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AssTRACT. In this paper, we will give some criteria on the algebraicity of a Riccati folia-
tion.

1. INTRODUCTION

A holomorphic foliation on a smooth projective algebraic surface is said to be algebraic
if it admits a rational first integral. In [Poi91], Poincaré studied the following problem
which can be rephrased in modern terminology.

Question 1.1. Is it possible to decided if a holomorphic foliation & on P? (alternatively, a
rational ruled surface ) is algebraic?

Some research on holomorphic foliations is motivated by this problem (see [CN91],
[Per02], [LNO2], [Zam97], [ZamO00], [Zam06] etc.). Painlevé [Pai74] asked the following
question:

Question 1.2. Can we recognize the genus g of an algebraic foliation from its defining
differential equation?

Lins-Neto [LNO02] constructed counter-examples to show that the genus is not an in-
variant of differential equations. Therefore, one cannot define the genus for non-algebraic
foliations.

In this paper we will answer the above questions in the case of Riccati foliations. Let
¥ be a foliation on an algebraic surface X with a regular ruling map ¢ : X — B. We say
¥ 1is a Riccati foliation with respect to ¢ if KgF = 0 for a general fiber F of ¢, i.e., F is
transverse to ¥ ([Brul5, Ch. 4]). Let x (resp., y) be the local coordinate of B (resp., F). A
Riccati foliation can always be written locally as

(1.1) w = (qo(x)y* + q1(X)y + g2(x))dx — p(x)dy,

where ¢g;’s and p are holomorphic functions. For convenience, we usually rewrite w as in
the following form:

(1.2) © = (g0(x)y” + &1 (X)y + g2(x))dx — dy
where g;(x) := q; fori=0,1,2.

Up to a birational map, an algebraic Riccati foliation gives a fibration of genus g, i.e., a
holomorphic map from a smooth algebraic surface to a smooth curve such that the general
fiber is a smooth curve of genus g. Such a fibration is said to be a Riccati fibration.

First of all, a Riccati foliation ¥ with Kodaira dimension kod(#) = —oo is algebraic
by Miyaoka Theorem [Miy85] (also see [Brul5, Theorem 7.1]). More precisely, such a
Riccati fibration is a family of rational curves. We can classify all such Riccati foliations
as follows.
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Theorem 1.3. A Riccati foliation ¥ has Kodaira dimension kod(¥) = —oo if and only if
F has a standard form (see Sec. 2.1) on P' x P! which occurs in one of the following cases
by choosing a suitable coordinate:

1) w=dy;

2) w=Aydx — xdy (1€ Q* and A < %);

B) w=@?+y-2x-1D)dx—2x(x—1)dy (1€ Q" and A < %);

4) w = (xy* = 2(x = 3)y = 3(x — 1))dx — 12x(x — Ddy;

(3) w = (xy* —4(x = 3)y - 5(x — 1))dx — 24x(x — Ddy;

6) w= (xy2 —10(x - 3)y — 11(x — 1))dx — 60x(x — 1)dy;

7 w= (xy2 —10(x = 3)y — 119(x — 1))dx — 60x(x — 1)dy.

For an algebraic Riccati foliation with kod(7") > 0, the corresponding Riccati fibration
has a genus g > 0. For convenience, in what follows, we assume that such an fibration is
minimal normal-crossing, i.e., each singular fiber is normal-crossing and each (—1)-curve
in these fibers passes through at least 3 intersections. We can figure out the structure of the
Riccati fibration firstly.

Theorem 1.4. Let f : X — C be a minimal normal-crossing fibration of genus g > 0 with
singular fibers F1, ..., Fy. If f is a Riccati fibration, then f is an isotrivial fibration over
C = P! and occurs in one of the following cases:
(Ao) s=0(ie., fistrivial);
(A1) s =2and (y1,y2.d) = (n,n,n) (n 2 2);
(Dys2) s =3 and (y1,y2,v3,d) = (2,2,n,2n) (n 2 2);
(E¢) s=3and(yi,y2v3d) =(2,3,3,12);
(E7) s =3and (y1,72,v3d) =(2,3,4,24);
(Eg) s =3and (y1,y2,73d) =(2,3,5,60)
where y; < -+ < s be the orders of periodic topology monodromies of F;’s respectively
and d is an integer satisfying Y,(1 — 1/y;) =2 -2/d.
i=1

Conversely, each isotrivial fibration f : X — C(= P') of genus g > 1 occurring in one
of the above cases is a Riccati fibration.

Remark 1.5. Theorem 1.4 can also be rephrased as follows: f is a Riccati fibration iff f
can become a trivial fibration after a base change 7 : P! — C(= P') of degree d uniformly
ramified over s critical points of f with ramification index vy, ..., 7y, respectively. It’s well-
known that such a uniformly ramified cover over P! is given exactly by a finite subgroup of
Aut(P") which also corresponds with one kind of A-D-E surface singularities (see [Xia92,
Theoreom A 3.6] for instance). An algebraic Riccati foliation is said to be of rype A,_;
(resp., Dy, Ey ) if the corresponding Riccati fibration is of type A, (resp., D,, E ).

Remark 1.6. In what follows, wetake y; =y, =y3=d=1(fs=0)ory; =1 (if s = 2)
for convenience. The equality ) (1 — 1/y;) = 2 — 2/d still holds.
i=1
The genus of the fibration induced by an algebraic Riccati foliation can be determined
by the following formula (see Lemma 4.2).

Corollary 1.7. Let ¥ be a standard form of an algebraic Riccati foliation w.r.t. a regular
ruling map ¢ : X — Band f : X — P! be the fibration of genus g induced by F. Let
F\,---,F be the F -invariant fibers of ¢ and F' be a general fiber of f. Assume that F; is
of type Ifng (see Sec. 2.1) where n; > 1 and ged(m;,n;) = 1 fori=1,--- 1. We have

]
2¢-2 1
22 2 _2gB)-2 1-—
—= = 2(8) +Z( )

where d := FF’.
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From the above results, one can classify precisely all Riccati fibrations of g = 1 as well
as their Riccati foliations.

Theorem 1.8. A Riccati foliation F with kod(F) = 0 is algebraic iff ¥ is induced by an
isotrivial elliptic fibration f : X — C, up to a suitable coordinate, occurring in one of the
following cases:

(1) f is the second projection pry : X = E x P! — P! for some smooth elliptic curve
E and hence F is a Riccati foliation of type Ag w.r.t pr; : X — E;

(2) f is an elliptic fibration over P' with two singular fibers of nly (see Lemma 2.12)
and hence F is a suspension of the corresponding monodromy p : m1(Alb(X)) —
Aut(P') w.r.t. the Albanese morphism Alb : X — E where E is a smooth elliptic
curve (see [Brul5, Ch. 7, Proposition 6]);

(3) f is one of the following families from the Riccati foliation F w.r.t. the projection
pr1: X =P' xP' - P

Type Riccati foliations Families Singular fibers
A Bx% + Dydx — 2(x* + x + c)dy VY =t(x>+x+¢) I, I
3x%ydx — 2(x° + 1dy V=t +1)
A, 2x — 1)ydx — 3x(x — 1)dy Y =tx(x—1) Iv,1v*
Az 2x — 1)ydx — 4x(x — 1)dy Y =tx(x - 1) 111, 1IT*
As (B3x = 2)ydx — 6x(x — 1)dy Yo =t (x - 1) I, I
E¢ (3y? = 2xy — Ddx — 6(x* — 1)dy 2=t(x*-1) IV, 1V*, 2],
Dyr | 72507 +n(w - Dy = dx = 2ndy | (L) =1 (25) | 15,150l

where ¢ € C satisfies 4 + 27¢> # 0,
. (@4x> = 3)y* —dxy’ + 6y —dxy + 1
©F 3yt —8xy3 +6y2 — 1
and y = m (f,g € Clx] ) satisfies
(1.3) xfP—(x-Dx-Dg*=h"
for some A € C\ {0, 1} and h € C[x] (see Example 6.2).

In this paper, we consider the case that ¥ is a Riccati foliation with respect to a Hirze-
bruch surface ¢ : F, — P! of degree e. In this case, g;’s in (1.2) are rational functions in
Clx] ( see Lemma 3.4). For convenience, the tautological section I's, of ¢ with T2, = —¢ is
defined by y = oo in what follows.

