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Single Image Dehazing and Denoising: A Fast Variational Approach*
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Abstract. In this paper, we propose a new fast variational approach to dehaze and denoise simultaneously. The
proposed method first estimates a transmission map using a windows adaptive method based on the
celebrated dark channel prior. This transmission map can significantly reduce the edge artifact in
the resulting image and enhance the estimation precision. The transmission map is then converted
to a depth map, with which the new variational model can be built to seek the final haze- and
noise-free image. The existence and uniqueness of a minimizer of the proposed variational model is
further discussed. A numerical procedure based on the Chambolle-Pock algorithm is given, and the
convergence of the algorithm is ensured. Extensive experimental results on real scenes demonstrate
that our method can restore vivid and contrastive haze- and noise-free images effectively.
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1. Introduction. Due to the presence of the atmosphere, the light reflected from a scenario
is always scattered before it reaches the camera lens, and the light collected by any camera
lens is usually blended with the airlight [26, 41]. This leads to inevitable image degradation
such as increasing noise, reduction of intensity contrast, and loss of color fidelity. This kind of
degradation is particularly serious when the weather conditions are poor, i.e., when aerosols
such as haze, fog, rain, dust, or fumes are present. For instance, as a common weather
phenomenon, fog may produce an albedo effect, which leads to ambiguity and noise [20].
These phenomena, to some extent, have adverse effects on comprehension and extraction
of contents from the images. Therefore, effective haze removal (or dehazing) and denoising
methods are urgently needed in real applications.

Indeed, the image dehazing and denoising of natural scene images have attracted much
attention in imaging science recently. The advantages of such operations are clear. First,
the haze- and noise-free images are visually more vivid and appealing; second, the haze- and
noise-free images are more suitable for many important applications such as image segmen-
tation, feature extraction, and image fusion. However, as usually the haze depends strongly
on unknown depth information, the image dehazing problem is a very challenging task. The
problem will be more ill-posed if the input data is only a single image [24]. In the litera-
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ture, various approaches have been proposed to handle the image dehazing problem. We can
roughly classify these methods into two categories: multiple image dehazing and single image
dehazing. Among the first kind of approaches, the polarization-based methods can remove
haze effectively through multiple images of the same scene with different degrees of polariza-
tion [38, 39]. In [30, 32, 34, 38, 39], the dehazed image is obtained from several images of
the same scene and angle under different weather conditions. In depth-based methods, an
approximate 3D geometrical model of the input scene is needed for dehazing [25, 33]. Since
both multiple images and a 3D geometrical model are difficult to acquire in real applications,
the above methods are somewhat impractical.

Single image dehazing methods have thus been more attractive. As the input data has only
one image, these methods usually need rather strong prior information or assumptions. In [20],
relying on the assumption that the transmission and surface shading are locally uncorrelated,
the albedo of the scene and the medium transmission are inferred, and impressive dehazed
results are thus obtained. However, this method may fail in heavily hazy images or in the case
when the assumption is seriously violated. In [41], observing when the airlight (see discussion
after (2.2) for definition) in natural images tends to be smooth and the haze-free image has
more contrast than the original hazy image, Tan proposes to remove the haze by maximizing
the local contrast of the restored image. This approach can produce impressive results, though
the physical meaning of the above observations is somewhat vague. In [24], He, Sun, and Tang
present a novel prior: the dark channel prior. A powerful single image haze removal method is
then proposed based on this prior. Using this method, they can directly estimate the thickness
of the haze and recover a high-quality haze-free image. However, the CPU time and memory
consumption of this method are rather high, and the resulting image may contain some noise
especially for a heavy haze scene.

Moreover, a common disadvantage of the above single image dehazing methods is that
they all ignore the presence of noise. As noise is somewhat inevitable in natural images,
the dehazed image produced by the above approaches might contain some heavy noise. This
phenomenon can be easily observed in [24]. To overcome this drawback, a possible solution is
that we can further denoise after obtaining the dehazed image.

A promising denoised result should contain the most reliable estimation of the original
image given a degraded input. Since denoising may introduce blurring or artifacts, it has
remained a challenge for researchers. In recent decades, extensive denoising methods have
been developed, such as [6, 16, 18, 36, 43]. Among them, a noteworthy method is the Rudin—
Osher-Fatemi (ROF) denoising model [36], in which a total variation (T'V) prior is used as a
global regularization term. The TV and its adaptive term, such as weighted TV or vectorial
TV (VTV), have been proved to be effective for edge preservation, and they have been applied
in many image processing tasks, such as image denoising [4], image restoration [7, 14, 15, 17],
deblurring [12], filtering [29], and so on. Note that the minimization on the TV related
models can be handled by fast algorithms, such as the Chambolle projection method [11],
the Chambolle-Pock algorithm [10], the augmented Lagrangian method [40], and the split
Bregman iteration [21].

However, as denoising may causally lead to the blurring of some useful details, the naive
approach is that first dehazing and then denoising should be improved. To preserve more
details in images, we propose considering a simultaneous procedure for dehazing and denosing.
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Indeed, in this paper, inspired by He, Sun, and Tang [24], we first present an improved
approach named the windows adaptive method to estimate the transmission map from the
hazy image. This improved method can overcome the edge artifact, and then the process of
soft matting in [24], which is very time-consuming, can be avoided. By using this transmission
map in the data fidelity term, we then propose a new variational model with weighted vectorial
total variation (WVTV). By minimizing the energy efficiently, a haze- and noise-free image is
then recovered simultaneously from the original single hazy image.

The main contributions will be clear:

e we present a windows adaptive method to estimate the transmission map;

e we propose a new energy model for dehazing and denoising simultaneously;

e we discuss the existence and uniqueness of the minimizer of the proposed energy
functional;

e to the best of our knowledge, the framework of the weighted vectorial total variation
introduced here is somewhat new and could be applied elsewhere;

e we describe the numerical procedure for our energy based on the Chambolle-Pock
algorithm as well as its convergence.

