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ABSTRACT. In this paper, we will construct a canonical resolution of double
coverings of foliated surfaces and provide a concrete formula of c?, co2,x of the
double foliated surface. During the computation, we also derive a theorem
about the Zariski decomposition of an adjoint divisor of type K + A, which
generalizes McQuillan’s theorem in the case that A = 0. Then we prove the
slope of double foliated surfaces of general type is at least 4 if the original
foliation satisfies c% > 4y and the ramification divisor avoids the set of saddle-
nodes. In the last section, we will give some examples of transcendental double
foliated surfaces with slope %

1. INTRODUCTION

A foliated surface is a pair (X, F) consisting of a smooth projective surface X
and a (holomorphic) foliation F. A holomorphic foliation F on a smooth projective
surface X can be defined by a differential equation of first order a = 0, where « is
a non-zero rational 1-form. We say F is algebraic if the different equation admits a
rational first integral, otherwise, we say F is transcendental. In 1891, Poincaré in
[15, 16, 17], studied the following problem:

Problem 1.1 (Poincaré). Is it possible to decide if a differential equation a = 0 is
algebraic ?

A similar problem was proposed by Painlevé [14], which is as follow:

Problem 1.2 (Painlevé). Is it possible to decide if a differential equation o = 0
has a rational first integral of a given genus g ?

Lins-Neto [13] showed that the genus is not an invariant of differential equations,
by constructing counterexamples.

On the other hand, several invariants of fibrations can be generalized to foliations.
For example, the minimal models (Seidenberg [18], Brunella [4]), canonical divisor
Kz, pluri-canonical genera p,, (F), Kodaira dimension x(F), and numerical Kodaira
dimension v(F) (McQuillan [11] and Mendes [9]), Chern numbers ¢3(F), co(F) and
X(F) = & (A(F) + c2(F)) (Tan [19]). For a foliation F of general type, c3(F)
and x(F) are positive. Moreover, Tan [19] proved that F is of general type iff
c3(F) > 0. So we can define the slope of F as
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From the Noether’s equality, we have 0 < A(F) < 12. For an algebraic foliation F,
i.e., a fibration, Xiao [20] proved

-t am <
g

Here the lower bound is attained only for hyerelliptic fibrations, as proved by Konno
[7]. Typically, the method of double coverings is useful for studying algebraic
surfaces of general type. For example, Gang Xiao [21] studied the hyperelliptic
fibration by considering the double covering of rational fibrations. Similarly, we
will study the double covering of a foliated surface (X, F), which is called a double
foliated surface, denoted by (Y, G).

In this paper, we will study the canonical resolution of the double covering (Y, G)
of a reduced foliated surface (X, F):

(V,G) —— (Y., Gs) —— - —— (V1,G1) — (Y0, Go) =—— (Y, G)
(X, F) == (X, Fs) —> -+ —— (X1, F) —= (Xo, Fo) == (X, F),

where the branch locus B; of m; is a redcued even divisor, which can be written as
B; = B, j, + Biy,

with B;, consisting of all F;-invariant components of B;. To simplify, we will
assume (X, F) is minimal, meaning that F is reduced and there is no F-exceptional
curve on X. (Note that some other authors refer to such a foliated surface as
relatively minimal.) We will also provide a construction of ¢ := g1 o -+ 0 g4 such
that G is a reduced foliation over the smooth surface Y.

For the case that v(G) > 0, we will describe the Zariski decomposition of the
canonical divisor Kz of the double foliation G, specifically, K g = P(G) + N(G).
Note that

—x 1~
Ks=m (K]f--I-QBh)-

If we denote the Zariski decomposition of Kz + %Eh by

1~ - -
K]?+§Bh = P(By) + N(Bp),

then we have
P(G) =7 P(Bn), N(G)=7 N(By).

Thus, it suffices to study the Zariski decomposition of Kz + %Eh More generally,
we will study the Zariski decomposition of a pseudo-effective divisor of type K+ A,
where F is a reduced foliation over a smooth surface X and either A =0 or A =
22:1 a;C; is an effective Q-divisor such that C; is not F-invariant and a; € [%, 1).
For the case where A = 0, this is just the famous McQuillan Theorem ([4], Theorem
8.1).

Our goal is to compute the Chern numbers ¢?(G), c2(G), x(G) of the double foli-
ation G. More precisely, we state the following theorem (Theorem 4.19).
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Theorem 1.3. If (X, F) is minimal with v(F) > 0, then

3
¢H(G) = 26} (F) + 5 K7 By + 2N —2N(By)* + > Ta(p),

PESI,m
2(0) = 22(F) 2N + IN(BLY? — S5(B) + ¥ 50)-46)
X(0) =20(F) + SKrBy — s(B)+ Y T (Talp) + To(p) — 15(6).

PESIm
where é(gN) is the number of g—exceptional curves containing saddle-nodes.
As a consequence, we have the following claim (Theorem 4.31).

Theorem 1.4. If ¢3(F) > 4x(F) and the ramification divisor B of ® misses the
set of saddle-nodes, then
(G) > 4x(9).

In fact, the authors of [5] have proved a special version of the theorem above. In
[5], they consider the case where (X, F) is transcendental Riccati foliated surface
(2(F) = x(F) = 0) and B is a normal-crossing divisor that contains no F-invariant
curves and disjoint from the singularities of F.

2. PRELIMINARIES

2.1. Classification of foliated surfaces. By x(F) and v(F), we can classify the
foliations, which is due to the work of several authors: Miyaoka[12], McQuillan[10],
Mendes[9], and Brunella[3]. See [4] for more details.

TABLE 1. Classification of foliations.

k(F) | Algebraic foliations Transcendental foliations
-0 | g=0,¥(F)=—00) Hilbert modular foliations (v(F) = 1)
e Foliations induced by a holomorphic vector
0 g = 1, isotrivial .
field (up to a group action)
1 g = 1, non-isotrivial; Riccati foliations or
g > 2, isotrivial Turbulent foliations
2 g > 2, non-isotrivial Foliations of general type

Here note that if x(F) > 0, then (F) = v(F) and k(F) < 2 if and only if
2
i (F)=0.

2.2. Chern numbers of foliations. For a given complex number a, we define
ged(m,n)

2
fla)={ wn M= wEQHO
0, others.

For a reduced singularity p of F, we define
Bp(F) = B(=Ap);
1
Xo(F) = —5 (BB(F,p) & my(F) — 5y(F)).
where BB, (F) is the Baum-Bott index of F at p (see [4], Ch.3, Sec.1). In particular,
if Ap # 0, then

W) = g5 (Mot =) - 1
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Definition 2.1 (Tan). Suppose (X, F) is a minimal foliated surface. If v(F) >0,
we define the following three Chern numbers:

GF) =Kz + ) Bp(F),

peEN
(21) a(F)= 3 8P
pgN
X(F) = x(Ox) + 1K Nr + 3 xo(F),

p

where N is the negative part of the pseudo-effective divisor Kr "= P + N. If
v(F) =0, then we define ¢2(F) = co(F) = x(F) =0.

Tan proved the following properties in [19]:

Proposition 2.2. Suppose (X, F) is a minimal foliated surface. Then we have
(1) ¢(F),ca(F),x(F) are non-negative rational numbers.
(2) A(F),ca(F),x(F) are birational invariants.
(3) If Kx has a Zariski decomposition with positive part P, then ¢3(F) = P2,
(4) (Noether’s equality) ¢ (F) + ca(F) = 12x(F).
(5) If F is birationally equivalent to a fibration f: X — C, then
AF) =w(f), e2(F)=d(f), x(F)=x),
where &(f),5(f), A(f) are modular invariants of f.

