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Stable equivalences of Morita type and stable Hochschild
cohomology rings
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Abstract. We prove that a stable equivalence of Morita type between
finite dimensional algebras preserves the stable Hochschild cohomology
rings, that is, Hochschild cohomology rings modulo the projective center,
thus generalizing the results of Pogorzaly and Xi.
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1. Introduction and the main result. Stable equivalences of Morita type were
introduced by Broué [1]. This notion is closed related to that of derived equiv-
alence. By [3] and [10], a derived equivalence between self-injective algebras
induces a stable equivalence of Morita type.

In contrary to the case of derived equivalences, much less is known for sta-
ble equivalences of Morita type. Only recently, several authors began to study
invariants for stable equivalences of Morita type. For example, it is proved that
stable equivalences of Morita type preserve global dimension, stable center [1],
stable Hochschild homology [6,7], stable Kiilshammer ideals [7,4] and stable
cyclic homology [4], etc. In this note, we investigate the behavior of Hochschild
cohomology under a stable equivalence of Morita type.

Hochschild cohomology of a finite dimensional algebra has a very rich struc-
ture. It has a cup product making it into a graded commutative algebra; it
also has a Lie bracket of degree —1, making it into a graded Lie algebra.
All these structures are known to be derived invariant (see [2,10]). For stable
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equivalences of Morita type, it has been proved previously that the dimen-
sions of Hochschild cohomology groups of degree > 1 [11] are preserved. It is
also known that for self-injective algebras, the product structure of Hochschild
cohomology is invariant as well [8].

Let k be a field. Recall first the definition of a stable equivalence of Morita
type.

Definition 1.1. (Broué [1]) Let A and B be two finite dimensional k-algebras.
Given two bimodules 4 Mp and gN4, we say that M and N induce a stable
equivalence of Morita type between A and B, if 4Mp and gN,4 are projective
as left modules and as right modules and there are bimodule isomorphisms:

AM ®p No ~ AAx © 4Pa, BN ®aMp ~ pBp® pQp
where 4 P4 and g@)p are projective bimodules.

Let A be a finite dimensional k-algebra. Denote by Z(A) the center of A and
by A° = A®} A°P the enveloping algebra of A. All (left) modules are supposed
to be finitely generated. The bounded derived category of left A-modules is
denoted by DP(A). It is well-known that Z(A) can be identified with the space
of homomorphisms of A-A-bimodules from 4 A 4 to itself. Following Broué, we
define the projective center ZP'(A) to be the subspace of Z(A) consisting
of those homomorphisms from 4 A4 to itself which factor through projective
A-A-bimodules. Tt is easy to see that the projective center is an ideal of Z(A).
The stable center Z5*(A) is the quotient of Z(A) by ZP*(A).

The Hochschild cohomology is defined as HH"(A) := Ext’i. (A, A) for n >
0 and write HH*(A) = ©n>0HH"(A). The cup-product gives a graded com-
mutative algebra structure to the Hochschild cohomology. An easy fact is that
ZP*(A) is an ideal of HH*(A) as ZP"(A) annihilates &,,>1HH". The quotient
of HH*(A) by ZP"(A) is called the stable Hochschild cohomology ring and is
denoted by HHZ (A).

The main result of this note is the following.

Theorem 1.2. Let A and B be two finite dimensional algebras which are stably
equivalent of Morita type. Then their stable Hochschild cohomology rings are
isomorphic as graded algebras.

Some easy consequences of the main theorem are the results of Pogorzaty
and Xi.

Corollary 1.3. ([8, Theorem 1.1]) Let A and B be two finite dimensional self-
injective algebras which are stably equivalent of Morita type. Then their stable
Hochschild cohomology are isomorphic as graded algebras.

Corollary 1.4. ([11, Theorem 4.2]) Let A and B be two finite dimensional
algebras. If A and B are stably equivalent of adjoint type, then dim HH™(A) =
dim HH™(B) for all n > 1.

The idea of the proof is to realize the stable Hochschild cohomology
HHZ (A) as a quotient of the orbit algebra of A under the translation functor
in the derived category of A° = A ®; A°P-modules.
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2. A simple lemma and its applications. In this section, we shall present a
simple lemma and some applications. The lemma is the key idea of the proof
of our main result and it is in fact implicit in the work of Pogorzaty [8,9].

