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AT N B Predictions for scientific computing 50 years from now, by N. Trefethen in 2000.

¢ Before 1940

Newton’s method

Gaussian elimination

Gauss quadrature

Least-squares fitting

Adams and Runge-Kutta formulas
Richardson extrapolation

* 1940 - 1970

— Floating point arithmetic
— Fortran
— Finite differences
— Finite elements
— Simplex algorithm
— Monte Carlo
— Orthogonal linear algebra
— Splines
- FFT
¢ 1970 - 2000
— Quasi-Newton iterations
— Adaptivity
— Stiff ODE solvers
— Software libraries
— MATLAB
— Multigrid
— Sparse and iterative linear algebra
— Spectral methods
— Interior point method
— Wavelets

* 2000 —
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— Multipole methods

— Breakthroughs in preconditioners, spectral methods, time stepping for PDE

C.1.1 Bffisrpres g g

X B Trefechen HEXAY 13 fRie SCHIELA 3%
(W, Classic Papers in Numerical Analysis, by N. Trefethen, 1993)

(1) Cooley & Tukey (1965) — the Fast Fourier Transform
James W. Cooley and John W. Tukey, “An algorithm for the machine calculation of complex Fourier series,”
Mathematics of Computation, 19 (1965), 297-301.

(2) Courant, Friedrichs & Lewy (1928) —  finite difference methods for PDE
R. Courant, K. O. Friedrichs and H. Lewy, “Ueber die partiellen Differenzengleichungen der mathema-
tischen Physik,” Mathematische Annalen, 100 (1928), 32-74. Translated as: “On the partial difference
equations of mathematical physics,” IBM Journal of Resarch and Development, 11 (1967), 215-234.

(3) Householder (1958) — QR factorization of matrices
A. S. Householder, “Unitary triangularization of a nonsymmetric matrix,” Journal of the Association of
Computing Machinery, 5 (1958), 339-342.

(4) Curtiss & Hirschfelder (1952) —  stiffness of ODEs; BD formulas
C. E Curtiss and ]J. O. Hirschfelder, “Integration of stiff equations,” Proceedings of the National Academy
of Sciences, 38 (1952), 235-243.

(5) deBoor (1972) —  calculations with B-splines
C. de Boor, “On calculating with B-splines,” Journal of Approximation Theory, 6 (1972), 50-62.

(6) Courant (1943) — finite element methods for PDE
R. Courant, “Variational methods for the solution of problems of equilibrium and vibrations,” Bulletin of
the American Mathematical Society, 49 (1943), 1-23.

(7) Golub & Kahan (1965) — the singular value decomposition
G. Golub and W. Kahan, “Calculating the singular values and pseudo-inverse of a matrix,” SIAM Journal
on Numerical Analysis, 2 (1965), 205-224.

(8) Brandt (1977) — multigrid algorithms
A. Brandt, “Multi-level adaptive solutions to boundary-value problems,” Mathematics of Computation,
31 (1977), 333-390.

(9) Hestenes & Stiefel (1952) —  the conjugate gradient iteration
Magnus R. Hestenes and Eduard Stiefel, “Methods of conjugate gradients for solving linear systems,” Jour-
nal of Research of the National Bureau of Standards, 49 (1952), 409—436.

(10) Fletcher & Powell (1963) —  optimization via quasi-Newton updates
R. Fletcher and M. J. D. Powell, “A rapidly convergent descent method for minimization,” Computer
Journal, 6 (1963), 163-168.
(11) Wanner, Hairer & Norsett (1978) —  order stars and applications to ODE

G. Wanner, E. Hairer and S. P. Norsett, “Order stars and stability theorems,” BIT, 18 (1974), 475-489.


http://people.maths.ox.ac.uk/trefethen/classic_papers.txt
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(12) Karmarkar (1984) — interior point methods for linear programming

N. Karmarkar, “A new polynomial-time algorithm for linear programming,” Combinatorica, 4 (1984),
373-395.

(13) Greengard & Rokhlin (1987) — multipole methods for particles
L. Greengard and V. Rokhlin, “A fast algorithm for particle simulations,” Journal of Computational Physics,
72 (1987), 325-348.

C.1.2 Longer list of papers

—MER AT 218 AN FR (N. Trefethen, 1993)
+ LINEAR ALGEBRA — SYSTEMS OF EQUATIONS AND LEAST-SQUARES

Frankel (1950) optimal omega for SOR iteration

Hestenes & Stiefel (1952) the conjugate gradient iteration

Young (1954) theory of classical iterative methods

Householder (1958) QR decomposition

Wilkinson (1961) error analysis for systems of eqs.