By the formulas above, we can define the Chern numbers of any foliated surface
(X,F) by its minimal model. More precisely, if (X', F’) is the minimal model of
(X,F), then we define the Chern numbers of F as

A(F):=cA(F), c(F):=co(F), x(F):=x(F).
Definition 2.3. For any redcued foliated surface (X, F), we define
(2.2) UF) = Kz+ Y B(F) — 12x(F).

peX
Lemma 2.4. {(F) > 0. In particular, £(F) = 0 if and only if there is no F-

exceptional curve which is the strong separatriz of a saddle-node.

Proof. Let (X', F') be the minimal model of (X, F) with o : (X, F) — (X', F').
By the Noether formula, we have

1
XF) = x(F) = 15 | K3+ D Bp(F)
peX’

Then we can see £(F) denote the number of the exceptional curves in o, which are

the strong separatrix of saddle-nodes. Next is clear. O

2.3. Let (X, F) be a foliated surface. Consider a blowing-up ¢ : X’ — X centered
at a point p € X with an exceptional curve £ C X’. One can get a foliation
F'=0*F on Y’ as a pulling-back of F. It is well-known that

Kr =0c"Kr+ (]. — l(p))E,

where [(p) is the order of p.
Let R be a reduced curve in X containing no F-invariant component, and let v,
be the multiplicity of R at p. We have

c*R=R +1,E,
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where R’ is the strict transform of R under o. Let pq,...,p, be the intersections
of R' and E. By straightforwards computation, one has

S
(23)  tang(F.R.p) = (v +1(p) — 1) + 3 tang(F, R, py),
i=1
where tang(F, R, p) is abbreviated as t,.

Obviously, if v, > 2 or v, = l(p) = 1, then tang(F, R,p) > tang(F', R, p;) for
each p;. In the case where v, = 1 and [(p) = 0, we can see s =1 and ¢, = t,,. If
t, > 0, then v, =1(¢1) = 1. Therefore, we can iterate this blowing-up procedure
and stop at some moment when either

i) vp=0or
ii) v, =1and I(p) =t, =0,
for any point p. More precisely, we have the following lemma:

Lemma 2.5. There is a bimeromorphic morphism o : X=X satisfying that the
pulling back foliation F = p*F of F is reduced and the strict transform R of R is
a smooth curve transverse to F.

3. THE ZARISKI DECOMPOSITION OF Kr + A

l
Let F be a reduced foliation on a smooth surface X. Let A=0or A =} a;C
i=1
be an effective Q-divisor on X, where C;’s are irreducible curves and % <a; <1for
each i. We assume that each Cj; is not F-invariant and Kr + A is pseudo-effective

with the Zariski decomposition
(3.1) Kr+A=P(A)+ N(A).

In particular, if v(F) > 0, i.e., K is pseudo-effective, then Kz + A is also pseudo-
effective obviously.

Our main goal in this section is to describe the construction of the negative part
N(A) of the adjoint canonical divisor Kz + A.

1. (A, F)-chains. Let A be as above. A (A, F)-chain © is an F-chain satisfying
that AT < 1 (resp., AT” = 0) for its first component I' (resp., any other component
I'). For convenience, we say 6 := AT is the multiplicity of © w.r.t. A. O is said to
be maximal if it cannot be contained in any other (A, F)-chain. Any (A, F)-chain
is clearly contained in a maximal one and two maximal (A, F)-chains are disjoint
(see [4], p.97).

Let © =T+ .-+ T, be a (A, F)-chain with the first component I'; and the
multiplicity 6 := AT’y w.r.t. A.

T
One can find a unique effective Q-divisor M (0©) = 3 ~,;T'; supported on © such
i=1

that
M@©O)I =-1, M©O);=0fori>1.

By a straightforwards computation, one can find that v; = % for

=len, 6] > A =[eg, 6] > >N =1,
where ¢; = —1"142 and [e1,- - ,e.| denote the determinant of the intersection matrix
(=T -Tj)i<ij<r. S0y < % and v, = % iff i = 1 and I'? = —2. In particular, for
any irreducible F-invariant curve C' meeting transversely with © (C # T'; for all
i’s), one has

(3-2) M(©)C =7Cly =7, <

w\»—‘

Moreover, one has
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Lemma 3.1 ([19]). M(0)? = — Y B,(F).
pEO

From a straightforwards computation one has

Lemma 3.2. For each irreducible component C; of A, we have

OM(©)C; = a;M(0)C; > %M(@)Ci.

In particular, 8 = a; whenever C;I'y > 0.

If v(F) > 0 and K = P+ N is the Zariski decomposition of Kx, then we write
N = M + Z where the support of M is contained in supp(©) and Z contains no
component of ©.

Lemma 3.3. For any irreducible component of M(©), we have MT' < M(O©))T.
Therefore M — M(©) > 0.

Proof. Firstly, we claim that each component of © lies in the support of N. Since
KzI'y = -1, 1N < 0. So it is a component of N. Suppose that I'y,...,[;_; are
the components of N and T'; is outside of the support of N. Since I';_1I'; > 0,
NT; > 0. Hence KzI" > 0, a contradiction. So supp(®) C supp(N).
For any ¢, one has
(M = M(©))l' < (N = M(©))l'; = Krl'y = M(O)'; = 0.

Hence M — M(©) > 0. O
3.2. The Zariski decomposition of Kr + A.

Definition 3.4. We say E is (A, F)-exceptional if it is an F-exceptional curve
satisfying (Kx + Aved)E < 0. In particular, for the case that v(F) > 0, we say E
is (A, F)-exceptional of type H-J if E is an (A, F)-exceptional curve contained in
N .

Lemma 3.5. Suppose © =Ty +--- 4+ T, is a (A, F)-chain. Then
N(A)—(1-0)M(©) > 0.
Proof. Since (Kr+A)['1 = —140 < 0, we can see I'y € Supp (N(A)) clearly. Now
we assume 'y, -+ Ty € Supp (N(A)) (k<r). Let @ =T1+---+ Tk So
[N(A) = (1= 0)M(O")]T; =0,

for any j =1,--- , k. Then we obtain N(A) — (1 —0)M(0') > 0.
If £ = r, we are done. Next we assume k < r and we will show 'y, €
Supp (N(A)). If T'ky1 & Supp (N(A)), then

(Kr+ A1 = P(A)Tj1 + N(A, 1 > (1 —0)M(©)Tgyq > 0.
This is a contradiction with the fact that (Kx 4+ A)['x,+1 = 0. So we are done. [

Theorem 3.6. Suppose F is a reduced foliation on a smooth surface X with

l
v(F)>0. Let A =" a;C; be as above. Then Kr+ A is pseudo-effective with the
i=1
Zariski decomposition

Kr+A=P(A)+ N(A),
where P(A) (resp. N(A)) denote the positive (negative) part. If there is no (A, F)-

exceptional curve of type H-J on X, then Supp(N(A)) is a disjoint union of mazimal
(A, F)-chains.
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More precisely, if {O1,---,0} is the set of all mazimal (A, F)-chains over X
and 61, ...,05 are their multiplicities respectively. Then

S

N(A) = Z(l — 0;)M(6;).

i=1
Moreover, N > > M(0;) > N(A).
i=1

Proof. Let & denote the set of non-F-invariant curves D contained in N(A), and
we set

1 if Dg A
(33) T = Z Ole)7 ap = ’ 1 ¢ ’
s l—a;, UD=C;CA

Note that a; € [3,1], so T > 0. Let {©},--,0}} be the set of all maximal
elements of (A, F)-chains disjoint from &, where ¢ < r and we assume 0} C ©; for
i=1,---,t Let
t
V=Y (1-06,)M(©)).
i=1
Note that
Supp(V) =6 \ Sy, G = {CZ CA | a; = 1},

where &y is disjoint from any (A, F)-chain clearly. This implies © N & = 0 iff
OT = 0, for any (A, F)-chain ©. Thus if T = 0, then ¢t = s, ©; = 0, and so

V=5 (1-0,)M(0;). By the lemma 3.5, N(A) —V > 0. Then it suffices to show
i=1

that M := N(A) =V +T = 0.
Firstly, we claim MC > 0 for any C' € &. Indeed, by definition of V' and C, we
see VC =0 and C? < 0. So

MC = (Kr + A+ T)C > KzC + AC + acC?.

