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Introduction

Let A be an associative algebra over a field k. The Hochschild cohomology HH*(A)
of A has a very rich structure. It is a graded commutative algebra via the cup product
or the Yoneda product, and it has a graded Lie bracket of degree —1 so that it becomes
a graded Lie algebra; these make HH*(A) a Gerstenhaber algebra [7].

During several decades, a new structure in Hochschild theory has been extensively
studied in topology [2] and mathematical physics [8], and recently this was introduced
into algebra, the so-called Batalin—Vilkovisky structure. Roughly speaking a Batalin—
Vilkovisky (aka BV) structure is an operator on Hochschild cohomology which squares
to zero and which, together with the cup product, can express the Lie bracket. A BV
structure exists only on Hochschild cohomology of certain special classes of algebras.
Using ideas of M. Chas and D. Sullivan [2], T. Tradler first found that the Hochschild
cohomology algebra of a finite dimensional symmetric algebra, such as a group algebra
of a finite group, is a BV algebra [20]; for later proofs, see e.g. [4,18]. Another important
class of algebras having BV structure on Hochschild cohomology is the class of Calabi—
Yau algebras [9]. Also BV structure is related to Tamarkin-Tsigan calculus [13,5].

There are only few examples of complete calculation of graded Lie, Gerstenhaber or
BV algebra structure on Hochschild cohomology, for instance one can mention [3,19,22,
10,21,16,14]. One of the values of BV structure is that it gives a method to compute
the Gerstenhaber Lie bracket which is usually out of reach in practice. This paper deals
with a concrete example. Let k& be an algebraically closed field of characteristic two
and let Qg be the quaternion group of order 8. In this paper, we compute explicitly
the Gerstenhaber Lie algebra structure and the Batalin—Vilkovisky structure on the
Hochschild cohomology ring of the group algebra kQg. The Hochschild cohomology ring
of kQg was calculated by A.I. Generalov in [6] using a minimal projective bimodule
resolution of kQg. Since the Gerstenhaber Lie bracket is defined using the bar resolution,
one needs to find the comparison morphisms between the (normalized) bar resolution
and the resolution of Generalov. To this end, we use an effective method employing the
notion of weak self-homotopy, recently popularized by J. Le and the fourth author [15].

1. Hochschild (co)homology

The cohomology theory of associative algebras was introduced by Hochschild [11].
The Hochschild cohomology ring of a k-algebra is a Gerstenhaber algebra, which was
first discovered by Gerstenhaber in [7]. Let us recall his construction here. Given a
k-algebra A, its Hochschild cohomology groups are defined as HH"(A) = Ext’;.(A, A)
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for n > 0, where A° = A ® A°P is the enveloping algebra of A. There is a projective
resolution of A as an A°-module

Bar, (A): -+ — A®(+2) doy g8(r+1) oy g@3 diy ge2dosi g

where Bar,.(A) := A®("+2) for r > 0, the map p: A® A — A is the multiplication of A,
and d, is defined by

drag@ar @ @art1) =Y (~1)'ag® - © a1 @ 6011 © a2 @ - © A
=0

forall ag,...,ar41 € A. Thisis usually called the (unnormalized) bar resolution of A. The
normalized version Bar,(A) is given by Bar,(4) = A ® A®" ® A, where A = A/(k-14),
and with the induced differential from that of Bar,(A).

The complex which is used to compute the Hochschild cohomology is C*(A)
Hom 4 (Bar,(A), A). Note that for each r > 0, C"(A) = Homye(A®+2) A)
Homy (A®", A). If f € C"(A), then the expression f(a) makes sense for a € A®(+2)
and a € A®" simultaneously. We identify C°(A) with A. Thus C*(A) has the following
form:

11l

C*(A): A 2% Homy (A, A) = - -+ — Homg (A®", A) 25 Homy, (A®THD 4) = ...

Given f in Homy(A®", A), the map §"(f) is defined by sending a1 ® - - ® a,11 to

1-fla2® - ® arq1) +Z QG- ® G4 @ Aigr @ - @ Apy1)
+ ()M @ @ar) - argr

There is also a normalized version C*(A) = Hom 4 (Bar, (A), A) = Homy(A®*, A).
The cup product o — B € C"*™(A) = Homy(A®™+™) A) for a € C™(A) and
B e C™(A) is given by

(@~ B)a1® @ anim) =ala1 @ - ®@ay) - Blant1 @+ @ Gnym)-
This cup product induces a well-defined product in Hochschild cohomology
—:HH"(A) x HH™(A) — HH" "™ (A)

which turns the graded k-vector space HH*(A) = @,,», HH™(A) into a graded com-
mutative algebra [7, Corollary 1]. -

The Lie bracket is defined as follows. Let « € C"(A) and 5 € C™(A). If n,m > 1,
then for 1 <i < n, set ao; 3 € C"™™~1(A) by
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(ao; )( @ Upgpm—1)
a(a R Qa1 QP ® @ Citm—1) @ Cigm @+ @ Gppm—1);

if n>1and m =0, then 5 € A and for 1 <1i < n, set
(o B)la1 ®- ®ap—1) =a(@1®  ®a_10BRa R ®an_1);

for any other case, set a o; 8 to be zero. Now define

O[Oﬂ Z (m 1)(i— 1)0406
and

o, Bl == a0 — (-1 Do,

Note that [a, 8] € C"T™71(A). The above [ , | induces a well-defined Lie bracket in
Hochschild cohomology

[, | HH"(A) x HH™(A) — HH" ™™~ 1(A)

such that (HH*(A), —, [ , ]) is a Gerstenhaber algebra [7].

The complex used to compute the Hochschild homology HH,(A) is C.(A) = A ® e
Bar, (A). Notice that C,.(A) = A® 4 AP +2) ~ AR+ and the differential 9, : C,.(A) =
A®+) 5 01 (A) = A®" sends ap @ - - - @ a, to Z;ﬂ;&(fl)iao R Qa1 ® a1 ®
i @ Qar+ (—1)"ara0 @ a1 @+ ® ap_1.

There is a Connes’ B-operator in the Hochschild homology theory which is defined
as follows. For ag ® -+ ® a, € Cr.(A), let B(ag® -+ ®a,) € Cri11(A) be

D) ®a® - ®a@a® - ®a;
=0
.
+Z(—1)”ai®1®ai+1®~--®ar®ao®---®ai_1.
1=0

It is easy to check that 95 is a chain map satisfying 6 0% = 0, which induces an operator
B:HH.(A) — HH,+1(A).

All the above constructions, the cup product, the Lie bracket, Connes’s B-operator,
carry over to normalized complexes.

Definition 1.1. A Batalin—Vilkovisky algebra (BV algebra for short) is a Gerstenhaber
algebra (B®, —, [ , ]) together with an operator A: B®* — B*~! of degree —1 such that
AoA =0 and
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0,8 = (=D (Aa — b) = Aa) — b= (=10 — A®))
for homogeneous elements a,b € B®.