Golub (1965) least-squares problems

Strassen (1969) Gaussian elimination is not optimal

George (1973) nested dissection

Gill, Golub, Murray & Saunders (1974) updating matrix factorizations
Concus, Golub & O’Leary (1976) preconditioned conjugate gradients
Meijerink & van der Vorst (1977) incomplete LU preconditioning
Skeel (1980) iterative refinement and stability

Saad & Schultz (1986) GMRES for nonsymmetric systems

e LINEAR ALGEBRA - EIGENVALUES AND SVD

Jacobi (1846) Jacobi’s method for matrix eigenvalues
Henrici (1958) convergence of the Jacobi method
Rutishauser (1958) the LR algorithm

Kublanovskaya (1961) the QR algorithm

Francis (1961) the QR algorithm

Golub & Kahan (1965) computation of the SVD

Moler & Stewart (1973) QZ algorithm for gend eigenvalues
Cuppen (1981) divide and conquer for eigenvalues

e OPTIMIZATION

Dantzig (1951) simplex method for linear programming

Davidon (1959) variable metric methods

Fletcher & Powell (1963) DFP quasi-Newton update formula

Broyden, Fletcher, Goldfarb & Shanno (1970) BFGS quasi-Newton update formula

Karmarkar (1984) interior pt methods for linear prog.



- 280 - Bk C mTEREHH S — Bl B a0 41

¢ INTEGRATION
— Golub & Welsch (1969) Gauss quadrature rules
— de Boor (1971) adaptive quadrature algorithms
¢ APPROXIMATION

Remes (1934) Remes algorithm for Chebyshev approx.
Schoenberg (1946) splines
Powell (1967) near-optimality of Chebyshev interp.

Reinsch (1967) smoothing with splines
Cox (1972) calculation with B-splines

de Boor (1972) calculation with B-splines
* OTHER

— Aitken (1932) Aitken extrapolation

— Cooley & Tukey (1965) the fast Fourier transform

— Greengard & Rokhlin (1987) fast multipole methods
* ODEs

Curtiss & Hirschfelder (1952) stiffness and BD formulas

Dahlquist (1956) stability and convergence
Dahlquist (1963) A-stability
Butcher (1965) Runge-Kutta methods
Gear (1969) stiff ODEs
— Wanner, Hairer & Norsett (1978) order stars and stability theorems
e ELLIPTIC PDEs
— Peaceman & Rachford (1955) ADI
Douglas (1955) ADI
Strang (1971 or 1973) finite elements and approx. theory

Buzbee, Golub & Nielsen (1970) fast Poisson via cyclic reduction
Hockney (1965) fast Poisson via FFT
Fedorenko (1961) multigrid methods
Brandt (1977) multigrid methods
¢ PARABOLIC AND HYPERBOLIC PDEs
— Courant, Friedrichs & Lewy (1928) the CFL condition
— Crank & Nicolson (1947) finite differences for parabolic PDE

— O’Brien, Hyman & Kaplan (1951) Von Neumann stability analysis

— Lax & Richtmyer (1956) general stability theory

— Lax & Wendroft (1960,1962,1964) methods for solving conservation laws
— Kreiss (1962) more general stability theory

— Orszag (1971) spectral methods

— Kreiss & Oliger (1972) spectral methods



C.2 HHPBR R e - 281 -

— Gustafsson, Kreiss & Sundstrom (1972) stability of boundary conditions
— Chorin (1973) vortex methods for CFD
— Engquist & Majda (1977) absorbing boundary conditions

C.2 MiFFisTImSE%E
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C.3 Biide BRI

BLAS, LAPACK, ARPACK J& M i (A 15 ih I 75 A2 e i A BL U, P 2Rl A AR 5 T
IXEEFEYFE, WIZE 44 19 MATLAB.

C.3.1 BLAS

BLAS (Basic Linear Algebra Subprograms) J&—4H 5 Jit it 9T F2 )7, F T SEBLEAR g 1) et RN RIS 55
FBAR) AT 1979 4F. 78 BLAS ', BT 1Y TR AR A O AL LA DR e s e, R, By s
FITE A AR AR ML, LA T4

KL, % ZAT— E 5] BLAS SRANLFITF & A O MR . SRS, AT A%
T A 1, T ELE T G — B I 1. fe s PERE T U, BLAS # 2 (1. & ¥ 9E H] BLAS
TR, AT LIRS s e U TERE.

