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Chapter 1

Kahler manifolds

1.1 Manifolds

Let M be an 2n-dimensional manifold. Let T'M be the tangent vector bundle
over M. Let End(T'M) be the real vector bundle over M such that the fibre
End(T'M)|, for any x € M is canonically isomorphic to End(7'M|,). Let E
be a vector bundle over M. Let €>°(M, E) be the space of smooth sections
of E on M. Let Q"(M, E) be the smooth r-forms on M with values in E.

Definition 1.1.1. The manifold M is called a almost complex manifold if
there exists J € €°° (M, End(TM)) such that J? = —Id. The endomorphism
J is called the almost complex structure of T'M.

For x € M, the almost complex structure .J induces a splitting of complex
vector spaces,

T.M @ C=T3OM @ TV M, (1.1.1)

where T"Y M and TV M are the eigenspaces of J corresponding to the
ecigenvalues v/—1 and —/—1, respectively. Since J is smooth, TMOM =
{Tél’O)M}weM and TODM = {ngo’l)M}xeM are vector bundles.

A continuous map 7 : E — M between two Hausdorff spaces is called
a complex vector bundle of rank r if for any x € M, E, := 7 '(x) is a
complex vector space of dimension r and there is a neighbourhood U of z
and a homeomorphism

Yo (U) = UxC (1.1.2)

such that for any p € U, ¥(E,) = {p} xC" and 9|, is a complex linear space
isomorphism. The pair (U, ) is called a local trivialization. For a complex

3



4 CHAPTER 1. KAHLER MANIFOLDS

vector bundle m : ' — M, E is called the total space and M the base space.
We often say that F is a vector bundle over M. Notice that for two local

trivializations (U;, ;) and (Uj,;), the map ; o qu_l S (U;nUj) x C" —
(U;NU;) x C" induces a transition map

wij U; N Uj — GL(T’, (C) (113)

When r = 1, we will call £ a complex line bundle.

It is easy to see that The eigenbundles 709 A and TV M are complex
vector bundles over M.

Let 790N and T*OY M be the dual bundles respectively. We denote
by

QPI(M) == € (M, AP(T* PO M) @ AY(T*OV ). (1.1.4)
By (1.1.1), we have

QM M.C) = QM) (1.1.5)
pt+q=k
If « € QP9(M), we say that « is a (p, ¢)-form. For a € QP9(M), from

(1.1.5), we have da = > (da)U®) | where (da)UF) € QFF(M). We
define

j+k=p+q+1

da = (da)PT19 da = (do)PIHY, (1.1.6)
Let g be any Riemannian metric on T'"M compatible with J, i.e.,
g(JU, JV) =g(U, V) (1.1.7)

forany U,V € T, M, x € M.
Take e; € T,M. Then g(Jey,e;) = 0 by J?> = —Id. Take orthonormal

vectors ey, - e € T,M. If epy1 ¢ span{ey, Jey,---eg, Jep} , then so is
Jery1. So we can construct an orthonormal basis of T, M with the form
{e1,-+ ,ea,} such that e,.; = Je;, 1 <i < n. Moreover,

TI(170)M = C{el -V _1€n+17 T 6n TV _162”}’
T;,EO’I)M =Cler +V—lenyr, -+, en+V—leg}.
We also denote by g the C-bilinear form on TM ®g C induced by ¢ on

TM. From (1.1.8), we could see that g vanishes on THOM x T M and
TODM x TOY M. That is, for any Z, Z' € THO M,

(1.1.8)

92,7 =g9(Z,7Z") = 0. (1.1.9)
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Let

1 - 1
0; = E(ej —V—leny), 0= 7

Then {0;}1<j<n and {0;}1<j<, form orthonormal basis of complex vector
spaces T8V and 7Y M respectively. Let {6?}1<;<, be the dual frame of
{0;}1<j<n- Let € be the dual of e;. We have

(ej +V—1leyy ), 1<j<n. (1.1.10)

1

1 o
0= (& + v/ 1em), B =

V2

From (1.1.11), we have

(¢f —/—1e"), 1<j<n. (1.1.11)

(V=1)"0" A A ANO A AN =e A AP (1.1.12)
Proposition 1.1.2. The almost complex manifold is orientable.

Proof. Let {e],--- e, } be another basis of TM. We may assume that
er.; = Jej, 1 < i < n. Then there exists a € C* = C\{0} such that
VA AN =a-0'A---AO™ Since PN NI =@ -0 A--- NG, from
(1.1.12), we have et A -+ A& = |af?e? A -+ A e

So our proposition follows from |a|* > 0. O

Let w be the real 2-form defined by
w(X,Y)=9(JX,Y) (1.1.13)

for vector fields X, Y. Note that w(X,Y) = —w(Y, X) follows from g(JX,Y) =
g(J2X, JY) = —g(JY, X). Since g is non-degenerate, by (1.1.9), w is a non-
degenerate real (1, 1)-form. Since g is compatible with J, so is w.

Conversely, we have the following lemma.

Lemma 1.1.3. If there exists a non-degenerate real 2-form w on M, then
M is almost complez.

Proof. Choose a metric g on T'M. Since w is real and non-degenerate, there
exists invertible skew-symmetric A € ¢°°(M, End(T'M)) such that

W(X,Y) = g(AX,Y) (1.1.14)

for any vector fields X, Y. Since —A? is positive definite, (—A2)Y/? is invert-
ible. Then our lemma follows by defining J = ((—A?)"/2)~1A. O
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Note that fixing a non-degenerate real (1,1)-form w on almost complex
manifold (M, J) compatible with J, we could construct a Riemannian metric
compatible with J by

g(X,Y) =w(X,JY) (1.1.15)
for vector fields X and Y.

Definition 1.1.4. A triple (g, J,w) satisfying (1.1.7) and (1.1.13) is called a
compatible triple of almost complex manifold M.

Definition 1.1.5. A complex manifold is a manifold with an atlas of
charts to the open unit disk in C", such that the transition maps are holo-
morphic.

Proposition 1.1.6. The complex manifold is almost complex.

Proof. Let {z!,---2"} be alocal chart of a complex manifold M with complex
dimension n. Denote by zF = 2% + v/=1y*. Then {zt,y*,--- 2" y"} is a

local chart of M as real manifold. So {%, 6%1, e ,6%, %} is a real basis
of TM. For x € M, the linear transform J, : T,M — T, M is defined by
0 0 0 0
L) =2 5n(Z)=-2 1.1.16
(W“) oy* (331’“) Ot ( )

Obviously, J2 = —1Id.

We claim that the definition of J, does not depend on the coordinates.
In fact, let {6, - ,6"} be another local complex chart of M. Then by the
definition of complex manifold, 27 is holomorphic on 0 for any 1 <Jjk<n.
That is, for 0% = u* + /=1v*, we have 8% = %, 9o — —g% (Cauchy-
Riemann equation). Therefore,

B oxi 9 Oy 9 B
Je (%) = (auk 90 a@) = Gk

) oxi 9 oy 0 0
s (a_) = (avk o0 a@) = ok

So the endomorphism J in (1.1.16) is global defined.
The proof of our proposition is completed. Il

For a complex manifold M, the almost complex structure defined in
(1.1.16) is called the canonical almost complex structure of M. Moreover,
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{3, 5%} and {3%, -, 5%} are basis of TMOM and TV M respec-
tively. Let dz’, dz' be the duals of 5%, ;2 respectively. Then
dz' = da' + /—1dy', dz' = da' — /—1dy' (1.1.17)
and
9, 1/ 0 0 0 1/ 0 0
- = — - — \/—1— - = — -+ —1—]. 1.1.18
92 2 (&EZ ayz) AN (axz * ayz) (1.1.18)
From (1.1.9), locally for any 1 <i,7 <mn,
o 0 o 0
g(@z”f)ﬂ) g(f)zl’f)zﬂ) 0 ( %)
We write
g 0 J 0
9i5 =49 (%7 %> v 9 =49 <%7 %) . (1-1-20)
Then
9i; = Gij- (1.1.21)
From (1.1.13) and (1.1.18), we have
w = V—1g;dz" NdZ’. (1.1.22)

We could easily check that the right hand side of (1.1.22) does not depend
on the basis.
The Nijenhuis tensor N/ : TM x TM — TM is given by

NIV, W) = [V, W]+ J[JV,W]| + J[V, JW] — [JV, JW] (1.1.23)
for V., W vector fields on M.

Theorem 1.1.7 (Newlander-Nirenberg). Let (M, J) be a almost complex
manifold. The following statements are equivalent:

(1) M is a complex manifold and J is the canonical almost complex
structure of M.

(2) TYO M s formally integrable, that is, for any X,Y € €< (M, THOM),
[(X,Y] € €°(M, THOM).

(3) TOVM is formally integrable.

(4) N’ =0.

(5) On QLO(M), d =0+ 0.

(6) On QPO (M), d =0+ 0.

(7) 0% = 0.

If (M, J) satisfies one of the above statements, we say that the almost
complex structure J is integrable.
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Proof. (1)=(2): Write X = X*-Z and Y = Y72 Then

YT 90X D

X Y]=X 9 021 " 92 07

e ¢ (M, TVO ).

(2)<(3) follows from [X,Y] = [X,Y].

(3)=(4): For X,Y € €°(M,TM), then X ++/—1JX,Y ++/—1JY €
E°(M, TOVM). Let Z = [X ++/—1JX,Y ++/—1JY]. It is easy to calculate
that Z—+/—1JZ = N/(X,Y)—/=1JN’(X,Y). So Z € €>°(M, TV M) <
N/(X,Y)=0.

(3)(5): (5) is equivalent to that for any 6§ € QU0 (A1), () = 0.
For X,Y € €>(M, TV M),

do(X,Y) = X(0(Y)) — Y (6(X)) — 0([X,Y]) = —0([X,Y]).
So

do(X,Y) =0 Vo€ QO(M),X,Y € 6=(M, TV M)
S6(X,Y]) =0 v9eQtOM) XY € €M T M)
< [X,Y] € €°(M, T(O,l)M) VX,Y € €°(M, T(O’l)M)

(5)<(6): Suppose (5) holds. By complex conjugation, on QN (M), we
have d = 9 + 0. Then (6) follows from the Leibniz rule.

(6)=>(7) follows from d? = 0.

(7)=(5): Let {#*,---,0"} be a local frame of T*-0 M. Let

0" = A%67 NOF + B0 NG+ C367 A O

Then (4) is equivalent to C% = 0, V1 < i,j,k <n. Let f: M — C be a
smooth function. Then

0=08f = (d(0f))? = (d((9 — d) ) *? = —(d(0))?
= —0i(f)CHH A",

Since f is chosen arbitrarily, C’]’:,~c =0,V1<i,j,k<n.
We will not prove (2)=(1) here. This part is very hard. We leave a
reference to the reader. [

The only spheres which admit almost complex structures are S? and S°
(Borel-Serre, 1953). In particular, S* cannot be given an almost complex
structure (Ehresmann and Hopf). Whether the S° has a complex structure
is an open question.
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Definition 1.1.8. Let w be a non-degenerate real valued 2-form on M. If
dw = 0, w is called a symplectic form on M. In this case, (M, w) is called a
symplectic manifold.

The following Proposition follows from Lemma 1.1.3.
Proposition 1.1.9. The symplectic manifold is almost complez.

Definition 1.1.10. Let (g, J,w) be the compatible triple on almost complex
manifold M defined in Definition 1.1.4. If one of the statements in Theorem
1.1.7 holds and dw = 0, M is called a Kdhler manifold. In this case, w is
called the Kédhler form and g is called the Kdhler metric.

Example 1.1.11. Let M = C". Then from (1.1.22),

V-1l -
w = 5 dz'' Ndz :;dmi/\dyi. (1.1.24)

is a Kahler form of C".

Example 1.1.12 (Projective space). The complex projective space CP"
is the set of complex lines in C"*! or, equivalently,

CP" = (C"™\{0})/C", (1.1.25)
where C* acts by multiplication on C"™!. The topology of CP" is induced by
(1.1.25). The points of CP" are written as [zg : 21 : - -+ @ 2] for (29, , 2n) #
(0,---,0), which means that for A\ € C*, [Azg : Az : -+ : Az,] and [z : 2 :

: 2, define the same point in CP". The standard open covering of CP"
is given by

Uz:{[ZO VAT :zn] Zl7é0} CC]Pm (1126)

It is open for the induced topology. Consider the bijective map ¢; : U; — C*
by

20 Zi—1 Zi+1 Zn
2otz iz])=—, -, , yo s, — 1.1.27
e al) = (2 B LB )
It is a homeomorphism. For the transition maps ¢;; := ¢; o goj_l c (U N

Uj) — QDJ(UZ N Uj), for

(91’...7971):(@7...’@,@7...’2_“)E@n’ (1.1.28)

Zj Zj  Zj Zj
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we may assume ¢ < j and get

Z Zi—1 % z
-1 0 i—1 i+1 n
901'090]' (017"'a0n):(_7”'7 ) 7"'a_)

- ( 2 b bus 6 1 6 6,

s, s

) . (1.1.29)

b b) b b)
it Oir1 Oipa Oiz1 01 Oin i

These maps are obviously bijective and holomorphic.
Similarly as in Example 1.3.13, consider the (1, 1)-form

5 2 22055 — Zi2j 5\
w=+v—1901log(|z]") = vV—1" sz A dZ’ (1.1.30)

on C"*"\{0}. Since the matrix (g;;) = (|2|*0;; — Ziz;) is positive definite, we
see that w is a Kédhler form on C"™'\{0}. Observe that for A € C*,

V—190log(|\z|*) = vV—199(log |A|* + log | z|?)
=+/—1901og(|z|?). (1.1.31)
So from (1.1.25), the (1, 1)-form in (1.1.30) induces a (1, 1)-form wcp on CP".

We claim that it is a Kéhler form on CP". Restricted on U;, from (1.1.28),
(1.1.30) and (1.1.31),

weelv, = V=109 1og(1 +16/*)
_ \/_—1 (1 —+ |6‘2>5kl — §k91

k Nl
T e (1132)

Since the matrix ((1+ |0]?)6x — 0k0;) is positive definite, we obtain that wep
is a Kéahler form and (CP",wcp) is a Kahler manifold. The metric induced
by (1.1.15), which we denote by ¢, is called the Fubini-Study metric. By
(1.1.32), on U;,

0 (1+160)*)61 — 010,

= _ 1.1.33
001,00, ( )

In the followings, we will also denote the Kéhler form wcp by wps.

Remark that CP" is simply connected. In fact, CP" = S$?"*1/S! From
fibre exact sequence

s = (S = 1 (CP?) — mo(SY) — - (1.1.34)

since 1 (S?"T1) = 71y(S?) = {1}, we have m (CP") = {1}.
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1.2 Vector bundles and connections

Definition 1.2.1. Let X and Y be complex manifolds. A continuous map
f: X — Y is a holomorphic map if for any holomorphic charts (U, ¢) and
(U, ) of X and Y, respectively, the map @'o fop : o(f~H(U)NU) — ' (U’)
is holomorphic.

Definition 1.2.2. Let M be a complex manifold and F be a complex vector
bundle over M. We say that F is a holomorphic vector bundle if for any
i,j such that U; N U; # 0, ¢;; in (1.1.3) is a holomorphic map.

Remark that the complex vector bundle could be defined over any man-
ifolds, but the holomorphic vector bundle is only well-defined over complex
manifolds.

It is easy to see that the total space of a holomorphic vector bundle is a
complex manifold.

Proposition 1.2.3. The complex vector bundle T M over M is holomor-

phic.

Proof. The proposition follows the fact that the transition map for 7% A1

is the same as that of complex manifold M. O]
Since T M is locally spanned by {7, - - -, 52}, we will also regard it

as the complex tangent bundle of M.

Example 1.2.4. Any canonical construction in linear algebra gives rise to
a geometric version for complex (resp. holomorphic) vector bundles. Let E
and F' be complex (resp. holomorphic) vector bundles over M.

o The direct sum E® F' is the complex (resp. holomorphic) vector bundle
over M such that the fibre (£ & F)|, for any x € M is canonically
isomorphic to E|, @ F|, as complex vector spaces.

o The tensor product £ ® F is the complex (resp. holomorphic) vec-
tor bundle over M such that the fibre (F ® F)|, for any x € M is
canonically isomorphic to E|, ® F|, as complex vector spaces.

e The i-th exterior power A’E and the i-th symmetric power S‘E are
the complex (resp. holomorphic) vector bundle over M such that the
fibres for any € M are canonically isomorphic to AY(E|,) and S*(E|,)
respectively.

o The dual bundle E* is the complex (resp. holomorphic) vector bundle
over M such that the fibre E*|, for any x € M is canonically isomorphic
to (E|.)*.
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« The endomorphism bundle End(F) is the complex (resp. holomorphic)
vector bundle over M such that the fibre End(F)|, for any = € M is
canonically isomorphic to End(E|,).