Tradler noticed that the Hochschild cohomology algebra of a symmetric algebra
is a BV algebra [20], see also [18,4]. For a symmetric algebra A, he showed that
the A-operator on the Hochschild cohomology corresponds to Connes’s B-operator on
the Hochschild homology via the duality between the Hochschild cohomology and the
Hochschild homology.

Recall that a finite dimensional k-algebra A is called symmetric if A is isomorphic to
its dual DA = Homyg (A, k) as A°-module, or equivalently, if there exists a symmetric
associative non-degenerate bilinear form ( , ): A x A — k. This bilinear form induces a
duality between the Hochschild cohomology and the homology. In fact,

Homy (Ci(A), k) = Homy (A ® 4 Bary(A), k)
= Hom 4. (Bar,(A), Homy (A, k))
=~ Hom e (Bar.(A), A) = C*(A).

Via this duality, for n > 1 we obtain an operator A: HH"(A) — HH"~1(A) which is
the dual of Connes’ operator.
We recall the following theorem by Tradler.

Theorem 1.2. (See [20, Theorem 1].) With the notation above, together with the cup
product, the Lie bracket and the A-operator defined above, the Hochschild cohomology of
A is a BV algebra. More precisely, for « € C"(A) = Homy(A®", A), A(a) € C"71(A) =
Homy (A2~ A) is given by the equation

(A()(a1 @ - Q@ an—1), an)

=3 (D)@ @ ®an1 ®a, ®ar @ ®a;1), 1)
=1

forai,...,a, € A. The same formula holds also for the normalized complex C*(A).
2. Constructing comparison morphisms

Let k£ be a field and let B be a k-algebra. Given two left B-modules M and N, let
P, (resp. Q.) be a projective resolutions of M (resp. N). Then given a homomorphism
of B-modules f : M — N, it is well-known that there exists a chain map f, : P, — Q.
lifting f (and different lifts are equivalent up to homotopy). However, sometimes in
practice we need the actual construction of this chain map, called comparison morphism,
to perform actual computations. This section presents a method to construct them. The
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method is not new and it is explained in the book of Mac Lane; see [17, Chapter IX
Theorem 6.2].
Our setup is the following. Suppose that

dy; dn_y dy dg
o — P, P — - — P(— M —0)

is a projective resolution of M. Then for each n > 0 there are sets {e, ;}iex, C P, and
{fnitiex, C Homp(P,, B) such that x = 3 ..« fni(z)en; for all x € P,. Suppose
that the second projective resolution

a3 a7, d$ dg
= Qn = Q1 — - —> Qo(—> N = 0)

has a weak self-homotopy in the sense of the following definition.

Definition 2.1. (See [1].) Let

Q dQl Q Q Q
QB Qe S B U B QB NS0

be a complex. A weak self-homotopy of this complex is a collection of k-linear maps
tn: Qn — Qpyi1foreachn > 0andt_; : M — Qo such that forn > 0, tn_1d§+dg+ltn =
Idg, and dSt_, = Idy.

Now we construct a chain map f, : P, = @, for n > 0 lifting f_; = f. We need to
specify the value of f,, on the elements e, ; for all i € X,,.

For n = 0, define fo(eo:) = t_1fdf(eos). Then dS foleo:) = dSt_1fdE (eos) =
fd5(60,i)~

Suppose that we have constructed fo,..., fn—1 such that for 0 <¢ <n —1, d? fi =
fi—1df. Define f,, by fo(€ni) = tn—1fa—1d% (enq). It is easy to check that

dgfn(en,l) = fn—ldg(en,i)-
This proves the following

Proposition 2.2. The maps f. constructed above form a chain map from P, to Q. lifting
f:M— N.

This result reduces the computation of comparison morphisms to the construction of
weak self-homotopies. It is easy to see that the complex Q. is exact if and only if there
exists a weak self-homotopy of it. In fact, we can obtain more. Denote Z,, = Ker(d,,) for
n > 0and Z_; = N. As vector spaces, one can fix a decomposition of Q,, = Z,® Z,,_1 for

0 Id

n > 0. Under these identifications, the differential d,, is equal to 00 Ly DLy —
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0

Zn-1 ® Zp—o and we can define t_; = (Id

) 41— Zy® Z_1 and for n > 0,

00
tn : Zn® Zpn-1 = Zn+1 ® Z, to be the map (Id O). Note that our construction has

an additional property:

Lemma 2.3. For an exact complex of modules over a k-algebra, one can always find a
weak self-homotopy {t;,i > —1} such that t;41t; =0 for any i > —1.

We are interested in computing Hochschild cohomology of algebras. Let A be a
k-algebra. In order to compute Hochschild (co)homology of A, one needs a projective
resolution of A as a bimodule. Since this resolution splits as complexes of one-sided mod-
ules, one can even choose a weak self-homotopy which are right module homomorphisms
and which satisfies the additional property in Lemma 2.3.

Now let P, be an A®-projective resolution of A. Denote now Q. = Bar,(A4) (or Q. =
Bar.(A)). Let us consider the construction of comparison morphisms ¥, : Q. — P, and
P, : P, — Q..

Suppose now that Q. = Bar,(A). In this case Q. has a weak self-homotopy s. defined
by the formula

sp(aRa1® - R, ®1)=1Ra @ Qa, @ 1.

Note that 5,415, = 0 for n > —1, as we are working with the normalized Bar resolution.
For each n > 0 there are sets {e,;}iex, C Pn and {fn,:}icx, C Homye(P,, A°) such
that x =}, X, fn.i(x)en; for all z € P,. Suppose that the homomorphism dZ is defined
by the formula

df(en,i): Z Z apen,l’jbp—i— Z Z en,l’jbfﬁ

JEXn_1DPETY i, JE€EXn_1q€T/

1,

where a, € Ja (here J4 is the Jacobson radical of A), by, b, € A, Ty, ;; and T}, ; ; are
certain index sets. In other words we suppose that f,_1;d%(e,:) = > a, ® b, +
PETn i ,j
Y. 1®b.
q€T], ; ;

Lemma 2.4. If ®, : P, — Q. is the chain map constructed using s., then

(bn(en,i) =1® Z Z ap(pn—l(en—l,j)b;r (1)

JEXn—1pETn i,j

Proof. By construction, ®,,(e,;) = sn—1Pn_1dn(en,;). Note that

O, _1(en-14) = 3n—2¢n—2d571(€n—1aj)
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and thus
$n—1Pn_1(en—1,5by) = Sn—13n—2q’n—2df_1(6n—1,j)b; =0.
Therefore,

(I)n(en,i) = Sn—lq)n—ldn(en,i)

:Snflq)nfl( Z Z apenfl,jbp)

JEXn—1DPETn i j

1® Z Z ap@n,l(en,lﬁj)bp. O

JEXn—1DPETn i j

Let B be some k-basis of A (or A in the case Q. = Bar.(A)). Then the set Y,, =
{10 ® - ®b,®1]|b1,...,b, € B} is a basis for @, as free A°>-module. Suppose that
we have constructed a weak self-homotopy t. of P, such that t,,1t, = 0 and that ¢, is
a homomorphism of right A-modules for all n > —1.