One can define the discriminant of w as follows:

7N\’ 7\2
1 8 1 8
(1.4) Aw) = = (g1 + —0) - = (g1 + —0) + 8082
2 80 4 8o
whenever gp # 0. A(w) is an invariant of ¥ under any affine transformation
(1.5) y = a(x)y + b(x)

where a, b € C(x) and a # 0 (Lemma 3.5).
Now our main results can be stated as follows.

Theorem 1.9. Assume that gy # 0. The following conditions are equivalent:
(1) F is algebraic;
(2) by choosing a proper affine transformation (1.5), g;’s in (1.2) can be taken as
1 /4 1 /4 1y (1 1\
S R v B (e A PR b
where € C(x), v;’s and d are as in Theorem 1.4 and Remark 1.6;
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(3) there is a rational function y € C(x) satisfying
’ 2 2 2
1 ’” 1 " 1 1 ’ 1 l 7
w41 T -
2 \y’ 4\ 4 04 v 4 Y5 v-1
11 1 1 ! !
i3
Yo7 % Y )\Y =
(4) there is a Riccati foliation F( with kod(Fy) = —oco w.rt. a rational ruled surface
@o : Xo — P! such that F is the pulling-back foliation of Ty after a base change

W : P' = P! and a birational map o : X --> X, as in the following commutative
diagram,

(F,X) — == (*Fo, X1) — (Fo. Xo)

I

Pl —— P!

where ¢ : X — P! (resp., @1 : X; — P') is the ruling map adapted to F (resp.,
¥ Fo)-

Theorem 1.10. Assume that gy = 0. The following conditions are equivalent:

(1) F is algebraic;
(2) F isof type Ap-1 (n 2 1);
(3) there is an F -invariant section I of ¢ except the tautological section y = oo;
(4) by choosing a proper affine transformation (1.5), we can take
a=t. @=0mzD
for some y € C(x),
(5) F is the pulling-back foliation of Fo defined by wy = ydx — nxdx after a base
change and a birational map as in the commutative diagram in Theorem 1.9 (4).

Remark 1.11. g( = 0 iff the tautological section I'y, is G-invariant (see Lemma 3.4).

Remark 1.12. Theorem 1.9 and Theorem 1.10 also hold for the Riccati foliations with Ko-
daira dimension —co. So we can also classify them according to ADE types (see Example
6.1).

Based on the above theorems, we can get some criteria for the algebraicity or transcen-
dency of a Riccati foliation # w.r.t. a rational fibration. For convenience, in what follows,
we assume F is a standard form w.r.t. ¢ : X(= F,) — B(= P') and each singularity of ¥ is
a non-degenerated one with a rational eigenvalue (see Sec. 2.1) .

Corollary 1.13. Under our assumptions, the following conditions are equivalent:

(1) F is an algebraic foliation of type A,—1;
(2) F has two disjoint F -invariant sections of ¢.
(3) F occurs in one of the following cases:
(1) go=0and g, f + g = f’ for some f(x) € C[x] withdeg f <e;
(i) go # 0, e = 0, g1 = c1g0 and g» = c280 for some ci,cy € C satisfying
c% —4cy #0.

Theorem 1.4 and Corollary 1.13 provide a new viewpoint for a fibration f : X — P!
with two singular fibers.

Corollary 1.14. A fibration f : X — P! with two singular fibers is a Riccati fibration of
type A,—1. Furthermore, if X is a rational surface, then f can be obtained by a pencil as
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follows:
¢
y' = tn(x —a)"™, VreP!
i=1

where n and m;’s are positive integers.

Remark 1.15. It is well-known that if f : S — P! is non-trivial (resp. non-isotrivial),
then s > 2 (resp. 3, see [Bea81]). For a fibration over P! with two singular fibers, each
singular fiber is dual to each other and hence they have the same order of periodic topology
monodromy (see [GLT16, Theorem 1.1]). Furthermore, the authors in [GLT16] classify all
such fibrations of genus 2 .

Corollary 1.16. Under our assumptions, ¥ is an algebraic foliation of type D, iff it
satisfies the following conditions:

(1) there is a horizontal irreducible F -invariant curve I defined by
(y+a?-pu=0, forsomea,u e C(x),

(2) go#0and o := (ng0y2 + %y - ngoy) dx — dy gives an algebraic Riccati foliation
oftype An—l'

Corollary 1.17. If there is a singularity p of & with eigenvalue A, =  (n > 1 and
gcd(m, n) = 1) satisfying n > 6, then F occurs in one of the following cases:

(1) F is of type A or D;
(2) F is not an algebraic Riccati foliation.

2. PRELIMINARIES

2.1. Riccati foliations. Let (X, ) be a Riccati foliation w.r.t. a minimal rational fibration
o : X — B. A fiber of ¢ is ¥ -invariant if and only if it contains the singularities of .
Note that K& ~ rF, where F is a fiber of ¢y. We call r the degree of ¥, and denote it by
deg ¥ =r.

By choosing proper flipping maps, one can get a standard form (¥, G) of (X, #) where
Y admits a minimal rational fibration ¢ : ¥ — B (see [Brul5, Ch. 4, Prop. 4.2]) and each
G-invariant fiber F is of the following form:

(Is) F admits two singular points with nonzero eigenvalues +a along F, where 0 <
Rea < %
(II) F admits a saddle-node of multiplicity two, whose weak separatrix is contained in
F.
(IIT) F admits two saddle-nodes of the same multiplicity, whose strong separatrices are
contained in F.
(IV) F admits only one nilpotent singularity.

and that its reduced standard form p : (7, é) — (Y, G) is relatively minimal.

An algebraic Riccati foliation has at most singularities of type I, (¢ € Q" and a < %). In
this paper, our main goal is to answer Poincare problem on the algebraicity of the Riccati
foliation. So we impose that following condition on a Riccati foliation to simplify our
discussion in what follows.

Assumption. All G-invariant fibers of G are type I, (a € Q" and a < % ).

In this case, p restricted on a fiber F is exactly a resolution of the singularity with
positive eigenvalue in F.

For a given G-invariant fiber F of type I, (a = %', (m,n) = 1) , we denote by np = n. We
have the following facts for such a Riccati foliation (see [HLT20]). The total transform of
F under p is

@2.1) p°F = np(®p + Ny + N},
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where O is a (—1) curve, Ny and N}, are Q™*-divisors. There is a Zariski decomposition
1
2.2) Kz =p"Kg - E Op ~(degG - E — o Fo + E (Nr + N3)
¢ ¢ F ( F nF) F '

whenever deg G > . # where F runs over all G-invariant fibers and Fj is a general fiber
F
of .

Remark 2.1. From (2.2), the Kodaira dimension Kod(é) < 1. Furthermore, for any rel-
atively minimal Riccati foliation ¥, its Kodaira dimension Kod(¥) is consistent with the
numerical Kodaira dimension v(¥) (cf. [Brul5, Ch.9, Sec. 5]). So Kod(¥) = —0 iff K¢
is not pseudo-effective.

Remark 2.2. The support of Nr (resp., Ny) in (2.1) is a é—chains, i,e., a Hirzebruch-Jung

string C = Cy + - - - + C, consisting of é—curves C;’s satisfying that
(1) all singularities of é on C are redllf:ed and non-degenerated;
(2) there is only one singularity of G, says p,(¢ C,), on C — {p1,..., p,—1} where
pi=CinCi1 (i=1,...,r—1).

In particular, there is at most one é—curve meeting transversely with C.

p

One can write Np = ), ,’;—;Ci where 1 = u, < g1 < -+ < u; < np. Np satisfies that
i=1

NpC, = =1 and NC; = O for else i. All i;’s can be determined uniquely by these equalities.

More details can be found in [Brul5, Ch.8, Sec.2].
The following Lemmas are useful.

Lemma 2.3. Let I' be a section of $ = @p : Y — B. Then ©;T = 0. Moreover, T meets
transversely with one of Nr, Ny, at some singularity and disjoints from another.

In particular, there are at most two é—invariant sections of ¢ whenever there is a G-
invariant F.

Proof. If @I > 0, then (2.1) implies that p*F - T > ng > 1, a contradiction. So @I = 0.
Thus one has 'Ng > 0 or Ny, > 0.