The rest of the paper is organized as follows. In section 2, we briefly introduce the back-
ground and related works for the dehazing problem. In section 3, a new windows adaptive
method is presented, and we introduce our convex variational model for simultaneously de-
hazing and denoising. The basic mathematical properties related to the proposed model are
then addressed in section 4. Moreover, section 5 describes the numerical scheme and its con-
vergence property. In section 6, we show the results after applying our approach on a set
of natural images and illustrate the superior performance of our approach. Finally, some
concluding remarks are given in section 7.

2. Background and related works. In computer vision and computer graphics, the for-
mation of a hazy image can naturally be described as follows [20, 24, 30, 31, 33]:

(2.1) I(z) = t(x)J (z) + (1 — t(x)) A,

where I: Q — [0, 255]3 is the observed hazy image, Q2 is a connected bounded open subset of
R? with compact Lipschitz boundary, « € € is the 2D spatial location in an image, and A is
the atmospheric light, which is assumed to be globally constant. Moreover, J :  — [0, 255]3
is the surface radiance, and ¢ : £ — [0, 1] is the transmission describing the portion of the
light that is not distorted. When the atmosphere is homogenous, the transmission ¢(z) can
be described as follows [20, 23]:

(2.2) t(z) = e @)

where 7 is the medium extinction coefficient (typically, we can set it as 1) and d(x) is the
depth of scene, which is always nonnegative since t < 1.

In (2.1), the terms ¢(x)J(z) and (1 —¢(x))A are called the direct attenuation and airlight,
respectively [26, 41]. Since only the hazy image I is given, we should recover J, t(z), and A
from I. Note that the estimation of A itself is not so easy. Most of the existing methods,
such as [20, 41], set the highest intensity of the input image as A. In this paper, similarly
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to [24], we handle this issue with the help of the so-called dark channel prior; for details, see
discussion after (2.5).

Indeed, the dark channel prior presented by He, Sun, and Tang [24] is a kind of statistics
on haze-free outdoor images. This prior is based on the following observation: in most of
the nonsky patches of the haze-free outdoor image, at least one color channel has very low
intensity. For an image J, formally, the dark channel J g, is defined as

2.3 Jgar () = i in J. ,
(2.3) dark () ofhin (yrerg&) (y)>

where ¢ € {R,G, B} is a color channel, J. is a single band image of J, and w(z) is a local
patch centered at x. Then the dark channel prior can be formulated as

(2.4) Juars () = 0.

Assuming that the transmission ¢ is a constant in the local patch w(z), and taking the min
operation in the local patch and three color channels on the haze image I, a rough version of
t (denoted ty) can be obtained by (2.1) and (2.4):

. . (L(y)
2.5 to(x) =1 — </
(25) o(=) Y ce(hc.B) <yé‘3}&> < A, >> ’

where v € (0, 1] is used to keep some depth information of the natural image and is commonly
set as v = 0.95 [24]. Additionally, among the pixels which are the brightest 0.1% in J g4k, the
pixels with the highest intensity in I are picked as the atmospheric light A.

After obtaining t(, a dehazed image can be recovered according to (2.1); i.e.,

I(z) — A

M) =A
max(to(a),e0)

(2.6) Jo(z) =

where ¢y > 0 is a constant to avoid division by zero (typically, we can set €y as 0.1).

As shown in [24], Jo may contain some edge artifacts around edges (see the roof in Fig-
ure 1(b) below, for example) because the transmission ¢y is not so accurate. In order to
overcome this defect, the authors of [24] use the soft matting method [28] to refine ;. How-
ever, the procedure of solving a linear equation M X = b is needed for their soft matting
method, which leads to high computational complexity. Here M is a very large matting
Laplacian matrix with size N1Ny x N1Ny given an image with N1 X Ns pixels. Therefore,
this method is not suitable for real-time or nearly real-time dehazing. Besides, as mentioned
above, the result of He, Sun, and Tang may contain some unpleasant noise especially in the
heavy haze scene.

3. The proposed method. In this section, we first present a new method for estimating
the transmission map and then construct an energy functional to recover the final haze- and
noise-free image.
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3.1. Windows adaptive method. As mentioned above, the dehazed result obtained by
(2.5) and (2.6) contains some edge artifacts, especially on the boundary of an object. This is
due to the limitation that the transmission ¢ is assumed to be a constant in the local patch
w(x). However, this is not always true. Indeed, when w(z) contains a sharp edge, the constant
assumption of ¢ is clearly wrong. This inevitably leads to undesired results.

To avoid the edge artifact, now we present a new method for choosing the local patch. We
term this method the windows adaptive method.

For a y € w(x) we define a distance to measure the intensity difference between x and y,

(3.1) oc(z,y) = [Le(z) — Le(y)l.

The top r% pairs of pixel and channel which have minimal distance among all bands (y € w(x),
¢ € {R,G,B}) are selected (usually, we set r = 40). Defining this selected set as w.(x),
equation (2.5) can be changed accordingly:

. Ic(y)>
3.2 to(r) =1—v min ,
(3.2) ol=) (y,c>ewc<w>< A.

where again v = 0.95 and A = (AR, Ag, Ap) is obtained along the lines of the method of He,
Sun, and Tang (see [24] or the discussion after (2.5) for details).

After obtaining t;, we can get a new Jy using (2.6). The experiment done in many
images shows that this adaptive method can avoid edge artifacts, as shown in Figure 1(d)
below. However, observing those dehazed images, we can also find that they are both dark in
intensity and low in contrast, and they contain noise. So we need to further refine the results
to get more impressive outcomes.