IfC ¢ A, then ag =1 and AC > 0. If C C A, say C = (4, then g =1 —a; and
AC > a1C?. They both imply AC + acC? > C?, so

MC > KzC +C? = tang(F,C) > 0.

Secondly, we claim that M C = 0 for any component C of V. Without loss of
generality, we assume that C' is contained in © := 0} =T'; +---+ T, with § = 6;.
By a straightforward computation, we have

(0—1,0,—1), ifC =Ty,

VC,AC,KxC) =
( 70 {(0,0,0), others.

Hence
MC = (NA)C-V)C=(KxC+AC-V)C =0.

Suppose that M > 0. One has M? < 0 by Supp(M) C Supp(N(A)). One can
find an irreducible component C of M satisfying M C < 0. By the above discusses,
C ¢ & U Supp(V). Hence C is an F-invariant component of N(A) which is not
contained in V. We will show that such curve C' does not exist and hence M = 0.

Without loss of generality, we assume that C' meets transversely with (A, F)-
chains ©/,---,0) at pi,--- ,py respectively, and contains h other singularities of
F, through which there is a separatrix not contained in C' + ©] + --- + O/, says
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g1, ,qn. From the separatrix theorem ([4], Theorem 3.4), one can find that h > 1.
By (3.2) and Z(F,C) > h + k, we can find

k
k
= 1—0\M(O! < =
ve ;( 0:)M(€;)C < 3
and
KzC =7(F,0) —x(C) > h+k — 2+ 2p,(C).
So

0>MC:(Kf+A—V+T)CZh+§—2+2pa(0)+(A+T)C.

If TC > 0, then (A +T)C > 1 by (3.3). In this case, we get MC > 0, a contradic-
tion. So TC = 0. Similarly, we have p,(C) =0, h=1 and k < 1. Thus

ngC’ZVC’—AC>K]:CZk71.

Therefore one of the following two cases occurs:

i) k= O,K]:C =—-land AC<1 (i.e., AredC’ < 1),

ii) k=1, KxC =0and AC < % (i.e., AreaC = 0).
One can see that (Kr + Ayq)C < 0 and all singularities of F on C are non-
degenerated in both above cases. By our assumption, one has C? < —1, otherwise,
C is a (A, F)-exceptional curve, a contradiction. Therefore either C' is a (A, F)-
chain disjoint from & or O} + C is a (A, F)-chain disjoint from & for some i, a
contraction with our assumptions.

Now we are done. O

Remark 3.7. If v(F) = —oc0 and Kx + A is pseudo-effective, we can get a similar
result about N(A). In particular, if A = 0, then Theorem 3.6 is just the McQuillan
Theorem ([4], Theorem 8.1). By the way, in the paper [8], the author also studied
the Zariski decomposition of such adjoint divisor, by using the (Kx + A)-MMP
method.

Corollary 3.8. Suppose v(F) > 0 and there is no (A, F)-exceptional curve of type
H-J over X. Then for i = min{a;}\_,,

(3.4) [(1 — )N — N(A)]A > 0.
In particular,
(3.5) 3N - N@)azo.

Proof. Using the notations in the proof of Theorem 3.6, for any irreducible compo-
nent C of A, say C = C1,

(1= p)N=N(A)]C=(1-pNC—(1-a)))_ M(©;)C (Lemma 3.2)
i=1

> (1—p) (N — iM(@J) C>0. (Lemma 3.3)
g

Corollary 3.9. If v(F) > 0 and there is no (A, F)-exceptional curve of type H-J
over X, then

(3.6) (N+N(A)A+ N? = N(A)? = P(A)N > 0.
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Proof.
(N+N(A)A+N? = N(A)? =(A+ N —N(A)(N + N(A))
=P(A)(N + N(A)) = P(A)N > 0.
0

Corollary 3.10. If v(F) > 0 and there is no (A, F)-exceptional curve of type H-J
over X, then

(3.7) (2—pu)NA +N? — N(A)? >0,

where ;1 = min{a;},_; > 1. In particular,
(3.8) gNA + N? - N(A)? >0.

Corollary 3.11. Under the assumptions and notations in Theorem 3.6, one has

N(AP? == " (1-0,)°B,(F).

i=1 peB;

NA)A=) > 6:i(1-6:)5,(F).
i=1 peB;
Definition 3.12 ([11], Definition I1.1.5). Let (X,F,A) be a foliated triple and
f: X' — X be a proper birational morphism. For any divisor E on X', we define
the discrepancy of (F,A) along E to be

G(E,]:, A) = OI‘dE (K]:/ — f*(K]:—i-A)) .

We say (X, F,A) is canonical if a(E, F,A) > 0 for every f-exceptional divisor E
over X'.

Let F be a redcued foliation over a smooth surface X and A be as above.
Lemma 3.13. (X, F,A) is canonical if and only if tang(F, Areq) = 0.

3.3. Canonical resolution of (X,A,F). In this section, we assume (X,F) is
redcued with v(F) > 0.
A point p € A is called regular w.r.t. (A, F) if Ayeq and F are both non-singular
at p and t, := tang(F, Areq,p) = 0. A non-regular point p € A is said to be a
wild (resp., tame) singularity of (A, F) if v, > 1 —1(p),v, > 0 (resp., l(p) = 0,
0 < v, < 1). Note that the assumption 0 < v, < 1 is equal to say m,(Areq) = 1
and p € C; for some component C; of A with a; < 1.
Consider the blowing-up o : (X', F', E) — (X, F,p) over a non-regular point
p € A. Recall
Kr+ AN =0c"(Kr+A)+(1—1(p) —vp)E.
Definition 3.14. Let I' be an irreducible component of N passing through p.
(1) T is called the first potential curve of (A, F) at p if I N Sing(F) = {p} and
0 < ATl = (ADD), < 1.
(2) T is called the second potential curve of (A, F) at p if
(i) TN Sing(F) = {p} and 1 < AT < (AT'), + 1, or
(if) T'NSing(F) = {p,p’'}, AT' = (AT"),,, and I transversely intersects with
some mazimal (A, F)-chain © at p'.
Moreover, a potential curve I' is called simple if (AT'), = m,(A).
For convenience, we let

o {Ar—(Ar)p, for (i),

(3.9) b= L .
the multiplicity of © w.r.t. A, for (ii).
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Lemma 3.15. Suppose p is a wild singularity of (A, F), i.e., v, > 1—=1(p),v, >0,
and there is no (A, F)-exceptional curve of type H-J.
(1) There is no (A, F')-exceptional curve of type H-J.
(2) p is outside of N(A) unless there is a first potential curve of (A, F) at p.
(3) N(A") = 0*N(A) unless there is a simple potential curve of (A, F) at p.
Furthermore, there is at most one simple potential curve of F at p.
(4) LetT be a simple potential curve of (A, F) at p with > = —e and I’ be the
strict transform of T' under o meeting transversely with E at q. Let ©' be
the (A’ F')-chain containing T with the multiplicity 6. We have

1 (1—1p)?* .

_ F/ — !/

N@P-N@P= cp1- e 0 Y=
(1—0)28(—\y), otherwise.

Here q=T'NE.

Proof. (1) Suppose that we have a (A’, F’')-exceptional curve C' of type H-J. If
vp +1(p) > 1,
(K]:' + A;ed)E > (K]:/ + A/)E > 0.

If (vp,1(p)) = (1,0), then KxE = —1 and A’E = 1. Hence
(Kr + Al)E > (Kz + A"YE = 0.