Without loss of generality, we assume I'Ng > 0. Note that np Ny and np Ny, are Z-divisor
(Remark 2.2). Therefore we have npNpl' = 1 and N.I' = 0 from p*F - I' = 1. Namely, I
meets transversely with an irreducible component of Ny at some singularity and disjoints
from N7,

The latter part is from Remark 2.2. O

Corollary 2.4. Let Dy, D, are the G-invariant sections of ¢ : Y — B. Then Dy, D; are
disjoint. In particular, if ¢ : Y(= F,) = B(= P") is a Hirzebruch surface of degree e > 0,
then one of D;’s is a tautological section (i.e., a section with self-intersection number (—e)).

Proof. Suppose that Dy, D, have an intersection p. Let F be the fiber passing through p.
Since Dy, D, and F are G-invariant, p has an eigenvalue 4, > 0.

Let ¢ be another singularity in F” with eigenvalue A, < 0. Since D\ F’ = D,F’ =1, qis
a reduced non-degenerated singularity outside of Dy, D;.

Let I'; be the inverse image of D; under p : Y—>Y (i = 1,2). From Lemma 2.3, we
can assume that I'y (resp., I';) meets transversely with Ng (resp., N}.) at some singularity
p1 (resp., p») and disjoints from Ny (resp., Nr).

Note that only one of p;’s is exactly the inverse image of g. Thus only one of D;’s passes
through ¢, a contradiction.

The latter part is from the well-known facts of a rational ruled surface. O

Let Fy,...,F; be the G-invariant fibers of ¢ with n; < --- < n; respectively where
n; ‘= ngr, (l= 1,,1)
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Lemma 2.5. We have degG = 2g¢(B) — 2 + I. Furthermore, Kod(é) = —o iff B = P!
and Y, (1 - ni) < 2. In this case, G is algebraic and n;’s satisfy one of the following

1<i<l
conditions:

(1) 1<2;
Q) 1=3n=m=2
B)1=3,m=2n=3n<5.

Proof. Let m(G) be the sum of the multiplicities of the singularities of G. From [Brul35,
Proposition 2.1], one has

m(G) = K — KgKy + c2(Y) = 2deg G + 4 — 4g(B).
Under our assumption, we have also m(G) = 21. Thus
degG =2g(B)-2+1.
From (2.2), Ké is not pseudo-effective iff deg G < 3, %, that is,

I<i<t ™

2g(B)—2+Z(1—’%)<0.

L<i<i
The above inequality holds iff g(B) = 0 and }; (1 - nl) < 2. In this case, it’s algebraic

1<i<i
from Miyaoka Theorem [Miy85].
The latter consequence is from a straightforwards computation. O

Similarly, one can get the following result.

Lemma 2.6. The Kodaira dimension kod(é) = 0 iff either

(D) Bis a smooth elliptic curve and G is a suspension of a representation i : my(B) —
Aut(P") (see [Brul5, Proposition 6.6]) or
(I) B = P! and one of the following cases occurs:
(1) I =3and(ny,ny,n3) =(@3,3,3),
2) =3 and (ny,n,n3) = (2,4,4);
3) [ =3 and (n,ny,n3) = (2,3,6);
@) [ =4and (n,ny,n3,ng) =(2,2,2,2).

2.2. Foliations induced by fibrations. Let f : X — C be a minimal normal-crossing
fibration of genus g > 1 with singular fibers F,..., F. From [Brul$5, p.21, p.62], f gives
a relative minimal foliation F with a canonical divisor

(2.3) K¢ = Kx/c — Z (Fi = Firea)
i=1
where Fjrq is the reduce part of F;. Since g > 1, K¢ is pseudoeffective (see [Bruls,
Theorem 7.1]). K¢ gives a Zariski decomposition Kz = P + N where N consists of some
Hirzebruch-Jung branches lying the fibers of f ([Ser92, Theorem 3.4]).
The fibration f is said to be isotrivial if all smooth fibers are isomorphic to a fixed
smooth curve. By [Ser92] or [Brul$5, § 9.2], one has

Lemma 2.7. Let f,F be as above and kod(F) be the Kodaira dimension.
(1) kod(%) = 0 iff f is an isotrivial elliptic fibration;
(2) kod(¥) = 1 iff f is either non-isotrivial (g = 1) or isotrivial (g > 1).
(3) kod(F) =2 iff f is a non-isotrivial fibration of genus g > 1.

Corollary 2.8. If kod(F) = 1, then \mP| (for m > 0) as a base point free linear system
gives a fibration ¢ : X — B with P ~ yF’ (y € Q%) for a general fiber F’ of .
Furthermore, f coincides with ¢ if and only if g = 1.
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Proof. The first part of this corollary is trivial.
From [Ser92, Theorem 3.4], N consists of Hirzebruch-Jung branches in all singular
fibers of f. So NF = 0 for a general fiber F of f. By (2.3), one gets
PF = K¢F =2g - 2.

If g > 1, then PF > 0. So F is a horizontal curve in the fibration ¢ : X —» B. If g = 1,
then PF = 0 implies that F'F = 0, i.e., ¢ = f. O

For an isotrivial fibration f, each singular fiber F' can be written as follows

b
(2.4) FzyﬁfZ®J
i=1

where ©;’s are disjoint Hirzebruch-Jung branches, I" is a smooth curve of genus g’ meeting
transversely with each ©; at one point, y (> 1) is the order of the topology monodromy of
the fiber germ (f, F) (see [GLT16, p. 88]). The component I" is said to be principal (see
[Xia90, p. 383]).

Let Fy,..., F be the singular fibers of f with principal components I',...,I['; and the
orders of topology monodromy v, - - - y, respectively. Setd = FF’.

Corollary 2.9. Under the notations and assumptions in Corollary 2.8, one has

28(F) -2 ~ > 1
o =23(0) 2+;(1 yi)

whenever g > 1.

Proof. From Corollary 2.8, P ~ yF’ (y € Q") and hence PF’ = 0. Since PN = 0, one has
F'N=0.S0F' Ky =PF' +NF' =0.

By (2.4), the support of F; — y,I'; consists of some Hirzebruch-Jung branches of F;.
Since all Hirzebruch-Jung branches lie in N and NF’ = 0, one gets (F; —y;,I'))F’ =0, i.e.,
F;F" = yI;F’. Similarly, one has also F;qF’ =T';F’.

Thus we obtain

2.5) zw%ﬂmwfdib—ﬂ-
i=1 i=1 !

Since KxF’ = 2g(F") — 2, one has
(2.6) Kx)cF' =2g(F')-2—-(2g(C) - 2)FF'.
Combining (2.3), (2.5), (2.6) and K#F’ = 0, one gets (4.1). m|

s
Corollary 2.10. The isotrivial fibration f : X — P! of genus g > 1 satisfying Y. (1 - yi) <
i=1 !
2 (i.e., the conditions in Lemma 2.5) is a Riccati fibration.

Proof. By Corollary 2.9, F’ = P! ie., ¢ : X — Bin Corollary 2.8 is a ruled surface. So
K#F' = 0, namely, ¥ is a Riccati foliation. O

For an elliptic fibration on a birationally ruled surface, we have the following well-
known result (see [Xia92, Theorem 3.2.4] or [FM94, Proposition 3.23]).

Lemma 2.11. Let f : X — C be an elliptic fibration with kod(X) = —co and F, ..., Fy be
the multiple fibers with the multiplicities my < - -+ < my, respectively. Then C = P! and one
of the following cases holds:

(1) x(Ox) = 0 (i.e., all singular fibers of f are multiple fibers), k = 0 or k = 2 and
my = my. In this case, X is a minimal elliptic ruled surface.

) x(Ox) =1, k < 1. In this case, X is a rational surface. In particular, if k = 1 and
f is relatively minimal, then F| =jjpear —m1 Kx.
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A fibration f : X — P! with 2 singular fibers is isotrivial from [Bea81] (also see
[GLT16]). In particular, such an elliptic fibration can be classified as follows (see [Tan10,
Theorem 3.2], [Hir85] or [MP86]).

Lemma 2.12. Let f : X — P! be an elliptic fibration with 2 singular fibers. Then f is
isomorphic to one of the following families.
(@ X = (E x PYY/Z, where E is an elliptic curve and the n-cyclic group Z,, = {o¥}
acts on E xP' by o*(p, [x,y]) = (p + k6, [x, Ey]);
T) YV =A3 +x+¢) (4+27c2 £0) ory?> = A3 + 1);
1D y2 =x+ A
() > = x> + Ax;
Iv) y¥ =53+ Ax.
The types of the singular fibers are respectively (nly,nly), (I3, 13), (1, 1I*), (I11,11T"),
IV, IV*).