Lemma 2.5. If U, : Q. — P, is the chain map constructed using t,, then
U100 @ Qa,®@1) =t, 1(1¥, 1(1Q0a® - Qa, ®1)) (2)
form>1anda; € A(1<i<n)

Proof. Denote

n—1
Z Y1®a1 ® @ ai—1 ® aiai+1 @ iya @ Qa, @1

=1

+ ()" ®a ®- - @ an.
As t,_1t,_2 = 0, we have

7,10 ® - Qa, ®1)
=t 1P, 1d?(1®a1®  ®a, ®1) =t 1¥y_1(a1 ® - ®a, ®1+7y)
=tp-1(0101(1QR a2 ® - Qa, ®1))+ tn—ltn—z‘I’n—2d§_1(y)
=th-1(10,1(1Q a2 ® -+ ® a, ® 1)). O
Let V = @I kxz; be a k-vector space with basis {z;,1 <i<n}. Let A=T(V)/I =

k(x1,...,z,)/I be an algebra given by generators and relations. Then as in [12] the
minimal projective bimodule resolution of A begins with

S ARRRAB ARV RAB AAB A0, (3)
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where

o V =& kx;, Ris a k-complement of JI 4+ IJ in I (thus R is a set of minimal
relations), where J is the ideal of k{x1,...,z,) generated by x1,...,Zy;

e dp is the multiplication of A;

o dyisinduced by di(1®@z; 1) =2;® 1 —1®x; for 1 <i < n;

e dy is induced by the restriction to R of the bimodule derivation C : TV — TV ®
V@TV sending a path @, x, -2, (with 1 <idy,...,ip <n)to X0 @y -2y, , @
Ti; ® Tijiq Ty

We shall construct the first three maps of a weak self-homotopy of this projective
resolution, which are moreover right A-module homomorphisms. Let B be the basis of
A formed by monomials in x1,...,Z,.

The first two are easy. We define t_; = 1® 1 and #,(b® 1) = C(b) for b € B.

Fort; : AQV®A - A® R® A, we first fix a vector space decomposition
TV/I? = A @ I/I?. The space R, identified with I/(JI + I.J), generates I/I* con-
sidered as A-A-bimodule. For b € B, consider bx; € TV/I? then we can write
bry = D e b + Zj with r; € R and p;,q; € A via the vector space decomposi-
tion TV/I? = A® I/I?. We define

hb@w®l) =) poreq.
J

Proposition 2.6. The above defined maps t_1,tg,t1 form the first three maps of a weak
self-homotopy of the minimal projective bimodule resolution (3).

Proof. We have dot_1(1) = do(1 ® 1) = 1 and thus dot_; = Id.
For b = Ti Tiy - Tg, € B, t_ldo(b® 1) = t_l(b) =1®b, and

dlto(b X 1) = d1C(b)

T
= dl( E Liy o Tiy_4 ®$ij ®$ij+1 Z‘ZT)
j=1

T T
= E xil . .':L'ij—l'rij ®37ij+1 ...xir —_ E ':Eil ...xi]‘—l ®xijxij+1 x“
Jj=1 J=1
=b®1-1®H®.

Therefore, (ditg +t-1dp)(b®1) =1 -10b+1Rb=>b® 1.
Now for be Band 1 <i<n, todi(b@z; ® 1) = to(bx; ® 1 — b ® x;). Recall that via
the decomposition TV/I? = A& I/I?, bx; = > cp5 At + > PiTj4j, SO

b'eB
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We have also

dot1(b®z; ®1) = dg(ij Q1 ®q;) = ijC(rj)qj.
J J
Recall that the bimodule derivation C : TV — TV ® V ® TV composed with the
sujection TV @ V@ TV — A® V ® A vanishes on I? and thus induces a well-defined
map C: TV/I?> - A®V ® A. Furthermore, C restricted to I/I? is a homomorphism
of A-A-bimodules. This shows that > . p;C(r;)q; + > 5 A C(b) = C(ba;) and since
C(b.’lﬁz) = C(b).’lil +b® z; ® 1, we obtain that (todl + d2t1>(b Rx; X 1) =bRx; 1.
This completes the proof. O

3. Weak self-homotopy for £Qg

Let k be an algebraically closed field of characteristic two. Let Qg = (a,bla® = b?,
aba = b) be the quaternion group of order 8. Denote by A = kQs its group algebra. Let
us consider a quiver with two loops:

T C [ ] Q Yy

If we put V' = kxz @ ky, then bounded quiver algebra k@ is isomorphic to T(V) =
k@ (kx @ ky) @ ---. Tt is well-known that via the correspondence a +1 +— z, b+ 1y
the algebra A is isomorphic to the algebra kQ/I with relations

2 +yzy,y? + zyz, '

The structure of A can be visualised as follows:

A basis of A is given by B = {1, z,y, zy, yz, xyz, yxy, cyry}. Since the only minimal
submodule of the algebra A is generated by the word xyzy, we have Soc(A) = Axyxy.
Notice that B contains a basis of the Soc(A).
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The group algebra A is a symmetric algebra, with respect to the symmetrising form

(b, b) = { 1 if byby 6 Soc(A)

0 otherwise
with b1, bs € B. The correspondence between elements of B and its dual basis B* is given
by

beB 1 x y xyyr xyr yry ryTy
b* € B* zyry yxy xyr xy yr y x 1

Since A is an algebra with a DTI-family of relations, there is a minimal projective res-
olution constructed by the second author in [12]. Let us recall the concrete construction
of this resolution.

After [6], there is an exact sequences of bimodules as follows:

05 AARAB ARKQI @ AB ARk @ AB A AB A0

where

e Q1 ={z,y}and Qf = {ry,r,} with r, = 22 + yay and r, = y + zyz;

e the map dj is the multiplication of A;

e di(l®z®]l)=z1+1@zand d1(10y®1)=yR1+1®y;

e d(1®r, @) =10202+20201+1Q0yQry+yRrQy+yr®y® 1 and
d(1er,®1)=10yQy+yyel+10zryur+r0yQRr+aryre1;

e d3(1®1)=2Qr, @1 +1Qr, @z +yQry,@1+1Q7r, Qy;

o p(1) =3 4enb™ @b

Using this exact sequence, one can construct a minimal projective bimodule resolution
of A which is periodic of period 4:

. P0:A®A:P3,P1:A®kQ1®AandP2:A®kQ*{®A,
e PL=FPh=A®Aanddy=pody: Py — Ps;
o forn>1andie€{0,1,2,3}, we have Py,y; = P; and dapii11 = dit1.