Let A be a k-linear category with a k-linear endo-functor » : A — A. Let
X be an object of 7. Then we define a k-algebra structure on the vector space

End{ 4 5,)(X) 1= ®n>oHom4 (X" X, X)
by putting f-g := foX"g where f : ¥"X — X and g : ¥ X — X are two
morphisms in A. It is obvious that with this product, End( 4 5)(X) becomes
a graded ring with unit the identity morphism Idx. If no confusion arises, we
shall write End’ (X)) instead of Ende’Z) (X).

Let A’ be another k-linear category with a k-linear endo-functor ¥'. Let
F: A— A be an additive functor such that there is a morphism of functors
¢ : Y'F — FY. Thus we have, for n > 0, morphisms of functors o) : ¥'"F —
FY." defined by induction: o) = ¢ and for n > 2, ¢(™ is the composition

1 (n—1) n—1
SUFE =YY RS S EN S pysl = Py
It is easy to see that for n,m > 0, we have ("7 = pM)xm o 7" (M)
Then for an object X € A, F induces a map End’%(X) — End’, (FX),
denoted still by F', sending f : ¥ — X to Ffo <pg?). A first result is the
following

Lemma 2.1. The map End’y (X) — End’, (FX) is a homomorphism of graded
algebras. If furthermore F' is an equivalence and ¢ is an isomorphism of func-
tors, then the above ring homomorphism is an isomorphism.

Proof. 'We shall prove the first assertion, the second is clear. Now let X be
an object of A and take two morphisms f: ¥"X — X and g : ¥ X — X. We
should prove that F'f o <pg?) oYX Fgo Z’"gpg’(”) =FfoFX"go (pg;wm). This
follows from the identity

and the commutative diagram

srpEmX) 2L smpy

n (n)
QP(E%X\L lﬁ"xb

Fynymyx FZH(X)

ang
O

Remark 2.2. An application of Lemma 2.1 is [9, Theorem 1.1]. The state-
ment is the following: Let A, B be self-injective, finite-dimensional algebras
which are stably equivalent of Morita type, then Endee, y(A) and
Endz‘BLmiod’ TBe)(B) are isomorphic as algebras, where 74 is the Auslander-
Reiten translation.

The enveloping algebra A° is a self-injective algebra. Denote by A (resp.
A’) the full subcategory of A° —mod (resp. B® — mod) which consists of A-A

mod, Tae
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bimodules which are formed by the finite direct sum of 77 (A4) (resp. 73.(B)).
The result then follows from two facts. The first fact is that

F=M®@p—-opN: A —A

is an equivalence of categories and the second fact is that
M ®p 7h.(B)®@p N ~ 14.(A)

in A.

Lemma 2.1 has a variant when the endo-functor ¥ is an equivalence. We
concentrate on the case when the categories in question are triangulated cat-
egories.

Let 7 be a k-triangulated category with translation functor [1] and let X
be an object of 7. Then we define a ring structure over

End%(X) := @pezHomr (X, X[n))

by imposing fg := f[m] o g where f : X — X[n| and g : X — X|[m] are two
morphisms in 7. It is obvious that with this product, End%(X) becomes a
graded ring. Remark that if 7 = DY(A), then End-(A) = HH*(A). Another
remark is that if A is a self-injective algebra, then so is A° and the stable cate-
gory 7 = A°-mod is triangulated. In this case, we have Endy(A4) = HHZ (A).

Lemma 2.3. Let F' : T — T’ be a k-triangle functor between k-triangulated cat-
egories such that F[1] ~ [1]F. Then for an object X € T, F induced a homo-
morphism of rings End’(X) — End’, (FX), denoted still by F. If furthermore
F is an equivalence, then the above ring homomorphism is an isomorphism.

3. Proof of the theorem. In this section, we prove the main theorem of this
note using Lemma 2.3.

Suppose that there is a stable equivalence of Morita type (4Mp, pN4)
between two finite dimensional algebras A and B. Since if A is separable, then
it is projective over A° and thus HHZ (A) = 0, we can assume that A and B
have no separable summands and by [5, Theorem 2.2], one can even assume
that A and B are indecomposable. Since Mp and g N are projective, we have
the triangle functor

F=M®p—®pN:D°(B°) — D"(A°)
and similarly the triangle functor
G=N®4—®4M:D"(A°) — D"(B®).