Remark 2.13. In case (I) of Lemma 2.12, X is a minimal elliptic ruled surface by Lemma
2.11. So the foliation ¥ induced by f is a Riccati foliation w.r.t. the ruling map. It has
no singularity and is a non-trivial holomorphic vector field with kod(¥) = 0. By [Brul5,
Theorem 6.6], ¥ is a suspension of a representation p : 1 (Alb(X)) — Aut(P").

3. RICCATI FOLIATIONS ON A RATIONAL SURFACE

All notations and assumptions in Sec. 2.1 are adopted. In this section, we consider the
case that X is a rational surface, i.e., ¢ : Y(= F,) — B(= P!) is a Hirzebruch surface of
degree e. In this case, degG = [ — 2 by Lemma 2.5 .

Let I',, be a tautological section with T2, = —¢ and F be a general fiber of ¢. Let x
(resp., y) be the coordinate of B (resp., F)). We assume that I'y, is defined by y = co. Let
Fi, ..., F;bethe G-invariant fiber of ¢. Without loss of generality, we assume F; = ¢! (co0)
whenever [ > 0.

Remark 3.1. The birational map o : (X,F) --» (¥, G) can be realized as a Mobius trans-
formation _
Ot be.deC), ad—be %0,
cy+d
where y is the coordinate of a general fiber of ¢y : X — B. Moreover, it can be decomposed
into more simple transformations: y = (x —r)*!' - § (i.e., flipping map), y = sy+randy = 1

¥
(r,s €C, s #0).
3.1. Discriminant of a Riccati foliation.

Lemma 3.2. Under our assumptions, we have
(1) if T is not G-invariant, then | > 2 + e and the equality holds iff T's, transverses to
Gg;
(2) if T is G-invariant, then | > 2e and the equality holds iff either | = e = 0 or each
singularity p; = I'; 0 F; has an eigenvalue —% (i=1,...,10).

Moreover, we have always | # 1.
Proof. (1) By Lemma 2.5, Kgl's, = degG = [ - 2. If I, is not G-invariant, then
3.1 Kgl' = tang(G,I'xs) +e > e,

ie., [ > 2+ e > 2, and the first equality holds iff ', transverse to G from [Brul5, Proposi-
tion 2.2].

(2) Assume that [ > 0. If I, is G-invariant, then
(3.2) o= S

< i
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where 2 is the eigenvalue of the singularity p; = F;NT'w (i = 1,...,1) from Camacho-Sad

formula ( [CS82, Suw98]). Note that |’;—’f| < % Thus e < % and the equality holds iff each

== —%. Ifl=1,e= —':—11 is not an integer, a contradiction. So [ # 1.

‘ Similarly, in case of [ = 0, the Camacho-Sad formula implies ¢ = 0. O

Corollary 3.3. If1 =0, then G is defined by w = dy w.r.t. the first projection
@ P! x P! — P!, (x,y) = x.

Proof. From Lemma 3.2, ¢ = 0 and I, is G-invariant. Since [ = 0, G is algebraic (Lemma
2.5). In this case, the Riccati fibration f : ¥ — C induced by G is smooth.

For any irreducible G-invariant component I'(# I's), one can claim that ['.,I' = 0. If
not, their intersections give at least one singularity of G and hence there is a G-invariant
fiber of ¢ passing through it, a contradiction. So I is defined by y = ¢ for some ¢ € C.

Therefore f is exactly the second projection

fiP'xP' 5P (xy) —y.
Namely, G can be defined by w = dy. O

In what follows, we assume that / > 2. From Lemma 3.2, we have always [ > e + 1.

Lemma 3.4. Each Riccati foliation F has an expression (1.1) or (1.2) satisfying

(1) p,q; € Clx] (ie., gi € C(x)) fori=0,1,2;

(2) T is G-invariant iff g9 = 0 (i.e., go = 0);

3) if F is a standard form, then p has no multiple root (i.e., the order of each pole of
gi’sonP' —{oo}is 1) and deg g; < deg p + (i — 1)e (i.e., deg g; := deg q; — deg p <
(i-Defori=0,1,2).

Proof. From Remark 3.1, it’s enough to consider the standard form G.
It’s well known that w is a section of V := HO(Y, Qy ® Oy(Ng)) where

Ngzng—Ky=2Fw+(l+e)F

is the normal bundle of G (see [Brul5]). One can constructs a subspace V' of V consisting
of the following differential forms

2
w= )" g0y dx - p(x)dy + ex'\(eydx - xdy), qi,p €Clx], c €C,

i=0

where degq; < [ -2+ (i—1)e (i = 0,1,2) and degp < [ — 1. It’s easy to see that
dimV’ =4[-2.

We will claim V = V’. For this purpose , we need compute dim V. Consider the exact
sequence

0— (,D*QB ®Oy(Ng) — Qy ®Oy(Ng) — Qy/B ®Oy(Ng) — 0

where Qy,p = Oy(—2I' — eF) be the relatively canonical sheaf of ¢.
By Leray spectral sequence and R'¢.Oy(2I's,) = 0, one has

R (Y, 9" Qp ® Oy(Ng)) = h(B, 9.0y(2T'w,) ® Op(l + e — 2)), k=0, 1.
Since ¢.0y(2T') = Op ® Op(—e) ® Op(—2¢) and [ > ¢ + 1, we get
R (Y, 0" Qp ® Oy(Ng)) = 0, h°(Y,¢"Qp ® Oy(Ng)) = 31 - 3.
Note hO(QY/B ® Oy(Ng)) = ho(Y,Oy(IF)) = I + 1, we obtain
dim V = h(Y, ¢*Qp ® Oy(Ng)) + h°(Qy/3 ® Oy(Ng)) = 41 - 2.
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Now we investigate the neighbourhood near by F; = ¢~!(c0). Take a coordinate trans-
formation (x,y) = (%, %)- We get the expression of w in the neighbourhood as follows:

2
O =- Z Giy*ldt + p(eudt — tdu) — cdu,
i=0

where §; 1= g;#">*D¢ (i = 0,1,2) and p := pt'~! are still polynomials in C[x]. Note that
G-invariant fiber F; is defined by ¢ = 0. So ¢ = 0. Thus we get the expression (1.1) with
coeflicients ¢;, p € C[x] (i.e., g;’s are in C(x)).

Let x = a; be the equation of F; (i = 1,...,/ —1). Since F;’s are G-invariant, x =
ai,...,a;; are the roots of p. Note that degp < /- 1. Sodegp = [— 1 and p has no

multiple root.

Take y = 1. One get the differential form

v

= 22: giv'dt + pdv.
i=0
Note that I', is defined by v = 0. Thus I', is G-invariant iff v | go(x) (i.e., go = 0). |
For convenience, we usually _reglace the expression (1.1) by (1.21 We define the dis-
criminant of w as in (1.4). Let (X, ) be a Riccati foliation w.r.t.  : X — P! and
& = (80§ + 819 + go)dx — dy
be the differential form of F.

Lemma 3.5. Assume that gogo # 0. Then A(w) = A(®) iff there is a birational map
o (X,F) - (X, F) defined by an affine transformation as in (1.5).

Proof. (=) By a transform

z 1 86 _ z 1 (_ gé
y=—-——\811t— resp,y=——-—-—\(8&1+t=—1 ],
g 280 8o 2 22 go

one gets a Riccati foliation defined by
W =+ Adx - dz
where A := A(w) = A(®). Hence a birational map o : X, ?) --» (X, ) can be obtained by

the transformation .,
8. 1 _ & &
y= g_y_z_(gl_gl +—0—_—O)-
80 80 8 8o
(&) By Remark 3.1, it’s enough to consider the transformations: y = (x — r)*'$ and
y=sy+r(s,reC,s+0).
Take a transformation y = (x — r)j. One has
_ _ 1 Y
go=8gx-r), Zi=g - , &= .
xX—r xX—r
From a straightforwards computation, we get A(@) = A(w). The other cases can also be
checked similarly. O

Example 3.6. Consider a standard form & w.r.t. ¢ : P! x P! — P! with three # -invariant
fibers. By choosing a proper coordinate, we can assume that
(1) Fi, F5 and Fj are defined by x = 0, x = 1 and x = oo respectively;
(2) p1 =(0,00), pr = (1,0) are singularities of G with eigenvalues 1;, 4, respectively.
Firstly, we consider the case that the sections I's, : y = 0o and Iy : y = 0 passe through
both singularities on F3. In this case, both sections are G-invariant. If not, 1 = KgI' =
tang(G,I") > 2 forI' = ', or Iy, a contradiction. So

4
(3.3) w= (—1 M )ydx — dy
X x—1
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and the eigenvalue A3 of the singularity p; = ', N F3 satisfies 4; — A + 43 = 0 by
Camacho-Sad formula. In particular, the foliation is an algebraic one of type A.