We shall establish a weak self-homotopy {t; : P; — Pyy1;t—1 : A — Py} over this
periodic resolution which are right module homomorphisms.

The first two are easy which are t_1(1) =1® 1 and t,(b® 1) = C(b) for b € B, where
C:kQ — kQ ® kQ1 ® kQ is the bimodule derivation sending a path aj - --a, with

n
at,...,0n € Q1 to Zizlay--ai_l ® a; ® Qg1 Q.
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The map t1 : P, — P» is given by

thi(l®z®1) =0,

hzRzrel)=110r, 1,

thily®z®1) =0,

tilzy@ax®1) =0,
hyrze]l)=yRr,1+ryer, @y + 10, @y,

Lzyrzel
tilyry@r®1
t(zyry @ @1

=ry®r, @1 +zx®@r, ®xy,
—19r,Qy+y®r, 01,
=1Rr, QuUry+rQ1m, Vx+yzy ®ry, 1 +yr @ ry, ® zy

h(leyel) =0,

hzey®1)=0,

thiyeyel)=10r,®1,
Lhy@yel)=10rQyur+rr,@1+yr®ry Qu,
tyrey®1) =0,
ti(zyzr @y ®1) =0,

ti(yzy@y®1
t(zyry @y 1

=yQr, QYr +yr®r, ®1,

\/\/vvvvvvvvvvvvvv

=2YRr, Qyr +ryr@ry 1.

Notice that t1(by ® by ®1) = 0 for by, by € B with b1by € B. This observation will simplify
very much some computations.
The map ts : P, — P3 is given by

tz( Rr,®1
ta(z @71, ®
to(y @71, ®

tQ(Z'y Qry &

t2 (yiE Tz

to(yry @ 1y ®

tZ(xyxy@”’a: Qyry+tyryR@1l+yQry+yrQy
tg(l@’)"y
ta(z @1y ®

ta(y @1y ®

) =0,
1)=1®
1) =0,
1) =0,
)=y®
Llzyrer, 1) =zy1l+zy,
H=1®
1)=1
1) =0,
1) =0,
1) =0,
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ta(zy®@r, ®1

ta(yr @1y ®1

)
)
to(zyr @1y @ 1) =
t2(y$y®?"y®1)fy®x+yx®1
)

ta(zyzy@ry®@1) =z @yr+ry @z +zyx @ 1.
We define 7: Ps = A® A — A as follows: 7(zyzy ® 1) = 1 and 7(b® 1) = 0 for
b e B — {xyxy}. We impose t3 =t_1 o7 : P; — Py and define t4,; = t; for n > 0 and
i€ {0,1,2,3).

Proposition 3.1. The above defined maps {t;};>_1 form a weak self-homotopy over Pi.

Proof. Since the resolution is periodic of period 4, it suffices to prove that

dot_1 = Id,
dpy1ty +tp—1dp = Id, for 0 < p <2,
tods + pT = Id,
TP = Id.

The first two maps t_1 and ty are given at the end of Section 2.
The map t; can be computed using the formula given at the end of Section 2. For
instance, for ¢;(xyxy ® © ® 1), one can write

TYTYT = Tz + yryre + lrpyxy + yrryry + ri eTV.
As 72 € I?, we have
ti(zyry @2 ® 1) =2@r, @c+yzy®r; 1+ 10 r, @ yzy + yr @ ry Q@ zy.
Another expression is
TYTYT = TyYT + Yryx + yryry + yrryry + yrryrry € TV.
Notice that yzx € I and yxxyzxy € I2, which give
ti(zyzy @2z ®1) =10r,Qur+yQryr+yzy @ r, ® 1 + yz @ ry @ xy.

The maps t5 and 7 are computed by direct inspection. The details are tedious and
long, but not difficult. O
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4. Comparison morphisms for kQsg

For an algebra A, denote by A = A/(k-1). The normalized bar resolution is a quotient
complex of the usual bar resolution whose p-th term is B,(A4) = A® A®? ® A and whose
differential is induced from that of the usual bar resolution. It is easy to see that this
complex is well-defined.

Using the method from Section 2, one can compute comparison morphisms between
the minimal resolution P, and the normalized bar resolution Bar,(A), denoted by @, :
P, — Bar.(A) and ¥, : Bar,(4) — P..

The chain map ®, : P, — B, := Bar,(A) can be computed by applying Lemma 2.4.
Let us give the formulas for ®; with ¢ < 5.

U ‘bozdeOZA@A—)BOZA(X)A,
e« &P =A®kQ, ®A— B = A® A® A is induced by the inclusion kQ; — A;
e Oy:Po=ARkQI®A— By=A® A®2® A is given by
P10, 1) =121+ 1QyRzRy+1Qyrey®1
and
P(lery,®)=10y0yYye1+10ryr+1leryrel;

e D3:Ps=A®A— B3=A® A% ® A is given by

P3(1®1)=1020202014+1Q2Q0YRrRY+1zxQyreye1
+1QyYRyeyl1+1RyRrQyRr+10yRryRr® 1;

e« &, PL=A®A— By =A® A®* ® A is given by

(11 = > 120031 1)b%;
beB\{1}

e O5:Ps=ARkQ, ®A— Bs = A® A®® ® A is given by
P5(1@ze1)=10204(1®1)

and
P5(10y1l)=1yds(1®1).

The chain map V¥, : Bar,(A) — P. can be computed by applying the method of
Section 2 to t,. But the dimension of Bar,(A4) grows very fast. We have to specify the
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value of ¥,, on 7" elements to fully describe it. So we give the full description only for
\Ifo and \Ifl.

. \DQ:IdBOZA®A—)P0:A®A,
e U, B =A®A®A - P, =A®kQ; ® Ais given by U1(1®b® 1) = C(b) for
be B-{1}.
5. BV-structure on H H*(kQs)

Generalov proved the following result in [6].