In both cases, we have C’ # E.

Let C be the image curve of C’ under o. Note that C lies in N. Hence —1 =
C’* < C% < 0. Tt implies that C is a (—1)-curve not passing through p. Namely, C
is a (A, F)-exceptional curve of type H-J, a contradiction.

(2) Assume that (v,,1(p)) = (1,0). In this case, N(A’) = 0*N(A). Suppose
that p € N(A). It lies in some (A, F)-chain © with multiplicity §. Thus p lies in
the first component of © and 1 > 6 > v, = 1. So 6 = 1, which is a contradiction
with the fact that 6 < 1.

It’s sufficient to consider the case of v, + [(p) > 1. Suppose that some (A, F)-
chain passes through p. If I(p) = 0, then v, > 1. So the first component I' of this
chain passes through p and AI' > v, > 1, a contradiction. So [(p) =1 and v, > 0.
It implies that I' is a unique component of this (A, F)-chain.

(3) It’s enough to consider the case that v, +I(p) > 1. If p occurs in the
exceptional case in (2), then one gets

N(A)2 _ N(A/)Q — (1 —v )2M(F)2 _ M(F/)Q — 1 _ (]' — V;U)2
P e+1 e
So N(A') #£c*N(A).

In what follows, we assume that there is no first potential curve passing through
p. By (2), the pulling-backs of all (A, F)-chains under o are (A’, F’)-chains.

Let ©' be a maximal (A’, F')-chain which is not the pulling-back of some (A, F)-
chain. Thus ©'F > 0. From Z(F, E) < 2, there is at most another one (A’, F')-
chain ©” meeting with E. Suppose that ©” exists. From the separatrix theorem,
O’ + 0" 4+ E is not contractible. One can get an F-invariant rational curve C' with
C? = 0 after contracting all contractible components of ©’ + ©” + E. Thus the
corresponding foliation of F from the contractions is generated by rational curves,
a contradiction. Therefore there is at most one such (A’, F')-chain ©’.

Let TV be the last component of @'. So I'E = 1, (0’ — TV)E = 0. Obviously,
either ©" = I or the image of ® — IV under o is a (A, F)-chain. Let T' be the
image curve of IV under . If T' occurs in N(A), then ©' is a pulling-back of a
(A, F)-chain, a contradiction. So IV & N(A’).

(4) Tt’s from a straightforwards computation. O



TRANSCENDENTAL FOLIATIONS WITH SLOPE LESS THAN 2 11

Lemma 3.16. Suppose p is a tame singularity of (A, F) and there is no (A, F)-
exceptional curve of type H-J.
(1) E is the only (A', F')-exceptional curve of type H-J and p' := ENA’ is a
wild singularity of (A", F') with I(p") =1 and my(Al,) = 1.
(2) After a blow-up o' : (X", F',E') — (X', F',p'), there is no (A", F")-
exceptional curve of type H-J.

Corollary 3.17. For each non-regular point p € (X, F,A), we have
N(A)? = N(A")?

e_}_—l — %, if p lies on a first potential curve,
) (1 =0)28(=X,), if p lies on a simple second potential curve with I(p) =1,
la- vp)?, if p is tame,

0, others.

In particular, 0 < N(A)? — N(A")? < 1.

In what follows, we assume that there is no (A, F)-exceptional curve of type H-J
on (X,F). Consider the following blow-ups

(X, F) = (Xp, F) = (Xpoq, Frog) = oo = (Xo, Fo) = (X, F)
where F; 1 = o}, F; is the pulling-back foliation and A;;; is the strict transform
of A; and ¢; denotes the blow-up point of o; satisfying that ¢;’s are all non-regular
points over (A, F). From the above discussions, we can see

(1) there is no (@, F)-exceptional curve of type H-J over X,
(2) for any g € X, t, = 0. Or say, (X, F,A) is canonical.

For convenience, o := o, o --- 0 01 is said to be the canonical resolution of
(X, F,A).

4. DOUBLE COVERS OVER FOLIATED SURFACES (X,F) WITH v(F) > 0

Let F be a redcued foliation on a smooth surface X with v(F) > 0. Let Kr =
P + N be the Zariski decomposition of the canonical divisor, where P (resp. N) is
the positive (resp. negative) part. Let m : Y — X be a double cover over X with
the branch locus B, which is a reduced even effective divisor. We set G := 7*F.
One can write

B = B, + By,

where B, consists of irreducible F-invariant components of B and By, consists of
other components. For convenience, B, (resp., By) is said to be the F-invariant
(resp., non-F-invariant) part of B.

It is clear that Kr + %Bh is pseudo-effective with the Zariski decomposition

1
Kr+ §Bh = P(Bh) —‘r—N(Bh),

where P(By,) (resp. N(By,)) denotes the positive (resp. negative) part.

Remark 4.1. Without causing confusions, the (By,, F)-chain means the (3 By, F)-
chain. (Bp,F)-exceptional curve is similar.

4.1. Double cover with a smooth branch locus. In this section, we assume
the branch locus B is smooth and reduced.
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4.1.1. Classification of the singularities of G. Let ¢ € X be any point over X and
p=m(g) €Y.
(I) Suppose p ¢ B. Then the 7~1(p) consists of two reduced singularities of G
which are exactly the copies of g.
(IT) Suppose p € By,.
(1) If p is a regular point of F, then B, F, 7 can be locally defined by

T4y =,

B=(z+y' =0), w=dz, {
y=uv,

where p = (0,0), l =t, +1>1and B := (7*B),oq = (u = 0). Then
around ¢, G is locally defined by

O =7"w) =d(u® — o) = 2udu — ' 'do.
This implies that g is redcued iff ¢, < 1. In particular, ¢ is regular if

t,=0and \; =-1ift, =1.
(2) If p is a singularity of F, we can assume B, F, 7 are locally defined by

z+y =’

B = (LE + yl = O)? W = yel(xa y)dl‘ + er(xvy)dya {
y=uv,

where [ > 1, €(0,0) # 0,e2(0,0) # 0 and B = (u = 0). Then around
q, G is locally defined by
O =7*w = 2uverdu + (u?ey — vley — lvlel)dv.

This implies that ¢ is a singularity of G, which is not reduced.
(IIT) Suppose p € B,,. By choosing a suitable local coordinate, one can assume
that B, (resp., ) is defined by z = 0 (resp., 22 = x) and F (resp., G) has
a 1-form w (resp., W) nearby p = (0,0) (resp., ¢ = (0,0)) occurring one of
the following cases:
(1) pis a regular point of F, w = dz and @ = du.
(2) p is a non-degenerate singularity of F, w = Aydx + xzdy and & =
2X\ydz + zdy;
(3) pis a saddle-node of F with a strong separatrix B, and

w= (y(1 + va®) + zo(k))dx — 2" 1dy,
O = 2(y(1 + v2*F) + 2%0(k))dz — 2% Tdy;
(4) p is a saddle-node of F with a weak separatrix B, and
w=xz(1+vy* + o(k))dy — y*Ttdz,
O = 2(1+vy* + o(k))dy — 2y dz.
Therefore ¢ is also a reduced singularity (resp. regular point) of G in (2)-(4)

(resp. (1)).
Thus we obtain the following proposition clearly.

Proposition 4.2. Under the notations above. G is a reduced foliation over a
smooth surface Y if and only if

i) the branch locus B is smooth and reduced;
it) for any point p € By, p & SingF and t, := tang(F, Bp,p) < 1.
Proposition 4.3. G is a reduced foliation over a smooth surface Y if

i) the branch locus B is smooth and reduced;
ii) tang(F, Bp) = 0.
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Under the assumption of Proposition 4.3, we can divide the (reduced) singular-
ities ¢ of G into the following cases:
(A) p=n(q) is a singularity of F outside of B;
(B) p=m(q) is a singularity of F over B,,.
(B1) p is non-degenerate with CS(F, B,,p) = — 1= satisfying ged(m,n) =1
and n is odd.
(B2) Other cases.