In what follows, we assume there is a singularity on F3, says ps, outside of I', and
I'y. By choosing a proper coordinate, we can take p3 = (co, —1) with eigenvalue A3;. From
Lemma 3.4, we get

A — A+ A3 ) (—/11 A ) Ay — A —
—_— — + y+
2(x-1) 2x

(B4  w= ( /ls)dx —dy.

X x—1

Hence

-y =12 1-2 -D?+3-28-1
+ +
x? (x—1)2 x(x—1)
3.2. Riccati foliations with Kodaira dimension —co. Let ¥ be a Riccati foliation with
kod(F) = —oo. In this case, it’s algebraic from Miyaoka Theorem [Miy85]. By Lemma

2.5, the rational fibration ¢ : Y(= F,) — B(= P') adapted to the standard form G is a
Hirzebruch surface of degree e.

1
Aw) = Z(

Lemma 3.7. We have e < 1. Furthermore, up to a flipping map, we can assume always
that e = 0.

Proof. 1t’s easy to see that e < 1 and / < 3 from Lemma 2.5 and Lemma 3.2.

Now we consider the case of e = 1. We hope to find a singularity with eigenvalue %
outside I',. Then we can make a flipping map by blowing-up the singularity with eigen-
value % and get a new standard form of ¥ w.r.t. the projection ¢ : P! x P! — P!. For this
purpose, we consider the following two cases.

Case 1. ', is not G-invariant.

From Lemma 3.2, [ = 3 and I', transverses to G. In this case, there is a G-invariant
fiber of type / 1 by Lemma 2.5. Hence I', doesn’t pass through both singularities in such
an fiber.

Case 2. ', is G-invariant.

Lemma 3.2 implies / = 2 and I', passes through two singularities with eigenvalues —%
precisely. Namely, the singularities with eigenvalues % are outside . O

In what follows, we assume that e = 0, i.e., ¢ : P! x P! — P! is a projection satisfying
@(x,y) = x where (x,y) is the coordinate of P! x P!. Let Iy, (resp., I'y) be the section of ¢
defined by y = oo (resp., y = 0).

Corollary 3.8. If] = 2, then G can be defined by w = Aydx—dy up to a suitable coordinate.

Proof. One can choose a suitable coordinate such that the G-invariant fibers of ¢, says
Fy, Fo,, are defined by x = 0, co respectively. Furthermore, we can also assume that I',
and Iy passes through the singularities in F) respectively.

We claim that Iy, is G-invariant. If not, one has tang(G,I's) > 1 by our assumption.
So (3.1) implies [ > 3, a contradiction. Similarly, 'y is also G-invariant. Thus we get
w = Aydx — xdy from Lemma 3.4. O

Proof of Theorem 1.3.The case for [ < 2 is from Corollary 3.3 and Corollary 3.8.

In what follows, we assume that [ = 3. In this case, (11, n,, n3) satisfies Lemma 2.5
and so n; = 2. One can find that 'y, (resp., ['g) is not G-invariant and passes at most one
singularity of G from (3.1) and (3.2).

By choosing a suitable coordinate, one can assume that ¥ has a differential form w as
in Example 3.6 with (11, 1, 43) = (3, nl:’ =) where 0 < m < %3 and (m,n3) = 1.

If n, = 2, then

w = (3x9° +y — B3(x — 1))dx — 2x(x — 1)dy.

By replaceing y by %, one gets an expression as in Theorem 1.3 (3). If n, = 3, then w is
as in Theorem 1.3 (4)—(7). O



ON THE POINCARE PROBLEM FOR RICCATI FOLIATIONS 13

4. SINGULAR FIBERS OF A RICCATI FIBRATION OF GENUS g > 1

Let f : X — C be a Riccati fibration of genus g > 1 and ¥ be the Riccati foliation
induced by f with respect to a rational fibration. Without loss of generality, we assume
that f is a minimal normal-crossing fibration whose singular fibers are F,..., F, with
principal components I'y, ..., [’y respectively.

Let (Y Q) be the standard form of (X, #) w.r.t. a minimal rational fibration ¢ : ¥ — B
and p (Y g) — (Y, G) be the relatively minimal standard form w.r.t. a rational fibration
o= :Y - Basin Sec. 2.1. Under our assumption, (Y Q) = (X,¥F). Since g > 1, there
isa Zar1sk1 decomposition Kz = P+ N.

Let F{,..., Fl’ be the G-invariant fibers of G and take n; = nr: (i=1,...,]) where nr:
is defined as in Sec 2.1. We setd = FF".

4.1. Proof of Theorem 1.4.

Lemma 4.1. Any Riccati fibration is isotrivial. Furthermore, the rational fibration  co-
incides with the fibration given by |mP| as in Corollary 2.8 whenever g > 1.

Proof. It’s enough to consider the case of kod(é) = 1 by Lemma 2.7 and kod(é) <1.
Let ¢’ : Y — B be the fibration glven by |mP| and F’ be a general fiber of ¢" . Take
a general fiber F of ¢ @. One has Kz F = 0 since Q is a Riccati foliation. Noting that both
P and F are nef, it implies that PF NF = 0. Hence FF’ = 0 for any fiber F’ of ¢’ by
Corollary 2.8. So @ = ¢’. It implies that g > 1 by Corollary 2.8 again. Therefore f is
isotrivial from Lemma 2.7 O

Let y; be the order of topology monodromy of F; (i = 1,..., s).
Lemma 4.2. Take a general fiber F’ (resp., F) of ¢ (resp., f). We have

2 2 1
4.1) —;l=2g(C)—2+;(l—;i),

2-2 ’ 1
4.2) = —2g(B)—2+;(1—n—i).

In particular, the first equality implies that C = P' and ¥!_, (1 - %) =2- % <2

Proof. If g > 1, then (4.1) is from Lemma 4.1, Corollary 2.9 and g(F’) = 0. Now we
investigate the case of g = 1. Since f is isotrivial, one has P = 0 by Lemma 2.7. So
NF' = KgF" = 0. Thus one can get (4.1) by a similar proof of Corollary 2.9.

From (2.3), KzF = 2g — 2. Combining (2.2), Lemma 2.5 and NF = 0, one gets

]
= [Zg(B) —2+ )] (1 - ni)] FF'.
i=1

L

Thus (4.2) is obtained. |

Proof of Theorem 1.4. Assume that f is a Riccati fibration. By Lemma 4.2, we have
1 (1 - }%) < 2. It implies that f occurs in one of the cases in Theorem 1.4 by a compu-
tation as in Lemma 2.5.
Conversely, for any isotrivial fibration f : § — C(= P') of genus g > 1 occurring in
one of the cases in Theorem 1.4, Corollary 2.10 implies that it is a Riccati fibration. O
From the proof of Lemma 4.2, we have

Corollary 4.3. Each principal components T; of F; (i = 1,...,s) satisfies T;F' = % In
particular, for a Riccati fibration of type A,, both T';’s are sections of ¢. Conversely, if a
principal component of a Riccati fibration is a section of the corresponding ruling map,
then it is of type A,,.
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Similarly, ©p F = % where OF; is the (=1)-curve as in (2.1). Therefore we have always
vi|dandn; | d.

4.2. Algebraic Riccati Foliation with Kodaira Dimension Zero. In this section, we
will consider the case of algebraic Riccati foliation with Kodaira Dimension Zero (i.e.,
kod(é) = 0). From Lemma 2.7 and Theorem 1.4, f : X — C(= P') is an isotrivial elliptic
fibration occurring in one of the cases in Theorem 1.4.