Proposition 1.2.5. The set 7, C CP" x C""! that consists of all pairs

(¢,2) € CP" x C"™ with z € £ forms in a natural way a holomorphic line
bundle over CIP".

Proof. The projection 7 : 7, — CP" is given by projecting to the first factor.
Let CP" = |JI_, U; be the standard open covering in (1.1.26). Let ¢ = [z :
: zn]. A canonical trivialization of ~, over U; is given by

1/)2' : Wﬁl(Ui) — U; X C, (f,Z) — (g, Zz) (12].)
Then the transition maps ¢ — z;/z; is holomorphic. [

Let E be a complex vector bundle over a smooth manifold M. A linear
map

VP €®(M,E) = € (M, T"M ® E) (1.2.2)

is called a connection on E if for any ¢ € €*°(M,C), s € €°(M, FE) and
vector field V', we have

VE(ps) = V(p)s + oVis. (1.2.3)

Connections on E always exist. Indeed, let {Uy}re; be an open covering
of M such that E|y, is trivial for any & € I. If {&}=1,..., is a local
frame of El|y,, any section s € (U, E) has the form s = >,_; siu
with uniquely determined s; € €>°(Uy). We define a connection on E|y, by
VEs = Y ds; @ &. Consider now a partition of unity {¢y}res subor-
dinated to {Ug}rer. Then VFs := 3", VE(¢ys), s € €(M, E), defines a
connection on F.

If 'V is another connection on E, then by (1.2.3),'VE-VE € QY(M,End(E)).

If VE is a connection on F, then there exists a unique extension V¥ :
QO (M, E) — Q*FY(M, E) verifying the Leibniz rule: for any a € Q*(M,C),
s € (M, E), then

VE(ans)=daNs+ (—1)fanVFs. (1.2.4)

Proposition 1.2.6. Let (VF)? := VE o VE . €%°(M,E) — Q*(M, E). For
s € € (M, E) and vector fields U, V on M, we have

(VE) (U, V)s = VEVEs - VEVEs — VE 5. (1.2.5)
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Proof. Let {e;} be a locally orthonormal frame of M and {e'} be its dual
with respect to the metric. Then from (1.2.4),

(VE)QS =V (e @Vlis)=dd @VEis—e' N/ @ ijvgs. (1.2.6)

Since
de'(U, V) = U(e'(V)) = V(e'(U)) — €'([U, V])
and
ei A ej(U7 V) = g(U7 ei)Q(M €j> - g<U7 ej)g(v7 ei)> (127)
we have

(VEY (U, V)s = U(g(V,e:))VEs + g(V, ) VEV s
o V(g(Ua ei))veEZ—S - g<U7 6i)v\E/veE;S - V[E(;],V}S
= V{Vis—ViVis— Vs (1.2.8)

The proof of this proposition is completed. O
Let R” be the curvature of V¥. Then from Proposition 1.2.6, we have
(VE)? = RF € O*(M,End(E)). (1.2.9)

From the Leibniz’s rule, the operator (V)2 and RE could be extended to
act on Q*(M, E). Moreover, they are also equal after the extension.

Proposition 1.2.7 (Bianchi Identity). The following identity holds,

[VE RF] =0. (1.2.10)

Proof. Since R¥ = (VF)2,
[V RF] = [VE (VE)Y] = 0. (1.2.11)
O

Let h¥ be a Hermitian metric on F, i.e., a smooth family {hZ}.cas
of sesquilinear maps h¥ : E, x E, — C such that h¥(£,€) > 0 for any
¢ € E,\{0}. We call (E,h*) a Hermitian vector bundle on M. There always
exist Hermitian metrics on E by using the partition of unity as above.
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Example 1.2.8. By (1.1.21), for any Z, 2’ € T8O M,

hT(LO)M(Z, Z/) — 9(27 7) (1.2.12)

defines a Hermitian metric on THO M. Let hy; = RTHOM ( 82“ %). Then by
(1.1.20),

Definition 1.2.9. A connection V¥ is said to be a Hermitian connection
on (E,hP) if for any s1,s, € €°(M, E),

dhE(Sl, 82) == hE(VEsl, 82) + hE(Sl, VESQ). (1214)

There always exist Hermitian connections. Indeed, let V¥ be a connection
on E, then h(V¥sy, sy) = dhP(sy,s5) — h¥(s1, VE¥sy) defines a connection
V¥ on E. Then V¥ = L(V{ + V¥) is a Hermitian connection on (E, h%).

In the rest of this section, we assume that E is a holomorphic vector
bundle over a complex manifold M.

Let

QPI(M, E) := €= (M, \N"(T*O M) @ ATV M) @ E). (1.2.15)

Any section s € €°(M, E) has the local form s = >, ¢;&;, where {§} is
a holomorphic frame of E and ¢; are smooth functions. We set

_E p—
0's=> ()&, (1.2.16)
I
where 0p; = ; dz %gpl in holomorphic coordinates (21, -+, 2,). Then the
operator ’
9" . €>=(M,E) — Q" (M, E) (1.2.17)

in (1.2.16) is well-defined.

Definition 1.2.10. A connection V¥ on E is said to be a holomorphic
connection if VEs = iv(@"s) for any V € TOUM and s € €< (M, E).

Let {&}i=1.. » be alocal frame of E. Denote by h = (hy, = h¥(&,,&)) the

matrix of h¥ with respect to {&}i=1... ». Let s1 = >, 016k, S2 = D, paéi.
Let v; = (i1, -+, @ir) for = 0,1. Then

hE(s1,50) = - h- ¢y = (h- 91, ¢h). (1.2.18)
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The connection form I' = (I'}) of V¥ with respect to {&}i=1... , is defined
by, with local 1-forms T ,

VP& = T8 (1.2.19)
For s = Y, vié, denote by I' = (T (:=T'})):
Ts= (&, ,&) Tl (1.2.20)

Recall that RE = dl"' + T' AT.

Theorem 1.2.11. There exists a unique holomorphic Hermitian connection
VE on (E,hF), called the Chern comnnection. With respect to a local
holomorphic frame, the connection matriz is given by

I =h'oh. (1.2.21)

Proof. From Definition 1.2.10, we only need to define VE for U € TW0 M.
Relation (1.2.14) implies for V € THOM, 51,50 € €(M, E),

V(hP(s1,82)) = hP(Vis1,50) + B (s1, ViZss). (1.2.22)

Since Vs = iV(EEs), the above equation defines V¥ uniquely. Moreover, if
1}i=1... » is a local holomorphic frame of £, by (1.2.18) and (1.2.20),
s a local holomorphic frame of £, by (1.2.18) and (1.2.20

(Oh - @1, 05) = (AT - 1, 65). (1.2.23)
Thus we get (1.2.21). O
Since E is holomorphic, similar to (1.2.4), the operator 9" extends nat-
urally to " (M, E) — Q" (M, E) and @E)z = 0.
Let V¥ be the Chern connection on (E,h¥). Then we have a decompo-
sition
VE = (VEYLO 4 (vE) (1.2.24)

such that

(VE)0 (M, E) — Q" (M, E), (VF)* =3".

From (1.2.22), s1,82 € € (M, E),

(1.2.25)

hP (((vE)LO)2 51, 32) — OhE ((VF) 05y, 5) + hE ((vE)lvosl,éE@)
=0 (8hE(sl, s9) — h¥ <51,5E32>> + OhF <51,5E52>
—RE <31, (EE)%Q) = 0. (1.2.26)
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So ((VE)1’0)2 =0 and

=E

(VE)?2 =3" o (VE)WO 4 (VE)0 63", (1.2.27)
Then the curvature
RP € QY (M,End(E)). (1.2.28)

If rank(E) = 1, End(FE) is trivial. Since R¥ is skew-adjoint, it is canonically
identified as a (1,1)-form on M, such that v/—1RE is real.

Example 1.2.12 (Tautological line bundle on CP"). Recall that in Propo-
sition 1.2.5, the point on 7, is (¢,z) € CP" x C"*!. Tt is natural to define
a Hermitian metric h on v, by h(f,z) = |z|2. Now we study it in local
coordinates. By (1.2.1), if h; is the metric of h on U;, then we have

So in the coordinates (U;, 0), for £ = [z, , 2],
ha(f) = F 16]2. (1.2.30)
|22

By Theorem 1.2.11, the connection form of the Chern connection is

oh; 0,.do*

D=h't"tdph = 5~ 1.2.31
' 00, 1+ |02 (1.2.31)

The curvature
R"™ =dl' = — de” A db°. 1.2.32
(L+ 0P 22

By (1.1.32),

wpg = —V—1R™. (1233)

Let V be the Levi-Civita connection on (7'M, g), which could be naturally
extended linearly on TX ® C.

Theorem 1.2.13. Let M be a almost complex manifold with triple (g, J,w).
Then the following statements are equivalent.

(1) (M,w) is Kdhler.

(2) the bundles TYOM and TOVM are preserved by V.

(3) VJ =0.
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Proof. (2)<(3) is obvious.
(3) = (1): From (1.1.23),

NI (VW) = VoW — ViV 4+ IV 5y W — IV JV
+ IV IW — IV WV =V JW + VYV JV
= J(Vy )W — J(Vw )V — (Vv HW + (Vo )V (1.2.34)

for vector fields V,W. So VJ = 0 implies N’ = 0. Since w(-,-) = g(J+,-),
we have Vw = 0. From (A.1.6), we have dw = 0.
(1) = (3): Since w(-,-) = g(J-,-), for vector fields U, V, W, we have

dw(U, VW) =U(w(V,W)) = V(w(U,W)) + W(w(U,V))
—w([U, V], W) +w([U,W],V) —w([V,W],U)
=U(g(JV,W)) =V(g(JU,W)) +W(g(JU,V)) = g(J(VuV = VyU), W)
+g(J (VoW = VwU), V) = g(J(VyW = Vy V), U)
= g(Vu )V, W) + g(Vy YW, U) + g((Vw ))U, V). (1.2.35)

Since g(JU, V) 4+ g(U, JV) =0, by (1.2.34) and (1.2.35), we have

dw(JU, VW) + dw(U, JV,W) = g(V 5 )V, W) + g((Vy )W, JU)
+ g(Vw)JU,V) + g(Vu ) JV.W) + g(Vyv YW, U) + g(Vw J)U, JV)
=29((Vw U, JV) — g(N7(U,V),W). (1.2.36)

So dw = 0 and N7 = 0 imply V.J = 0.
Our theorem is completed. ]

It is easy to verify that the restriction of V on 7% M is just the Chern
connection on (700 M, RTO) Y

Theorem 1.2.14 (Normal coordinates). A complex manifold M with triple
(g, J,w) is Kdhler if and only if around each point of M, there exist holomor-
phic coordinates in which g;(z) = 6;; + O(|z|?).

Proof. If g;;(z) = 6;; + O(]z]*), by (1.1.22),

09 09,7 . .
dw = v/—1 [ DL ageh + 209 gk ) A dzi A d5 = . (1.2.37)
8$Ck 8yk
Conversely, let (21, - , 2,) be a holomorphic frame such that g;(0) = ;5.

L k ok 2 : o =
Then g;; = 0ij + iz + a2 + O(|z|%). Since 9i; = Gji» we have ik = Qjik-
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Since dw = 0, we have a;j; = ag;;. We choose another holomorphic frame
(017"' 7071) by

1
This coordinate change is well-defined locally thanks to the holomorphic
version of the local inversion theorem. Thus,
dz' = db" — ay;0,;d0F. (1.2.39)

So in this new coordinates,

w = V—=1(0;j + agz" + a;;zz2" + O(|2*))dz" A dZ
= V=1(8;; + aiji0" + az0" + O(10)*))(d0' — agn0idf?) A (d07 — @yp505d6P)
=V —1(6;5 + O(|0)*))d0" A dfi. (1.2.40)

From (1.1.22), we have g;;(0) = 6;; + O(|6]?) O

In general, the normal coordinates in Riemannian geometry is different
from that in Kéhler geometry.

1.3 Curvatures

Let (M,w) be a Kéhler manifold. Let R = V2 be the curvature of the Levi-
Civita connection. Then it is naturally extended as an endomorphism of
TM ® C in a C-linear way.

By Theorem 1.2.13, we see that [R, J] = 0. So for U,V,W € TM & C,

R(U,V)JW = JR(U,V)W. (1.3.1)
Recall that for U, V,W, X € TM ® C,
R(U,V,W,X)=g(R(U,V)X,W). (1.3.2)
By (1.1.7) and (1.3.2), we have
RWU,V,JW,JX) = R(U,V,W, X). (1.3.3)

So if (W, X) € TEOIM x TN or TOVM x TOVM, R(U,V,W,X) = 0.
Thus by (1.2.9), the curvatures are possibly non-vanishing only essentially
for

UV, W, X) € TOON x TOD M x TN x TOD . (1.3.4)
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From Theorem 1.2.11 and (1.2.13),

R=dl +T AT = —h'90h+ h™'0h AW '0h = —0dlog(h),  (1.3.5)

where h is the matrix for A7""M  Here log(h) is defined by the power series
expansion

log(1+2z) = i % (1.3.6)

n=1

(or the inverse of the exponential map exp : gl(n,C) — GL(n,C)). Take
care that log(h) here, which depends on the frame, is not a global function
on M. But ddlog(h) is. Locally, set W = wi% and X = :L’jaizj. Let
w = (wy, - ,w,)and x = (z1,--- ,2,). Then by (1.2.18), (1.3.2) and (1.3.5),

R(U,V,W,X) = —(hddlog(h)(U,V)z' w"). (1.3.7)

In local coordinates, from (1.3.5) and (1.3.7),

o 9 0 8 0 hy Ohg Ol

. o o o o _ _ hst_s
Rz]k:l R (821’ 82]’ aZk7 821) azlazj + azl agj
_ a2hij n hSt ahsj ahn
02,07 Oz 07

(1.3.8)

Definition 1.3.1. Let Ric be the Ricci tensor in Riemannian geometry. For
XY € TM ® C, we define the Ricci form Ric, € QM'(M) by

Ric,(X,Y) = Ric(JX,Y), (1.3.9)

Proposition 1.3.2. If the Kaihler manifold (M,w) is an Einstein manifold
with Finstein constant k if and only if

Ric, = kw. (1.3.10)
Proof. Our corollary follows directly from Definition 1.3.1 and (1.1.13). O

Let eq, - -+ , ea, be a locally orthonormal basis of TM such that e, ., = Je;
fori=1,---,n. Let u; = \%(ei — v/ —1Je;). Then uy,--- ,u, is a locally
orthonormal basis of 70 M.

Proposition 1.3.3. The Ricci form

Ric, = v—1tr7""M[R] = —v/=109(log det(h)). (1.3.11)
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Proof. By Definition 1.3.1,

2n
1
Ric,(X,Y) = Ric(JX,Y) = > (R(Jei, JX, Jer,Y) + R(ei, JX, €;,Y))
=1
1 2n 1 2n
=3 D (R(Y, Je, X, e5) + R(Jei, X, Y, e;)) = -3 > R(X,Y, Jej )
i=1

i=1
= V-1 Z R(X,Y, u,u;) = V-1 Z hR(X,Y )us, u;)
i=1 1=1

= V=1t™""MR(X,Y)]. (1.3.12)

From (1.3.5),
Ric, = —v/—=100 7" "M log(h) = —v/—100 log det (h). (1.3.13)
The proof of our proposition is completed. Il

Remark that in the last equality of (1.3.13), we use the matrix identity
that

trlog(A) = logdet(A) (1.3.14)
holds for any complex non-degenerate matrix A.

Definition 1.3.4. Let M be a complex manifold with triple (g, J,w). The
metric g is called Kéhler-Einstein if (M, w) is Kédhler and Einstein. In this
case, we call (M,w) a Kéhler-Einstein manifold.