3.2. The proposed model. Obviously, (2.1) can be rewritten as
(3.3) A —TI.=t(A.—J.).
In order to avoid product form, we convert (3.3) into the logarithmic domain, i.e.,
(3.4) log(A. —I.) = logt + log(A. — J.).

As shown in (2.2), t is an exponential function of the depth map d, so we have
1
d=—-logt,
n

where again 7 is a positive constant and, for simplicity, we set it to 1 for all our numerical
tests.
We further set f. = %log(AC —1I.) and g. = %log(AC —J.); then (3.4) is equal to

(3.5) ge = fe+d.

Let g =1{94.9:.95}, F ={fn fo. [s} andd = {d,d,d}. The above equation can be rewritten
as

(3.6) g=f+d.

Our coming variational model will be based on the following assumptions:
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e Since J is the surface radiance at the intersection point of the scene and the real-
world ray corresponding to the pixel x, we can reasonably say that g is piecewise
constant. Thus a WVTV, [, h(z)|Dg(x)|, can be set as the regularization term of
g [3, 4, 5, 17, 27, 37, 42], where h(x) is a positive continuous real-valued function
related to the haze thickness (see (3.9) below for a particular choice) and

(3.7) / h|Dg| := sup {/ (g,V -p)dx : |p(x)] < h(z) Vz € Q} .
Q peci@r3x2) Lo

Here, Dg is the distributional gradient of g, ¢ = (¢, ¢4, ¢5) 1 2 — R3%2 is a vector-
valued function, V- is the divergence operator such that V- = —(V7¢ R VTch, VT BE
Q) — R3, V is the gradient in the classical sense, the product (-) is the Euclidean scalar
product which implies that (g, V@) = =3 c1r ¢ 5} (9es V7T .), and the norm |- | can
be defined in different ways, such as | - |, |- |r2. In this paper, we use | - |72 since it
is the most standard definition of the VI'V norm [4]; that is,

"P‘ = Z <9007(Pc>'

ce{R,G,B}

e The depth map is piecewise regular. Therefore, the regularization term is used by
Jo 1Dd].
Overall, we propose to minimize the following energy functional for recovering the haze-
and noise-free image simultaneously:

1
(3.8) E(g,d) iz/h’DQH‘)\/ ’Dd"i‘—/ ’g—f—d\2d33+1/ |d — do|*dz,
Q Q 2 Ja 2 Ja

where dy = —% log to (see (3.2)) and A, 7 are positive parameters with larger values indicating
more important corresponding terms. In the above formula, the last two terms are the data
fidelity terms. Since the WVTV can denoise effectively while keeping the boundary [3, 5,
27, 42], and there exists a regularization term on d, the minimization of our energy also can
denoise effectively.

Now we give some details on the selection of the function h. Note that, as mentioned
previously, the hazy image usually contains some noise. Moreover, we also observe that the
noise is not uniform. Usually, it is rather serious in scenes with dense haze and is rather
light in scenes of mist. As we aim to maintain as many details as possible while denoising,
we should set a large h(z) in the haze-dense area and set a small h(x) in the mist scene.
Generally speaking, the depth map dy can roughly describe the thickness of haze. In this

paper, we assume that h(z) is an increasing function of dy(z), i.e.,

1
(3.9) M) = T

where k is a nonnegative parameter that determines the depth level of the image and the
constant 5 is empirically fixed.
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Since the space of functionals of bounded variation BV ({2) contains the set of piecewise
smooth functions, it is a suitable space for images and has been frequently used in many image
processing problems [1, 22, 36]. Therefore, we choose BV ({2) as our search space for d. In
detail, the space BV () is defined as follows:

BV(Q) = {d € LY(Q); /Qdey < +oo}.

Further, for g, we can use the vector-valued space BV (Q2), which is defined as follows:

BV (Q,R?) = {g € LY(Q,R3); / |Dg| < +oo}.
Q
Then the total space A of our energy functional can be defined as
(3.10) A= {(g,d)|(g,d) € BV(Q,R?) x BV(Q)}.

After the functional space has been chosen, the minimizing problem of (3.8) can be cast as
the following regular form:

3.11 inf F(g,d).
(3.11) oy (g,d)

4. Existence and uniqueness of the minimizer. The goal of this section is to prove
the existence and uniqueness of the solution for (3.11) based on fundamental theories in

optimization. For this, we need the following two lemmas.
Lemma 4.1 (lower semicontinuity). If the sequences {g’} C BV (Q,R?) and g* € BV (Q,R3)

satisfy that g — g%, i.e.,
L1(Q,R3)

lim /\gj—g*\dazzo,
Q

Jj—+oo

then
/hyDg*\ ghminf/hyng\.
Q J=t0 Jq

S = {p € C3(); [p(x)] < h(x) Va € Q.
For fixed ¢ € S, V - ¢ is bounded on . By (3.7), readily we have

Proof. Define

/(g*,V ~pydr = lim [ (g7, V- p)dz < liminf sup {/ (g’,V - ¢>dx} = liminf/ h|Dg’|.
QO J—+0o0 Q J—+00 PeS QO J—+00 Q

Taking the sup of ¢ over the set S, we obtain

/h|Dg*| gliminf/h|ng|. |
Q Jotoe Jq
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Lemma 4.2. If g € BV(Q,R3), and hy,hy : Q — R are both continuous real-valued func-
tions such that hi(x) < ha(x) for all x € 2, then

/1hﬂDg\§l/nhﬂE@W
Q Q

Proof. This follows directly from (3.7) since |¢(x)| < hq(x) implies |p(z)| < ha(z). [ |

Now we are ready to prove the existence and uniqueness of the solution for (3.11).

Theorem 4.3. Let Q be a connected bounded open subset of R? with compact Lipschitz
boundary, and let X, v > 0. Assume that f € L%(Q,R3) and that dy € L*(Q) is nonnegative;
then the minimization problem (3.11) admits a unique solution (g*,d*) € A.