FIil BLAS PEA Z ORI AL 52 8L, 41 BLAS, Goto BLAS, ATLAS 4. 4% & PERg, 4 4AE1F) 1
HRZH ™ i ) BLAS 2 H SE A T FEALAL.
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7E BLAS 1, Ji] 5 FEFRZ BRI = A2, B2 (Level 1) BLAS 2 f8bRi 5 [l i, (7] 5 517
HZ B 5 TJRIK (Level 2) BLAS JE4RHFF 5 0] S Az 8. 2R —JZW (Level 3) BLAS 48R4 S
MR Z [ )is 5.

BLAS 11k http://www.netlib.org/blas/.

C.3.2 LAPACK

LAPACK (Linear Algebra PACKage) JE 3£ E Tennessee K&, NN R Berkeley IR, BB hi L KeF
FH# /3T NAG (Numerical Algorithms Group) A Rk G IF & LA PR . T THEA F] = PERE
RIS E s RORFRBUEZ M ARUR R, 5 ToRR 75 TR TR i o I B B 1155
()R, ANy AR, 2k die/ N el i, AL (LR R, A7 S {8 ) R4

LAPACK F T4 http://www.netlib.org/lapack/

C.3.3 ARPACK

ARPACK (Arnoldi PACKage) J& Hi Rice K27, F TR R MR AE(A ). 124 EHE T Implic-
itly Restarted Arnoldi 5512, JE ¥ 38 G K A K HRUH AL 3235 44) AR PR 1 R a1 ) A
ARPACK T4 http://www.caam.rice.edu/software/ARPACK/

C3.4 HE

C++ f4 514 GiNaC : http://www.ginac.de/

C++ LM EUE Eigen : http://eigen.tuxfamily.org/

Cr+ ZMEAREUFE Armadillo : http://arma.sourceforge.net/

2N RO B2 MPIR (Multiple Precision Integers and Rationals): http://www.mpir.org/

C.4 ZRHAEEHIF
AN FS (38 BB AT
MATLAB, Maple, Mathematica, Sage.
Hoh MATLAB 284 D RE AR Y, 1M Maple F1 Mathematica WE4F S0 P AR E . 1% =4

R ARPE, 1T ELINHSATE. Sage WIJE 2005 AEHTIT & R BIT IR S B B e, A bRt &t —A4>
A5 189 A IR LI MATLAB, Maple Fll Mathematica.

RPN Z A 41, W LAS 5 AT, SO EAASEBTRL 4 [42].


http://www.netlib.org/blas/
http://www.netlib.org/lapack/
http://www.caam.rice.edu/software/ARPACK/
http://www.ginac.de/
http://eigen.tuxfamily.org/
http://arma.sourceforge.net/
http://www.mpir.org/
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C.4.1 MATLAB

MATLAB J2 H1 3¢ [ Mathworks 23 7 FF & (RFA B0, SE8UEITTE,
i T AR sE BARR P T — 5, SRR A R AR Z R
GURFRAL T —Fh TR 5, R P T 1 gedE3c AR
JPR T (W C. Portran) M2, f3 T 244 BBREHE A1)
SEREKE

MATLAB i T 20 that-LH4EROR. BHER S5 5 8F R HE LR
FRFEAEM Cleve Moler #i#%, TE45 A PR AMEERFENS, S T 45774 |
PLERAEIT O, W A g 0 4H, %45 7 —41 LINPACK 1 EISPACK F&f¢ MATLAB
E:FE/‘J «E,ﬁ%%};ﬁ» E‘ﬁ%?% 1, #ﬁ% ﬂ‘j MATLAB, El] MATrix LABoratory. The Language of Technical Computing

JUAE)S, T2 John Little 5 Moler, Steve Bangert —#2FF & 145 — X MATLAB, iff W% H C &
FoE, BRI NEETTH DI RESN, i TR TR IEE, T T 1984 4F ST Mathworks 23 F, #fE
S — Al MATLAB.

MATLAB DA 805 B 40 JUAE, s DAL R AP AR et Flis 7 T bk, AR Sz 006, 1)1 20 g Ju
TAEAR, FEE PR EBCE RN A, MATLAB FEEUE 57 T o % k.

TERRIE R B i an HE, BORSETE, H s, B S A0, B S5 805 es, i alea) 2,
ARG BAFRRE R 2R MATLAB /AN ZS. X JUFAL T L HAERERHE 5 TH AR5 9 DX
PEFRAR. FEARHL, MATLAB 2B R 22 AE, B2, A i AR A AR T .

BLLER) MATLAB 32 24055 MATLAB Al Simulink iRy, LKA R T HAS. BAFEEHPIK,
FELVEAE AT . S UA H AR RT3 32 22 55 T LAPACK #2271

MATLAB M FEZM0H (1) AU TG MgmfEErss; 2) Mg HMRITIE S 3) Rkt
BRI AL FERE 15 (4) AR IEITIRE, L (5) SERMRBR P D A M6, IRz KR TAE
HHIXGH.