Proposition 1.3.5. The Ricci form Ric, € QY (M) is closed, that is
dRic, = 0. (1.3.15)

Proof. The proposition follows from the facts that the exterior differential d
is local and

dod = 9%0 + 000 = —00* = 0. (1.3.16)
O

Recall that if X,Y € T, M such that | X| = |Y| =1 and ¢g(X,Y) = 0,
then R(X,Y,Y, X) is the sectional curvature of the plane P spanned by X, Y.
As in the Riemannian geometry, we want to study the Kéahler manifolds
with constant curvature. Unfortunately, the space form of constant positive
curvature, S*", is not Kéahler unless n = 1. So we restrict us to only study
the sectional curvature of the plane which is preserved by the almost complex
structure.
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Definition 1.3.6. Let P be the plan in 7, M invariant by J. Let X be a
unit vector in P. Then

K(P)=R(X,JX,X,JX) (1.3.17)
is called the holomorphic sectional curvature by P.

It is easy to see that the holomorphic sectional curvature by P does not
depend on the choice of X in P.
Set U = \%(X —+/—1JX). Then
K(P)=—-R(U,U,U,U). (1.3.18)

Definition 1.3.7. If K(P) is a constant for all planes P in T, M invariant
by J and for all points x € M, then M is called a space of constant
holomorphic sectional curvature.

Theorem 1.3.8. The following identities are equivalent:

(1) a Kdhler manifold M is a space of constant holomorphic sectional
curvature c;

(2) for any A,B,C,D € TM ® C,

c

+9(A, JD)g(B, JC) — g(A, JC)g(B, JD) + 29(A, JB)g(D, JC)); (1.3.19)

(3) for any U, V,W, X € TLOM,

R(U,V,W,X) = —g (9(U, V)gW,X) + g(U, X)g(W,V)).  (1.3.20)

Proof. (2) = (3) and (3) = (1) are obvious. We only need to prove
(1) = (2).
For A,B,C,D € TM ® C, let

Ro(A, B.C, D) = 1 (9(4, D)g(B,C) ~ (A, C)g(B, D)
+g(A, JD)g(B, JC) — g(A, JC)g(B, JD) +29(A, JB)g(D, JC)) (1.3.21)

It is easy to verify that

Ro(A,B,C,D) = —Ry(B, A, C, D) = —Ro(A, B, D, C),
Ro(A, B,C, D) = Ry(C, D, A, B),

Ro(A, B,C, D) + Ro(B,C, A, D) + Ry(C, A, B, D) = 0,
Ro(A, B,C, D) = Ry(JA, JB,C, D) = Ry(A, B, JC, JD).

(1.3.22)
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Recall that the curvature R also verifies (1.3.22). Since M is a space of
constant holomorphic sectional curvature c,

R(A, JA, JA, A) = —cg(A, A)? = —cRy(A, JA, JA, A). (1.3.23)
Set T'= R — cRy. From (1.3.22),
T(A,JB,JC,D)+T(A,JD,JC,B)+T(A,JC,JD,B) (1.3.24)

is symmetric in A, B, C, D. Since it vanishes for A = B = C' = D by (1.3.23),
it must vanish identically.
Let A= D, B= (. We have

2T(A,JB,JB,A)+T(A,JA,JB,B) = 0. (1.3.25)
From (1.3.22),

0=T(A,JA,JB,B)+T(JA,JB, A B)+T(JB,A,JA,B)
= T(A,JA,JB,B) —T(A, B, B,A) — T(A,JB, JB, A). (1.3.26)

From (1.3.25) and (1.3.26),
3T(A, JB,JB, A) + T(A, B, B, A) = 0. (1.3.27)
Replacing B by JB,
3T(A, B, B, A) + T(A, JB, JB, A) = 0. (1.3.28)
Combining (1.3.27) and (1.3.28), we have
T(A,B,B,A) =0 (1.3.29)
for any A, B € TM ® C. Thus
0= %T(A, B+C,B+C,A) = %(T(A, B.C, A) +T(A,C, B, A))
— T(A, B,C, A). (1.3.30)
By (1.3.30),

0=T(A+D,B,C;A+D)=T(A,B,C,D)+T(D,B,C, A)
=T(A,B,C,D)—-T(C,A,B,D). (1.3.31)
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Replacing (A4, B,C) by (C,A < B) in (1.3.31),
T(C,A,B,D)=T(B,C,A,D). (1.3.32)

So from (1.3.22),

1
T(A,B.C,D) = 5(T(A,B,C.D) + T(C, A, B.D) + T(B,C, A, D)) = 0
(1.3.33)

for any A, B,C,D € TM ® C. That means,

R(A, B,C, D) =~ (9(A. D)g(B.C) — g(A. C)g(B, D)
+g(A, JD)g(B, JC) — g(A, JC)g(B, JD) + 29(A, JB)g(D, JC)). (1.3.34)

The proof of our theorem is completed.
[

Corollary 1.3.9. Let (M,w) is a Kaihler manifold, which is a space of con-
stant holomorphic sectional curvature c. Then (M,w) is Kahler-Einstein with
Finstein constant ¢(n + 1)/2.

Proof. Let ey, --- ,es, be alocally orthonormal basis of 7'M such that e, ; =
Je; for i =1,--- ,n. By Theorem 1.3.8,

Ric(X,Y) =Y R(e;, X, e, Y)+ Y R(Je;, X, Je;,Y)
=1 =1
c n

=1

+ (9(X,Y) = g(X, Je)g(Y, Je;) 4+ 39(X, €:)g(Y, e;))

i=1

- Z g(g(X’ Y) +g(X,e)g(Y,er) + g(X, Jei)g(Y, J@i))
= (nzl)cg(X, Y). (1.3.35)

O

Corollary 1.3.10. Let (M, qg) is a Kdhler manifold, which is a space of
constant holomorphic sectional curvature c. If ¢ > 0 (or ¢ < 0), the sectional
curvature of (M, g) is non-negative (or non-positive).
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Proof. By Theorem 1.3.8,

R(A,B,B,A) = - (|AP|B” — g(A, B)* + 3¢g(A, JB)?) . (1.3.36)

c
4

O
Example 1.3.11 (Projective space). Recall that in Example 1.1.12, we con-
struct the Fubini-Study metric ¢® on CP". In order to the curvature, we
rescale the metric by

ge=-9g"7>, ¢>0. (1.3.37)

_ Consider the unitary group U(n + 1) on C**! (for any A € U(n + 1),
AA" =1d). Since A € U(n + 1) is linear, it induces an action on CP" by

A(]) = [A(2)],  [2] € CP™. (1.3.38)

By definition, U(n+ 1) action preserves the Hermitian metric on C"*'. From
(1.1.33), we see that g. is U(n+1)-invariant. On the other hand, the U(n+1)-
action on CP" is holomorphic and transversal, i.e., for any x,y € CP", there
exists A € U(n + 1) such that y = Az. So the local structure of any two
points on CPP" is the same up to the holomorphic isometry. Thus, in order to
calculate the holomorphic sectional curvature, we only need to work on one
point.
At the point § = 0, we calculate from (1.1.33) that

2 -~ 09.5i  0Gci7
= = —).- ) — —. —C,Z] = E’Z] = . 1 .
gc,z] 052]7 gc 252j) aek aek O ( 339)
Moreover,
82 c.iq 2 84
Jeig | _ 2O op(1 40P
60,@(%’; =0 0801603(%’;9691 0—0
2 0| (0;0k — dw0) (1 + 6]%) — 20,(1 + |61*) 0 — Ox0;
¢ 90|,y (1+107)°

2

By (1.3.8), we have

c
2
From Theorem 1.3.8, we see that (CP", ¢.) is a space of constant holomorphic

section curvature ¢ for ¢ > 0. By Corollary 1.3.9, CP" is a Kéahler-Einstein
manifold with Einstein constant n + 1.

Rijki = (gc,ijgc,kf + gc,jchc,ii)' (1341)
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Example 1.3.12. Let M = C" with trivial metric. Then the bisectional
curvature vanishes.

Example 1.3.13 (Complex hyperbolic space). Let M = B" = {z €

C" 1 |z| < 1}. Let

(1 —|2*)dij + Ziz;
(1—z[?)?

log(1 — |z]?) = (1.3.42)

9= " 9zi05

It is easy to see that the matrix (g;;) is positive definite. Thus it induces a
metric on B™. Then by (1.1.22),

_ 2\5.. .oy .
W=V T00l0g(l — 2P = 1. LT 52 s 343
(1—|z[*)?

is a Kahler form of B™.

Example 1.3.14 (Complex hyperbolic space). Let M = B" = {z € C" :
|z| < 1}. Let

2
ge=—-g9, ¢<0 (1.3.44)
c

where g is the metric in (1.3.42). Then following the same process as in the
study of projective space, we could calculate that

Cc

Rijkl‘ = 9

(9e,i59ekl + e jkGeil)- (1.3.45)
From Theorem 1.3.8, we see that (CP", g.) is a space of constant holomorphic
section curvature ¢ for ¢ < 0.

Theorem 1.3.15. (Uniformization Theorem) For a complete Kaihler mani-
fold M of constant holomorphic sectional curvature c, its universal covering
M is holomorphically isometric to one of the above examples.

Proof. After rescaling, we only need to handle three cases: ¢ = —1,0, 1.

We prove ¢ < 0 first. Let (M., g.) be the Kéahler manifold of constant
holomorphic sectional curvature c in the above examples. Consider the ex-
ponential maps exp, : ToM. — M, and exp, : T, M — M respectively. By
Corollary 1.3.10, the sectional curvatures of M, and M are non-positive. By
Cartan-Hadamard theorem, the exponential maps are diffeomorphisms. Here
we use the complete property.

Identify both Ty M, and T, M with R*" and define the map ¢ : exp, (exp,) .
We only need to prove that ¢ is an isometry. By Cartan-Hadamard Theorem,
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for any p € M. and X € T,M,, there exist v, w € R*" such that exp,(v) = p
and dexpy(v)(w) = X. If ¢ = ¢(p), X = d¢(X), then exp,(v) = ¢ and
dexp,(v)(w) = X. Set y(s,t) = expy(s(v+tw)). Let J be the corresponding
Jacobi field. Then J(1) = X. By Jacobian equation,

VVsJ — R(%,J)5 = 0. (1.3.46)

Take an orthonormal basis ey, -+, es, for TyM,, such that e; = 5/|¥| and
ényi = Je; for ¢ = 1,--- n. Parallel transport this basis along ~, then
Vsei(s) =0 and ¢;(0) = e;. Write J(s) = J*(s)e;(s), then (1.3.46) is
9?Ji(s)
0%s
By Theorem 1.3.8,

— [7*(R(e1, e)er, e5) I (s) = 0. (1.3.47)

Cc

<R<€1, €j)€1, €i> = Z (51] — 511‘(51]' — 51,i7n5j,n+1 + 261,i7n61,j7n> . (1348)

So X is uniquely determined by v,w and c. Since X satisfies the same
equation with the same initial values, we have | X| = | X|. That means ¢ is
an isometry.

If ¢ > 0, by Corollary 1.3.10, the Ricci curvature is positive. By Myers’
Theorem, we know that M is compact. Let Uy C CP" be the open subset
defined in (1.1.26). Then by the same argument, we can show that ¢ is an
isometry from Uy onto its image. Since Uy is dense in CP" and M is compact,
we can extend ¢ to all of CP" so that ¢ remains an isometry.

The proof of our theorem is completed. [

Definition 1.3.16. Given two J-invariant planes P and P’ in T,M, we
define the holomorphic bisectional curvature H(P, P') by

H(P,P)=R(X,JX,Y,JY), (1.3.49)

where X is a unit vector in P and Y a unit vector in P’. It is a simple matter
to verify that R(X,JX,JY,Y) depends only on P and P’.

Set

1

U= —(X —vV-1JX), V=-—(Y—-V-1JY). (1.3.50)

Sl
Sl

Then

H(P,P")=R(X,JX,Y,JY)=R(UU,V,V)
= R(X,Y,Y,X)+ R(X,JY,JY,X). (1.3.51)
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If M is a space of constant holomorphic sectional curvature ¢, by Theorem
1.3.8 and (1.3.51),

H(P,P)=R(X,Y,Y,X)+ R(X,JY, JY, X)

c
=3 (1+9(X,Y)*+g(X,JY)?). (1.3.52)
It follows that, for a Kéhler manifold of constant holomorphic sectional curva
ture ¢, the holomorphic bisectional curvatures H (P, P') lie between ¢/2 and
C7
< Py <o, (1.3.53)
where the value ¢/2 is attained when P is perpendicular to P’ and the value
c is attained when P = P'.
We state an amazing theorem related to the bisectional curvature without
proof to finish this introductory chapter.
A map f: M — N between two complex manifolds is called biholomor-
phic if f is a holomorphic homeomorphism.

Theorem 1.3.17 (Siu-Yau,Mori ’80). Every compact Kdihler manifold of
positive bisectional curvature is bitholomorphic to the complex projective space.
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Chapter 2

Topology of Kahler manifolds

2.1 Chern class

Definition 2.1.1. Let M be a smooth closed manifold with dimensional m.
For p € Z,0 < p < m, the p-th de Rham cohomology of M (with complex
coefficient) is defined by

HE: (M, C) = ker d|qw(ary /dQP(M). (2.1.1)
The (total) de Rham cohomology of M is defined as
Hir(M,C) = @HgR(Mv C). (2.1.2)
p=0

From Definition 2.1.1, we see that any closed differential form w on M,
i.e., dw = 0, determines a cohomology class [w] € Hjy (M, C). Moreover, two
closed differential forms w,w’ on M determine the same cohomology class if
and only if there exists n € Q*(M) such that w — ' = dn.

If w, W are two closed differential forms on M and a is a constant function
on M, then

[aw] = aw], [w+d]=[w]+ W] =[]+ [w]. (2.1.3)
Moreover, for n,n" € Q*(M),

(WHd) A (W +dy)=wAw +dn AW + (=1)%*E“w Ay +nAdy).
(2.1.4)

Thus the cohomology class [w A w'] depends only on [w] and [w']. We denote
it by [w] - [w']. If w” is another closed differential forms on M, then

(] + W) - [ = ] - (] + ] - ) (2.1.5)

29
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From the above discussion, the de Rham cohomology of M carries a natural
ring structure.

The importance of the de Rham cohomology lies in the de Rham theorem
as follows.

Theorem 2.1.2. Let M be a smooth closed oriented manifold with dimen-
stonal m. Forpe Z, 0 <p <m,

(1) dim Hi, (M, C) < 4o00;

(2) Hix (M, C) is canonically isomorphic to HE

Sing(M, C), the p-th singular
cohomology of M.

By Theorem 2.1.2; we could see that H} (M, C) is a topological invariant,
although we construct it from the differential structure and the differential
forms. We usually simply denote it by H*(M,C).

Let E be a complex vector bundle over M. Recall that in (1.2.9), we
interpret the curvature R € Q*(M, End(E)) as the composition of connec-
tions. Furthermore, in view of the composition of the endomorphisms, for
any k € N,

k

& /_/—\

is a well-defined element lying in Q?*(M, End(E)).

For any A € €>°(M,End(FE)), the fiberwise trace of A forms a smooth
function on M. We denote this function by tr[A]. This further induces the
map

tr: Q" (M, End(E)) — Q*(M) (2.1.7)
such that for any w € Q*(M) and A € Q*(M,End(F)),
tr(wA) = wtr[A]. (2.1.8)

We also extend the Lie bracket operation on End(E) to Q*(M, End(E))
as follows: for any w,n € Q*(M) and A, B € €>*(M,End(E)),

(wA,nB] = (wA)(nB) — (=1)*# () B)(wA). (2.1.9)
The following Proposition is obvious by (2.1.9).
Proposition 2.1.3. For any A, B € Q*(M,End(F)),

tr [[4, B]] = 0. (2.1.10)
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Proposition 2.1.4. Let V¥ be a connection on E. Then for any A €
O (M,End(F)),

dtr[A] = tr [V, 4], (2.1.11)
where
VP A =VFP oA —(-1)%e4A0VF (2.1.12)
as in (2.1.9).

Proof. First of all, if VZ is another connection on E, then by (1.2.3), VE —
VE € QY(M,End(E)). Thus by (2.1.3), we have tr |[VZ — VZ A]| = 0. So

the right hand side of (2.1.11) does not depend on the choice of V.

On the other hand, by (2.1.12), the right hand side of (2.1.11) is local.
Thus for any x € M, we could choose a sufficiently small open neighbourhood
U, of z such that E|y, is trivial. Then we can take a trivial connection on
E|y, for which (2.1.11) holds obviously.

By combining the above independence and local properties, (2.1.11) holds
on the whole manifold M.