Obviously they commute with the translation functors.
We shall define two homomorphisms of algebras

tp: HHY(B) — HH(A)
and
tg: HH(A) — HH},(B)

and prove that tp otg and tg o tg are isomorphisms, which will complete the
proof.
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Since F(B)=M®pB®pN ~ A®P, we choose an injection i : A— F(B) and
a projection p : F(B) — A such that poi = Id4. One can then construct a map

EndEb(Ae)(F(B)) — End*Db(Ae)(A) = HH*(A)
which sends f € Hom pu(aey(F(B), F(B)[n]) to p[n] o f oi. This map is not a
homomorphism of algebras in general, but we prove the following.
Claim 1. The composition of

End*Db(Ae)(F(B)) — End*Db(Ae)(A) = HH*(A)
with the natural surjection HH*(A) — HHZ (A) is a homomorphism of alge-
bras. The composition will be denoted by Endpy(4ey(F(B)) < HH(A).
Proof.  Given a morphism f € Hompsey(F(B), F(B)[n]) for some n € N

and identify F'(B) with A@® P, f is presented by a matrix f = <j§1 ;2 ) The
3 Ja

composition End pb gy (F(B)) < HHZ (A) sends f to [fi], where [fi] is the
residue class of f; in HHZ (A).

Now let g = (il z2> € Hompu(aey(F(B), F(B)[m]). Then the image of
3 g4

g-f=gn]of= <91["]Of1 + ga[n] o f3 *>

* *

is [g1[n]of1+gz2[n]o f3] = [g1[n]o f1] = [g1][f1]- This proves that the composition
is a homomorphism of algebras. O
Now look at the following diagram

Endjy ey (B) = HH*(B) — > End 40y (F(B))
i l

In this diagram, the upper morphism comes from the preceding lemma; the
leftmost morphism is the natural surjection; the rightmost morphism is the
homomorphism of algebras constructed above. Now we prove

Claim 2. The bottom morphism in the preceding diagram exists and is a homo-
morphism of algebras, which is denoted by tp; the morphism tg can be defined
stmilarly.

Proof. Tt suffices to prove that the projective center ZP*(B) lies in the kernel
of the composition

End ey (B) & Endjy ey (F(B)) S HHZ(A).

Let f: B — B be a homomorphism of bimodules which factor through a pro-
jective bimodule R. Then the image of f is the residue class of the composition

AL F(B)— F(R)— F(B) % A
which is zero since F(R) = M ® g R ®p N is a projective A-A-bimodule. O
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Now we should prove that the compositions ¢ty otg and tg otp are isomor-
phisms.
We know that GF(B) have two decompositions:

GF(B)=(N®a M) Bep(N®@s M)~ (B&Q)®p(B®Q)~B®dQ@Q:
for some projective bimodule @) and also
GFB)2N@s(A@P)@AaM~2(NR@AARAM)D---~BD Q2

for some projective bimodule @s. In the first decomposition, note iy : B —
GF(B) to be the injection and p; : GF(B) — B the projection, similarly for
ir7 and prr. The key observation is the following

Claim 3. There are isomorphisms of bimodules 6 : B — B and 7 : B — B
such that given a morphism f : GF(B) — GF(B)[n] in D(B®), then we have
prr[n]o foirg =0[n]opin]o foiror € HHY(B).
Proof. Consider the isomorphisms given by the two decompositions of GF(B):
B®Q, > GF(B) S B® Q..

_ (9192
g (93 94)

h1 ho
h= ( " h) .
Since g o h = Id, we have g1 o hy + g2 0o hg = Idp € Endg-(B). Since B is
indecomposable and non separable, and g, o hg factors through a projective
bimodule, g2 0 h3 € RadEndge (B) and thus g ohy = Idp — g2 0 hg is invertible.
Dually, hy o g; is invertible. We deduce that € := g; and 7 := h; are invertible.
Now take f: GF(B) — GF(B)[n] and identify GF(B) with B & Q1 using

the first decomposition. Then f can be presented by a matrix f = (j:l §2> :
3 J4

B® Q1 — (B®Q1)[n]. If we express f using the second decomposition, then
it is presented by the matrix

(et (1 2) (o)