Theorem 5.1. (See [6, Theorem 1.1, case 1b)].) Let k be an algebraically closed field of
characteristic two. Let Qg be the quaternion group of order 8. We have HH*(kQg) =~
k[X]/I where

— / I / .
e X = {plap27p27p37u17ulvvlav27v2’z} with

1| — 2| — 2| = 3| — Y, 1| = 11 =4
{pl Ip2| = Ips| = Ips| = 0, [ua| = [uj| =1
[v1] = |v2| = vg| = 2, |2 = 4;

o the ideal I is generated by the following relations

of degree 0
2 2 /\2 / /
{p17p27 (pl) y P1P2, P1P2, P2P2,
2 I
D3, P1P3,P2P3, PaP3;
of degree 1
;o / /.
P2u1 — Poliy, Polin — P1Uy, P1Ul — Pauy;
of degree 2
VA4 ! i
P1V1,P2V2, PaVs, P3V1, P3V2, P3Vy, U1U,
/ / 2
P2V1 — P1Vy, P2U1 — P2, P2U1 — P3Uy,
/ / / / /\2.
PUL — P1va, PHUL — Pavy, Pyvr — p3(u])?;
of degree 3
/ / / 1,0 3 /\3.
U Vg — ULy, UV — U V2, UV — Uy Vs, Uy — (U])7;
of degree 4

2,2 1\2 / /
V1, V3, (V5)%, V1U2, V1 Vs, VaUy.
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Remark 5.2. Let P be one of the members of the minimal resolution P.. We use the
following notation for the elements of Homye (P, A). If P = A® A and a € A, then we
denote by a the map which sends 1® 1toa. f P=A® Q1 @ A (P =A®Q; ® A),
a,b € A, then we denote by (a,b) the map which sends I®z®1and 1®y®1 (1®r,®1
and 1 ® ry ® 1) to a and b respectively. Moreover, we use the same notation for the
corresponding cohomology classes. It follows from the work [6] that p; = zy + yx, pa =

zyT, py = Yy, ps = wyry, w1 = (1+zy,x), vy = (y,1+yz), v = (y,2), v2 = (,0),
vh = (0,y) and z = 1 in this notation. By [6, Remarks 3.0.3, 3.1.18] we have that

(zy + yz,0), (0, 2y + y2), (zyz, yry) € B'(A)
and
(zy + yz,yzy), (ryz, 2y + yz), (2yzy, yoy), (zyx, zyzy) € B*(A).

We want to compute the Lie bracket and BV structure on HH*(kQs). By Defini-
tion 1.1 and the Poisson rule,

[abv C] = [CL, C]b + (71)‘04‘(‘6'71)0’[67 C]v

we have an equality (in characteristic 2)

A(abe) = A(ab)e + A(ac)b+ A(be)a + Aa)be + A(b)ac + A(c)ab. (4)
So we need to compute A(z) only for z € X and = a — b where a,b € X. Suppose
that a € HH"(kQs) is given by a cocycle f : P, — A, then we compute A(a) using the
following formula

Ala) =A(foT,)o®P,_q.

It is clear that A(a) = 0 for a € {p1, p2, ph, ps} because A is a map of degree —1.

For b, c € B we have

0 otherwise.

(b, c) :{1, if ¢ = b*,
Then it follows from Theorem 1.2 that
Ale)(a1 ® -+ ® an—1)

= Z <Z(1)i(n1)a(ai R Qa1 bRa; @ Ra;_1), 1> b

beB\{1} \i=1

for a € C"(A), a1,...,an-1 € A.
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Lemma 5.3.

Proof. We have

pruy = pau = (zyxy, xyc), ppur = phuy = (zyz,0), phur = pruy = (yxy, zyry),
p3ur = (l’yiﬁya 0)7 p3ur = (OJ?JCUZJ)

in HH'(A) (see Remark 5.2).
For a € HH'(A) we have

Ala)(1®1)=AlaoT)P(1®1) = Y  (a(C(h)), 1)b".
beB\{1}

It is easy to check that

0, ifae{u,ui}, be B, orac {piui,psui}, b€ B\ {z},

or a =pouy, b € B\ {zy,yx}, or a € {phuy,psui}, b€ B\ {y},
. ifa € {prur,psur}, b=ux, or a = pous, b€ {zy,yz},

or a € {pyu1,psui}, b=1y.

(a(C®). 1) =1

Lemma follows from this formula. O

Lemma 5.4.
A(adb) =0,
for a € {vi,v2,v5},b € {1,p1,p2, P, 3}

Proof. For a € HH?(A) we have

Ala)(1@z®1)=A(ao V)P (1®z®1)
= Y ((acW)(pb@r+a®b), 1)b",

beB\{1}
Ala)(1®y®1)=Alaoc¥)P1(1®@y®1)

= > ((acW)(bay+y@b), 1)b".
beB\{1}
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Direct calculations show that
Uyb@z+2®b) =t1(b®@x® 1+ xC(b))
0, if b € {z,y},
+F1®r, QY +yRr, Qyr +yr®@ry @1, if b = xy,

)y eltay®@r,Qy+10r @y, if b = yux,

B YR, W1 +2QryQry+1Q0r, Qyr +yr @ry @z, if b=zyx,
1®oryy+yr,®1, if b = yxy,
TRr, T +yry @ry 1, if b = zyzy;

Uy(b@y+y®b) =t1(b®y@1+yC(D))
0, if b € {z,y},
1@r, Qur+2zry, 1 +yzR@r, @z, if b = zy,
FlRry@r+ry@r, @1+ 271y @2y, if b = yx,

B 1ory,@y+yer,®1, if b = zyx,
Yr; Qur+yr@r, 1 +1Q0r, Qry+ry®r, ®y, if b=yzy,
1@ry,@zyr+yQry, @y, if b = zyzxy.

It follows from Remark 5.2 and the formulas above that A(vy) = A(vz) = A(vy) =0 in

HH'(A).

The remaining formulas of lemma can be deduced in the same way. But there is an

easier way. By Theorem 5.1 it is enough to prove that A(pzu?) =
this equalities can be easily deduced from Lemma

Lemma 5.5.

in HH?(A).
Proof. For a € HH3(A) we have

Ala)(1®7r, ®1)=Alac¥3)P2(1 @7, ®1)

beB\{1}

DN

beB\{1}

DN

beB\{1}

(ao¥3)bRYyRrx+2RbRYy+yRr D),

(aoW3)(bRyz @Y+ yRb@yr +yr @y @ b),

Z ((aoT3)(b@2xR@2x+20bQr+rR@x®Db), 1)b*

1)b*y

1) b*

A(ps(u})?) = 0. And
5.3 and the formula (4). O
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Ala)(1®r,®@1)=Aao ¥3)P2(1 @71, ®1)

= Y ((aoW3)(b@y@y+yobRy+yoyeb), 1)b*
beB\{1}

+ Y {(acT)(borRy+yeber+ryab), 1)b
beB\{1}

+ Z (ao¥3)bRry@zr+rbRary+ry@x®Db), 1)b".
beB\{1}

Direct calculations (see also the proof of Lemma 5.4) show that

Us(bazR@r+20bzrx+2R02b) =t(b®r, @1+ zt1(b@ 2z ® 1+ xC(b)))

1®1, if b=z,
0, ifb=y,
1Ry, if b ==y,
=qy®l, if b =y,
ryR1l+ryt+yrazy+1Qyr, if b= xyx,
1z+z®1, if b = yxy,
1 ® yzy, if b = zyzxy;
U3(b@yRr+2RbQy+yR@r@0b) =ty(zt(b@y @ 1) + yt1(xC(h)))
0, if b # oy,
:{1®yx+y®x+ym®l+xy®yac, if b= 2y,

U3bQ@ury+yRbQ@yr+yr @y b)
=ty (b@y @z +by @x @ 1)+ yati (yC(b)))