MATLAB E J7 £ 7~ http://www.mathworks. com

C.4.2 Mathematica

Mathematica f&—#XF 5 T E M, J2E Wolfram Research 2 7]
TR, IRUEE G TSR, BHETHR, BIIE RS, Stk s, SOR
w5, it oo, e S
HIRCFIRAEZ —, 5 MATLAB Fl Maple J-FR = RECHRAE.

Mathematica F 1988 A& Afi LAk, € £t tifa] £E A} H 1w Sk
BB E TIHRZI . AT 13, Mathematica f9 & b5 %5 IR T 19 F 4. Mathematica
(A A — AN BTN GE — I iR i — N BB T TRHEO RS A U R R S, L — i
G Z A e B — R AT 518 S, XA 5 RRUUTR D i S A TR il )z )
A, W R . XAEAEIT R EIE RS —IK. 24 Mathematica W& AN, 41204 5 3A:
PRI F LA AT 2007, BRI, Bk 8 T30 Mathematica 1724 24 4F H KR E 2™ 0. 7ERHY
FL, Mathematica #2580 RE AN S R AY A .
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Mathematica 73 H Wi INAZAIHTSG. WAL S ST AR E T, JF HOR M 45 2R, Ripsmdefit 17—
GUI, A3l LRI H gl — A “SEiCA SO, R EiCA SR il U & P AU A e s e
SUA, A3, BB, ek, P e, I HSCRpn iSO A BEERE. A i o 2 S G0 mT e a3 A il
A S H AT LA T A

SCR AT U2 OB A T2 R A Ak B, oA Ao 0 SO ) G0 1. SOt n] AN ML THT B
A BT AT EICA S HNERILL Mathematica 2k A2, I BT A Mathematica 2
FetAT I, gmi ek, 11 Hd AT AR A e g 2, Heln BIEX 804 XML.

A R — LU RE, AR PRI, M A aith e, AEnEAE A%, BIAMEL T, Mathematica
i H— R o, WA H e hTom el fEk £, AP, Mathematica 45— 24719 (Mathematica
Kernel).

Mathematica BB J7 F TN http://www.wolfram.com

C.4.3 Maple

Maple 2 F B 5 |- f5 308 PR RO R0 P T R e 2 1
B AR U AT IS, LU S50, A BOE R 2 M I ft
FR. Maple ) 1z Huh I FRMF, TRMZAF UK. Maple R4 al] BSO

RO, TR R TS, BRI IR SOl Mathematics - Modeling - Simulation

EROOIREILT B RO, IRy, B, ek
RO, LR AR, FIRR TR, S5t 30 RS

Maple Fe#] ISR ER 5 K241 Symbolic Computation Group T 1980 -7 4. 1988 4F- A7, Water-
loo Maple 22 A, 11537 Maple B FLIZE .

Maple AMUGZGufE T H, BHREFRALECEFITN. F st Maple 7] L7E B — [ BRI Hh 58 B 22 Gt
BRI B, A5 0158, BUATHE, BP0, iR, BakIrk, SN T iS4 DRe, W2 4512
F L

Maple [)'E 7 K http://www.maplesoft.com

C.4.4 Sage

Sage (LFKH SageMath) f&—ET GPL PMI T IREC - 4. 5 E
‘EAE T Python VE 38 FH4E 11, 44 BUA 10V 2R S 7 — i, m
g — g —mtETr S,
Sage 55— ANMUA B AR T 2005 4, AR K 2% William Stein %40 F T & HAH 7 /& “Creating a

viable free open source alternative to Magma, Maple, Mathematica and Matlab”.

Sage A Linux fil MacOS AR, 7£ Windows 0] LA 4L Linux FREERSEER. AN AP o n] DL i
W e B AR .

Sage HJ'H 77 1K www . sagemath.org, A H ST AT TFME, http://www. sagemath.org/zh/.



http://www.wolfram.com
http://www.maplesoft.com
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C.5 MR

HPC (High-Performance Computing, i PERETTH): 4B T 0T AHAT I FAE 55, HAT 0 T1E 55 (Rl
FRAREE, I Z B g4, MR A HE T OpenPBS, Torque, Slurm

HTC (High-Throughput Computing, i#F i 15): 208 AT LIOFAT B9 7L 55, (Ha8 D TAE 51
BEIRIBEA AT A KHR. ARV A BT HTCondor

RSB LES: https://en.m.wikipedia.org/wiki/Comparison_of cluster software
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