Proof. (a) FEzistence. First, the energy functional is nonnegative, so there exists the
infimum. Further, when g and d are constants, the energy is bounded. Therefore, the en-
ergy (3.11) is well defined.

Let {(g’,d)} € A be a minimizing sequence of problem (3.11). Then there exists a
constant M (which could change line by line) such that

E(g’,d) = / h|Dg’| +>\/ |Dd?| + —/ lg/ — f — d’|dx + 1/ | — do|?dz < M.
Q Q 2 Jo 2 Ja
As dy € L*(Q2), we have [, |do[*dz < M. Observing that [, |/ — do|*dz < M, we have

/ | |2de = / [(d — do) + do|*dx < 2/ | — do|*dx + 2/ |do|?dx < M.
Q Q Q Q
Then the boundedness of ||d’||; is automatically obtained by Holder’s inequality:
. 1 .
| [[1 < |Qz]|d |2 < M.

Since [, |Dd’| < M, we can deduce that {d’} is uniformly bounded in BV (£2). Thus, there
exist a subsequence (also denoted by {d’}) and d* € BV (Q) such that

(4.1) & = df, & — dF, and & — dF,
L1(Q) L2(Q) BV —w*

where d/© — d* means that d’ converges strongly to d* in L'(Q), ¢/ — d* means that
LY(Q) L2(Q)
d’ converges weakly to d* in L?(Q), and d’ b

; d* means that d’ converges to d* for the
—w*
weak™ topology of BV ().

Meanwhile, from (3.9), we take dg = WM and then 0y € (0,1). As a consequence,
we have h > §g > HL,C By Lemma 4.2, {g’}, where the index j is the same as (4.1), meets
(4.2) 50/ |Dg’| < / h|Dg’| < M

Q Q
and

1/ g’ — f — d'|*dz < M.
2 Jo
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Because f is given in L2(Q2,R?), the L% norm of g/ is uniformly bounded. Indeed,
1972 =W(g’ —F =)+ f+d|2<|lg’ = F = [l2 + | fll2 + |2 < M.
Then we obtain the boundedness of ||g?||1 by
g/l < 12f2lg’||2 < M.

Combining this with (4.2), we can conclude that {g’} is bounded in BV (€2, R?). Hence, there
exist a subsequence (also denoted by {g’}) and g* € BV (£, R?) such that

4.3 I — g%, ¢ — g, and ¢/ — *.
(4.3) 9 9 e 9 9

Therefore, up to a subsequence, {(g’,d”)} satisfies (4.1) and (4.3).
Because of the weak lower semicontinuity (w.l.s.c.) of the L? and BV norms, we have

liminf)\/ |de|+1/ |dj—do|2d:n2)\/ |Dd*|+1/ |d* — do|*d.
Q 2 Ja Q 2 Ja

J—+oo

Since g/ — d’ — g* — d*, we deduce that

1 . . 1
liminf—/ |gJ _ f _d]|2d$ > _/ |g* _ f—d*|2d33'
j—+oo 2 Jo 2 Ja

Finally, due to the lower semicontinuity of WVTV (see Lemma 4.1), we get

liminf/ h|Dg’| 2/h|Dg*|.
Q Q

j—+oo
Therefore, we can conclude that

in E(g,d) = liminf E(¢g’,d’) > E(g*,d").
Juin Blg,d) =liminf E(g’,&’) = E(g", d")

Hence, (g*,d*) is a minimal point of F(g, d).
(b) Uniqueness. All the terms in (3.8) are convex, so F is convex. Moreover, the Hessian
matrix of Eo(g,d) :== % [, |g — f — d|?dz + % [, |d — do|*dz is

1 -3
H= [—1 3+’y]

As v > 0, H is positive definite, and Ey and E are strictly convex.
Therefore, we can conclude that the minimization problem (3.11) admits a unique solu-
tion. |
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5. Numerical schemes. In this section, the numerical procedure of the proposed en-
ergy (3.11) will be implemented. Note that (3.11) can be solved by many efficient methods,
such as the augmented Lagrangian method [40] and split Bregman iteration [21]. In this pa-
per, we adopt the multiple-splitting Chambolle-Pock algorithm [10, 13] due to its simplicity
and the control of the dual gap.

As shown in [10], the Chambolle-Pock algorithm is a first-order primal-dual algorithm for
convex optimization problems with known saddle-point structure. It is a promising method
which can solve our nondifferentiable convex optimization problem without inner loop and
can reduce the time and space overhead significantly. It has been proved that the Chambolle—
Pock algorithm can converge to a saddle-point with rate O(1/N) in finite dimensions. The
wide applications in many image processing problems, such as image segmentation, image
denoising, and image inpainting, have also demonstrated the superiority of the Chambolle—
Pock algorithm [10].

First, we give some notations. In the discrete setting, let X denote a real vector space
RN1x Nz, ge € X denote the discrete image with size N1 X Na, (-) denote the Euclidean inner
product, and I denote the identity matrix. Since Dg, Dd are usually treated as Vg, Vd in
difference schemes [11] (recall that D and V denote the distributional gradient and classical
gradient, respectively), we use Vg, Vd instead of Dg, Dd in the following numerical schemes.
The discrete gradients Vg, Vd are defined as

ng ng V:pg > ( de >
Vg =(Vg,.,Vg,,V = R @ B , Vd = )
g ( 9rs VYq gB) ( Vng vygg VygB Vyd

where V, and V, are the discrete derivative operators in the z- and y-directions, respectively.
In our numerical experiments, V, and V, are obtained by using finite difference approxi-
mations to the derivatives with symmetric boundary conditions in the respective coordinate
directions. For example, we define

Qi i—dy i=1,2... n—1,
(vmd)ZJ = { OH_L] " 7 =n.