The proof of our proposition is completed. O

Let
f@)=a+axr+---+ax"+---, a; €C, (2.1.13)
be a power series in one variable. Since R¥ € Q*(M, End(F)),
tr [f(R")] = ao + ar tr[R¥] + - - + an tr [(RF)"] + - (2.1.14)

is an element in Q*(M, C), which only have finite terms.
We now state a form of the Chern-Weil theorem as follows.

Theorem 2.1.5. (1) The form tr [f(R¥)] is closed. That is,
dtr [f(R")] =0. (2.1.15)

(2) If VE is another connection on E with curvature RE, then there is a
differential form w € Q*(M,C) such that

tr [f(sz)] — tr [f(RF)] = dw. (2.1.16)
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Proof. (1) From Proposition 2.1.4,

dtr [f(RE)] =t [[VZ, f(RE)])] = Ztr [a; [VE,(RF)]] =0 (2.1.17)

as we have the Bianchi Identity (cf. Proposition 1.2.7)
[VZ(RP)] = [VF,(VF)¥] =0. (2.1.18)
(2) For any t € [0,1], let VE be the deformed connection on E given by
VE = (1-t)VF +tVP. (2.1.19)
Then VE is a connection on E such that V§ = V¥ and V¥ = VE. Moreover,

dvE
dt

= VP - VP € QY(M,End(E)). (2.1.20)

Let RE be the curvature of V.
Let f'(x) be the power series obtained from the derivative of f(x). Then
from Proposition 2.1.4 and (2.1.18),

Sl rrE) = or [ S| = o [TV )
— tr va, dZ;E] f’(RtE)] = tr va, dff’@?)”
= dtr [%f’(}%f)} . (2.1.21)

By (2.1.21), we have

tr [f(ﬁE)} —tr [f(RE)} :/OI%tr[f(Rf)]dt

=d (/Oltr {dsz’(}zf)} dt) . (2.1.22)

The proof of our theorem is completed. O

Let
g(x) =by+ bz +---+bua" +---, b eC, (2.1.23)

be a power series in one variable.
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Corollary 2.1.6. (1) The form g (tr [f(R")]) is closed. That is,
dg (tr [f(R")]) = 0. (2.1.24)

(2) If VE is another connection on E with curvature RE, letting VE =
(1—1)VE +tVE, we have

g (tr [f(ﬁE)D — g (tr [f(RP)])
=d (/01 g (tr [f(RD)]) - tr ldff’(}zf)] dt> . (2.1.25)

By Theorem 2.1.5 (1), ¢ (tr [f (%REﬂ) is a closed differential form

which determines a cohomology class [g <tr [f <§RE>D] in H*(M,C).

While Theorem 2.1.5 (2) says that this class does not depend on the choice
of the connection V¥,

Definition 2.1.7. (1) The differential form g (tr [f (%REH) is called

the Characteristic form of E associated with V¥, f and g.
(2) The cohomology class [g (tr [ f (%RE)D} is called the Charac-
teristic class of F associated with f and g.

From (1.3.14), for RF € Q*(M,End(E)), we have

det ([ - ERE) = exp (tr {bg <I - EREH) (2.1.26)

27 27
in view of
oo (_1)n+1$n 0 "
log(1 = - = —_ 2.1.27
oel1+0) =3 el = 3T (21.27)

Here I is the identity endomorphism of E.

Definition 2.1.8. The (total) Chern form, denoted by c¢(E,V¥), associ-
ated with V¥ is defined by

v—1
c(E, V") = det (I + Q—RE) : (2.1.28)
T
We see that c(E, VE) is a characteristic form in the sense of Definition 2.1.7.
The associated characteristic class, denoted by ¢(E), is called the (total)
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Chern class of E. By (2.1.28), we have the decomposition of the (total)
Chern form that

(B, VE)Y =1+ c(E,VE) + -+ (B, VF) + -+ (2.1.29)
with
a(E,VE) € Q*(M). (2.1.30)

We call ¢;(E, VF) the i-th Chern form associated with V¥ and its associ-
ated cohomology class, denoted by ¢;(E), the i-th Chern class of E.

It is easy to see that if E is a trivial bundle, ¢(E) = 1.
Especially, by (2.1.26)-(2.1.29), the first Chern form

c(E,VF) = gtr[RE] € O*(M). (2.1.31)

We rewrite (2.1.26) as

log (det (I + ‘/2—__1315)) = tr {log (I + %RE)] : (2.1.32)

7

The from the power series expansion of log(1+x), we can deduce that for any
integer k > 0, tr [(RE )k] can be written as a linear combination of various
products of ¢;(E, VE)’s.

Therefore, by Definition 2.1.7, any characteristic form (or characteris-
tic class) could be written as a linear combination of various products of
ci(E,VE)'s (or ¢;(F)’s). This establish the fundamental importance of the
Chern class in the theory of characteristic classes of complex vector bundles.

Proposition 2.1.9. Let E, Ey be two vector bundles over M endowed with
connections VEL and V2 respectively. Let RP' and R¥? be the corresponding
curvatures.

(1) The curvature of the induced connection on the direct sum Ey @ Fy is
given by

RE1OE: — REv @y RE2, (2.1.33)
(2) On the tensor product Ey ® Es, the induced curvature is given by
RE®E: — REV o 1 1@ RP2. (2.1.34)
(8) Let E* be the dual of E, we have
RF" = —(RF)". (2.1.35)

(4) For a smooth map f: N — M, we have
RI'E = f*RF. (2.1.36)
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Proposition 2.1.10. Let E, E' be complex vector bundles over M endowed
with connections VT, V¥ respectively.
(1) Let VEOF be the induced connection on E @ E',

o(E @ E V) = (B, VE) . ¢(E, VT, (2.1.37)
(2) Let VP2 be the induced connection on EQE'. If E' is a line bundle,
o (E® E' \VEP) = ¢/ (E) + rank(E) - ¢, (E"). (2.1.38)

(3) Let V¥ be the induced connection on the dual bundle E*,
c(E*, V) = (=1)c;(E,VF). (2.1.39)

(4) Let f : N — M be a smooth map. Let f*V¥ be the induced connection
on f*E,

ci(f*E, f*VP) = f*c,(E, V). (2.1.40)
(5) If rank(E) = k, then
c1(B, V) = (N E, VM'F). (2.1.41)

Proof. Note that (1), (3) and (4) follow directly from Proposition A.1.2. We
only need to prove (2) and (5).
From Proposition A.1.2 (2), we have

tr [exp (gRE@@E’)] = tr [eXp <§RE)1 (14 (B, VEY).
(2.1.42)

Then (2) follows from taking the 2-form part of the two sides of (2.1.39).

Let VAP be the connection on AFE induced from VZ. Let T and T be
the connection forms of VZ and VAE. Let oq,--- , 04 be a local basis of
sections of E. Then

k
VAkE(O-l/\"./\O-k):Zal/\'../\vEO—l/\"‘/\o_k
=1

k
= TuorA-- Aoy, (2.1.43)
=1

So we have

T = toT]. (2.1.44)
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Thus
tr[R”] = tr[dl] + tr[l AT] = dtr[[] = dl' = RMZ. (2.1.45)

Therefore we get (5).
The proof of our proposition is completed. Il

Example 2.1.11 (First Chern form of Chern connection). Let M be a com-
plex manifold and E be a holomorphic vector bundle over M with Hermitian
metric h¥. Let V¥ be the Chern connection on (E, h¥). By Theorem 1.2.11,
the curvature of the Chern connection is

RE = 001og(h"). (2.1.46)
Then the first Chern form
B V1 g V=12 E
a(E, V) = e tr[R”] = T 00 trlog(h™)
= ——”2_185 logdet(h®) € QVH(M). (2.1.47)
70

Example 2.1.12 (v, on CP"). By (1.2.32),

V-1 V=1 (1+10)?)db; A db; — 0;0,d0; N db;
Cl(’yn,v%’): R’yn:_ ( +| | ) J .7‘
27 27 (1+10]?)?
(2.1.48)
From (1.2.33), we have
1
c1(Yn, V) = T WS (2.1.49)

where wpg is the Kéhler form associated with the Fubini-Study metric on
CP".
Ifn=1,

V—1dO A db /2” /+°° o
— Y T S _drde=2r. (2150
[Lees= TrPPE )y fy @reptde=2m (2150
So from (2.1.49),
/ 1 (v, V1) = —1. (2.1.51)
cp!

That means the first Chern class of the tautological bundle of CP! is equal
to -1 in H*(CP',Z) ~ Z.
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Definition 2.1.13. Let M be a complex manifold with complex dimension
n. Then the holomorphic line bundle

Ky =10 M (2.1.52)
is called the canonical line bundle of M.

Definition 2.1.14. Let M be a complex manifold. Let 7CM be the complex
tangent bundle of M. We define

ci(M) = c;(T°M) = c;(TYOM) € H*(M, C), (2.1.53)
which is called the i-th Chern class of M.
From Proposition 2.1.10 (5), we have
(M) =c1(Kyy) = —a(Ky). (2.1.54)

If M is a complex manifold, by 1.1.7, 9> = 0. The following definition is
well-defined.

Definition 2.1.15. Let M be a complex manifold. Then the (p, ¢)-Dolbeault
cohomology is the vector space

_ Kel”(gkzp,q(]\/[))
Im(@]Qp,q_l(M))

HP(M) : (2.1.55)

Note that if a € QP9 is d-closed, it is O-closed. It means that [a] €
HP4(M). So

o if F is a holomorphic vector bundle over M, ¢;(E) € H*(M);

o if (M,w) is Kéhler, [w] € H"'(M);

o if (M,w) is Kahler, [Ric,] € H»(M).

From Proposition 1.3.3, Definition 2.1.14 and (2.1.47), we have the fol-
lowing proposition.

Proposition 2.1.16. Let (M,w) be a Kihler manifold. Then the first Chern
form of TMOM associated with its Chern connection is

v —1 . v—1 1
=Y "REv = _Y " RpEMm— — Rice,, . (2.1.56)
27 2T 27

Here Ric,, is the Ricci form in Definition 1.5.1. Moreover, for the Chern
class,

(T M, VM)

ci(M) = [% Ricw} e H"'(M). (2.1.57)
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Theorem 2.1.17 (Calabi, Yau). Let (M,w) be a Kdihler manifold. For any
p € [2mer(M)], there exists uniquely Kdhler form w' satisfying [W'] = [w] €
HYY (M) such that Ricy = p. In particular, if ¢,(M) = 0, there exists
Kdhler form «' such that Ric,, = 0, i.e., W' is Ricci-flat or (M,w') is a
Kahler-Einstein manifold with Einstein constant 0.

From (1.1.12) and (1.1.22), for Kéhler form w, we could calculate that

0

w" = (V=1)"g;, 5, G, 5, A" NdZ N ANd2 A dE
= (\/ —1)”gi1,31 te gim%@-l,...,inéjh...dndzl A d21 A NdZ" NdZ"

= (VD)1 G, Ot in O 2 G g Azt AAEY A N2 N dE"
=nl(V=1)"g15, *** Gnj, O judz NAZ A Ad2" A dZ"
=nl(v/=1)"det(g;)dz" Adz" A--- Adz" N\ dz"
= 2"nldet(g;;)dx" Ady' A -+ Ada™ Ady*. (2.1.58)

It means that w™ is a volume form of M.

Definition 2.1.18. (1) A real (1,1)-form ¢ on a complex manifold M is
called positive (resp. negative) if the symmetric tensor ¢(-,J-) is positive
(resp. negative) definite. If ¢ > 0 (resp. ¢ < 0), as in (2.1.58), we have
Ji " >0 (resp. [, ¢" <0).

(2)A cohomology class in HY1(M) N H*(M,R) is called positive (resp.
negative) if it can be represented by a positive (resp. negative) (1,1)-form.
(For the well-definedness of this definition, we need to figure out that if ¢ and
¢’ are two representatives of the cohomology, it is not possible that ¢ > 0
and ¢’ < 0. If not, we have [, ¢" >0, [, (¢')" < 0and (¢')" —¢" is d-exact.
But by Stokes’ formula, it is not possible.)

(3) A holomorphic line bundle L over a compact complex manifold is
called positive (resp. negative) if there exists a Hermitian structure on L
with Chern connection V* and curvature RY = (V)2 such that /=1R" is
a positive (resp. negative) (1,1)-form.

From (2.1.31), it is easy to see that
L>0&¢(L)>0, L<0&¢(L)<0. (2.1.59)

Proposition 2.1.19. If there exists a complex line bundle L over M such
that c1(L) > 0, then M is Kdhler. Note that if ¢;(L) < 0, ¢;(L*) > 0.

Proof. From Definition 2.1.18, there exists a positive (1, 1)-form ¢ such that
[¢] = c1(L). Since (-, J-) is positive definite, we take g(-,-) := ¢(,J-) as
the metric on M. Then ¢ is a closed Kahler form.

The proof of our proposition is completed. Il
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From (1.3.10) and (2.1.18) if (M,w) is a Kahler-Einstein manifold with
Einstein constant k, then

(M) =k-

%w} | (2.1.60)

Since w > 0, if k£ > 0 (resp. < 0), ¢1(M) > 0 (resp. < 0).

Theorem 2.1.20 (Aubin, Yau). Let (M,w) be a compact Kihler manifold.
If c1(M) < 0, there exists a unique Kdhler-Einstein metric on M up to scalar
factors.

Comparing with Theorem 1.3.17, a recent result says that the negative
holomorphic sectional curvature implies that the first Chern class is negative.

Theorem 2.1.21 (Wu-Yau, Tosatti-Yang, Diverio-Trapani). Let (M,w) be
a compact Kdihler manifold with negative holomorphic sectional curvature.
Then ¢ (M) < 0.

Definition 2.1.22. If M is a compact complex manifold with ¢;(M) > 0,
then it is called the Fano manifold.

By Proposition 2.1.19, the Fano manifold is Kéhler.

Theorem 2.1.23 (Chen-Donaldson-Sun, Tian). Let (M,w) be a compact
Kdihler manifold. If c;(M) > 0, there exists a Kihler-Einstein metric on M
if and only if M is K-stable.

Note that in local coordinates,

VvV —18?%log det(g)
27 02;0%;

el (TOO N, 9THOMY = dz' N dZ. (2.1.61)
Example 2.1.24. We now compute the Chern class of CP".

Let E be the orthogonal complement of v,, using the standard Hermitian
metric on C*™!, such that ~, @ F is a trivial complex vector bundle over CP"
with complex rank n + 1. From the theory of vector bundles (cf. eg. Milnor
"Characteristic class” Theorem 14.10 ), we could obtain that

TCCP" ~ Home (v, F). (2.1.62)

Observe that for complx line bundle 7, Home¢ (v, 7) =~ 75 ® 75, is a trivial
line bundle. (indeed, this result holds for all line bundles.) By adding the
trivial line bundle on two sides of (2.1.62), we have

TCCP" @ £' ~ Home/(v,, ™). (2.1.63)
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Here £F denotes the trivial complex vector bundle with rank k. Clearly the
right hand side of (2.1.63) can be identified with the Whitney sum of n + 1
copies of the dual bundle Homg(v,, ') ~ ~%. Thus by Proposition 2.1.10
(1), (3), we have

¢(CP") = c(T°CP" @ &) = (7)™ = (1 — c1 (7)™ ™. (2.1.64)
In particular,
n L rs
c1(CP") = —(n+ 1)ci(v) = (n+ 1) [ﬁw } . (2.1.65)

From Proposition 2.1.16, we get the result again that CP" is a Ké&hler-
Einstein manifold with Einstein constant n + 1.
From (2.1.64), c2(CP") = @cl (7). Combining with (2.1.65), we have

nei(CP")? = 2(n + 1)y (CP™). (2.1.66)
For complex projective space, by (2.1.58),
det (1 + |6]2)1 — 60)

det (g5%) =

(§ (gw ) (1+|9|2)2n
(L ]02)m det(1 — 021+ 10 1 (2.1.67)
B (L+ 101 Py

Here we use the identity of determinants:

A B _
det < c D ) = det(A)det(D — CA™'B)

= det(D)det(A — BD'C), (2.1.68)

for A, D invertible.
we could calculate that

1
FS\T n 1 2n
w :2n!/ ——dz' AN Ndx
/@pn ( ) e (1 + |z[?)m

2n n ee 27«2”71 d 2n n —1 TQ = 2 n 2 1 69
= Wn/o —(1+r2)”+1r_ m™"n-n (1—}-7“2)0_(%)’ (2.1.69)
Here we use the formula
1 n 27" oo 2n—1
A f(lz))dz" A=+ ANda™ = =11 ), <t f(r)dr. (2.1.70)

Therefore, we have

/ 1 (CPYY" = (n + 1) (2.1.71)
CP™
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Theorem 2.1.25 (Miyaoka-Yau Inequality). Let M™ be a compact Kdhler
manifold.
(1) If M is Kdhler-Einstein with k > 0, then

n/Mcl(M)" < 2(n+1)/Mc1(M)”—2c2(M), (2.1.72)

with equality if and only if M = CIP".
(2) If M is Kdhler-Einstein with k < 0, then

n(—l)”_Q/Mcl(M)” g2(n+1)(—1)"—2/Mc1(M)”—%2(M), (2.1.73)

with equality if and only if M = HZ/T.