Lemma 4.4. For any point p € X, we have

_ lB:D(]:)v if p € By,
Z bal6) = {Sﬁp(}'), others.

qgem1(p)
Moreover,
Y a@= X 2,0~ % 5h(F
q€Singg pESingF 6%1

Theorem 4.5. Under the assumption of Proposition 4.3. If v(F) > 0, we have

3
3 (G) = 2¢1(F) + S KF B + 2N? —2N(By,)?,

X(0) = () + gKrBu— 3 $6(F) + lF) - 154(0)
PEBy
2(G) = 2¢5(F) — 2N? + 2N (By,)? Z 5,, ) 4 20(F) — £(G).

PE%l
where £(G) (resp., {(F)) is the number of G (resp., F )-exceptional curves containing
saddle-nodes.

Proof. It’s easy to see that K¢ has a Zariski decomposition Kg = P(G) + N(G)
where
P(G) =n"P(Bn), N(G)=7n"N(Bp).
Hence
200\ _ 2 _ 2 _ [ 2
Cl(g) = P(g) = 2P(Bh) = 2(K}‘ + §Bh) - 2N(Bh) .
Since tang(F, By) = KBy, + B =0 and P? = ¢}(F), we have
3
c}(G) = 263 (F) + S KF B+ 2N? — 2N(By,)2.
Similarly,
3
K% =2K% + —~KzBj,.

2
By Lemma 4.4, we have

S G = Y 25— Y Sh(F
q€E€Singg p€ESing F pE‘Bl

From

12x(G) = Kg+ > B,(G) — 4(G),
q€SingG
and the above discussions, one gets

12x(G) :2K§+%K;Bh+2 > Bp(F) —g D Bp(F) -

pE Sing F pEDB

= 24x(F) + gKth =) Bu(F) +20(F) — £(9).

PE‘Bl
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Finally, c2(G) is from the Noether formula 12x(G) = ¢3(G) + c2(G). O

4.2. In this section, we firstly assume that there is no (%Bh, F)-exceptional curve
of type H-J on X. By Theorem 3.6, we have

N(By) =Y (1—-0;)M(6;),
i=1
where {©1,--+,0,} is the set of all maxiaml (3 By, F)-chain and 6; = 1B,0; for
all 4.

Definition 4.6. For any ¢q € SingF, we define B4(B,) as

Bq(F), ifq€ O,
(4.1) B4(By) == < 4/3, if ¢ € B, \ By, with mg(B,) =2, A\q =0,
0, others,

where O is set of singularities q of F contained in B, \ By, satisfying \y = — 7+ €
Q,ged(m,n) =1 and

(i) for mg(B,) =1, CS(F,By,q) = —7= € Q7, n is odd,

(i) for mq(By) =2, m+n is odd.

Under the assumption of Proposition 4.3, it is clear that

(4.2) s(Bo)= Y Bp(Bo)= Y Bp(F).

pEeSing F pEB,
Lemma 4.7. For a mazimal (%Bh,}')—chain o=I1+---+1,,
> By(F), if B,I'1 = 1 and B, N © N SingF = ()
qco
(43) Y By(By) =

qEONSingF
0, others.

Proof. If B, NT'y NSingF # 0, then r = 1 and © NSingF = {p;} for py =1 N By,.
So
Z BII(BU> :ﬁpl(Bv) =0.
qeEONSing F

Next we assume B NT'; N SingF = (). Consider a sequence of blow-ups o :
(X', F') = (X,F), whose blow-up points are the set of points ¢ € © N SingF
with mgy(B,) = 2. Let ©' = (0%0)yeq. We write ® = Dy + --- + Dy, which has
a similar construction as an F’-chain but we permit DJQ- = —1 for some j. We set
e; = fDJZ. Note that D, =T';. Let p; = D; ND;4q fore=1,---,1—1 and let p,
be the other singularities of 7’ over D;. Then it suffices to prove

! ! )

S By = 5w D=L

i=1 0, if B, Dy = 0.

(1) If B;,D; = 0 and Dy, ¢ B,, then Dy,---,D; ¢ B, and B,D; = 0. So
Bp;(B,) =0forany i=1,--- 1L

(2) If B; Dy =0and Dy C B, then Dy, Ds, - - ’D2[%]+1 C B! and e3;11 =0
(mod 2). In this case, p1,---,p € Bl and m,,(B),) = 1 for all i. We set
CS(F', By, pi) = — 3 for ged(ng,m;) =1,i=1,--- 1. Soe; =0 (mod 2),
ny =0 (mod 2), and m; = 1. By the C-S formula for Ds:

CS(]:/aD27p1) + CS(]:/aD27p2) = Dg = —€g,
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we obtain
my m2
ey = — + —.
ni n2
So namy = ni(ngea — ma). Since n; is even and m; is odd, we see that ng

is even. Similarly, by the C-S formula for D3, we get

UP) ns3
e3 = — + —.
ma ms3
So ngmg = egmaoms — m3nsy. Since ez, ny are even and mo is odd, we see
ng is even. By induction, we see that nq,--- ,n; are even, so p,(B),) =0
fore=1,--- 1.

(3) Suppose B; Dy = 1.

(i) If Dy ¢ B), then Do, Dy, -- ,DQ[%] C BJ and ey; = 0 (mod 2). In
this case, p1,--- ,p; € B), and m,,(B,) = 1 for all ¢. Similar to the
trick on (2), we see that nq,ng,--- ,n; are odd. So By, (B)) = S(—Ap,)
fori=1,---,1.

(ii) If Dy C B,, then Dy, Ds,--- » Doy C B] and e; = 1 (mod 2),
e2i+1 = 0 (mod 2). In this case, p1,--- ,p € B, and m,,(B)) = L.
Similar to the trick on (2), we see that ny,ng,---,n; are odd. So
Bp.(BL) = B(=\p,) fori=1,--- 1.

O

Corollary 4.8. For a mazimal (%Bm}')-chaz'n O=I1+---+T,,

0, if B, N © N SingF # ()
2 BBI=No0  oi)Ba, oth
4€ONSingF (1-0)M(©)By,, others.

Proposition 4.9. If B, N N(Bp) N SingF = (, then s(B,) > 2N (B},)By,.

4.3. Singularities of (B}, F). In this section, we assume that there is no (By, F)-
exceptional curve of type H-J over (X, F).

Let p € By, with ¢, > 1. Consider a sequence of blowing-ups 0 = g1 0--- 0, :
X - X:

O Or—1 o1

(X/af/aB;L) = (XT'a‘FT7BT',h) (XOa‘FOaBO,h) = (X7 ]:a Bh)7

satisfying the following conditions:

(i) B is the strict transform of By, i.e, B;j, = (610 00;); ' By.

(ii) Let ¢; (resp. E;) denote the blow-up point (resp. exceptional curve) of o;,
then ¢1 = p and ¢; € B;—1, N SingF;_1 N (61 0---00,-1)"(p) for i > 2,
where

(iii) For any ¢ € Bj, No~!(p), ¢ is a regular point of F', i.e., [(g) = 0.

Lemma 4.10. If there is no (By, F)-exceptional curve of type H-J over (X, F),
then there is no (By,, F')-exceptional curve of type H-J over (X', F').
Proof. By Lemma 3.15 and Lemma 3.16. (]

Definition 4.11. We call (p = ¢1 — g2 — -+ — ¢;) a singularity of type Sim
for 1 =1l(p) and m = m,(By). We call the above sequence of blow-ups o a bunch
of blow-ups over a singularity of type Sy, for I = l(p), m = m,(By). Note that
le{0,1}, m>1.

We denote by r = r, the number of the blow-ups, which is called the rank of p,.