This map is given by

and denote its inverse

and therefore
prr[n]o foirr
_ o g1[n] g2[n] f1 fo hi ho o0
= puln) <93[n] g4[n]> <f3 f4) <h3 h4) i
g1[n] o fiohy + gan]o fsohy + gi[n] o fa o hg + ga[n] o fyo hs
f[n]opr[n]o foifoT € HH(B).
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Therefore, the two homomorphisms of algebras
Endjy e, (GF(B)) - HH,(B)
constructed in Claim 1 using the first decomposition and
Endjy e, (GF(B)) © HH,(B)
constructed in Claim 1 using the second decomposition differ by an isomor-
phism of graded vector spaces
o HHZ(B) = HH(B)

which sends u : B — B[n] to f[n] ouo 7, as 6 and 7 are invertible.
Now we consider the following diagram

EndEb(Be)(B) i Endzb(Ae)(F(B)) g Ende(Be)(GF(B)) > End*Db(Be)(B)

l i

End*Db(Ae)(A) £> End*Db(Be) (G(A)) !

| i

HH(B) — %> HH,(A) —% > HH},(B) ——

~

HH (B)
The composition of homomorphisms in the second column is the morphism
Endju 4y (F(B)) & HHZ(A)
and the composition of homomorphisms in the third column is the morphism
Endjy e, (GF(B)) © HHZ,(B),

and v is the inverse of .
The commutativity of this diagram is clear. We now prove

Claim 4. The composition of all homomorphisms in the upper row is the iden-
tity.

Proof. This follows from the isomorphism of functors
GF~N@s M- Ns M~(BoQ)®p -5 (BRQ)=Id®---.

O

Now w otg otp = Id, thus tg o tp is invertible. Dually we have tp o tg

is invertible. We deduce that ¢ty and tg are isomorphisms of algebras. This

completes the proof of the main theorem. Notice that this also proves that ¢
is an isomorphism of algebras, and thus 7 = 1.

Acknowledgements. We would like to express our sincere gratitude to the ref-
eree for his or her careful reading and for his or her useful suggestions which
improve much the presentation of this paper.

References

[1] M. BroUE, Equivalences of blocks of group algebras, in: Finite dimensional
algebras and related topics, V. Dlab and L. L. Scott (eds.), Kluwer, 1994, 1-26.



518 S. PAN AND G. ZHOU Arch. Math.

[2] B. KELLER, Hochschild cohomology and derived Picard groups, J. Pure Appl.
Algebra 190 (2004), 177-196.

[3] B. KELLER AND D. VOSSIECK, Sous les catégories dérivées, C. R. Acad. Sci.
Paris Sér. I Math. 305 (1987), 225-228.

[4] S. KOniG, Y. Liu, AND G. ZHOU, Transfer maps in Hochschild (co)homology
and applications to stable and derived invariants and to the Auslander—Reiten
conjecture, to appear in Trans. Amer. Math. Soc.

[5] Y. Liu, Summands of stable equivalences of Morita type, Comm. Algebra 36
(2008), 3778-3782.

[6] Y. Liu AND C. X1, Constructions of stable equivalences of Morita type for finite
dimensional algebras, II, Math. Z. 251 (2005), 21-39.

[7] Y. Liu, G. ZHOU, AND A. ZIMMERMANN, Higman ideal, stable Hochschild homol-
ogy and Auslander-Reiten conjecture, preprint (2008).

[8] Z. POGORZALY, Invariance of Hochschild cohomology algebras under stable
equivalences of Morita type, J. Math. Soc. Japan 53 (2001), 913-918.

[9] Z. POGORZALY, A new invariant of stable equivalences of Morita type, Proc.
Amer. Math. Soc. 131 (2003), 343-349 (electronic).

[10] J. RICKARD, Derived categories and stable equivalence, J. Pure Appl. Algebra
61 (1989), 303-317.
[11] C. X1, Stable equivalences of adjoint type, Forum Math. 20 (2008), 81-97.

SHENGYONG PAN

Laboratory of Mathematics and Complex Systems,
School of Mathematical Sciences,

Beijing Normal University,

Beijing 100875,

People’s Republic of China

e-mail: panshy1979@mail.bnu.edu.cn

GUODONG ZHOU

Institut fiir Mathematik,

Universitat Paderborn,

Warburger Str. 100,

33098 Paderborn,

Germany

e-mail: gzhou@math.uni-paderborn.de

Received: 13 December 2009



	Stable equivalences of Morita type and stable Hochschild cohomology rings
	Abstract
	1. Introduction and the main result
	2. A simple lemma and its applications
	3. Proof of the theorem
	Acknowledgements
	References