Theorem 2.1.26 (Fujita '18). If M™ is a Fano manifold with Kdhler-
Einstein metric, then

/ el (M)" < (n+ 1), (2.1.74)

with equality if and only if M is biholomorphic to CP".

Remark 2.1.27. For the line bundles, the first Chern class is a complete
invariant. It means that for any element in H?(M,Z), there exists a line
bundle such that this element is the first Chern class of this bundle and if
two line bundles are not isomorphic, then the first Chern classes of them are
not equal. This is not right for vector bundles with higher rank.

We now list some other common characteristic classes here.

¢ The Chern character form associated with V¥ is defined by

ch(E, V) = tr [exp (%REH c Qv (M). (2.1.75)

The associated cohomology class, denoted by ch(F), is called the Chern
character of E. For complex vector bundles F,, Fs,

ch(Fy & Ey) = ch(F;) + ch(Ey), (2.1.76)

The Chern character is a polynomial with respect to the Chern classes:
1 1

ch=r +c1 + 5(—202 + C%) + E(C:f - 3C1€2 + 363) + - (2178)

Here » = rank F.
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¢ The Todd form associated with V¥ is defined by

V=1 pE
Td(E,VF) = det 2n
1 —exp (—%RE>

e Qv (M), (2.1.79)

The associated cohomology class, denoted by Td(E), is called the Todd
class of E. The Todd class is a polynomial with respect to the Chern
classes:

1 1 1
Td = 501 + E<C2 -+ C%) —+ ﬁ(ﬁlcg + e (2180)
Recall that in (1.2.17), for holomorphic vector bundle E, 9% : QP¢(M, E) —

Pt (M, E) is well-defined and (8%)” = 0.

Definition 2.1.28. Let M be a complex manifold and E be a holomorphic
vector bundle. Then the Dolbeault cohomology H?(M, E) is the vector space

Ker(0%|qo.q
Hi(, B) = KO eonarn)

- _ . 2.1.81
Im(aE|Q0,q71(M?E)) ( )

We also denote by
HP4(M, E) == HI (M, A’ T*"O M ® E). (2.1.82)

Theorem 2.1.29 (Hirzebruch-Riemann-Roch Theorem). Let M be a com-
plex manifold and E be a holomorphic vector bundle. Then

n

> (~1)'dime¢ H' (M, E) = / TA(T°M) ch(E). (2.1.83)

i=0 M

Remark 2.1.30 (Characteristic class for real bundle). Let now E be a real
vector bundle over M, and V¥ be a connection on E. Let R” be the curvature
of E. Proceeding in exactly the same way as (2.1.6)-Definition 2.1.7 for real
vector bundles with connections, we could also get Chern-Weil theory for

real vector bundles. In the following examples, we assume that E is a real
bundle.

« The Pontrjagin form associated with V¥ is defined by

RE

o\ 1/2
p(E,VF) = det (1 - (E) ) c Q™ (M). (2.1.84)
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The associated cohomology class, denoted by p(E), is called the Pontr-
jagin class of E. As the Chern form, p(E, V¥) admits a decomposition

p(E,VE)Y =14+ p(E,VE) + -+ pp(E,VE) + - (2.1.85)

with p;(E, VE)Q¥(M). We call p;(E,V¥) the i-th Pontrjagin form
associated with V¥ and the associated class p;(E) the i-th Pontrjagin
class of E. For ¢ > 0,

pi(E) = (=1)'csi( E ® C). (2.1.86)

The Hirzebruch’s L-form associated with V¥ is defined by

- 1/2
V= E
2 R

tanh (=L RF)

L(E,V¥) = det e Q% (M),  (2.1.87)

The associated cohomology class, denoted by L(FE), is called the L-
class of . The L-class is a polynomial with respect to the Pontrjagin
classes:

1

1
L= -pi+—(Tpo—p}) +

62ps — 13 2p8) 4 -+ .
3 15 33.5_7( D3 pip2 + 2p7) +

(2.1.88)

The A-form associated with V¥ is defined by

- 1/2
vV— E
47 R

A(E,VFP) = det
sinh <§RE)

c Q*(M).  (2.1.89)

The associated cohomology class, denoted by A(E), is called the A-
class of E/. The A-class is a polynomial with respect to the Pontrjagin
classes:

~ 1 1 )
A= ot gy (e + 7))
T 910.33.5. 7(16173 — 44ppy + 31]??) + -+ . (2.1.90)

If E is oriented,

Td(E ® C) = A(E)2. (2.1.91)
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2.2 Hodge theory

Let M be a closed oriented Riemannian manifold. For « € M, the metric on
M induces a metric on T M, thus a metric g on A¥T M for k < n := dim M.
Explicitly, let e!, - - -, €™ be an orthonormal basis of T*M. Then e; € A*T*M
with I = {i; < --- < i;} forms an orthonormal basis of A*T* M. The volume
form is locally given by

vol :i=e' A - A (2.2.1)

Definition 2.2.1. The Hodge *-operator

* AFT*M — AT M (2.2.2)

is defined by
k(€A ANER) = Gi i e g €N N IR (2.2.3)
for {41, ik, j1, s Jnk} = {1,--- ,n}. In particular, we have *1 = vol

and *vol = 1.

Proposition 2.2.2. (1) for any a, 3 € A*T*M, we have

aAxfB = g"(a, ) vol (2.2.4)
(2) On A*T*M,
$2 = (—1)kn=h), (2.2.5)
(3) The x-operator is an isometry:
9" (xar, %B) = g"(a, B). (2.2.6)
(4) For o € A*T* M, we have
g, #8) = (=10 Mg s, ). (227

Proof. For (1), by (2.2.3),
TN AN Ax(ET A A e)
=9; ETN e NEF AN N NeTnE =vol. (2.2.8)

For (2), by (2.2.3), we have

1550k, sJn—k

$2(eN A Ne™) =6,
- 5117“'7Zk7317"’7]n—k5]17“'7]71—]@77/17'“72]66 /\ /\ €

= (=1)F=Reir A A et (2.2.9)

o A JA ... Jn—k
vy dng ¥ €N Ne



2.2. HODGE THEORY 45
For (3), by (2.2.5),

g (xa, xB) vol = xa A %28 = (=1)F"F 5 a A B = B A xa
= ¢"(B, ) vol = ¢*(a, B) vol (2.2.10)
For (4), by (2.2.5) and (2.2.6),
g, 48) = g (v, 428) = (—1)"PgA (xa1, B) 2:2.11)
The proof of our proposition is completed. O

Definition 2.2.3. We define an inner product on forms (-, -)g : QF(M,R) x
OF(M,R) — R by

(o, B)R ::/MgA(a,ﬁ)dv:/Ma/\*ﬁ. (2.2.12)

We denote by d* : Q*(M,R) — Q*!(M,R) the formal adjoint of d with
respect to (-, )g, i.e., for any a, 8 € Q*(M,R),

(da, B)r = (o, d*PB)g. (2.2.13)

Proposition 2.2.4. On Q*(M),
d* = (=)Mo g (2.2.14)
Proof. By stokes’ formula and Proposition 2.2.2, for a € Q¥1(M,R), €

QF(M,R), we have

(da,B>R:/Mdoz/\*B:—(—l)k_l/ aNdxf

M

= (—1)kF=Dn=ktD) / aA2dx = (=1)"F D0 xd % B)g. (2.2.15)
M

The proof of our proposition is completed. O]

Since d* = 0, by (2.2.13), we have
(d*)? = 0. (2.2.16)
We define the Laplace-Beltrami operator Ag by

Ag = (d+ d*)* = dd* + d*d. (2.2.17)
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Proposition 2.2.5. We have
ker(Ag) = ker(d) Nker(d"). (2.2.18)
Proof. The proposition follows from
(Ara, @) = ||dal|* + ||d* . (2.2.19)
The proof is completed. [

Theorem 2.2.6 (Hodge Theorem, real version). For any k € N, we have
the orthogonal decomposition, called the Hodge decomposition

QF (M) = ker(Ag|gr) © Im(Ag|ar) (2.2.20)
= ker(Ag|gr) @ Im(d|qr-1) & Im(d*|qr+1) (2.2.21)

and the canonical isomorphism
ker(Ag|or) ~ H¥(M,R). (2.2.22)
FEspecially, the space ker(Ag|qr) is finite-dimensional.

Corollary 2.2.7 (Poincaré duality). The bilinear form [,, o A B induces a
non-degenerate pairing

H*(M,R) x H"*(M,R) = R. (2.2.23)
In other words, we get
H*(M,R) ~ (H"*(M,R))*. (2.2.24)

Proof. Take [o] € H*(M,R). Then by Hodge theorem, there exists a €
[a] such that a € ker(Ag|gr). Thus by Proposition 2.2.5, d*a = 0. By
Proposition 2.2.4, we have dxa = 0. If [, aAfB = 0for any g € H" (M, R),
then [, |af’dv = [;, a Axa = 0. Thus [a] = 0.

The proof of the corollary is completed. Il

Now we assume that M is a closed complex manifold with dim¢c M = n.
As usual, let g be a Riemannian metric on T'M. Then it could be C-linearly
extended on TM ® C. We denote by

T*PD N = AP(T* O M) @ AY(T*OD M. (2.2.25)
Then by (1.1.1)

ANT*M @ C)= P TPIM. (2.2.26)

p+q=k
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From (1.2.12), the Riemannian metric g on T'M induces a Hermitian
metric b on 700 M, thus a Hermitian metric 2* on T*®9 M. As in (1.2.12),
for o, p € QP9(M), we have

W (e, B) = g*a, B). (2.2.27)
We extend the Hodge x-operator C-linearly to
x: A¥(T*M ® C) — A* ™ (T*M @ C). (2.2.28)
By Definition 2.2.3, we have
. T*PD N — THn=an=P) N (2.2.29)

As in Definition 2.2.3, we define the Hermitian inner product (-, -) : Q79(M) x
QP9(M) — C by

(o, B)c :—/MhA(a,B)dv—/ a A *f. (2.2.30)

M

By Definition 2.2.3 and Proposition 2.2.4, since dimg M is even, we have
the following proposition.

Proposition 2.2.8. Let 0* and 0* be the formal adjoint of @ and O respec-
tively. Then we have

d*=0"+0, (0")? = (0")?=0. (2.2.31)
and
O =—%0x%, O =—x0x (2.2.32)
Definition 2.2.9. The Laplacians associated with @ and 0 are defined as
ANyg=(0+0)=00"4+090, Ng=(0+09)=0d0"+0"0. (2.2.33)
Clearly,
Ay, Ay : QPIYM) — QPI(M). (2.2.34)

The following proposition is an analogue of Proposition 2.2.5. The proof
is the same.

Proposition 2.2.10. We have

ker(Ap) = ker(9) Nker(9*), ker(Ay) = ker(9) Nker(5*). (2.2.35)
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Theorem 2.2.11 (Hodge Theorem, complex version). Let M be a closed
complex manifold. Then we have two natural orthogonal decompositions

OPI(M) = ker(Aplara) @ Im(0|gr-1.4) & Im(0*|gp+1.a) (2.2.36)
and

OP9(M) = ker(Aglara) © Im(0|gra—1) & Tm(0*|gpatr ). (2.2.37)
The spaces ker(Ag|ar.a) and ker(Aglarq) are finite dimensional. And

ker(Ag|apa) >~ HPI(M), (2.2.38)

the (p, q)-Dolbeault cohomology.

Let E be a holomorphic vector bundle over M. In Definition 2.1.28, the
operator OF induces the Dolbeault cohomology group H*(M, E). Let h¥ be

a Hermitian metric on F. As in Definition 2.2.3, we define an inner product
on forms (-,-)g : Q¥Y(M, E) x Q%(M, E) — C by

(5. 1) s i /M BASE (5 1) du. (2.2.39)

Here h*®F denotes by the Hermitian metric on A*(T*M ® C) ® E induced
by k" and h*. We denote by 0%+ : Q**(M, E) — Q%*~*(M, E) the formal
adjoint of OF with respect to (-, -)g, i.e., for any s,t € Q*(M, E),

(0Fs,t)p = (s,0"*t) . (2.2.40)
As in (2.2.16), we have
(57%)* = 0. (2.2.41)

Definition 2.2.12. The Hermitian metric h* on F induces a C-anti-linear
isomorphism A : F ~ E*. The map

$p: T*PON @ E — TP\ @ E* (2.2.42)
is defined by *p(a ® A) = *(a) ® hF(A).
With this notation, for s,t € T*®9)M @ E,
PAOE (s 1) = s A xp(t), (2.2.43)

where "A” is the exterior product in the form part and the evaluation map
E®E* — C in the bundle part. From Proposition 2.2.2 (2), on T*P9M ® E,

S 0Fp = (—1)PH. (2.2.44)
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Proposition 2.2.13. The formal adjoint operator

P = —Fp. 0 0¥ o Fp. (2.2.45)

Proof. For any holomorphic sections s = a® A € QP9(M, E)andt = fRA" €
Qrati(M, E),

(3,8E’*t)E:(8Es,t)E:/ 8Es/\>T<Et:/ da N+ @ A® h(A)
M M

/ (O(aA*BR AR KA)) — (=1)PT1 o Ad(xB 0 A h(A)))

M

dla N+ @ A h(A')) — (—1)Ptett / aAO(xB® A® h(A))

M M

= —(—1)p+q+1/ s ANOY (xpt) = —/ s A %pg» 0 %5-0F (¥pt)
M M B
= —(s,%g- 00" oxpt)p. (2.2.46)
The proof of our proposition is completed. O]

Definition 2.2.14. The Laplacian associated with 0¥, which is called the
Kodaira-Laplacian, is defined as

0% = (9% + 0"*)* = 9%0"* + 9"*9" = [97,07"] . (2.2.47)

Theorem 2.2.15 (Hodge Theorem, holomorphic bundle version). Let M be
a closed complex manifold and E be a holomorphic vector bundle over M.
Then we have the orthogonal decomposition

Q% M, E) = ker((0%|qo.q) @ Im(0%|qo.q—1) @ Im(0F*|go.at1). (2.2.48)
The spaces ker(OOF|qo.q) is finite dimensional. And
ker(O0¥|qow) ~ H*(M, E). (2.2.49)
Theorem 2.2.16 (Serre duality). Let M be a closed connected complex man-
ifold. For s € QY(M,E), t € Q" 4(M, Ky ® E*) = Q"""9(M, E*), the
bilinear form fM s A\t induces a non-degenerate pairing
HY(M,E)x H" (M, Ky ® E*) — C. (2.2.50)
In other words, we get

HY(M, E) ~ (H" (M, Ky ® E))". (2.2.51)
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Proof. Take [a] € HY(M, E). Then by Hodge theorem, there exists o € [q]
such that a € ker(00¥|go.¢). Thus by Proposition 2.2.13, we have 0% % pa = 0.
If [, NB =0forany 8 € H"9(M, Ky ® E*), then [, |o*dv = [, a A
xpa = 0. Thus [a] = 0.

The proof of the theorem is completed. Il

By taking £ = T*®9 )| we have

Corollary 2.2.17 (Serre duality). Let M be a closed connected complex
manifold. The bilinear form fM a A B induces a non-degenerate pairing

HPI(M) x H*P"9(M) — C. (2.2.52)
In other words, we get
HPY (M) ~ (H"P"9(M))". (2.2.53)

Remark that (2.2.51) is C-linear and does not depend on the metrics on
M and E.

Let VE be the Chern connection on E. Recall that (V)10 is the (1,0)-
part of V¥ defined in (1.2.24). We denote by (V#)* and (V#)"%* the formal
adjoints of V¥ and (VF)10 with respect to (-,-)g in (2.2.39) respectively.