If s =0, fistrivial, i.e., f : X = E X P! - PL. If s = 2, then f occurs in one of the
cases in Lemma 2.12.

In what follows, we assume that s = 3. In this case, the rational fibration ¢ : ¥ — B
adapted to G gives s a rational ruled surface (namely, B = P' and Y = F,) by Lemma 2.11.
Therefore G occurs in one of the cases in Lemma 2.6 (II):

(1) I =3 and (ny,n,n3) =(3,3,3);
(2) [ =3and (ny,np,n3) = (2,4,4);
(3) [ =3 and (ny,np,n3) = (2,3,6);
@) [ =4and (n,np,n3,n4) = (2,2,2,2).

We exclude the case (2) firstly. Since n; = 4, the eigenvalues of the singularities on F
are J_r}l. So F| gives two G-chains: a (—4)-curve and a Hirzebruch-Jung chain consisting
of four (-2)-curves. It implies that f contains two singular fibers of type /1] and /11"
respectively (cf. [BHPVO04, Ch. V, Sec. 7]). Thus y; = y, = 4, a contradiction to Lemma
4.2. So the case (2) doesn’t occur.

Similarly, one can also exclude the case (3).

Lemma 4.4. In case (1), up to a proper coordinate, G can be determined uniquely by a
differential form

4.3) w = (3y* = 2xy — Ddx — 6(x* — 1)dy
on P! x P,

Proof. Let (x,y) be the coordinate of ¥ = F, such that y = co is a tautological section I's,
of ¢ with FEO = —e and x = £1, oo are all G-invariant fibers. Furthermore, we assume that
(x,y) = (c0,0) is a singularity with eigenvalue %

By our assumption and Corollary 4.3, 'y, is not G-invariant. So ¢ < 1 by Lemma 3.2.
We will exclude the case for ¢ = 1. Suppose that e = 1. By choosing a suitable coordinate,
we can assume (x,y) = (1,0) is another singularity with eigenvalue % From Lemma 3.4
and our assumptions, one has

w = (ay* + 4xy + b(x — 1))dx — 6(x* — 1)dy

for some a,b € C (a # 0). Since the eigenvalues of both singularities on the fiber x = —1
are i%, one gets that b = 0. So y = 0 defines a G-invariant section, a contradiction. Thus
we have e = 0.

Without loss of generality, we can choose a suitable coordinate y on a general fibe rof
¢ such that (x,y) = (c0, ), (c0,0), (1, 1) are singularities of G with eigenvalues —1,1,1
respectively. Thus one gets (4.3) by Lemma 3.4. O

Now we investigate the case (4). In this case, (y1,y2, v3) = (2,2, n). More precisely, the
singular fibers of f are type I, Ij and nly respectively. For the surface Y = F,, one has
e <2 by Lemma 3.2. By choosing some proper flipping maps, we can always assume that
e = 0. Furthermore, we can assume that the G-invariant fibers are x = 0,1, 4,00 (1 # 0, 1).

We state the following result which will be proved in Sec.5.3.

Lemma 4.5. In case (4), up to a suitable coordinate and an affine transform (1.5), ¥ can
be determined by a differential form
¥ 2
w=———(y +n@y—1)y—y)dx—2nd
ORI y-Dy-y y
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2
where = m (f.g € C[x] ) satisfies

xXf2 = (= Dx—Dg> = h"
for some h € C[x].

Proof of Theorem 1.8. 1t’s from the above discussions, Lemma 4.4 and Lemma 4.5. O

5. RICCATI FIBRATIONS ON A RATIONAL SURFACE.

In this section, we investigate a Riccati fibration f : X — C on a rational ruled surface
@ : X = B(= P'). We adopt all notations and assumptions in Sec. 4.

Let I's, be a tautological section of the Hirzebruch surface ¢ : Y(= F,) — B(= P of
degree e with 2, = —e and F’ be a general fiber of ¢. Take a general fiber F of f and
d=FF'.

Let x (resp., y) be the coordinate of B = P! (resp., F’). We assume that I'y, is defined
by y = co and I'y is a section defined by y = 0. Each G-invariant fiber F (i = 1,...,]) is of
type Ir%- 0< ’;i < %) and is defined by x = a; (for i < I) or x = oo (for i = I) respectively.

Let IDi = p(;) where I'; is the principal component of the singular fiber F; of f with
the order y; of periodic topology monodromy (i = 1,...,s). Let f; € C[x,y] be the local
equation of D; =div(f))inY (i=1,...,5s).

5.1. Some lemmas. Note that p(F;) is a sum of D; and some G-invariant fibers of ¢, that
is, puF; = div(u; ") for some u; € C[x]. Since f : X — P! is a pencil of curves, f is
determined by the family of the curves on Y.

Cr: wmfl' —turf)* =0, VtePl

Without loss of generality, we can assume that C; = p.F3 whenever s = 3. Thus one gets
the relation between f;’s:

5.1) wfl' = wf) = usf].

Set f; = vih; (i = 1,...,s) where v; € C[x] and h; € K[y] (K := C(x)) with the leading

u

Y1
coeflicient 1 as a polynomial of y. Take ¢ := ‘:}2 . Thus the above relation can be rephrase
2

u

as follows.

(5.2) yh' —h} =@ - DhY, ¢yekK
and

(5.3) uv)' —upvl = uzvl’.

Since I; is irreducible, h; € K[y] is irreducible. Moreover, by Corollary 4.3, one has
deg, h; = g and ged(hy, b)) = 1in K[y] (i # ).
Y1
It’s easy to see that the differential form w of G is from differential form d (‘iﬁ‘z ) (or
g )

2
h2

In what follows, we consider the case for s = 3. We assume 2 = y; <y, < y3.

, etc.).

Lemma 5.1. There is a u € C(x) such that
h3 Ohy  hy Ohy

(5.4) uh' = 222 2223
i, y3 0y y2 dy

1 h3dhy  hy Oy

(5.5 wr = 2L TS5
) Gk ys dy 1 Oy
1 hi6hy hydh

(5.6) v — Duhl’ 1_Moh iﬁ_
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Proof. From (5.2), we have

Y1 Y2
1 2

— == 4yl
V3 Y3

h3 h3

Taking (% on both sides of the above equality, we get

hy' (71 Ohy s 5h3) ;/ (72 ohy 3 (9113)

h?’3 h; dy hy Oy h73 hy Ay hs Oy

ie.,
(5.7) %whyll(@%_ﬁ%): e 1(h3%_@%)
| lnmdy oy P \mdy moy

Since gcd(hy, hy) = 1, (5.7) implies that
hz Oh hy Oh 11 h3 Oh hy Oh
hl |( 30 2 3) n" 1'( 3 0Ny 1 3)

FYErN 2

Y3 80y  y2 Oy

v Oy 7 Oy
in KDyl.
Note that deg, hy' =d-4 and

h
(_3%_’2%)<i+i_2=d_i
3Oy 7o) v2 v 7
by (4.1). Thus
_ hz Oh hy oh
Wi = (_3_2 _ _2_3)
y3 Oy y2 Oy
for some w; € C(x). Similarly,

L

y3 Oy y1 Oy
for some wy € C(x) satisfying yjyws = yow; by (5.7). Take u = y”:—l'ﬁ = % we get (5.4)
and (5.5). The last equality (5.6) can also be obtained similarly. O

Lemma 5.2. There are n,& € K[y], such that

5:8) h (i_i__)%ahs (lg@hz_@ahg)
‘ yam Y3 Y2 0y 0Oy v3 Oy 2 0y?
1 _1 Ohy Oy (h3 *hy  hy 82h3)
59 heo= | — - _ 2|20 (13 I
(5.9 Y26hs (72 Y3 ) ay dy vz 0y? Y2 0y?
_ 1 (0hs)
_ 2172-2 3
(5.10) hs = 2y - ( o )
(5.11) Ehy = 230y — 1)u2h§3_2 _ 1 5/12
27’3 (9)7

Proof. By y; =2 and (5.4), we have

1 (h3 oy hy ah3)
2yu \y3 dy  y2 Oy

Applying the above equality on (5.5), we obtain
L1 (Y

Wy |2 2h‘}/2 2 L 19
2[72W 2 272(3Y)]

hg (( 1 ) 0hy Ohs . (h3 O*hy  hy 8%h ))