In addition, ||Vg||; and ||Vd]||; denote the discrete total variations of g and d; i.e.,

199l = >/ IVaa R + 190612 + 1013 =3 [ 3 {(Fa02, + (Vg2 }
0,

iyj CE{R7G73}

[Vl =3 /(Vad)?; + (V).
0.
Overall, the discrete version of (3.11) is
62 minEug.d) = [19gl + Ml + g - £ - I+ - dol
and we can rewrite it as the following equivalent constrained problem:

. 1
(52) uin il + Mol +5lg = £ = d* + 2d - o], st wy = Vg, wp = Vd.

g,d,w1,w2
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To solve this problem, similarly to [13], let us convert it to the primal-dual problem using the
Lagrange multipliers method,

. 1
max min L(g,d, w1, ws,v1,v2) = [[hws |y + Awall1 + S lg = f = d|* + %Hd — dol|?

V1,02 g,d,w1,w2

(5.3) +(v1, w1 — Vg) + (v2,ws — Vd).
Let y = [v1,v2]” and x = [g, d, w1, ws]T. Denote

-vT 0o T 0

K=l _vy7 o 1

as a continuous linear operator with the induced norm
(5.4) |K| = max{||Kz| : x€X, ||z| <1}.
The min-max problem (5.3) can be written as

(5.5) max min L(x,y) := (Kz,y) + G(x) — F*(y),
Yy €T
where G(z) = [|hwi |1 + Awa|1 + 3llg — f — d|I> + 2||d — do||* and F*(y) = 0. Note that
readily we have
0 ifx=0,
F(z) = { 400 otherwise,
and
1 1
G*(-K"y) = §HVTU1H2 +(f,V7Tv) + %H > VT01e+ VT0|” + (do, Y V01 + V7 0g).

Similarly to [10, 13], the primal problem related to the above min-max problem is
min F(Kx) + G(x)
T

or

in G(x).

This is exactly our previous problem (5.2).
Proposition 5.1. The norm of K (see paragraph before (5.4)) is bounded by || K| < 3.
Proof. Here, we note that Kz = [(wy — Vg)T, (wy — Vd)T]T. Since ||V||? < 8 (see [11],
which can be readily extended to the vectorial case), we deduce that

|Kx|* = [lwy — Vg||* + [|wy — Vd||?
< (14 Dllwd]? + (1 +9)[Vgl* + (1 + Pllwe* + (1 + )| Vd]]>

=1+ Dlwall? + A+ 5) (IVgal® + 11Vae I + [Vg,117) + (1 + Pllwz]? + (1 +1)][Vd]?
< (14 Dllwal® + 1+ 5) (8llgal® + 8llgal? + 8llgs [17) + (1 + Dllwel® + (1 + )] V]
< (14 Dlwal* + 81+ 5)llgl? + (1 + 7)llwal* + 8(1 + #)lld],



980 FAMING FANG, FANG LI, AND TIEYONG ZENG

where s,t can be any positive constants.
In particular, we can choose the ones such that the coefficients of the last inequality are
the same: 1+ 1 =8(1+s)=1+1=8(1+¢). This leads to t = s = 3. Moreover,

1K ]* < 9([lws | + llgll* + llwa]|* + 1d]I*) < 9.

According to (5.4), we have || K| < 3. [ |

Since both G(-) and F*(-) are proper, convex, and lower semicontinuous functionals, (5.5)
is exactly the same problem in [10], and thus we can use the Chambolle-Pock algorithm to
solve our model.

The regular Chambolle-Pock algorithm of (5.5) is as follows:

(5.6) Yy = argmax L(Z,y) — 5z ly — ",
(5.7) "t = arg mmin L(a:,y"“) + %Haz — a:"||2,
(5.8) x =2zt — 2",

where ¢ and T are two positive parameters.
In detail, (5.6) can be rewritten as
1

(vt ") = arg max(vy, w1 — V@) + (v2, e — Vd) — 5

i o (1 = o1 |* + [loz = v %),
1,02

Obviously, the above formula is equal to

v = argmax(vy, @1 — Vg) — 3 [lvg — v},
v1 _
U2n+1 = argmaX<U2,w2 - Vd> - %H’UQ B U2n||2

2
Then we can obtain vf“ and vy by

(5.9) i = 1 (@, — V@) + v},
(5.10) T

The subproblem (5.7) can be rewritten as

(g, d" ™ wit wy" ™) = argmin [|hawy |1 + Allwe|h + 3]l — f — d|f?
g,w1,d,w2

+3lld = do)? + (Wt w1 — Vg) + (12"t wy — Vd)
+o-(llg — g"[I* + llwr — wi | + ||d = d"||* + [Jwz — wa™[|?).

It is equivalent to the following form:

5.1) (¢!, d"*") = argmin 5 lg — f — d|I* + 3]ld — do|* - (v7*, Vg)
. g7
+ (02", =Vd) + 5 (g — g"[I* + [|d — a"[]?),
(5.12) witt = argmin |[hwy [l + (v w1) + 5 [lwr — wi*
w1
(5.13) wy" = arg min Al|wa 1 + (02" wa) + g [lwa — wa™ ||,
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For (5.11), we have the following proposition.
Proposition 5.2.  The step (5.11) has a closed-form solution.
Proof. We first obtain the first-order variations with respect to g and d:

_ Z(g?—i-l _ fc _ dn—i—l) 4 ’y(dn+1 _ dO) 4 vTvzn—H 4 %(dn—i-l _ dn) =0.