0, if b € {x, zy, yz,yzy},
) 1@z, if b=y,
B yr ® 1, if b = zyz,
zy Qyry + zyr @z, if b= zyzy;
U3y Qy+yRby+yyeb) =101, @1 +yt1(b@y®1+yC(D)))
0, if b € {x,y, zyx},
r®1, if b = xy,
=<¢ 1®x, if b = yz,
y@r+yr®l+zy@ur+1zy, if b=yzy,
TRyr+axyQx+ryr 1, if b = xyzy;
U3b@2R@y+yRb@r+r0y®b) =ts(yt1(b @z @ 1) + xt1(yC(b)))
0, if b € {z,y, zy, yxy},
CJwyeltrey+lery+tyrxy, if b=y,
)1l®z+zel, if b = zxyx,

YR T, if b = zyzy;
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Usb@ry@r+rb@ay+2y®@c®Db)
=ttt (b®r®y+br®@y® 1)+ zyt: (zC(D)))

1®y, if b=,
)0, if b € {y, 2y, yx, vyx},
)z, if b = yxy,

yry @y + yxr Q zyx, if b = zyzy.

By Theorem 5.1 it is enough to calculate A on wjvj, ujve and wjvs. By [6, Lem-
mas 4.1.2, 4.1.8] and Remark 5.2 we have

0
iy =T 05) = ) (0 ) =

)=

(%
(5)-

( 1® (14 2y +yx) (y+yxy) @1 >
il

whve = u1 T (ve) = (y,1 + yx)

2
= uy T? (1
wp =T () = (1+oy,@ 1@y+zQ@r+yry®1 zR1+1Q0x+2Qyx

:(lay)a
2 rmlg s yR1+10y+yRey 1@r+yQytayr®l
=u; T 1
(uy) uy T (uy) = (y, 1 +yo (@ +2yz) @ 1 1 ® (142 + 21)
:('Tal)

A(ujvh) = (0,1) = (u})? + va,
Auyvs) = (1,0) = uf + v, A(ujvs) = (y, @) = v1. O

Lemma 5.6.
A(az) =0,
fOT a € {aaplap27p/25p3}'

Proof. It follows from the formula for ®3 that we have to calculate ¥4 on four kinds of
elements:

1) b® a1 ® az ® as;
2) a3 ®b® a1 ® ag;
3) aa ®az®bR ay;
4) a1 ®as ® az ® b.
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In all points b € B,

(0/17 az, a3> S A = {(LU,ZL',.Z'), (xayax)a ($>y$79)» (ya yay)7 (%337 y>7 (ya 3511/733)}
1) Note that

1®1, ifa; =as =a3 ==,

o0 0s) —antten s o) = { O QTR L)

So if (a1,as9,a3) € A, then

\114(1) & ay (9] a9 X CL3) = tg(bqlg(a] X a9 & ag))

_J1®1, ifb=uzyry, a1 =a2 =a3 =z,
0 otherwise.

2) If (a1,a2,a3) € A\ {(z,z,2),(y,y,y)}, then t1(a;C(az)) = 0 and so ¥y(az ® b ®
a1 ® az) = 0. For the remaining cases we have

1®1, ifb=zyxy,

Uiz @bz @) =1t3(xt2(b® 1y ® 1)) = {0 otherwise;

1®1, if b= zyzxy,

Wy 908y 8 = talrabero ) - { .
0 otherwise.

Let b € B, r € {ry,ry}. Note that t3(xt2(b® r ® 1)) can be nonzero only for (b,r) =
(xyxy,rs). Analogously t3(yt2(b®r®1)) can be nonzero only for (b,r) = (zyxy,ry). Also
note that for b € B, a € {z,y} the element ¢;(b® a ® 1) is a sum of elements of the form
u@rQu, where u,v € B, r € {ry,r,} and (u,r) ¢ {(zyz,rs), (yz,72), (yxy, ry), (Y, 7y) }-
So we have the equalities

ta(wtz(yt1(A)) = ta(wtz(yati(A)) = ts(yta(2t1(A)) = ts(yt2(zyti1(A)) =0
for any A € P;. In the same way the equalities
ts(yata(yt1(A)) = ts(zytz(ati(A)) =0

can be proved. Then ¥y can be nonzero in points 3) and 4) only for a1 = ag = a3 =«
and a; = ag = ag = y. The same arguments show that

to(wta(ti (b @ a® 1)) = 0 ((b,a) € (B x {a,y}) \ {(zyay, 2)})

and

t3(yt2(yt1(b@a@1)) =0 ((b;a) € (B x {z,y}) \ {(zyzy,y)})-
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So we obtain equalities

1®1, ifb=zyxy,

v b) = 0;
0 otherwise; ACEREEEL) '

\114(x®$®b®x):{

1®1, ifb=zyxy,

\P4(y®y®b®y)=\lf4(y®y®y®b)={ .
0 otherwise.

We set

S(alaa27a37b) = \114(b®a1 ®a2®a3+a3®b®a1 X as
+ a2 ®a3@b®ar; +a; ®az ®az @ b)

_ { 1 & la if b= ryxry, (a17a2aa3) € {('T,l‘,li), (yvyay)}v
0 ifbe B\ {fl?ny} or (a17a27a3) € A\{(I‘,I,I), (yayay)}

Then for a € HH*(A) we have

Ala)(1®1) = Alao Ty)Ps(1® 1)

- Z <a(5(a17a2aa37b)), ].> b*
beB\{1},(a1,a2,a3)eA\{(z,y,z),(y,z,y)}

+ Y (alS(zya,b), DOy+ D> (a(S(y,x,y,D)), 1) b

beB\{1} beB\{1}
={@l®l+1®1), 1) =0. O

If we know the values of A(a) and A(b), then it is enough to calculate [a,b] to find
A(ab). Sometimes it is easier than calculate A(ab) directly. Suppose that a and b are
given by cocycles f : P, — Aand g : P,, — A, then we compute [a, b] using the following
formula

[a,b] = [foW,,g0W,,] 0Py im_1.
Lemma 5.7.
A(urz) = A(uj2) = 0.
Proof. It is enough to prove that [uq, z] = [u), 2] = 0. For a € {uy,u}} we have
[a,2]1®1) = ((ao W) o (20Wy))Ps(1®1) + ((z0 W) 0 (a0 W) Py(1®1).