')’3 Y3 72

ay c')y

y3 0y y2 Oy?
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Since ged(hy, h3) = 1,
_ 1 (9h 2
h3’(2)/2¢’42”;2 ’ ( 3) ]

2y \ dy
in K[x]. Thus we can find some n € K[y] satisfying (5.10) and get (5.8) by the above
equality.
Both (5.9) and (5.11) can be obtained similarly by combining (5.4) and (5.6). |

Lemma 5.3. We have
_ 2 &Phs 2 8%h,
1 =2y -y 2y2 = 2y3 = v2y3 02
Proof. Differentiating both sides of (5.10), one has
6h2 6h3 (97] 1 (8h3 ) (62h3 )
——=n—thh o+ —|— ||
dy dy dy ya\ 0y )\ dy

Note that y, = 2,3. If y, = 2, then d = 23 by Theorem 1.4 and hence deg i3 = 2. In this
case, (5.10) implies that

(5.12)  2ya(ys = 2yPhy ™

1 (0hs\
> =nghs + - |—| €eK.
Yu 773+4(6y)€

Since deg i3 = 2 and its leading coefficient is 1, one gets = —1.
In what follows, we assume y, = 3. By (5.10), (5.12) and (5.9), in K[y], we have

Z 1 (om)?
h2 = 36yu? (9_;) ) ,
h = 1 (9 1 (8%
& =ae(G)nri(5r).  modhy.
b &hy o (L + 1) Iy Oy
3 9y? ~\n 6/) dy oy’
respectively. Note that gcd(hs, %) = 1. One gets
1 1 1 0%y
5.13 —+-|p+-——=0 (modh
G149 (73 6)" 3y3 0y? ( &

from the above equalities.
By (5.10), one can see that

d 0%h;3
degn < max{deg h, —deghs,degh; —2} = — -2 = deg —-.
73 dy
hence (5.13) implies that

( 1 1) 1 0%*h3

J— —_ + —— = ,
v 6)77 3y 0y
. 2
ie,n= —y32+6 %.
Similarly, we can get the other equality by combining (5.9) and (5.11). O

Lemma 5.4. [fy, = 3, then we have

Gud) me L (18m O &y 36K &y (9
. 1 21623 \y3+6 0y  0y*  yi(y3+6) 8y Ay >
1 ({6hs\"  12hy &%
5.15 h, = — - Rl
( ) 2 36[&142 [( ay ) Y3 +6 ayZ
(5.16) 0= 0 Phs\ _ohy &hy by 0hs
. 2(y3 +6) \ 9y? dy 0 y3—-2 Oyt
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Proof. The equality (5.15) is from (5.10) and Lemma 5.3. Furthermore, it implies that

Ohy _ 1 Ohs 0*h3 B ’h3
dy  18yul(ys +6) ’3 dy  0Oy? 3oy )
&, 1 &hs\ Ohy  0hs 8hs
= +(y3-6)— - —— —6h3 - —|.
9y 18yi(ys +6) [73 ( oy ) 7m0 g T oy
Applying the above equalities on (5.8), one gets (5.16).
(5.14) is from (5.15) and (5.4). m]
From Lemma 5.4, it’s enough to solve the equation (5.16). Set m = % and
(5.17) hy = Z (m)aky’”"‘, ay:=1, €K k=2,...,m.
o \k

Since both leading coefficients of Ay, i, are 1, (5.14) and (5.15) imply that

6u\’ 6u\’ 6u\’
az:a%—w(—u) , a3=a?—3a11//(—u) +2:,//2(—u) .
m m m
Without loss of generality, we can assume a; = 0 and u = ¢ by taking an affine trans-
formation y = S _ 4. Thus ap = ¥ and a3 = —2¢°. By (5.16) and a straightforwards

m
computation, we obtain these undetermined coefficients a;’s. Finally, we have

I PRV RT () PN 71 S DT [2]+1
(5.18) s ; 1 (k)ac Dyt = 2 = 3w - Dl 1,

where p3 = p4 := 1 and
ps = U2 (1424 — 1600y) + 960y y — 2079y%y* + 220042y — 990y y* + 165y°.
Furthermore, one can get Ay, hy by (5.14), (5.15) and (5.18).

5.2. Riccati fibrations of type A,_;. We assume that f is of type A,_;. The case for Aj
has been discussed in Corollary 3.3. In what follows, we assume n > 2. In this case,
(v1,v2,d) = (n,n,n) by Theorem 1.4.

By Corollary 4.3, both I'j, I'; are the sections of ¢ and hence both Dy, D, are the sections
of .

From Corollary 2.4, either e = 0, or ¢ > 0 and ', = D; for some i. In the latter case, we
can assume that D; = ', and D, = I’y by choosing a suitable coordinate. From Lemma
3.4, the expression (1.2) of G is as follows:

-1
(5.19) w=giydx—dy. g1=),

i=1

4
X —a;

where 4; ==+ (i=1,...,1-1).
Note that n4; is an integer (i = 1,...,[ — 1) by Corollary 4.3. We take
-1
(5.20) v = ]_[(x — a)™ e C(x).
i=1
Thus g; = :lep
Now we consider the case for e = 0. If [',, = D; or D, one can get an expression of w
as above. In what follows, we assume that [, # D;, D,. Since D;’s are disjoint sections
(Corollary 2.4), one can assume that D (resp., D,) is defined by y = —1 (resp., y = 0) by
choosing a suitable coordinate. Therefore, we obtain the expression (1.2) of G

(5.21) w= ﬂ(yz +y)dx —dy
ny

where i is as in (5.20).
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Conversely, (5.19) (resp., (5.21)) gives a pencil defiend by y* = ty (resp., y" = ty(y+1)")
for t € C. So we get a Riccati fibration of A,,_;.
Remark 5.5. By taking ¢ = 1 in (5.19) or (5.21), one can also get Corollary 3.3.

From the above discussions, we have

Lemma 5.6. Up to an affine transformation (1.5), an algebraic Riccati foliation of type
A,—1 has an expression as in (5.19) or (5.21). Conversely, a Riccati foliation with such
expressions for any non-zero W € C(x) is of type A,_1.

5.3. Riccati foliations of type D,.,. We consider a Riccati fibration of type D,,, (n > 2)
in this section. In this case, (y1,7¥2,v3,d) = (2,2,n,2n), degh; = degh, = n and degh; =
2.

Take @ = Vi and K = K(a). In K[y], (5.2) implies

(5.22) (ahy + o)(@hy — hp) = (& = D],
Since E[y] is a Gaussian integral domain and ged(ah; + hy,@hy — hy) = 1 in E[y],
ahy +hy = (@ + Dy}, ahy—hy =(@- D}
where both 771, 77, are monic polynomials in K[y] satisfying i3 = 5;17,. So
m=y+a+ba, m=y+a-ba

for some a,b € K. Note that b # 0 and « ¢ K since hj3 is irreducible in K[y].
Therefore we have

hi =5 @+ Dy+a+ba) +(@—-1D+a-ba)",
(5.23) {

hy %((a+1)(y+a+ba/)"—(a—1)(y+a—ba/)”),
hy = (y+a) —b*y.

By the above equalities, we can get the differential expression of the corresponding
Riccati foliation as follows:
b/ lﬁ, ) bw,

v 2 (LY LA
ana,l/(l//—l)(y+a) +(b+21// (y+a)+2n(¢’_1) a)dx dy.

Without loss of generality, one can assume that a = 0 and » = 1 by taking an affine
transformation y = by — a.
Furthermore, we set i = ﬁ Thus w has a form as in Theorem 1.9 (2), that is,

N v\,
‘”"(an‘f—l)y Tuw-1’ ‘)dx @

2ny
From the above discussions, we have

(5.24) w= (

(5.25)

Lemma 5.7. Up to a proper affine transformation (1.5), an algebraic Riccati foliation
of type D, 1> has an expression as in (5.25). Conversely, a Riccati foliation with such an
expression for any non-constant ¥ € C(x) is algebraic.

Remark 5.8. If vy = /1 —1/¢ € C(x), then h3 in (5.22) is reducible and hence (5.25)
gives a Riccati foliation of A,_;. The fact can also be found by taking an affine transfor-
mation y = i(2y + 1) in (5.25). Then one can get an expression (5.21). A similar result
can also be got when 7 is even and one of ﬁ V¢ — 1is in C(x).