Lemma 4.12. Kz Bj = KzBj, +2(1 —l(p))m,(By,).
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Proposition 4.13. Suppose p € (So,m). Then N(B}) = 0*N(B},), unless
(4.4) E_'lB;L =E1Bip— (E1Bip)g <1

In particular, if (4.4) holds, then we obtain a mazimal (B}, F')-chain ©, contained

in 0~ Y(p), with the first curve Ty = Ey and 0, = (By,E1 — (B1.nFE1)g,) /2.
Proof. By Lemma 3.15 and Lemma 3.16.

For convenience, we divide S »,-singularities into the following 2 cases:

(Sg,m) p € (So,m) with 6 := 6, € {0, %}
(Si.m) P € (So,m) with 6, > 1/2.

Corollary 4.14. Suppose p € Som. We can write N(Bj}) as
(4.5) N(By) = 0"N(By) + (1 - 6,)M(6;),
where we set M(0,) =0 if ©, does not exist. Moreover,

(1 - 9?)2 p_7 pr € (Sg,m)v

(4.6) N(Bn)* = N(Bj)* = {07 i p € (S§m):

Here 3, := > By (F).

g€o—1(p)NO,

Proof. Clear.

O

Proposition 4.15. Suppose p € (S1,,). Then N(Bj) = c*N(By,) unless there is
a potential curve I' of (B, F) passing through p. Moreover, if N(By,) # c*N(By),
then there is a unique mazimal (B}, F')-chain, say ©, (with multiplicity 0,), which

is not the pullback of a maxiaml (By,, F)-chain.
Proof. By Lemma 3.15, (3).

For convenience, we divide S ,-singularities into the following 3 cases:

(S’llfn) p is contained in a first potential curve I with I(p) = 1 and e = —I'°.

d

(SI1%) p is contained in a second potential curve I' with I(p) = 1 and 6 := 0, €

1,m
{0, 3}, where 6, is as in Definition 3.14.
(87 ,,) Other cases in (S1,,)-

4.3.1. Zariski indez a(p).

Definition 4.16. We define the Zariski index a(p) of p w.r.t. o as

36 -1 . I.e
m(> 0), ifp€ (Siim)
(47) aP)=N(1-6,)%8,,  ifpe(SILHUSE),
0, if p € (ST,m) U (S5,m);
where [, = > Bq(F').

g€o~1(p)NBy

Proposition 4.17. For p € (S} ), we have 0 < a(p) = N(Bp,)?> — N(Bj)? <

Proof. By Corollary 3.17 and Corollary 4.14.

O
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4.3.2. Other indexes: so(p), s(p).

Definition 4.18. For any p € (S;.m), we define

(4.8) so(p) := #{blow-up point in o;, which is a saddle-node.},
(4.9) s(p) = Y. By(B).
q€a1(p)

4.4. Canonical resolution. Recall the double cover over a foliated surface
T (Y.G) — (X, F),

where we assume F is a minimal foliation with v(F) > 0 and the (redcued) rami-
fication divisor is B = Bj, + B,. Consider the following canonical resolution

(4.10) (Y,§) == (¥s,Gs) — (Ysu1,Gsu1) —> - — (Y, G)
(557‘%):(Xsw/—-vs)i)(xs—h]:s—l)g”'L(Xa]:)
where

(1) ¢; (resp. E;) denotes the blow-up point (resp. exceptional curve) of o,
(2) 0 =010+ 00, is a minimal resolution such that

i) the branch locus B of 7 is smooth and reduced,

ii) tang(F, By) = 0.

Using the notations of S ,,-singularities of (B, F), the process of ¢ can be
divides into the following 3 steps:

(Step 1) During ¢ := o1 0 --- 0 oy, we blow up the set of S ,,-singularities over
(Bp, F). In fact, & is a canonical resolution of (X, F,2By,) (see Sec. 3.3).
(Step 2) For t +1 < i < s, 0; is a blow-up over ¢; and either ¢; € B, N By, or
qi € B, \ By, with My, (Bv) = 2.
In fact, to compute Chern numbers of the double foliation F, we just need to
consider the step 1. More precisely, we have the following theorem.

Theorem 4.19. Under the notations above, we have
(4.11)

cA(G) =283 (F) + gKth +2N? —2N(Bp)* + Z Ti(p),

PESL,m

c2<9):2c2(f)f2N2+2N(Bh)2f%s(BuH > Tu(p) - 4(9),

PESI,m

X(6) = 20(F) + SKrBy — s(B) + Y 15(Tip) + To(p) — 5 (G).
PESI,m
Here
Tip) = (1 - 1p) 2222 o),

Tap) = 2(1 ~ 1(p))” ~ 20(p) + 250(p) — 5 5(p).
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Proof. Note that

> Tip) = BK;Bh +2N? — 2N(Bh)2] - BKFB;L +2N? —2N(Bp)?*|,
pe(sl,m)

Y Tp) = [—2N2 +2N(By)? -
pE(Sl,m)

3
2

It suffices to prove
3 _ _ _
A(G) =23 (F) + o K7 Bn + 2N? —2N(By,)?,

() = 262(F) ~ AN? 4 IN(By)” — S5(B.) + 26(F)  1(G).

Let T1(F) (vesp. T2(F)) denote the right side of the first (resp. second) equation
above. Recall for s+1 < i < n, either ¢; € B,NBy, or ¢; € B,\ By, with mg, (B,) = 2.

(1) If ¢; € B, N By, then I(¢;) = 0 and

4
S(Bi’v) :S(Bifl’v)—i-l, f(}—l) :f(]:lfl)
(2) If ¢; € B, \ By, with mg,(B,) =2 and A, # 0, then I(g;) = 1 and

{KfiBi,h =Kz, Biin+1, N2=N2,-1, N(Bip)?=N(Bi_1s)?—1

K]:iBiﬂh = K]:i—lBifl,h; NZ2 = ]\71*2_17 N(B’L,h)2 = N(Bifl,h)2;
S(Bi,v) = S(Bifl,v)y E(]:z) == f(]:zfl)

(3) If ¢; € B, \ By, with mg,(B,) =2 and A\, = 0, then I(g;) = 1 and
Kz Bin=Kr, Bi_1p, NZ2=N2,, N(Bin)?=N(Bi_14)?
S(BZ',U) = S(Bifl,v) + %, K(]:Z) = f(]:zfl) + 1.
(1), (2) and (3) all 1mp1y Tl(fl) = Tl(.ﬂfl),TQ(.Fi) = TQ(Efl). SO

T(F) = Ta(F), To(F)=Ta(F).
By Theorem 4.5, we have seen ¢2(G) = Ty (F), c2(G) = To(F). Thus

A (G) =Ti(F), c2(G) =Ta(F).