Let us prove that W,®4 = Id. Direct calculations show that Ws®3 = Id (see the proof of
Lemma 5.6). Then

(TP)(1@1) = Y t(bUsds(1@1)h = Y ol =10l
beB\{1} beB\{1}
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If |a| = 1, we have
(a0 W) o(20Wy))Ps(1®1) = (a0 Wy)(2(¥sPs)(1®1)) = (a0 ¥y)(1)=0.
It remains to prove that
((z0Wy)0(aoW))dy(1®1) =0
for a € {uy,u}}. Let us introduce the notation
= (20Ws)o(uoWy), f' = (z0Ws)0 (i} 0 W),

In this proof we need to know the values of u; o Uy and u} o ¥y on elements of B.
Direct calculations show that

1+zy, ifb=u=x, Y, if b=,

T, if b=y, 1+yx, ifb=y,

y+yzy, if b=xy, x, if b= ay,
(up o W1)(b) =< y, ifb=yz, (ujoWy)(b)=< x+ayz, ifb=uyxz,

zy + yx, if b= zyz, YTy, if b = zyzx,

TyT, if b = yxy, zy +yx, if b= yxy,

yxy, if b = xyxy; Ty, if b = zyzy.

We want to calculate the values of (z0Wy4) o (a0 ¥y) on elements of the form b® a; ®
az®as, where b € B\ {1} and (a1, az,a3) € A (see the proof of Lemma 5.6 for notation).
Let us consider each element of A separately.

1) Let a1 = a2 = ag = x. Let a € {uq,u)}. Then

(zoWy)oy (ao¥)(bR@2xR@xRx) = 2t3((a0 V) () ®1) =0,

because (a o Uq)(b) is a sum of elements of B\ {zyzy}. Further we have

Us((upo¥)(2) @2 ®@2) =V3(ry Rz @) =ta(xy @7, @ 1) = 0;
Us((ug o U)(z) @) =t1(zy @2 ®1) = 0;
Us(z @2 ® (upo¥y) () =V3(r @z @ay) =ta(vt1(z @2 @y +yry @y ® 1))
=1®y;
Us(y@erz)=¥3(r@yer)=VYsrz@r®y)=0.

Consequently,

if b =
f@@x@x@x):{% PO pherer@a) =0.

0 otherwise,
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2) (a1,a2,a3) = (z,y,x). We have
(z0Wy)o1(acU)(b@zRy@x)=(20Vs)0z (a0 V)(bRzR@Yy@T)=0

for a € {u,u]}, because ¥s(y ® ) = 0. Further we have

Us(z®@ (uroU1)(y) ®@z) =V3(z@r0z) =11 1;
Us(y @ (u1 0o ¥y)(2)) = Va(y@ay) =t (y@zQy+yr@y 1) = 0;
Us(z @ (u) 0 ¥1)(y) ® @) = V3(z @ yz @ ) = ta2(2t1(yz ® 7))
=t(zy®@r,®1+2®ry, @xy) =0;
Us(r @y @ (u)oWy)(z) =32 Qy@y) =t2(z®@r, ®1) =0.

Consequently,

1, ifb=ayxy, ,, B
0 otherwise, foerey®)=0.

f(b®x®y®x):{
3) (a1, a9,a3) = (x,yz,y). We have
(2004 01 (a0 U (b& T @y @ y) = (20 Ua) 03 (a0 V) (b &z @ yr @ y) = 0

for a € {u,u}}, because ¥s(yx ® y) = 0. Further we have

U3z @ (ur0¥1)(yz) @y
Us(z @ yx @ (ug o Up)(y)

Wo((uy 0 U1)(yz) @y
Us(r @ yz @ (uy o U1)(y)

=U3zQyey) =tzr,1) =0;
=U32Qur®r) =t(ry®@r, @1 +2071r, @xy) =0;
=U((z+ayr)Q@y) =t1(z2Q@yR@1l+zyzr @y ® 1) = 0;
=Us(zQyryr) =t(rt1(yz @y r+yry@z 1))
=hzRryQy+ryr,®1l) =z 1.

Consequently,

f(b®x®y$®y)=07f’(b®m®yw®y):{17 if b= yay,
0 otherwise.

4) Let a1 = ag = a3 = y. Let a € {ug,u}}. Then

(zoWy)op(aoW)(by®y®y) =0,

because ¥3(y ® y ® y) = 0. Further we have
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Us(z@yy)=Us3(yery) =TUs3(y@yz) =0,
Ws((uy o Wi)(y) @y @y) = Va(yr @y @y) = ta(yz @1, @ 1) = 0;
Wa((uy o W) (y) @y) =ta(yz @y @ 1) = 0;
Us(y@y® (u) o) (y) =Vs3(y@y@yzr) =ta(yh (Y Ry @z + 2yr @ 2 ® 1))
=1® .

Consequently,

xz, if b= zyzy,

f(b®y®y®y)0,f/(b®y®y®y){ .
0 otherwise.

5) (a1, a2,a3) = (y,x,y). We have
(zoWy) oy (ao¥U)(bQYyRzRy)=(20T0y) 02 (a0¥)(bRyRzRyY)=0
for a € {uy,u}}, because ¥a(x ® y) = 0. Further we have

U3y @ (ug o Wy)(z) @y

) =ta(yti(zy @y 1) =t(y@r, Qyr +yr @ ry ® 1) = 0;
U3y @z @ (u1 0 ¥1)(y))

)

)

Us(y @ x®x) = 0;
Vs(y @y ®y) =0;
U(z@yzr)=ti(z@y@z+ry®@z®1) =0.

U3(y @ (uy o ¥y)(z) @y
Uy (x @ (uy o Wy)(y)

Consequently,
fheyerey)=fbeyery) =0.
6) (a1,as9,a3) = (y,xy,x). We have
(zoWy) o1 (acW)bRy@ry@a) = (20Vs) 0z (a0 V)(bR@yR@ry®z) =0
for a € {u,u}}, because Uy(zy @ z) = 0. Further we have

3y @ (u1 0 Wy)(zy) @ x) = W3(y @ (y + yzy) @ x)
=tyR®ry,Qy—zyzr®@r, ®1) =0;
o (zy @ (ug o ¥y)(z)) = a2y @ay) = ti(zy @z @y +ryr @y ®@ 1) = 0;
U3(y @ (u) o) (zy) @) =V3(y @z ®@x) =0;
U3y @ay® (ujo¥1)(2) =Vs(y @y @y) =t2(y @1, ®yz +yz @71y ®1) = 0.

Consequently,

fhoyryer)=f(beyry®z)=0.
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Thus we obtain

falel)= ) florRrer+bR10yr@y+bRyeyay
beB\{1}

+OoRYQry @ )b

+ Y fherzeyeayh+ Y fley@zeyzb =y+y=0;
beB\{1} beB\{1}

foleol)= Y f(her2r0:+b02RyrRy+bRyRyay
beB\{1}

+bHRyQry ®x)b*
+ > fheroyeny+ > fhoyoseyad’
beB\{1} beB\{1}
=x+x=0; O
Lemma 5.8.

A(vi2) = A(vaz) = A(vhz) = 0.

Proof. Firstly note that it is enough to prove that [ve, z] = 0. Indeed, by Jacobi identity
and Lemmas 5.3-5.7 we have

and A(vgz) = [ve, 2]. For a € {x,y} we have

[V2,2)(1®a®1) = ((v20 V)0 (20Vy))P5(1®a® 1)
+ ((zoWq) 0 (v20W,))P5(1®a®1).

