>0p41 = =0,=0.

K, Q2R rank(A) = n, WA RERRIER, BLRX AR 2 55 R

E http://math.ecnu.edu.cn/~jypan
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s |

MERE U= [ur, ug, ..., up] 1 V=1[v1,02,...,v,) BIFIFAEGHIFEHR A B 5m
A A SR, BIEER RN

Av,=ozu;, 1=1,2,...,mn,
* .
Auizaivi, 2—1,2,...,’/L,

A*u; =0, i=n+1,n+2,...,m
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| % SVD |

n

A= Unxm Vi n = O1ULV] + 02UV + « -+ + OpUp V), = E OU;
0 —
=1
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[ SVD |

n
A= Unxm Vi = 01U V] + 02UV + + -+ + OpUp V), = E OU;

=1

W Un = [ur, ug, ..., ug] € C™ W] Uy, RBANFIERZERE (B Uy, U, = Lixn), H
A= UV (3.2)

XHLRFTEIAN SVD (thin SVD ) 8 BBy SVD (reduced SVD ).

AT BSCIRKE (3.2) B84 35 A5 i
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|| 7 SVD |
W k< n, AR
k
A = o1w v + o2upVs + - - - + OpUuRYE = Zaiuivf
=1

A W SVD (truncated SVD ).
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2SR R
o PHEAMES

o PHELARE RS

o PHELAMERHER (numerical rank)
o KAREN " TiE

o [T, SRR

o FPERI R

© ERABH, BARAH
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A S A PRI

ERL R A=U VR AEC™M (m>n) B4 RAAN M, BT @& bR L

(1) A*A BHFAEEAR o?, A BHHEAETRE v, i=1,2,...,

(2) AA* AHFAEAER oF Fo m—n AR, ST RAFERER u;, i=1,2,.
(3)

(4)

3) [[Alle = o1, |AllF = \/0'1 —|—o'2 +"'+0’?L;

4) # rank(4) =r < n, N
Ran(A) = span{uy, ug, ..., ur}, Ker(A) = span{vm 1, vrt2,...,Un};

(5) K zeC™ & ||zl =1, M o, < ||Azl|2 < 0713

6) (BARZH) & X C™™ f VO REMEE, M o X AY) = 04(A).

(GEYA G 4E 47 )
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A ST (2%)

THL Z A=USV* £ AecC" ¥ A4, N FTELHHRL

(1) |det(A)| = o102+ 0op;

(2) F AEFHA N A2 =0, k2(A) = 01 /0w

(3) &% A & Hermite #1, B A = UAU* & A 4BEHFEELIM, B U'U = |,
A =diag( A1, A2, ..oy An). BN > | Ag| > > [ Ap], M A= USV R A 844
AERR, HF oy = |\, v; = sign(\)ug, F N =0, BB v; = uy;

0 4 Z.
(4) %M H = MBI A to, HEMEERERES — | |
A 0 V2 | 44
(A € O™ B e £ 425 it)
(GESA @4 )
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Bl o FF AL MR T 40, SEME 0 S HIRE T RARF AAfe R F A A LA
A4, EEHHEEHMEEAARAELBEXRR?

o RAEME A HARIEZ, W HE 4 Bk R R RAFAEAE G R 4F AR 0 PRAE.

B, stTF—MeG4ERE, NEAZIANRR. 4T @e4E%:

A: ". : eRan

B ARARE L, PREZARSLE L HEAO

D fe A P RARAEARGE 1, AL S A AR MAEGEARGE KAtkE T K]
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n ‘ 10 20 30 40 50 60 70 80

HQ(A)‘G.?)G—FOI 7.6e+03 6.8e+05 5.3e+07 3.9e+09 2.7e+11 1.8e+13 1.2e+15

b, E AR AT

—
ot

1.52 1.572]
L5
2

— Nl

— N m‘~
—
o
[ V]

— Nl
—- .
— r
= Nl M‘m I\J‘

B, k1(A) Fl koo (A) ARIERERREEEL n IHERREL
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SVD HyE R ARAkIE

TH Z A=U2SV" & Ac C™" thmFFAai. 45

min HA B||2
BeC™xn, rank(B)

#— AN, B

| A — All2 = opr1-

SuBt, BAER A & A B— APk kaE T

ﬁ http://math.ecnu.edu.cn/~jypan

k
Ap= > ol W Ay &

=1

(3.3)

(4 $)
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“ A (3.3) Rt LSS K
min A= B2
BeCm*n, rank(B)<k
# XFF Frobenius 8%k, ATHRMMLE L.

# E rank(A) = 1< n, W 03 =0, i=1+1,...,n BRI

l
A= ZUiui’l);'f = Al.
=1
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