Recall that V is the connection defined in Proposition 77. It is a con-
nection on T'M ® C and it preserves T'M. We still denote by V the induced
connection on T'M. Then it preserves the metric on M. Let T" be the torsion
of V. Then T € A*(T*M) ® TM is defined by

T(U,V)=VyV —VyU - [U,V], (2.2.54)

for vector fields U, V. Then T maps TOOM @ THOM (resp. TOVM ®
TOVM) into THIM (vesp. T M) and vanish on T M @ TOYDM. In-
deed, for U = Uia% e TYOM, V =V.-2 € TO'M, we have

382]-
. _ oUu; 0
U=viMy — g, d" "My = v== 2.2.55
VV VV vy 7 azj (92’1-’ ( )
and
~ A= ov. 0
V= VIYOMYy — 2L 2.2.56
VU VU 82’7, @Zj ( )
Thus we have
VoV —VyU = [U,V]. (2.2.57)

Let
VE=Vel+1a Ve (2.2.58)
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Lemma 2.2.18. Let {e;} be a locally orthonormal basis of TM and {e’} be
the duals. We have

L~ 1 .
VE =€l A ij + §g(T(ej, er),e)el A efie,, (2.2.59)
. ~ . 1 .
(VE) = —lg; N ij —9(T(ej, ex), ex)ic; + Eg(T(ej, er), el)el Ny le;-
(2.2.60)

Especially, if E = C, we have

.~ 1 )
d=¢e NV, + ég(T(ej, er),e)el A efig,, (2.2.61)

~ 1
d* = —ic; NV, — g(T(ej, ex), €x)ic, + 5g(T(ej, ex), €1)e’ Nigyie,.  (2.2.62)

Proof. We prove (2.2.61) first. We denote by d the right hand side of (2.2.61).
It is easy to see that for any homogeneous differential forms «, 3, we have

d(aAB) =daA B+ (—1)%E*a AdB. (2.2.63)

So we only need to show that d agrees with d on functions, which is clear,
and 1-forms. For any f € €>°(M),

el A ﬁejdf =el A ek<§€jdf, en) = € Ne*(e;ler(f)) — (df, ﬁejek»
= ¢ A (eslen()) — (. Teyer) — enles(F)) — {df, Voye)

_ _%ej A eE(T(e; en), df). (2.2.64)

Thus d coincides with d on 1-forms. Thus we get (2.2.61).
For (2.2.59), let s =a ® A € Q*(M, E). Then by (2.2.61),

Via® A) =da® A+ (—1)%a A VFA

o R
=el A VeEj + ig(T(ej, er),e)e’ Aekie,. (2.2.65)

Now we prove (2.2.62). From the knowledge of differential geometry, for
any 6 € QY(M), the function tr(V#) is given by

tr(V0) = e;j(ale;)) — 0(Ve,e;). (2.2.66)
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Then we have

/ tr(Veo)dv = 0. (2.2.67)

For o, 8 € Q*(M), take 6 = —g"(i.a, 3). We have

tr(Va) = —e;(g" (ie;, 8)) + 9" (iv., ;. B). (2.2.68)

Since i, Ve, = Vi, a0 — zeﬁjejoz, we have

(& 1 Ve,0,0) = (V000 8) = ¢ (0" (e, ) — 9" (0, Ve, )
= ¢; (M ic; ) = gM(avie, Ve, B) + Mg, )
= —g",i, Ve, ) = tr(V0) — g(T(er, ;) ¢5)9™ (i, ) (2.2.69)
Thus

(7 AV,,)" = —ie,Ve, — g(T(ej, ex), ex)ie, - (2.2.70)

We get (2.2.62).
Using the same argument in (2.2.65), we get (2.2.60).
The proof of our lemma is completed. O

Let A be a ring and f,g : TM @ T*M @ C — A be two linear maps.
Then from (1.1.18), we have

> feglen) = (F(6")9(6:) + f(6)9(6y)) .
. - (2.2.71)
Z flei)g(e:) = Z (f(ei)g(éi) + f(@i)g(éi)) .

By taking the (1,0)-part and the (0, 1)-part of (2.2.59) and (2.2.60) and
using (2.2.71), we have the following lemma.

Lemma 2.2.19. Let {0;}7_, be a local orthonormal frame of TWYM. Then
we have

0" = AVE + Sg(T (0, 00,000 A g, (2.2.72)

5 . = "y 1 SNE
oF* = —1ig, \ ngj — g(T(0;,01), 0k )ig, + §g(T(9j, 0x), 0,)0" A ig,la,, (2.2.73)
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.~ 1 _
(VO =0 AVY + 5g(:r(ej, 0),0,)07 A 0%ig,, (2.2.74)

. B S .
(VE>* = —igj A VQEJ — g(T(Hj, Hk), ek)’laj + §g(T(9j, Hk), 91)91 A 16,20 -
(2.2.75)

Let w be the real (1,1)-form associated with ¢ in (1.1.13).

Definition 2.2.20. We define the Lefschetz operator L = (wA) ® 1 on
A (T*M) @ E and its adjoint A = i(w) with respect to hA®E.

For {0;}7_, a local orthonormal frame of T M, by (1.1.13), we have
L=vV=1¢ ANGA, A =—v—Tig iy, (2.2.76)
It is easy to see that
A=x"1oLox (2.2.77)
Definition 2.2.21. The holomorphic Kodaira Laplacian is defined by
57 = [(VE)I,()’ (VE)LO*] — (VEYLO(TE) L0 | (wE) L0 (wEYLO (2.9 78)
The Hermitian torsion operator is defined by
T :=[A, 0w] = [i(w), Ow]. (2.2.79)

Theorem 2.2.22 (Generalized Kéhler identities).

(07, L] = V=1 ((VF)"*+T), (2.2.80)
(VA0 L] = —/=1 (0" +T), (2.2.81)
[A,07] = —V=1((VE)"™ +T7), (2.2.82)
(A, (VEYO] = /1 (51;,* + 7_’*> , (2.2.83)

[0, L] = [(VP)", L] = [A,0"%] = [A,(VP)M*] =0. (2.2.84)
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Proof. Note that (2.2.82) and (2.2.83) are the adjoints of (2.2.80) and (2.2.81).
We only need to prove the first two formulas.
From (2.2.73),

(07, L) = = ig, A VE L] = 9(T(0;,60),00) [ig,, L]
L] A
+39 9(T(05,06%),61) [0' Nig,ig,, L] . (2.2.85)
By (2.2.76),
lig,, L] = =V —16" A, (2.2.86)
Also by (2.2.76),
Vi, L] = V=1(V4,0%) AG* A +V=16% A (Vy,0%)A
= V- ( (V@ 9[, Gk) - 9(91, V@ Hk))ﬁl VAN ék/\ = 0. (2287)
Thus by (2.2.86) and (2.2.87),
- [i(;j AVE. L] = —[ig, L] AV§ = V=16 AV (2.2.88)
From (2.2.86), we have
[él A igkigj, L] =0'A ([i@k, L} 257 + 1, [igj, L])
= —V=10" (0" Nig, +1ig 07) . (2.2.89)
Thus,
(07 L) = V=16 AVE +V=1g(T(0;,0),01,)6"
+V=1g(T(0;,0,),0)0" A 0" Nig,. (2.2.90)

From (2.2.87), we see that Vw = 0. By (2.2.74), we have

O — %g(T(ej, ), 800 A 8igo = Y2 g(T (6, 6), 800 16 A
(2.2.91)
So from (2.2.90), since

(A, 07 = —V/=Tig,, [A07] = —v/—Tig,, (2.2.92)
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we have
T = %g(T(Qj, Ok), 00) (20° N O" Nig, — 260" — 07 NO" Nig) . (2.2.93)

By (2.2.74), (2.2.90) and (2.2.93), we get (2.2.80).

As the computation is local, we can choose a locally holomorphic frame
of E to reduce the proof of (2.2.81) to the case that E is a trivial bundle.
Then (2.2.81) follows from (2.2.80) by conjugation.

The formula (2.2.84) follows directly from the Leibniz’s rule.

The proofs of the generalized Kéhler identities are completed. O

For super-commutator
[B,C] = BC — (-1)BlI¢lCB, (2.2.94)
where | - | is the degree, the Jacobi identity reads

(=DIHIA, [B, C)) + (=)MIPI[B, [C, Al + (=1)PI€[C, [A, B = 0.
(2.2.95)

Theorem 2.2.23 (Bochner-Kodaira-Nakano formula).
0F = 0" + VZI1[RE, A + [(VE), 77 — (9%, 7). (2.2.96)

Proof. From Theorem 2.2.22, (1.2.27), (2.2.47), (2.2.78) and (2.2.95), we have

P = [07.0%] = VIR, [ (V)] - [08. T
= —VET[A [V, 0] = V=T [(V9)', [0, A]] - 07T
= VT[N RE] 4 [(95)M, (TE)0] 4 (95)10, 7] = [05, T
(2.2.97)
The proof of our theorem is complete. 0
Now we assume that (M, w) is Kéhler.
Theorem 2.2.24. Assume that (M,w) is Kihler. Then
L) = V=10, [0°1]= _¢__15, [ 0] = —V/=10r,

[A,0] = V=10", [0,L] = =[N, 0] =[N, 0] =0,
0% =3° + \/—_[RE, Al, Ap =20y =27y (2.2.98)
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Proof. By Proposition ?? and (2.2.12), if (M,w) is Kéhler, 7 = 0. Thus we
only need to prove the last formula.
By Theorem 2.2.22, we have

0, 5*] = —v—1[0,[A,0]] = 0AO — *AN + AD* — OND = 0. (2.2.99)
Thus

Ag = _[da d*] = [a+ 57 " + 5*] = Ay + Aé + [87 5*] + [5a a*]
=20, = 2A5. (2.2.100)

The proof of our theorem is completed. [

The following theorem is the direct consequence of Theorem 2.2.22 and
2.2.24.

Theorem 2.2.25. Assume that (M,w) is Kahler. We denote by A := Ay =
2A5. Then
(1) H(M,C) ~ B, HP(M);
(2) HP1(M) ~ Ha?(M) and Serre duality yields H?9(M) ~ H"~P"=9(M)*;
(8) A commutes with x,0,0,0%,0*, L and A.

Since Ao x = x o A and ** = (—1)?"=9 the Hodge *-map induces an
isomorphism

w0 HPO(M) ~ H"™ 7P (M), (2.2.101)

Theorem 2.2.26 (90-lemma). Let M be a compact Kdihler manifold. Then
for a d-closed form « of type (p,q), the following conditions are equivalent:
(1) The form « is d-exact, i.e., a« = df3 for some 3 € QPTH (M, C).

(2) The form « is O-exact, i.e., « = 3 for some 3 € QP~L4(M).
(3) The form « is O-exact, i.e., a = OB for some [ € QP9~L(M).
(4) The form « is 0-ezact, i.e., a« = DB for some B € QP~LI=L(M).

Proof. 1t is obvious that (4) implies (1), (2) and (3). By Hodge theory, if
any of (1), (2) and (3) holds, we see that « is orthogonal to ker(A). Since
a is d-closed, it is O-closed and O-closed. Since alImd*, we have o = 0.
Now we use the Hodge decomposition with respect to 0 to the form v. Then
v = 0B+ 0*B' 4+ " for some harmonic form B”. Thus, a = 003 + 00*3'. By
(2.2.99), we have 90* = —9*0. Thus

100 B'||* = ||0*08'||* = (00*0B',08") = (0003 — dar, 0B') = 0. (2.2.102)

We have o« = 9053.
The proof is completed. O



2.3. RELATIONS OF HODGE NUMBERS 57

2.3 Relations of Hodge numbers

Let (M,w) be a compact Kahler manifold. Since [L,Agr] = [A, Ag] = 0,
the Lefschetz operator L and its dual A induce maps between cohomology
groups:

L:H*M,R) — H*2(M,R), A:HMR)— H"*MR). (23.1)

Definition 2.3.1. Let (M,w) be a compact Kéhler manifold. Then the
primitive cohomology is defined by

H*(M,R)prim := Ker (A : H*(M,R) — H**(M,R)),

HPY(M ) prim = Ker (A . HP9(M) — Hpﬂ,qﬂ(M)) _ (2.3.2)

Note that the primitive cohomology does not depend on the chosen Kahler
structure and only on the cohomology class of the Kéhler form [w] € H"'(M).

Theorem 2.3.2 (Hard Lefschetz Theorem). Let (M, w) be a compact Kéhler
manifold with dimec M = n. Then for k <mn,

L% H*(M,R) ~ H* *(M,R) (2.3.3)
and for any k,
HYMR)= @@ L'H"(X,R)pim, (2.3.4)
i>(k—n)+

where a, = max{a,0}. Moreover, these two isomorphisms are compatible
with the bidegree decomposition. It means that for k < n,

L% gPEP(M) ~ HPRP (), (2.3.5)
and for any k,
HP4(M) = EB L HP75 (X)) i (2.3.6)
p+q n
In particular,
HY(M,R)pria = @D H”(M)i. (2.3.7)
p+q=Fk

In order to prove the Hard Lefschetz theorem, we need the following
lemma.



o8 CHAPTER 2. TOPOLOGY OF KAHLER MANIFOLDS

Lemma 2.3.3. For a € A¥T*M, we have
[L, Al = (k —n)a (2.3.8)
and
(L' Ao =i(k—n+i—1)L" . (2.3.9)

Proof. We prove (2.3.8) by induction. If dim¢ M = 1, for a € AT*M,
[L,Ala = —ALa = —a; for « € A'T*M, [L,A]la = 0; for a € A*T*M,
[L, Al = LAa = . (2.3.8) holds.

Assume that (2.3.8) holds for dim¢ M = m. If dimc M = m + 1, for
x € M, we split T,M by T,M = U & V such that dimg V' = 2. Then
AFT*M = @2 A TURAV. Fora € A¥T*M, a = By @B+ 1R B+ Lo @ B,
Thus, for 7 =0,1,2,

[L,A]B; @ By = L (A(B;) ® B; + B; @ A(B)) — A (L(B;) ® B; + B; ® L(B;))
= [L, A](B)) ® B; + B; @ [L, Al(B}) = (k — j —m)B; @ B} + (1 — 1)B; ® B
— (k—m—1)8;® 8, (23.10)

Therefore, we get (2.3.8).
We also prove (2.3.9) by induction. By (2.3.8), (2.3.9) holds for ¢ = 1.
Assume that (2.3.9) holds for i = m. For i = m+ 1,

(L™ Ala = L™ Aa — AL™ ' = LIL™, Ao + [L, A]L™a
=mk—n+m—-1)L"a+ 2m+k—n)L"«
=(m+1)(k—n+m)L"a. (2.3.11)

Therefore, we get (2.3.9).
The proof of our lemma is completed. Il

The Hard Lefschetz theorem Theorem 2.3.2 follows directly from [L, Ag] =
0 and the following proposition.

Proposition 2.3.4. Let P* = {a € A¥T*M : Aa = 0}.
(i) If u € P*, then L*u =0 for s > (n—k+1),.
(ii) If k > n, then P* = 0.
(iii) The map L™ : A¥T*M — A>""FT*M is bijective.
(iv) If k < n, then P* = {a € AKT*M : L"*+1q = 0}.
(v) There exists orthogonal decomposition A¥T* M = @®;> (—p, L'(P*72).
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Proof. For (i), by (2.3.9), for u € P*,
ANL'u=ANTAL — L'Nu=r(n—k—7r+ 1AL (2.3.12)
By induction, for » > s, we have

NLu=r(r—1)---(r—s+1)-(n—k—r+1)---(n—k—r+s)L °u.
(2.3.13)

Take r =n+ 1. Then L"u = 0. Thus
(n+1)---(n—s+2)- (k) (=k+s—1)L"*u=0. (2.3.14)

So if s < k, we have L"™'=*y = 0, which is equivalent to (i).

Take s = 0 in (i). We get (ii).

(iii) Since tk(A*T*M) = rk(A?>"~*T*M), we only need to prove the injec-
tivity. We prove it by induction on k. For £ = 0, L" is injective. We assume
that the injectivity holds for £k < m — 1. For k = m, r < n — k, we can
assume that L™! is injective on A™T*M. For o« € A™T*M, if L' = 0, then
by Lemma 2.3.3,

L YLA —r(m —n+r—1)1d)a
=[L" ANla—r(m—n+r—1)L" 'a=0. (2.3.15)

Thus (LA—r(m—n+r—1)Id)a = 0. Since r <n—m, r(m—n+r—1) # 0.
Thus there exists 3 € A™2T*M, such that « = LS and L™"'3 = 0. Since
L™ is injective, 8 = 0. So o = 0 and L" is injective. By induction, we get
L™ is injective. So (iii) holds for any k& < n.