Finally, the computation of x(G) is from the Noether formula 12x(G) = c¢3(G) +
(&) (g) O

4.5. Computation of initial invariants. In this section, we assume F is reduced
with v(F) > 0 and there is no (Bp, F)-exceptional curve of type H-J over X. We
will discuss the positivity of the following two invariants:

3
Ti(B,F) =2 (F) + §Kth +2N? —2N(B,)?,
(4.12)
3
Ty(B, F) := 2co(F) — 2N? + 2N(By,)* — §S(BU) + 20(F).

Proposition 4.20. Ty (B, F) > 0.
Proof. By Corollary 3.10,
T\(B,F) > gNBh +2N? —2N(Bp)* > 0.
O

Proposition 4.21. T5(B,F) > 0, if for any saddle-node q € B, \ By, mq(B,) = 1.

s(B,) + 26(&)] - [—zN2 +2N(By)? — gs(Bv) +20(F)] .
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Proof. We write s(B,) = §'(B,) + s”(By) + s"(B,), where
'(B)=)_By(B), s"(B)= D BuB). "(B)= D Bu(By).

qgN gEN\N(By) qE€N(By)
By assumption and the definition of 5,(B,), we see 84(B,) < B4(F). So

(1) 202(F) +20F) ~ 55/(B) 223" Bu(F) — 5 3 BulF) = 3 5ulF) 20,

q¢N q¢N q¢N
and
3 1
(1) Y. () -55"(B)= Y SB(F) 20
gEN\N(Bp) geEN\N(Bp)

Recall N(By,)? = 37, (1-6;)>M(0;)?, where ©1, - - , O, are maximal (3 By, F)-
chains with 6; = B;,0;/2. Next we will show

M 2 Y A 210 Y AP -2 Y A5 >0

q€0; q€0; q€O;
This is true, just by Lemma 4.7:

=0, if §; = 0;

g(_;ﬁq(B ez J(F), 6= 1.
Now from (I), (II) and (III), T»(B, F) > 0 is clear. O
Proposition 4.22. If 2¢2(F) > co(F), U(F) = 0 and By, N N(By,) N SingF = 0,

then 2T1(B,.F) 2 Tg(B,f)
Proof. In this case,
2Ty (B, F) — T»(B, F)
=(2¢2(F) — co(F)) + 3K 7By, + 6N? — 6N (B,)* + gs(B)

>3N By, +6N? —6N(B,)? + g -2N(By)By,, (Proposition 4.9)
>3 [(N + N(Byw))By + 2N? — 2N (By)?]
>0 (Corollary 3.9).
O

4.6. Computation of local invariants. In this section, we assume F is reduced
and there is no (B, F)-exceptional curve of type H-J over X. We will compute the
contribution of the S7-singularity p € By, to a(p), so(p), s(p), T1(p), To(p), where

1) = (1 - 1) 20 =
(4.13)

3
To(p) = 2(1 = U(p))* = 2a(p) + 250(p) — 55(p).
Definition 4.23. We define

+ 2a(p),

(4.14)  A(ty) = tang(F, By,) — tang(F', B},) = my(my — 1+ 1(p)) + Y _m?.
=2
It is clear that A(t,) < t,. If A(t,) = tp, then there is no more S; ,,,-singularity

after p. So the blow-up process of S; ,,,-singularities will continue until the equation
A(t,) = t, holds.
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Lemma 4.24. Ifp € S}, and p is not a saddle-node, then 2T1(p) > T2(p).
Proof. In this case, so(p) = 0. So
3m —4

2T~ 1) =2 (11 16025 43000 — (200~ 1)) - 200) 250

= (1~ 1(p)(3m — 6+ 20(p)) + 61(p) + 55(p).

Ifl(p) =1orl(p) =0and m > 2, 2T7(p) > Ta(p) is clear. Next we assume {(p) =0
and m = 1. By Lemma 4.28,

tp
w32
W= sw, v W T T o, 1)
So
3(t, — 1)+ 6 [%]
2Ty (p) — Ta(p) = 5+ 1) >0,
P

where t, > 1. Then we are done. O
4.6.1. Sy .

Proposition 4.25. Suppose p € S}, Then I(p) =1 and 0 < a(p) < 1. Hence

3
(4.15) Ti(p) = 2a(p), Ta(p) = —2a(p) +2s0(p) — 55(p)-
Here
(1) T1(p) >0 and Ty (p) = 0 unless p belongs to (el) or (e2) or (e3).
(2) IfAp =0, Ta(p) = s0(p) > 3, and if A # 0, 0 = To(p) > —55,(F) = 3.
Proof. Clear. O
4.6.2. Som.

Proposition 4.26. Suppose p € Som. Then i(p) =0, 0 < a(p) <1 and
3 3
(4.16)  Ti(p) = gm(p) =2+ 2a(p) 20, Ta(p) =2~ 2a(p) — 55(p) 2 0.

Proof. The proof of Tx(p) > 0 is similar to the proof of T»(B, F) > 0, see Proposi-
tion 4.21. Next we will show T3 (p) > 0. If m(p) > 2, then

3
Ti(p) > 5-2—2:1>0.
If m =1, by Lemma 4.28,
3t, — 1
Ti(p) = —L—— >0,
1(p) 2(t, + 1)
where ¢, > 1. So we are done. O

Definition 4.27. Suppose p € By, is a regular point of F, i.e., l(p) = 0. Let F
denote the separatriz through p. If F (resp. By) is locally defined by g = 0 (resp.
f=0), then we define

np =1, < f,g>.
Note that the definition of n, does depend on the choice of f and g.
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Lemma 4.28 (Sp1). Suppose p € So1. Then A(ty) =t, > 1, r=n,=1t,+1 and

2[&}—75 +1
t 2 P
By = "= 0,=0, s(p)=—"F—
P41 ty+1
t
Moreover, a(p):t j—l and
P
t
N 3(t,—2[%]) +1
T, _ P T —
) =56, 71y 120 2(ty + 1)

FIGURE 1. p€ SO, m=1, B2 = —1,E2 = -2(i < ).

Proof. In this case, r =t,+1, ¢t =pand ¢ = E;_1 NB;_1 fori =2,--- ,r, see
F1gure 1. Tt is clear that @ = E1+ -+ E,_; is a maxiaml (1 By,, 7')-chain with
=10,B] =0. So

r—1 1

_ r—1 tp
ﬂp—Zﬁ(— Zzlz z+1 _r_ ro t,+ 1

where p' = E;N E;;1 fori=1,--- ,7 — 1. Let p” be another singularity of F’ over
E,. Next we compute s(p).
By Lemma 4.7, 8,:(B;) = 0 for i = 1,---,r — 1. So it suffices to compute

Bpr (By)-
i) If p € B, then E, ¢ B,. So p" € B], with m,~(B,) =1 and
CS(F',B.,p") = —r.
Thus B,-(Bl,) = 0 if r is even and S,-(B}) = L if r is odd.
ii) If p € B, and r is even, then E. ¢ BJ, which implies p” ¢ B. So
Bpr(B,) = 0.
iii) If p € B, and r is odd, then E, C B., which implies p” € B] with
myr(By,) =1 and
1
CS(F,B,,p") = -
So By (B)) = .
Therefore,

o) = 5 (8) = (2[5 #+1- - ) 1 - Q[J:“
]

For any p € 53 ,,, it is clear that m > 2. Next we consider a special case
S8m = {P € Sg.m | m(p) = mp}-
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Lemma 4.29 (Sg%,). Suppose p € Si%,. Then A(t,) =m(m —1), r =1 and

_ m
B, =0, s(p):m—Q[E}.
Moreover, a(p) =0 and
3 3 m
Tl(P)—§m—2a Tz(P)—2—§m+3{5}.
Proof. v =1 and B, = 0 are clear. Next we compute s(p).

(i) Suppose m is even. If p € B,,, then my(B) = m+1is odd and E; C B]. So
mq(B),) =2 and A\, = —1 for ¢ = E7 N SingF, which implies 8,(B)) = 0. If
p & By, then Ey ¢ B),. So q & B, and ,(B,) = 0. Thus in this case that
m is even, s(p) = B,4(B,,) = 0.

(ii) Suppose misodd. If p € B, (resp. p &€ B,), then Ey ¢ B, (resp. E1 C B)).
They both imply mg(B]) = 1 and Ay = —1. So f4(B}) = 1. Thus in this
case that m is odd, s(p) = 5,(B)) = 1.

O

4.7. Slope inequality. Using the notations in Section 4.4, by blowing up all S{7m—
singularities, it suffices to assume (X, F) is redcued satisfying
e there is no (B, F)-exceptional curves of type H-J,
e there is no S’{’m—singularities,
e ((F)=0.
So N(Bp) N By, N SingF = 0. We set
R() = 220 - 510
By Proposition 4.22 and Lemma 4.24, we have the following claims.