Note that if (a1,az2,a3) € A\{(z,z,2), (y,y,y)}, then T2(1Qa; ®a2®1) = V3(1Q a2 ®
as ® 1) = 0 (see the proof of Lemma 5.6 for the notion of A4). It follows from this that

(v20W2) 0; (20Wy))(a®b®a; ®az ®az) =0

for i € {1,2}, a € {z,y}, b € B, (a1,a2,a3) € A\ {(z,z,2),(y,y,y)}. Further we have

(zoVUy)(bRyRyyY) =2t3(bV3(y @y ®y)) =0,

{1, ifa =y, b= xyzy,
0

(zoWy)(a@b@y@y) = 2ls(ata(bOry @1)) = | o ifa =z orbe B\ {zyzy}.
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Because of ¥3(1®1®@y® 1) =0, we have

(020 W) 0 (20 W) (a@bDYRYDY) = 0.

Further we have

1, if b = xyxy,

(zoUy)b@zRr@T)=2t3(b®1) = {0, if b € B\ {zyzy};

1, ifa=2x, b= 2xyxy,
0, ifa=yorbeB\ {zyzy}.

(20Uy)(a®@bRr@x)=2zt3(at2(b@r, ® 1)) = {
Because of U5(1®a®1®1)=93(1®1®z® 1) =0, we have
(v20W3)0(z0Wy))(a®bRz @ @) =0.
It remains to prove that
((z oWy)o(vgo0 \Ilg))<135 =0
in HH?(A). If (a1,a2,a3) € A\ {(z,z,2), (y,9,y)}, then

((z0Wy)0; (120W3))(a®@b®a; ®az ®az) =0

for 1 <14 < 4. It follows from the formulas (vg o WUs)(a1 ® az) = (vy 0 Ua)(as ® ag) =0
and the fact that

(zo¥y)(u®Vv®az®ag) =0
for all u,v € A. We have
((z0Wq)0; (120¥3))(a@DRYRY®Y) =0
for i = 3 and i = 4 because (v2 0 ¥2)(y ® y) = v2(1 ® 1y ® 1) = 0. Moreover
(zoWy)((v20W2)(a®@b) @y @y RY) = 2t3((v2 0 ¥2)(a@b)V3(y @y ®y)) =0.
Also we have

(zoWy)(a® (v20 W) (b®Y) VY RY) = 2t (atg(vgtl(b®y® Her,® 1))
ztg(ata(zyr @y ® 1)), if b=y,
= ( ztz(ata(zyzy @ ry ® 1)), if b = yay,
0, if b € B\ {zy,yzy}

(1, ifa=y, b=yxy,
|0, ifa==xzorbe B\ {yzy}.
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Thus

1, ifa=y, b=uyuxy,
<<zow4>o(wo%»(a@b@y@y@y)—{ v, b=yzy

We have

((zoWq)o; (120W))(a® bRz @) =(2004)(aRbRT® )

for i =3 and ¢ = 4. So

((zoWy) o3 (120W2))(a @bz @z ® )
+ ((z0Wy) o4 (12003))(a@bRT@T @) =0.

Further we have
(zoWy)((v20¥2)(a®b) @z ®a @ x) = 2t3(vaty (aC(b)) ® 1).

Direct calculations show that

x, ifa=x, b=rx,
0, if a =z, be {yyz,yzy}
ora=y, be{z,y, zy zyz, ryzy},
t1(aC(b)) =
vata (aC (b)) zy + zyry, ifa=z, b=u=xy,
Ty, ifa=z, b=xyx ora=y, b=yz,
TYTY, ifa=z, b=xyxy or a =1y, b=yxy.

Finally we have

(zoWy)(a® (v20 W) (b®x) ®x @) = 2t3(at2(vat1 (bR TR 1) @71, @ 1)).

Note that t3(yt2(u ® ry, ® 1)) = 0 for any u € B. Direct calculations show that

T, if b=z,

0, if b € {y, vy, yzy},
vat1(b@zx®1) =< yxr+zyzy, if b=yz,

Ty, if b = zyzx,

TYTY, if b = zyzy.

Then

((zoW4)o(v2003))(aRbRT® TR )

1, ifa=z, b=xyora=z, b=yrora=y, b=yzy
|0, ifa==x, be B\ {zy,yr} ora=1y, be B\ {yzy}.

0, ifa=zorbe B\ {yzy}.
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Thus we have

((z0Wy) 0 (v20Wy))P5(l @ ®1) = ay + ya,
((20‘1’4)O(Uzo‘l’z))‘%(l@y@l) =z+2=0.

So [v, 2] = (xy + yz,0) = 0, because (zy + yx,0) € BY(A) = B5(A) by Remark 5.2 and
the 4-periodicity of the resolution P,. O

We now can prove a theorem which describes the BV structure on HH*(A).

Theorem 5.9. Let A = kQsg, chark = 2 and A be the BV differential from Theorem 1.2.
Then

1) A is equal 0 on the generators of HH*(A) from Theorem 5.1;
2) A(ab) =0 for a € {v1,v2,v5}, b € {p1,p2,05,03};

3) A(az) =0 if a is a generator of HH*(A) from Theorem 5.1;
4) A satisfies the equalities

b
=
2
=
I
e
S
w
s
-
Il
=
S
[\
S
Il
S
v
=
S
[\
5
I
>
S
")
S
I
=
e

Points 1)-4) with Theorem 5.1 determines BV algebra structure (and in particular
Gerstenhaber algebra structure) on HH*(A).

Proof. Points 1)-4) follow from Lemmas 5.3-5.8. To determine BV algebra structure we
need the value of A on generators and all their pairwise products. Point 1) determines
A on generators. Points 2)-4) determine A on all pairwise products of generators except
zero products (see Theorem 5.1) and squares of generators. All the listed products are
zero in characteristic two. So BV structure is fully determined. 0O

Corollary 5.10. Let A = kQs, chark = 2 and [, ] be the Gerstenhaber bracket from Theo-

rem 1.2. Then the bracket is zero for all pairs of generators of HH*(A) from Theorem 5.1
except:

[pl,ul] = [pzyul] = [pz,ui] :plz’ [pQ,Ul] = [plzyulﬂ = P1,

[pIQ?ul} = [phu/l] = [p?nu/l] = D2, [ulvvl] = [u/17v/2} = (u,1)2 + vg,

[Ulhvﬂ = [uy,v2] U% +'U§, [Ull,UQ] = [ulavé] = 1.

This completely determines Gerstenhaber algebra structure on HH*(A).
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Proof. From the Theorem 5.9 we know, that BV-differential A equals zero on any genera-
tor of BV-algebra H H*(A). Then using formula from the Definition 1.1 one immediately
has [a, b] = A(ab) for any a, b from the set of generators of HH*(A4). O
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