(iv) If a € Pk, from (ii), we have L" *"la = 0. If L **la = 0, we have
L *1Aq = 0. Since L™ **2 is bijective, we have Aa = 0.

(v) is equivalent to the statement that for any o € AT*M, there exists
unique decomposition

o= Z L', wu, € Pk, (2.3.16)

r>(k—n)4

We first study the uniqueness. Assume that o = 0 and there exists r such
that u, # 0. Let s be the largest integer such that us # 0. Then

Na=0= Z N L "u, = Z NN L, = Z e Ny,
(k—n)4+<r<s (k—n)4+<r<s (k—n)4+<r<s

(2.3.17)
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where ¢, =7i(n—k+r+1)---(n—k+2r) by (2.3.13). Since Au, = 0 for
any r, we have us = 0, a contradiction.

For the existence, by (iii), we can assume that k& < n and prove it by
induction on k. It is obvious for k = 1. We assume that (2.3.16) exists for
any k < m. By (iii), for &« € A™T*M there exists f € A™2T*M, such that
Lrm23 = [, Let ap = a — LB. Then L™ ™ ay = 0. From (iv),
ag € P™.

The proof of our proposition is completed. O

Let b*(M) := dimc H*(M, C) be the usual Betti number of M and let
hP1(M) := dim¢e HP9(M) be the so-called Hodge number of M when M is
a complex manifold. Remark that b* is a topological invariant but A?¢ might
be not, which depends on the complex structure.

In this section, we assume that (M,w) is a compact Kéahler manifold.
By Theorem 2.2.25 and (2.2.101), we have

= > w9 < HYM,C)~  H(M
p+q=Fk ptq=k
hP1 = pP; <= HP(M) ~ Har(M);
hP? = p"P < Serre duality: HP4(M) ~ H" P79 M)*;
P9 = pr=enP; = Hodges : HPU(M) ~ H™ 9" P(M);
hPA=P = PR gy < | <, <= Hard Lefschetz : HPPP(M) o~ H™P=5m=P()).
(2.3.18)

A popular picture to describe the relations is the Hodge diamond:

bO h0,0

bl hl,[] hO,l

b2 h2’0 hl,l h0’2

b R0 Serre \ h®™ 1 Hodge
b2n—2 hn,n—2 hn‘—‘l,.n—l hn—2,n
b2n—1 hn,n—l hn—l,n

b?n hom

Conj.

Theorem 2.3.5. On compact Kdihler manifolds, we have
(1) the odd Betti numbers b***1 are even,
(2) h*0 = 2b' is a topological invariant;
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(3) the even Betti numbers b* are positive;

(4) hPP are positive.

(5)if k= p+q<n, then P9 > =190 by > byy; Tk =ptq>n,
then hP1 2 hp+1,q+17 bk 2 bk+2.

Proof. The first statement follows from

2%k+1 k
P2+l Z pP2ktl-p _ o Z pp2k+1-p (2.3.19)
p=0 p=0

(2) is obvious.

For (3), if w* = da, by Stokes’ theorem, [, w™ = [, d(a Aw™™*) =0. It
will not happen since by (2.1.58), w™ is a volume form. So w” is d-closed and
not d-exact.

For (4), we observe that w? € QPP(M) and is d-exact. If w? = 98, then
w" = O(B Aw"P) is D-exact. But [w]™ € H**(M,C) ~ H™"(M) is not equal
to 0 since it is a volume form. So w” is not d-exact.

For (5), let hPd =~ = dim HP9(M)pym. Then Theorem 2.3.2 says that if

prim
ptag=mn,

I L hggrlrqul 4. (2.3.20)
and if p+ g > n,
R T R (2.3.21)
So we get (5).
The proof of our theorem is completed. O]

Corollary 2.3.6. The only sphere that admits a Kihler structure is S*.
Let P2 = {a € APTUWO*M @ ATOD*M : Aa = 0}.
Lemma 2.3.7. For a € P2, p+ q =k, we have

L" ko

(k+1) _
xQ = (—1)%\/—1]3 q(n YTy

(2.3.22)

Proof. We only need to prove it at one point of M. In this proof we regard
TWO*M as C™. Let dzy,---dz, be a basis. For S = {iy,--- i}, we denote

by wg = (@) dz;, Ndzy N\---Ndz;, Ndz;,. We can write

o= Z Ya.B.sdza N dzy N wg, (2.3.23)
A,B,S
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where A, B, S are disjoint subsets of {1,--- ,n}. Let aup =) ¢7va,B,sd2a A
dzp N wg. Thus Aa = 0 implies that Aoy p = 0. So we only need to prove
the lemma for

oa=dza NdzZg N Z VsWs- (2.3.24)
S

In this sum, we only need to consider the subsets S C K := {1,--- ,n} —
(AU B) and the cardinal m = |S| = (k—|A| —|B|)/2. Since Aa = 0, for any
N C K with |[N| =m — 1, we have

Z Ynugy = 0. (2.3.25)

ieK—N
Let ¢S be the complement of S in K. Then by (2.2.30), we have
(dza Ndzp ANwg) A *x(dza AN dzp N\ wg) = vol

/—1\"
- (T> dzy Ndzy N -+ Ndzy, NdzZ,. (2.3.26)

After a careful calculation, we have

n—=k
41 A/ —1 _
w(dea A dZp Awg) = (—1)m+H 5 (—) V1" dza N dzp Awes

2
(2.3.27)
So
n—k
1 v/ —1 _
*or = Z(—l)””k(k;) (T) V1" "ygdza Adzp Awes.  (2.3.28)
SCK
On the other hand,
k(k+1) —g L' Fa
—1) 2 /-1
(=1) (n—k)!
n—k
, /—1 B
= (—1)@ (T) V-1t ZVSdZA NdzZp N wsun
S,N

- Z(_U% (E)n V=1 (Z ys> dza Ndzp Awy, (2.3.29)

2
JCK ScJ

where N runs through the subsets of cardinal n — k contained in K and
disjoint from S.
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For every r < m, let S, = 7y, 7v. Then Sp = v¢; and S, =
> neyYn- Then (2.3.25) implies that (r +1)S,11 = —(m —1)S,. So S, =
(—=1)™Sp. It means that

> s = (=1 (2.3.30)
ScJ

From (2.3.28), (2.3.29) and (2.3.30), we get (2.3.22).
The proof of our lemma is completed. O

Let (M,w) be a compact Kahler manifold with dim¢ M = n. The
Poincaré duality implies a non-degenerate pairing

(,): H"(M,R) x H"*(M,R) — R. (2.3.31)

We define the intersection form Q on H*(M,R), k < n by

Qa, B) = (L"*a, B) = / Ww"F A QA B. (2.3.32)
M

Clearly, it is symmetric for k even and antisymmetric for £ odd. Thus on
H*(M,C), the sesquilinear form

Hy(a, ) = (V1) Q(a, §) (2.3.33)
is a Hermitian form.

Lemma 2.3.8. For k <n, the Lefschetz decomposition

HY(M,C) = @ L'H* (X, C)prim. (2.3.34)

1>0

is orthogonal for H*. Moreover, on each primitive component L' H* =2 (X, C) pyim,
Hy, induces the form (—1)'Hy_o;.

Proof. For a = L'/, = L*f', with o/, § primitive and r < s, we have
L *anp = L k45’ A3, By Proposition 2.3.4 (iv), we have L"*++sq/ =
0. Thus Hy(c, ) = 0. The second statement is obvious.

The proof of our lemma is completed. O]

The curve case of the following theorem is due to Riemann.

Theorem 2.3.9 (Hodge-Riemann bilinear relation). Let (M,w) be a com-
pact Kdhler manifold with dime M = n. The decomposition H*(M,C) ~

k(k+1)

@p+q:k HP4(M) is orthogonal for Hy,. Moreover, the form (v/—1)P~4%(—=1)"2  H
is positive definite on HP9(M ) pyim.
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Proof. The first statement follows directly by counting the degrees.
For the second statement, for o € HP9(M)pyim, the harmonic form, by
Lemma 2.3.7,

Hi(o, o) = (\/—_1)’“/ a AL Fa

M
= (V=1)*(n — k)!(—1)’“’“z‘”\/—1q‘p/ a A @
M
= (n—KN(=D)"T VT T a2, (2.3.35)
The proof of our theorem is completed. Il

Theorem 2.3.10 (Hodge index theorem). Let (M,w) be a compact Kdih-
ler manifold with dimc M = n even. Let sign(Q) be the signature of the
intersection form Q(c, B) = [, A on H"(M,R). Then

sign(Q) = > _(—1)7h"". (2.3.36)

p.q

In particular, the number an(—l)php’q s a topological invariant.
Proof. For n =2k, o € HP4(M)pyim, p + ¢ = n — 2r, we have

sign(Q) = (—1)*sign(H). (2.3.37)
By (2.3.35),

H(L o) = (=1)" Hyor(0) = (=1)"(=1)* "7 (2r)!]| e[
= (2n)(=1)"*P[| )., (2:3.38)

S0
sign(@Q) = Y (FDPhpl,= >0 (F1P Y (SR (2:3.39)
r2>0,p+q=n—2r p+g=n 320
By (2.3.20), we have hlf = hP9 — hP~H41 So
sign(Q) = Z (—1)? (hpyq + QZ(_l)jhp—j,q—j>
pt+q=n 7>0
@ (—1)P (hp,q + Z(_l)jhp—j,q—j>
ptg=n J#0

= 3 (~upe @3 (<paea. (2.3.40)

p+q even p.q
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Here (1) uses the Serre duality and (2) follows from (—1)PhP94(—1)7h%P = ()
if p+ ¢ is odd.
The proof of our theorem is completed. ]

Definition 2.3.11. Let M be a compact complex manifold of dimension n.
The Hirzebruch x,-genus is the polynomial

n

Xy = D (=1) Py, (2.3.41)

p,g=0

It is a special case of the elliptic genus, a mathematical analogue of the
partition function in physics. The following theorem is the corollary of the
Hirzebruch-Riemann-Roch Theorem 2.1.29.

Theorem 2.3.12. In local terms,

Xy = /M Td(T"M) (i T ch(T(”’“)*M)> . (2.3.42)

p=0

Ify =0, xo = >i_o(=1)%% and Td(M) := [, Td(T"'M) are two
definitions of the arithmetic genus in the history.
If y =1, and if M is Kéhler with even complex dimension, then y; =

sign(@) in Theorem 2.3.10. In this case, (2.3.42) reads

sign(Q) = /M L(M), (2.3.43)

where L is defined in (2.1.87). This is the Hirzebruch signature theorem,
which also holds for compact 4k-dimensional manifolds.

If y=—1, and if M is Kéhler,

n n

Xo1= Y (=1)PHnrt = (= 1)k = e(M), (2.3.44)

p,q=0 k=0

the Euler number. In this case, Theorem 2.3.12 means that

e(M) = /M en(M) = e (M). (2.3.45)

This is the Gauss-Bonnet-Chern Theorem for complex manifolds. Note that
(2.3.45) also holds on compact complex manifolds.
We finish this chapter by the famous Hodge conjecture.
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Definition 2.3.13. The fundamental class [Z] € HPP(M) of a complex
submanifold Z C M of codimension p in M is defined by

/Moz/\[Z]:/Za|Z (2.3.46)

for any o € H*"~?(M).

Definition 2.3.14. If M is a complex submanifold of a complex projective
space, then M is called a projective manifold.

Now we could state a version of the Hodge conjecture.

Conjecture 2.3.15 (Hodge conjecture). Let M be a projective manifold.
For any o € HPP(M) N H?(M,Q), it could be generated linearly by the
fundamental classes with coefficients in Q.

Remark that the Hodge conjecture is false for Kéhler manifolds. And
there exists « € HPP(M) N H*(M,Z) such that it could not be generated
linearly by the fundamental classes with coefficients in Z.

Here we summarize the supercommutative relations of 9,9, 9*,9*, L and
A for compact Kahler manifold, which contains the Kéahler identity.
Let [A, B] = AB — (—=1)AIBIBA.

A _ _

B ) 0 0" 0" L A
o) 0? 0 A 0 0 V=10
0 0 0? 0 A 0 —/—10"
o A 0 02 0 V—10 0
o 0 A 0 0% | —/~10 0
L 0 0 —/—10 | V/~10 0 n—k
A | —/=10% | V10" 0 0 k—n 0




Chapter 3

Positive vector bundles and
vanishing theorems

3.1 Bochner methods and vanishing theorem

For a vector bundle E over a Riemannian manifold M with a connection
V¥, by taking a locally orthonormal basis, the usual Bochner Laplacian A%

is defined by

dimgp M

AP =% ((ij)2 - v@zjxe) . (3.1.1)

Jj=1

We assume that the vector bundle £ admits a Euclidean metric if it is
real or a Hermitian metric if it is complex. We denote the corresponding

metric by (-,-). We assume that the connection V¥ preserves the metric on
E.
For s1, 89 € €°°(M, FE) with compact support, we have

dimyg M
/(AEsl,sg)dv: Z /<V€E,81,V6E,82>d1}—/ tr(Va)dv
M = Jm ! M

dimg M

= Z /(ijsl,V532>dv:/(sl,AE52>dv, (3.1.2)
j=1 M M

where a(Y) = (VEsy, s9).

Lemma 3.1.1. Let V' be a real vector space with basis e;. For any A €
End(V'), there exists a unique endomorphism A(A), which is called the deriva-
tion, on AV, such that it coincides with A on V' and satisfies the Leibniz’s

67



68 CHAPTER 3. VANISHING THEOREMS

rules:
AA)(aAb) = A(a) Nb+ a N A(D), (3.1.3)
where a,b € AV. Explicitly, it is given by
MA) = (&7, Aer)e; A, - (3.1.4)

Proof. The uniqueness is obvious. We only need to prove that (3.1.4) is
a derivation. Firstly, for e, € V, we have A(A)ey, = (&7, Aep)e; = Aey.
Secondly, the operator e; A 4., satisfies the Leibniz’s rule (3.1.3).

The proof of our lemma is completed. [

Theorem 3.1.2 (Weitzenbock’s formula). Let R be the curvature of the
Levi-Civita connection on T M. Then

(d+d)? = ANM N " Rine® Nige! A, (3.1.5)

ijkl
In particular, on the space of one forms, we have
Ag = (d+d*)? = AN™M 4 Ric(e;, e5)e’ A, (3.1.6)

Proof. Let VAT™™ be the connection on AT*M induced by the Levi-Civita
connection V. Let RAM™M be the curvature of VATM . From (2.2.61) and
(2.2.62), we have

d=e ANVITM 4t = =i VATV, (3.1.7)

Since the formulas (3.1.5) and (3.1.6) do not depend on the choice of the
locally orthonormal coordinates. We choose the normal coordinates. Notice
that

€' Nie, +ic,e' A =05 1d. (3.1.8)
We have
dd* + d*d = —e' Nie, VTNV i et AV AT
= —VATMYMTM _ pATM (6, e Vet N, (3.1.9)

Let R™ be the curvature of the Levi-Civita connection V. It is easy to
see that RM™M is the derivation of RTM. By (3.1.4), we have

RN = (o, BTV Ny = (R™ e o) N (31.10)
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Combining (3.1.9) and (3.1.10), we have
dd* + d*d = AMM — Rijme” Nigel N, (3.1.11)
From (3.1.8), we have

Rijklek A iel 6i A iej = —Rijklek VAN ei AN ieliej + Rijkiek N iej
= —Rijklek Aet A ie ie; — Ric(e;, ej)ei Nie;. (3.1.12)

Notice that the first term on the right-hand side vanishes on one forms. Then
we get (3.1.6).
The proof of our theorem is completed. O

Definition 3.1.3. A function (resp. a twofold symmetric covariant tensor,
etc) on a manifold is quasi-positive if it is everywhere nonnegative (resp.
positive semi-definite, etc) and is positive (resp. positive definite, etc) at a
point. Quasi-negativity is dually defined.

Theorem 3.1.4 (Bochner 1946). For a compact orientable Riemannian man-
ifold M of nonnegative Ricci curvature, its first Betti number by < dim M,
with the upper bound attained by the flat torus. If the Ricci curvature is
quasi-positive, then by = 0.