Lemma 4.30. Let A\ be a positive rational number with X\ < 4.
(i) If &1 (F) = Ax(F), then
12—\ A
T, (B — —T5(B > 0.
13 1(B, F) 13 2(B,F) >0
(ii) For any p € Si.m, if p is not a saddle-node, then

12—\ A
Fx(p) = —Tz(p) > 0.

12 1(p) — 12

FpA\(F) =

Thus

2(G) — M(G) = 2 (B(F) — a(F)) + 22

1
KzBy, +2N? — 2N(By,)* + gs(Bv)

s (12—>\)T11(12J)—)\T2(P) . 1% )
PESI,m
“RB.F+ Y B+ @),

PESL,m

Theorem 4.31. Under the notations above. If c3(G) > 4x(G) and the branch locus
B of © misses the saddle-nodes, then c3(G) > 4x(G).

Proof. Under the assumption above, by Lemma 4.30,
F4(B7‘F) Z 07 F4(p) Z 07 for any p S Sl,m~
So
2 L 5
A(G) —4x(9) = Fu(B, F) + Y Fa(p) + 50(G) 2 0.

PESI,m
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Finally, we consider the case that (X, F) is a relatively minimal elliptic fibration
f: X — C. In this case, ¢3(F) = 0 but x(F) > 0. Since ¢}(F) = x(f) and
X(F) = A(f) are modular invariants of f, it suffices to assume f is semi-stable. So
by ([4], p.22), we have

Kz = f"[(faOx)"] = K
where deg(f«10x)Y = xf = x(F). So Kz - By, = x5 - (B, - F), where F is the
general fibre of f. Note that, in this case, {(F) = ¢(G) = 0 and Kr = K/ is nef,
which implies N = N(Bp,) = 0. So by Lemma 4.30,

211 (p) — To(p) > —8x(F) + KBy,

A(G) = 4x(G) = —8x(F) + KzBun + ) 3 >

PESI,m
In fact, (Y,G) is a fibration f’ of genus g, where g = g(F”) for the general fibre F’
of f'. (We always call (Y,G) is a bielliptic fibration.) Consider the fibers of the
two fibrations, and we get a double cover of an elliptic curve with the ramification
divisor B. Here we can easily see deg B = By, - F. So by the Hurwitz’s Theorem,
we have
By -F=degB=29—2-2-(2-1—-2)=2g—2.
So
K]:Bh = Xf(2.g — 2).
Since f is semi-stable, which implies x(G) = x, we have
c1(G) —4x(G) = —8x(F) + (29 — 2)x(F) = (29 — 10)x(F).

In particular, if g > 5, then ¢3(G) — 4x(G) > 0, or say \(G) > 4.
Proposition 4.32. If (Y,G) is a bielliptic fibration with g > 5, then A(G) > 4.

Note that this result above have proved in [2], where the author considered the
slope of bielliptic fibrations, in the sense of relative invariants.

5. EXAMPLE OF FOLIATIONS WITH SLOPE %

Let X = P! x P!, let f : X — P! be one of the rulings with a fiber Fy, and let
Cy be a section. Choose a proper coordinate (x,y) nearby p = (0,0) € CyN Fy such
that Cy (resp., Fp) is defined by y = 0 (resp., = 0).

Example 5.1. Let F be a foliation on X locally generated by
w = z?dy — ydx.
Let w: (Y,G) — (X, F) be the double cover locally defined by
2 =y(y+ 22 (1 + y?), (k>1).

Then we have

ci(9) =2k, () = 12k, X(@) =, M9)=—.
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APPENDIX A. CLASSIFICATION OF Sp ,,-SINGULARITIES FOR m < 3

A.1. Sp1. We denote by Al the set of points p € Sp1 with 7, = 7. By Lemma
4.28, we see n > 2 and we have the following table.

TABLE 2. Sp1.

A(ty) | alp) | sp) | Tilp) Tz(p) tp = A(typ)?
A7 | p -1 n;l 2{137/2} 3?72;4 237~7{17/2} Yos

Here we set {z} := z — [x].

Remark A.1. It is clear that A(ty) < t,. That the equation A(t,) = t, holds
means there is no more Sy, -singularities after p.

A.2. Spo. In this case, we divide it into the following 4 cases:
A'l. pis a node of By, with n, = 1.
AL, pis a singularity of By, of type An(n > 2) with n =1, <n —1.
AL p is a singularity of By, of type Agy(k > 1) with n = 2k + 1.
Ag,’ffl. p is a singularity of By, of type Ag_1(k > 2) with n < 2k.

TABLE 3. Sp .

A(ty) a(p) s(p) T1(p) T>(p) t, = A(t,)?
. P == Ty (e
n—4 n—1 1 n—1
At 2n — 2 172 0 37é 4 .
n n 1
% —1 2 6k —1 1
AII Ak
2k 2k +1 2%k +1 2% 11 Tl
VL PR 2{n/2} 3h-1] 1 3{n/2
2k 7 — 2k k k n— 2% Ve
1-2{n/2 3.6 9
g o + 4k ok | TR A | Gk | W T 308D
k1 n+ 4k
cB 2k + 1 1 2%k +1 ;
! . 2k +1 1+ 2

Proposition A.2. Suppose p € AT, Then n = 2r for some r > 2.
(i) Ifn =2k — 1, then after p, there are k — 1 Sg%-singularities.
(ii) If n = 2k, then after p, there are k —r — 1 Sg%-singularities and one
A2-singularity.

A3. Sp3. In this case, we divide it into the following cases:
(1) pis a singularity of By, of type D, (n > 4).
D1, the separatrix through p is not tangent to the component of By, of type
A,_3 at p.
D11 the separatrix through p is tangent to the component of By, of type
A,_3at pwithn <n-—3.
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Dé,ﬁi:g. the separatrix through p is tangent to the component of By of type
A,_3 at p with n = 2k 4 2.
ngIJrIQI . the separatrix through p is tangent to the component of Bj, of type
Ap—s3 at p with n > 2k + 1.
(2) p is a singularity of By, of type Eg.
El. The separatrix through p is not tangent to By, at p with n = 3.
E}!. The separatrix through p is tangent to By, at p with n = 4.
(3) pis a singularity of By, of type E7.
EL. The separatrix through p is not tangent to By, at p with n = 3.
E?’H. The separatrix through p is tangent to By at p with n > 5.
(4) p is a singularity of By, of type FEj.
El. The separatrix through p is not tangent to By, at p with 5 = 3.
El!. The separatrix through p is tangent to By, at p with n = 5.

TABLE 4. Sp 3.

Altp) a(p) s(p) Ti(p) Tx(p) tp = A(ty)?

D n+3 0 25"_/22} g 2 375"_/ 22} No
DT P jr];_‘z 1 37]’7: 14 0%1 No
Diicks h+d 4(221;11) ZZ J: 1 g: i f 21:r 1 Yes
DRY | n+dk+1 22; L - 717__222”1 21} 3 ﬁ i + 732((;__222’1 23)) Yes
I P T E e el B e B
El FEL El 6 0 1 g % No
Bl 9 i 0 3 % Yes
pr | gee |3 [2oi2m ol 0o |,
E'gl 12 % g ?—3 % Yes

Proposition A.3. Suppose p € D1,
(i) If n =2k + 2, then after p, there are k — 1 Sg%-singularities.
(ii) If n = 2k + 3, then after p, there are k — 1 Sg%-singularities and one
AZ-singularity.

Proposition A.4. Suppose p € D11, Thenn=2r+1<n-3.

(i) If n =2k + 2, then after p, there are k —r Si%-singularities.
(ii) If n = 2k + 3, then after p, there are k — r Sg%-singularities and one
AR-singularity.

Proposition A.5. Forp € El(i =6,7,8), p is just one Sp-singularity. If p € El
(resp. EX, EL), then after p, there is a singularity of type A3 (resp. A3, ALL).
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