C

{ (gn—I—l _ ,f _ dn+1) + VT,U711+1 + é(gn-i-l _ gn) =0,

Then the closed-form solution of g and d can be obtained from the above linear system:
ntl _ (1+HB+A4
1+HB+v+1)-3
gn+1 _ ,f + dn+1 _ VT’U?—H + %gn
1+ 1

)

where A =3 fo+ 13 g0 =3 VIiil, B= -3 fo+vdo + 1d" — VTv," ! and vy =
{’UlR,’UlG,’UlB}. |
The solutions of (5.12) and (5.13) can be directly solved by

n+1

n__
(5.14) witt = % max(|w}] — ov] | — ah,0),

(5.15) wo" T = ‘f’uzz:—g}zﬁi—' max(|wy™ — ova™ | — oA, 0).

Additionally, the formula (5.8) is given as follows:

(5.16) d=2d"t —d",
(5.17) g=29""—-g"
(5.18) Wy = 2wt —wh,
(5.19) W = 2w T — wy.

For the convergence assessment, we propose using the primal-dual gap [10] as our stopping
criterion. Classically, the primal-dual gap for (5.5) is defined as

(5.20) G(x,y) = F(Kz)+ G(z) + F*(y) + G*(-KTy).

Given a prescribed positive parameter p (very small, say 10~%) and the initial energy
E4(g°,d"), where g° = f and d° = dy are initial values of g and d, when the primal-dual gap
is less than p - Ey(g°, d°) our algorithm can be considered to reach a steady state.

Therefore, taking all of the above into account, the overall computation procedure of the
proposed method is as presented in Algorithm 1.

The convergence of the proposed algorithm can be guaranteed by the following theorem.

Theorem 5.3. Denote L = |K||, and choose the parameters o, such that oTL? < 1. Let
(", y") = (g",d", wl,we", vy, v2") be the sequence derived from Algorithm 1. Then the
following hold:
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Algorithm 1: The computational procedure of the Chambolle-Pock algorithm for the
proposed variational model (5.1).

e Initialize: d=d° =dp, g =g° = f +d°,v) = 0,v,° =0, w; = wY = Vg°, wy = wy* = Vd°

e Repeat until G(z",y") < p- Eq4(g°,d"):

'v;”rl = 7(w1 — Vg) + vy,
’U2n+1 = T(’lDQ — Vd) + vo",
gl — _ (43)B+A
+)B+v+7)-3
dn+1 — (dnJrl, dn+1, dnJrl)7
bl _ f+dn+1_vTv;z+l+%gn
g - 1+L I
ntl _ wi—ovit! (|w? ntl| h,0)
'U]l —Wmax 'U]l—O"Ul —on, s
1 n__ n+1 1
wytl = Tt max(Jwe" — ova" T — o\, 0),
7 _ 1
d = 2d"+! — g,
= 1
g=2g9""—g"
Wy = 2wt — wy,
wo = 21U2n+1 — w2".

(a) there exists a saddle-point (x*,y*) such that
" —x", y" —x*;

(b) the (g*,d*) is exactly the solution of (5.1).
Proof. One can easily prove (a) following the proof of Theorem 1 in [10]. Further, as
shown in Proposition 3.1 in [19], (a) is equivalent to (b). Thus Theorem 5.3 is proved. [ ]

6. Experimental results and analysis. In this section, in order to examine the effectiveness
of the proposed method, we describe and analyze the experimental results on some natural
hazy images. Note that all the following experiments are implemented in MATLAB R2012b
on an Intel 3.33 GHz PC with 8 GB RAM. In what follows, we set the parameters of the
depth map (2.2) to n = 1; the parameters of energy (3.8) to k = 50, A = 0.01, and v = 0.1;
and the stopping criterion of Algorithm 1 to p = 10~%. Further, according to Theorem 5.3,
we need 07L? < 1 to ensure convergence. Since L = ||[K| < 3, we need o7 < 1/9. In our
experiments, we set ¢ =1 and 7 = 0.11.

6.1. The procedure of the proposed method. We now display the overall procedure of
the proposed method. In Figure 1, (a) is the original input, (b) is a haze-free image using
the dark channel prior presented by [24], (c) is the estimated transmission map using our
windows adaptive method (see section 3.1), and (d) is a recovered haze-free image using (c)
and formula (2.6). Clearly, (d) has no edge artifact, while there are some edge artifacts on
the boundary of some objects in (b). That is to say, the proposed windows adaptive method
outperforms the method of estimating the transmission from [24]. However, (d) is dark in
intensity, low in contrast, and contains noise. To improve these aspects, we further transform
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(8)

Figure 1. The procedure of the proposed method: (a) The original input image (600 x450), (b) the recovered
haze-free image using a dark channel prior, (c) the estimated transmission map of (a) using the windows adaptive
method, (d) the recovered haze-free image using (b), (e) the depth map corresponding to (b) (shown in false
colors, similarly hereinafter), (f) the refined depth map using the proposed method, (g) recovered haze-free and
noise-free image obtained using the proposed method.

(c) to the depth map (see (e)), and then obtain our final result using the energy (3.11).
Note that (f) and (g) are the final depth map and recovered haze-free and noise-free image,
respectively. Obviously, (g) is bright-colored, vivid, and contains little noise.

The convergence curve for Figure 1 is presented in Figure 2. The convergence curve is
actually the sequence of the primal-dual gap derived from Algorithm 1. We can see from the
figure that our algorithm converges rapidly.

Here note that Ey(g°, d°) = 1.239 x 10°. The stopping criterion is given by G(x", y") <
12.39; see condition (5.20). In this case, the number of iterations is n = 68.

6.2. Comparison study. In this part, we will present some comparison studies from the
vision observation and numerical efficiency aspects using six images.
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14 T T T

primal dual gap

primal dual gap

0 50 100 150 200
iterations

Figure 2. The convergence curve (i.e., the sequence of the primal-dual gap, derived from Algorithm 1) of
Figure 1.