Proof of Lemma 4.5. In this case, by choosing a suitable coordinate x in B(= P'), we
v

cantake u; = x,up = (x—1)(x—A),us = land ¢ = % satisfying (5.3). Set f = v, g =
2
and h = v3. Thus one has (1.3). O
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5.4. Riccati fibration of E;. Combing (5.18) and Lemma 5.4, one can obtain A, and h,.
The differential expression w is from d(lﬁh% /hg). By a straightforwards computation, we

have
(Y (N (Y Y
”'ﬁww—lﬁ'+@w+6w—lJy &*VJ w—de o
Furthermore, by taking y = = and ¢ = %, w has an expression as in Theorem 1.9 (2),
ie.,
(Y e (N (LoD P s
o2 ”"(ﬂ&—ny+(%&—n 2&% (6+» &}” o

Lemma 5.9. Up to a proper affine transformation as in (1.5), an algebraic Riccati foliation
of type Ey has an expression as in Theorem 1.9 (2), i.e., (5.26). Conversely, a Riccati
foliation with such an expression for any non-constant € C(x) is algebraic.

Remark 5.10. If y3 = 3 and v — 1 € C(x), then h; is reducible and the Riccati foliation

gives a fibration of type D4 or A;. Similarly, if y3 = 4 and /¢ — 1 € C(x), then the Riccati
fibration is of type Eg, D4 or Aj.

5.5. The proves of main results. We will prove Theorem 1.9 and Theorem 1.10 firstly.
Proof of Theorem 1.9.
(1) & (2) It’s from Lemma 5.6, Lemma 5.7 and Lemma 5.9.
(2) & (3) It’s from Lemma 3.5.
(4) = (1) It’s obvious from Miyaoka Theorem [Miy85].
(2) = (4) Let ¥y be a Riccati foliation w.r.t. pr; : P! x P! — P! defined by

wo = (xy2 + ((z- i)x+ (d— i))y+ (1 - i)(x— 1))dx—d-(x— Dxdy.
V3 Y1 V3
From Lemma 2.5, Kod(%p) = —c0.

Without loss of generality, we assume the differential form ¥ is as in (2). It’s easy to
see that ¥ is a pulling-back of % by the base change ¢ : P! — P!,

Up to now, this proof is completed. a

Proof of Theorem 1.10. (1) & (2) = (3) It’s from Corollary 4.3.

(3) = (4) By choosing a suitable coordinate, we can assume that y = 0 is G-invariant
section. Thus w can be written as in (5.19) by Lemma 3.4.

(4) &= (5) It’s obvious.

(5) = (1) By Theorem 1.3(2), ¥ is algebraic. So is 7. O

Proof of Corollary 1.13.

(1) = (2) It’s from Corollary 2.4 and Corollary 4.3.

(2) = (3) Let Dy, D, be the disjoint F -invariant sections. If e > 0, then one of the
sections, says D1, is the tautological section (i.e., D% = —e) defined by y = c0. Hence D,
is defined by y = f(x) for some f € C[x] withdeg f <e. Sogyo=0and g, + g = f".

If e = 0, then we can defined D;’s by y = a; and y = a5 (a;,a, € CU {0}, a; # ay)
respectively. If a; = oo (resp., ap = ), then gy = 0 and g, = —a, g (resp., g2 = —a;81).
If aj,a; € C, then goy* + g1y + g2 = go(y — a)(y — a). Namely, g1 = —(a; + a2)go and
g2 = ajaxgo. Setc; = —(a; + ay) and ¢; = aja,. Since a; # az, cf —4cy #0.

(3) = (1) By Corollary 2.4, we can always assume that both sections are defined by
y = 0and y = oo respectively. Thus w = g,ydx — dy. So it’s algebraic from Theorem 1.10.
O

Proof of Corollary 1.16.

(=) By (5.23), we have a horizontal irreducible 7 -invariant curve defiend by h3 = 0, i.e.,

G+a)-u=0
where u := by and b,y € C(x) \ {0}.
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By (5.24), go = —W;//_D(i 0). So one has
1 V4 1 b(by —2b'u)
bgo - e = . 2—
2n Yy@W-1) 2n  pb*—p)
ie.,

ngob® — Ly ngou = —b’.
2u
Thus y = —b, _% are the solutions of the differential equation @ = 0 where
- 2 u
@ = (ngoy + 2—y - ngou) dx —dy.
u

Namely, the Riccati foliation F defined by @ has two F -invariant sections. By Corollary
1.13 and Corollary 2.4, the standard form of ¥ has two disjoint invariant sections and

hence F is of type A.

(<) Without loss of generality, we can assume that ¢ = 0. Since y*> —u = 0 is -
invariant, one has g; = ’z‘—ﬂ and g, = —ugo. Lety = y;(x) € C(x) be a solution of @ = 0.
Take b = —y; and ¢ = % From a straightforwards computation, one gets

[ A A
2nby(y — 1) b 2y 2n(y — 1)
Namely, w has an expression as in (5.24). So ¥ is of type D,5. O

Proof of Corollary 1.17. We assume that ¥ is not of type A,_; or D,,». Suppose that ¥
be algebraic. From Theorem Theorem 1.9, Theorem 1.10, up to a proper flipping map, ¥
is from a pulling-back of a Riccati foliation with Kodaira dimension —co (more precisely,

11112

foliations in Theorem 1.3(4)-(7)). So 4, € {5, 3,103 5}, i.e., n <5, a contradiction. O

6. SOME EXAMPLES

Example 6.1. Let ¥ be a Riccati foliations with Kod(#) = —oco. Theorem 1.9 and The-
orem 1.10 are also valid for . More precisely, we can find a special Riccati foliation %
with Kod(¥5) = —oo such that ¥ is a pulling-back of 7 after a base change y : P! — P!
and a flipping map. Let wy be the differential form of F.

(A1) w=Aydx - xdy (A== €Q"), wy = ydx — ndy and ¢ = x™;

(Dps2) w = (xy?> +y— 2(x = 1))dx - 2x(x - Ddy (A = ~eQ"),

wy = (xy2 +ny — (x — 1))dx — 2nx(x — 1)dy,

2[m/2] & (m [m/2]-k 2
y=(1-x -[;(2k)<x—1> xk);
(Eg) w=wy= ()cy2 -2(x—=3)y—-3(x—1))dx — 12x(x — 1)dy and ¢ = x;
(E7) w=wy= ()cy2 —4(x-3)y—5(x—1))dx —24x(x — 1)dy and ¥ = x;
(Eg) w = wpy = (xy* = 10(x = 3)y — 11(x — 1))dx — 60x(x — 1)dy and ¥ = x;

(Ey) w= (xy? = 10(x = 3)y — 119(x — 1))dx — 60x(x — 1)dy, wy is as in (Eg) and

(x — 1)(2916x% — 3375x — 3125)3

-1
y=1+ (189x — 125)°

Example 6.2. Let ¥ be an algebraic Riccati foliation of type D,12 w.r.t. ¢ : P! x P! — P!
as in Theorem 1.8 (3).

_ 2 _ xa—=1? .
(Dg) A=a”and y = ~ oD

-1 (a+1
(Ds) A= D apd

X (x—l—a3)2

TG-Da-A) Qa-Da+12

w:
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(De) A= (24)" and
(x 4(3a2+2a+1) 2

X —m) @ =2a+3)a®+2a-1)

_ _ 2_ 12
(x-=Dx-2) (x - ﬁ) (@ —=1)
where a € C such that 2 # 0, 1, co.

Example 6.3. Consider the foliation (3.4) in Example 3.6. Assume that Kod(#) > 0. Let
A= ',"7 (n; > 1 and ged(m;, n;) = 1). We claim that ¥ is not algebraic whenever n; > 6 for
some i.

By Corollary 1.13, # is not of type A,—;. We claim that 7 is not D,;. If not, from
Corollary 1.16, one can find a horizontal irreducible ¥ -invariant curve I" defined by (y +
a)*> —p = 0. Thus ¢|r : T' — P! gives a double cover ramified exactly over two points
in {0, 1, co}. Hence there are two G-invariant fibers of type / 1 Thus one gets g = 0 from
(4.2). Namely, Kod(#) = —oo, a contradiction.

Therefore ¥ is not algebraic from Corollary 1.17.

v=-
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