Comparison 1: First, we compare our method with a dehazing model as well as a de-
haze+denoise procedure, where we select the work of He, Sun, and Tang [24] as the represen-
tative of the dehazing model, and the dehaze+denoise procedure is the procedure in which
we first dehaze the image using that model and then denoise it using the ROF model [36]
(note that the regularizing parameter of the ROF model is set as 0.1 in our experiment). The
results are shown in Figures 3-5.

In Figure 3, we first generate a hazy and noisy image by adding white Gaussian noise of
standard deviation 0.1 to a hazy image (as shown in (a)), then use this synthesized image
to obtain the images (b)—(d) by the dehazing model, the dehaze+denoise procedure, and the
proposed model, respectively. To see the difference of these results more clearly, we show
close-ups of an example area of Figure 3 (in the red box) in Figure 4.

As can be observed from Figures 3 and 4, although the result of the dehazing model is
haze-free and informative, it contains some noise, which is particularly serious in the distant
view. The result of the dehaze+denoise procedure contains little noise, but some details of
the whole image are lost. Nevertheless, the proposed method has the advantages of both the
dehazing model and the dehaze+denoise procedure. Indeed, our result contains more detail
and less noise. For instance, the outline of mountains in the upper right corner is either noisy
or blurry in Figures 4(b)—(c), while it is much more clear in Figure 4(d). The reason is that
our model contains the WVTV term which can denoise effectively while keeping the edges.
Therefore, our result outperforms the dehazing model and the dehaze+denoise procedure.
Analogously, Figure 5, which shows a real hazy image and its outcomes, also demonstrates
the superiority of our method.

Comparison 2: Next, we compare our method with those of Tan [41], Fattal [20], and He,
Sun, and Tang [24]. These results are shown in the Figures 6-10. In each of these figures,
(a) shows a hazy original input, (b)—(e) are the results of Tan’s, Fattal’s, He et al.’s, and
our methods, respectively. Observing Figures 6 and 7, we can see that all these methods can
dehaze effectively, and our results are comparable to others.

However, in Figure 8, the results show that Tan’s method can dehaze effectively, while the
resulting image is distorted in color and contains serious noise. Fattal’s method can dehaze
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()

Figure 3. The synthesized noisy image and processed results: (a) The synthesized noisy image (white
Gaussian noise of standard deviation 0.1, 457 x 800 ); the results of (b) the dehazing model, (c) dehaze+denoise,
and (d) the proposed method; (e) the depth map using the proposed method.

with little oversaturated color and little noise, but it cannot remove the dense haze. He et
al.’s method can dehaze without sacrificing the fidelity of the color, yet its output also has a
lot of noise in the area with a distant view. In contrast, the result from the proposed method
not only preserves color well, but also provides a high quality dehazed image with little noise.
These differences are more apparent in Figure 9, in which close-up views of the white box
areas in Figure 8 are displayed. For example, the roof edges in Figure 9(b)—(d) are unsharp
due to the existence of noise or haze, while the boundary is clearer in Figure 9(e). Note that
the block effects in (b) and (d) are not due to JPEG decompression, but due to the dehazing
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(c) (d)

Figure 4. Close-ups from the boxed area of Figure 3 (120 x 180): (a) The synthesized hazy image; the
results of (b) the dehazing model, (¢) dehaze+denoise, and (d) the proposed method.

Table 1
Comparison of the proposed method with that of He, Sun, and Tang’s work [24] in time and memory usage.

Time (s) Total memory (Mb) Peak memory (Mb)
He et al. Proposed Heetal. Proposed Heetal. Proposed
Figure 3 457 x 800 44.101 4.229 1426.856  680.080 463.300 17.176
Figure 5 432 x 432 23.442 2.810 725.148 281.800 235.940 8.764
Figure 6 600 x 400 29.532 3.387 1117.536  381.476 303.704 11.272
Figure 7 1000 x 327 38.254 3.744 1350.516  582.160 413.880 15.368
Figure 8 600 x 400 29.755 3.277 1116.032  390.784 303.700 11.272
Figure 10 1024 x 768 94.376 7.006 2984.200 1452.360  998.892 36.948

Figure Image size

methods. Hence, our method outperforms others to some extent. The obvious differences in
the red and white boxes of each panel in Figure 10 also demonstrate the advantages of our
method.

Efficiency comparison: To evaluate computational efficiency, the proposed method is fur-
ther compared with the work of He, Sun, and Tang [23]. Precisely, we calculate time cost and
memory usage for processing each image in Figures 3—10. The comparative results are shown
in Table 1. It should be noted that the best value of each measure is marked in bold.
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(c) (d) (e)

Figure 5. Comparison with other methods: (a) The original input hazy image (432 x 432); (b) the depth
map using the proposed method; the results of (c) the dehazing model, (d) dehaze+denoise, and (e) the proposed
method.

From Table 1, we find that the time cost of our method is about 10% that of the model of
He, Sun, and Tang. That is, our method is much more efficient. The main reason is that the
proposed method has no complex term, and we have applied the Chambolle-Pock algorithm,
which has remarkable advantages in time overhead and RAM usage, to implement our energy,
while there is a soft matting step which involves a large time-consuming matting Laplacian
matrix in He, Sun, and Tang’s model.

As for memory usage, we use two variables, the total memory and the peak memory, to
measure efficiency. The total memory is the total amount of the available memory allocated to
a process, and the peak memory is the maximal physical memory that the process really used.
In Table 1, we can see that the total and peak memories used by our method are 50% and 4%,
respectively, of those of He, Sun, and Tang’s model. That is, our method highly outperforms
their model in memory usage. As has been stated, a large Laplacian equation which is memory-
consuming needs to be solved in He, Sun, and Tang’s model. Since our method has no such
memory-consuming term, the statistics in Table 1 verify the aforementioned standpoints.

6.3. The influence of parameters. As shown in (3.8), there are three parameters, i.e.,
k, A, and <, in our functional energy, where k is a nonnegative parameter that determines



988 FAMING FANG, FANG LI, AND TIEYONG ZENG

(e) (f)

Figure 6. Comparison with other methods: (a) The original input hazy image (600 x 400), (b) Tan’s result,
(c) Fattal’s result, (d) He et al.’s result, (e) the proposed result, (f) the depth map using the proposed method.

the depth level of the image (see (3.9)), and A,y are two positive parameters that adjust the
importance of the two corresponding energy terms. We now analyze the influence of these
parameters.

We first study the effect of parameter k. In Figure 11, we display the results when the
values of k are varied. We can see that, as k increases, the result contains more detailed
information, while its noise increases simultaneously. Meanwhile, when k£ = 10 and 50, the
results can not only retain the details but also reduce the noise. This phenomenon is also
reflected in Figure 12, in which the unidimensional examples of function h with different k are
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(e) ()

Figure 7. Comparison with the methods of Tan, Fattal, and He, Sun, and Tang: (a) The original input
hazy image (1000 x 327), (b) Tan’s result, (c) Fattal’s result, (d) He et al.’s result, (e) the proposed result, (f)
the depth map of the proposed method.

presented. In this figure, when k is too small, e.g., & = 0 or 0.001, all values of h approach 1.
That is, the denoising procedure influenced by the depth map dj is very limited, and this leads
to the lack of details for the whole image. In contrast, when k is too large, e.g., k = 1000, a
lot of values of h approach 0, which causally leads to the noisy result. When k£ = 10 or 50, h
is generally balanced. This leads to the removal of the noise when dg is large while keeping
the details when dj is small. Since the dehazed image does not have much noise at close range
(i.e., do is small), the whole result has little noise and much detail. Therefore, based on the
above analysis, k € [10, 50] is suitable. Further, as shown in Figure 11, the results change very
little as k varies, so our method is rather stable with k.

In the next experiment, we test the quality of the result for different A and 7. A lot
of experiments have shown that, for an image with little noise, the difference is not obvious
when A and v change. To make the comparison more obvious, we add white Gaussian noise of
standard deviation 0.1 to Figure 1(a) and then produce results with different A and ~. Here
we fix k to be 50. The results are shown in Figure 13. We can see from Figure 13 that the
results have less noise and become blurrier when A increases and v decreases. Thus we can
set a bigger A and smaller ~ for images with much noise and set a smaller A and bigger ~ for
images with little noise. It should be noted, since very small v will lead to an unstable result,
that we can’t set v to be too small. In our experiment, we find that v € [0.005, 5] is suitable.
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Figure 8. Comparison with other methods: (a) The original input hazy image (600 x 400), (b) Tan’s result,
(c) Fattal’s result, (d) He et al.’s result, (e) the proposed result, (f) the depth map using the proposed method.

Meanwhile, we can also find that the images in Figure 13 change very little, which indicates
that the proposed method is rather robust to A and ~.

7. Conclusions. In this paper, we have introduced a new fast dehazing and denoising
method based on the variational approach. The proposed method first estimates a trans-
mission map using the windows adaptive method, and then converts the transmission map
to a depth map. Using this depth map, we construct an energy functional to seek the final
haze- and noise-free image. The existence and uniqueness of the solution of the proposed
variational model are then discussed. To minimize the objective function efficiently, we adopt
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(c) (d) (e)

Figure 9. Close-ups from the boxed area of Figure 8 (200 x 150): (a) The input hazy image, (b) Tan’s
result, (c) Fattal’s result, (d) He et al.’s result, (e) the proposed result.

the multiple-splitting Chambolle-Pock algorithm, which solves our problem without an inner
loop. In order to prove its effectiveness, we tested the proposed method on many real scenes
and compared its performance with that of several existing methods. The results demonstrate
that our method is generally better than the compared methods especially in scenes with noise.
Furthermore, the comparison of time and memory usage with those of He, Sun, and Tang’s
method also shows the efficiency of the proposed method. Therefore, we can conclude that
the proposed method can remove haze and noise efficiently and effectively.

Simultaneously dehazing and denoising is still a challenging problem, and there are many
open questions that should be studied. Our method is effective, but it also can be improved.
First, since our windows adaptive method is based on the dark channel prior, it also can’t
deal with sky regions very reasonably. Till now, there are few suitable models handling sky
regions more naturally. The building of models to handle the sky regions will be the aim of
our further research. Second, our results are acceptable but some artifacts are still visible
(see Figure 6(e), for example). There may be some difficulty in the choice of the parameter r
used for the windows adaptive method. A constant » may not be suitable for all images. It is
interesting to study some adaptive methods for the choice of r. Furthermore, our method may
fail when the haze image model (2.1) is physically invalid. We will extend our research based
on some more advanced models [35]. Additionally, as our method is a general framework, it can
be extended in many possible ways, such as the application of total generalized variation [2]
or tight-frame [7, 8, 9]. We leave this as further works.
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Figure 10. Comparison with other methods: (a) The original input hazy image (1024 x 768), (b) Tan’s
result, (c) Fattal’s result, (d) He et al.’s result, (e) the proposed result, (f) the depth map of the proposed method.
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Figure 11. The results with different k: (a) The original input hazy image (400 x 429); the result with (b)
k=0, (c) k=0001, (d) k=1, (e) k = 10, (£) k = 50, (g) k = 100, (h) k = 500, (i) k = 1000.
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Figure 12. The unidimensional examples of function h with different values of parameter k.

(d) (e) (f)

Figure 13. The results with fized v = 1 and X set to be (a) 1073, (b) 1072, (c) 107%; the results with fized
A =1 and v set to be (d) 1, (e) 107, (f) 1072,
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