Proof. From (3.1.2), for any a € Q(M), then

dimRM
/ (AN Mo aydv = Y [|VAT a7 > 0. (3.1.13)
M =1

If the Ricci curvature is quasi-positive, there exists x € M such that o = 0
on a neighbourhood of z. Since

/M<Ric(ei, ej)e’ A ie; 0, )dv > 0, (3.1.14)

by (3.1.6) and (3.1.13), we have VAT Mq = 0. So aw = 0. Thus ker Ag = 0.
From the Hodge theorem 2.2.6, we have b; = 0.
If the Ricci curvature is nonnegative, we have

/ (Ric(e;, e5)€’ A ie;ax, aydv > 0. (3.1.15)
M

If a € ker A, from (3.1.6), (3.1.13) and (3.1.15), we have VAT Mq = (. For
any r € M, we have

b < dimg{a, : VA Mo = 0} = dimg M. (3.1.16)

Notice that for torus 7", H*(T",R) = H'(S', R)®" = R". Thus the proof of
our theorem is completed. ]
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Now we consider the Kahler case.

Let (M,w) be a compact orientable Kahler manifold. Let E be a Hermi-
tian holomorphic vector bundle over M with Hermitian connection V¥. We
simply denote by A% the Laplacian with respect to the connection VAT M®E
induced by the connections V7'M and VE. Recall that K%, = A"(T*0M)
and

tr [RTLOM] — R¥i = —/~1Ric, . (3.1.17)

Theorem 3.1.5 (Bochner-Kodaira). Let E be a Hermitian holomorphic vec-
tor bundle over the Kdhler manifold M. In a local holomorphic coordinate
system,

~ ~ 1 1
DE = (8E + 8E’*)2 = §A0’. — §RE(9“ 61)

. (RE Lo [RTLOM]) (60,808 Nig,. (3.118)

Proof. By Theorem 1.2.14, we could choose the normal holomorphic coordi-
nates. In this coordinates around x € M, we have [V,i5] = [V,0"A] = 0
and [Gj,ék] = ngé’k - VQij =0 at .

By (2.2.72) and (2.2.73), 0F = gIAVAT I MEE and 9P = —ig V)TV MEE,
We simply denote by VO 1= VAT"VMSE g

OFOE 4 9F*0F = —97 A igkvg;'vg,: — g 07 A VS;Vg;'
= (0% Nig, +1ig 8 NV Vg — 8 Nig, <V2—;‘V2};‘ — VB;V%")
= Vg Vg + R%(04,0,)0i5, + R™ M (04, 0,)0%5,. (3.1.19)

By (2.2.71),

2n n n n
dVEvE =% (vS;'vg;' + V%;'VQ;') =2> " Vo Vg — > RY(6;,6;).
=1 =1 i=1 i=1

(3.1.20)

Since we choose the normal coordinates for Kéhler manifold, by (2.2.71),
> Vete =2 Vi 0+ 3 VGTZ.XGZ' =0. So

1 1 — 1 0,% o
A Vv §AO" - ERE(@,@) - ERT M(05,0,). (3.1.21)

i 05
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From Lemma 3.1.1,
RN = (6, BT M6 N g, = g(R6,,60)8' A,
Thus
RT"M(9,,0,)09i5, — %RTO’*M(@, 0;)

~ _ 1 ~
= —Rkjslﬂ’ A igjﬂj Nig, + §Rﬁslﬂl N 1g,
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(3.1.22)

(3.1.23)

By Bianchi Identity, Ry;. + Rejr + R0 = 0. Since Rz = 0, we have

Rkjsz' = stkl‘ .
As in (3.1.8), we have
9" A ig;, + igjéi/\ =9;;1d.
So
Rkjsl‘él A Z'gsgj Nig, = Rk}sl_él A ’ig‘kéj Nig,
= —Ry;0' Nig,# Nig, + Ryl Nig, + Ryja0' g,
It implies
—Ry5q0' Nig,07 Nig, = —Rj;q0" Nig,.

Recall that in (2.1.56), we get
tr[RT"M] = R¥% = Ric,, .
Since

—R

jisl — —R = g(R(GS, 9_1>(9j, Q_J) = tr[RTLOM](QM 9_1)7

sljj

We obtain the theorem.
Our proof of the theorem is completed.

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)

(3.1.29)

O

Theorem 3.1.6. On a compact Kdahler manifold M with quasi-positive bi-

sectional curvature, we have h*' = 1.
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Proof. In this case, £ = A(T*10M). We have

RMTOM) (. 8,) = Rizs6' Ao, (3.1.30)
and
RMTOMY (9, 0,)8% Nig, = Rygsb' Aig, 0% Nig,. (3.1.31)
Thus by (3.1.18),
E 1 0, 1 l ~ l - nk . 1 nk .
= — EA v = _éRﬁZEQ N1g, + le}lgg N9, 0% A g, — §ijm-g€ A 1g;-
(3.1.32)

For harmonic real (1,1)-form a, if we write v = Y7, - ;6" A 67, we have

ayt NG =a=a=a;0 N0 == ag0' AO. (3.1.33)

Thus after an orthogonal transform, we could assume that a could be written
as o = Y, v/—1a;0" A " where o is a real-valued function. From (3.1.32),
we have

V-1

§A07'a — TRZEH_COC]CGI N e_k — —1Rzgl;az6l AN e_k +

\/2__1Rl,;iial<9l NG
(3.1.34)
Taking the conjuation,
VTR A8 = V=1 Rygmand® A 0 = —/—TRygsond A 6
= vV —1Ryz:000' N OF = /—1Rj;;000" A GF. (3.1.35)
So we have

) ) ]
5A%a = V=1Rgand' A0 — V=1Ryg00' 10", (3.1.36)

From (3.1.2) and (3.1.24), for harmonic real (1, 1)-form «, we have
S I92all, = - [ (Raso} +2Rcion)dy

= —/ Riei (i — ag)?dv. (3.1.37)
M

If the bisectional curvature is quasi-positive, we have o; = «y, for any 4, k.
Thus a = ¢ - w, where ¢ is a real-valued function. Since Vg;'a = 0, we see
that ¢ is a constant. Thus ht! = 1.

The proof of our theorem is completed. Il
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In general, a markable extension of Theorem 1.3.17 (Siu-Yau, Mori) ex-
ists.

Theorem 3.1.7 (Mok 1988). A compact Kihler manifold with quasi-positive
bisectional curvature is btholomorphic to complex projective space.

Theorem 3.1.8. For negative holomorphic line bundle L over complex man-
ifold M, we have H*(M,L) =0 for p > 0.

Proof. Take E' = L in (3.1.18). If L is negative, by Definition 2.1.18, we have
RE(0;,0;) = /—1RE(6;,J0;) < 0. Following the same arguments, we get our
theorem. ]

Theorem 3.1.9. Let (M,w) be a compact Kihler manifold such that Ric,, is
quasi-positive. Then hP° =0 for any p > 0.

Proof. Let a be a harmonic (p, 0)-form. Then by Theorem 3.1.5and (3.1.22),
A% q = RMT M) (g 9o = Ryt A dg.ox (3.1.38)

From Definition 2.1.18, if Ric, is quasi-positive, then Ric,(+,J-) is quasi-
positive. From (1.3.12),

Ricw(ela J‘gs) =—-v-1 Ricwwl, és) - Rlﬁi = _Rﬁlg' (3'1'39)

So for any I, s, Rys is quasi-negative. So [, (Ris0' A g, ) < 0. Since
[y (A% a, o) >0, we see that o = 0.
The proof of our theorem is completed. ]

Corollary 3.1.10 (Kobayashi). A compact connected Kdihler manifold with
positive Ricci curvature is simply connected.

Proof. Since h?4 = h%P_ we see that for any p > 0, h% = 0. Notice that
the only holomorphic functions on connected compact complex manifold are
constants. Thus h®® = 1. So xo(M) = 37 _((—=1)?h% = 1.

From the Myer’s theorem, since M is compact and the Ricci tensor has
the positive lower bound, the fundamental group 71 (M) is finite. Let M be
the universal cover of M. Then M is compact with positive Ricci curvature.
It implies that xo(M) = 1. We lift the geometric structure of M onto M.

Then we have

/~ TA(TOM) = |7y (M) / Td(THO M), (3.1.40)
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From the Hirzebruch-Riemann-Roch theorem,

/~ TA(THOM) = xo(M) =1 = xo(M) = / TA(THOM).  (3.1.41)

M
So we get m (M) = 1.
The proof of our corollary is completed. Il

Corollary 3.1.11. Fano manifolds are simply connected.

Proof. Let M be a Fano manifold. Then ¢, (M) > 0. From the Calabi-Yau
theorem 2.1.17, there exists a Kéahler form w such that Ric, > 0.
The proof is completed. O

Theorem 3.1.12 (Nakano’s inequality). For holomorphic vector bundle E
over a compact Kdahler manifold M, and any s € Q" (M, E),

(OFs,8) g > ([V—1R¥ A]s, s)p. (3.1.42)
Proof. By Bochner-Kodaira-Nakano formula Theorem 2.2.23,
(O, s)p = [[07s[|72 + (107" s]|2.
= [[(VP)"0s] 172 + (V)1 s]|72 + (V—1[R", Als, s)p. (3.1.43)
The proof of our theorem is completed. O

Theorem 3.1.13. Let M be a compact complex manifold of complex dimen-
sion n and L be a positive holomorphic line bundle over M. Then
(a) (Kodaira vanishing theorem) if ¢ > 0

HYM,L® Ky) = 0; (3.1.44)

(b) (Nakano vanishing theorem) if p 4+ q > n,
HP(M,L) =0. (3.1.45)
Proof. Since L is positive, w = %RL is a positive (1, 1)-form. Let g7* be

the associated Kihler metric on TM. As w = /—16° A 6, by (2.2.92), we
have

[w, A] = 6" Adg, —ig,0" A (3.1.46)
Thus for s € QP(M, L), we have
w,Als = (p+q—n)s. (3.1.47)

Then the Nakano’s inequality Theorem 3.1.12 implies that if (%s = 0, it
follows that s = 0 whenever p 4+ ¢ > n. By Hodge theorem for holomorphic
vector bundle AP(T*M) M) @ L, we get (b). (a) is a case of (b) for p = n.

The proof of our theorem is completed. Il
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Theorem 3.1.14 (Kodaira-Serre vanishing theorem). Let L be a positive
holomorphic line bundle and E be a holomorphic vector bundle. Then there
exists po > 0 such that for any p > po,

HI(M,[?P®@ E)=0 for any q > 0. (3.1.48)

Proof. From (3.1.19), for any s € &,>;Q%(M, [P ® E),

n
(OV5Fs, ) = |07 “Fs |12, + 9255 |2, = S |0y s2,
=1

+ (REEE(0;,0,)0" Nig s, s) + (RAT™VM(0;,0,)0% N ig s, s)
> p(RE(0;,00)0% Nig s, s) + (RN VMEE (G, §,)05 Nig s, s). (3.1.49)

We identify the two form R* with the Hermitian matrix RY € End (709 M)
such that for X, Y € TU0 M,

REX,)Y) = (REX)Y). (3.1.50)
After an orthogonal transform, we could assume that
RL(z) = diag(ay(z), - , an(x)) € End(T8HOM). (3.1.51)

Since L is positive, for any € M and 1 < j < n, a;(x) > 0. So there exists
Co > 0 such that

(R(0;,00)0" Nigs,s) = () a;(x)0’ Nig,s,s) > Co|ls|3, (3.1.52)
j
Thus from (3.1.49) and (3.1.52), there exists C; > 0 such that
(O ®Fs, s) > (Cop — C1)||s]13,.- (3.1.53)

If p is taken large enough such that Cop — C; > 0, we have ker JF'®F = (.
From the Hodge theory, we obtain the Kodaira-Serre vanishing theorem. [J

For complex manifold, we also have the corresponding Bochner-Kodaira
type formula. We only state here without proof.

Let M be a compact complex manifold and F be a holomorphic vector
bundle over M. There are two natural connections: Levi-Civita connection
V and Chern connection V. If the manifold is Kéhler, they are equal.

Set

S:=V-V. (3.1.54)
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Take S® € Q' (M, End(T'M)) such that
v—1

g(SPU)V, W) = T((a — 0)w)(U,V, W) (3.1.55)
for any U,V,W € TM. The Bismut connection VZ on TM is defined by
VE=V+58=V+58—-5 (3.1.56)

Remark that the Bismut connection preserves the complex structure. Thus
it induces a natural connection V2 on A(T*OVN). Let VBAY | VBAY@F
be the connections on A(T*CVM), A(T*OV M) ® E defined by

VBAY _ B (S(:)6;,6,), (3.1.57)
VBAY®E _ yBAY o1 1 1 o VE. (3.1.58)

For any v € T'M with the decomposition v = v*0 + 0% € THO N & TOD NS

let o1%* be the metric dual of v'°. Then we set
c(v) == V2(0"* A —iy1) € End(A(T* OV M)). (3.1.59)
We verify easily that for U,V € T'M,
c(U)e(V) +e(V)e(U) = —2¢9(U, V). (3.1.60)

For a skew-adjoint endomorphism A of T'M, from (3.1.59), we could calculate
that

1 1 _ o
ZQ(A% ej)cle)c(e;) = —§g(A9j, 0;) + g(A0;, 0,,)0™ N ig,

+ %g(AGl, Om)ig ig,, + %g(Aél, O )ig ig, 0' NO™ A . (3.1.61)
For iy < --- < i;, we define
‘(e A NeY) = cle) - cle,). (3.1.62)
Then by extending C-linearly, °A is defined for any A € A(T*M ®g C).

Theorem 3.1.15 (Bismut’s Lichnerowicz formula). Let APA”€E pe the
Laplacian of VPA"®F as in (3.1.1). Let ™ be the scalar curvature of
M. We have

M
20V = 2(§F 4 §F)? = ABAYGE 7"7 4o (RE n %tr |:RT1,OM:|)
— _ 1 _
+ Y2 (00) - |0 - D). (3.1.63)

Remark that it generalises the Bochner-Kodaira for Kéhler case.
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3.2 Proof of the Hodge theory

Definition 3.2.1. Let M be a compact Riemannian (resp. complex) mani-
fold. Let (E,h*) be a complex (resp. holomorphic) Hermitian vector bundle
over M. If there exists Hermitian connection V¥ and Hermian endomor-
phism Q € €*(M,End(E)), i.e., Q% = Q, associated with ¥, such that

H=AF+0Q, (3.2.1)
we say H is a generalised Laplacian.

For example, from the Weitzenbock’s formula Theorem 3.1.2 and Bismut’s
Lichnerowicz formula Theorem 3.1.15, we see that (d+ d*)? and (9F + 9%*)?
are all generalised Laplacian. In this section, we prove the Hodge theorem
for the generalised Laplacian.

Let L?*(M, E) be the completion of ¢ (M, E) with respect to the norm ||-
|2,. Let VZ* be the adjoint of V¥, which means that for any u € €>(M, E),

s € EC®(M, T*M ® E), we have (VPu, s) = (u, VE*s).

Foru € L*(M, E), if there exists C' > 0 such that for any s € €°(M,T*M®
E),

[(u, VE*s)| < CO|s]| 2, (3.2.2)

from the Riesz representation theorem, there exists v € L?(M, E), such that
for any s € €°(M,T*"M @ E),

(u, VE*s) = (v, s). (3.2.3)
We define VEu = v.
Definition 3.2.2. We define the Sobolev spaces by
HO(M,E) = L*(M,E), (3.2.4)
and
HY(M,E) = {u € L*(M,E) : (V*)*u € L*(M,(T*M)** ® E)}.  (3.2.5)

In this case, for s € H*(M, E), k > 0, the Sobolev norm is defined by

k
IslIf = llslIZ2 + Y 1(V*)'s]| 72 (3.2.6)
=1
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Set
H (M, E) =H*(M, E)*. (3.2.7)

In this case, for u € H~*(M, E), the Sobolev norm is defined by

llul|—x :=  sup (. S>. (3.2.8)
0£seM* (M, E) ]|

Remark that the condition in (3.2.5) means that for any s € €°°(M, (T*M)®*®
E),

[{u, (VF)Es)] < Cllsl] 1, (3.2.9)

Notice that the definition of the Sobolev space and the Sobolev norm here
depend on the connection V. However, it does not matter. The Sobolev
spaces with respect to different connections are equivalent. In other words,
for k > 0, if || - ||%, be the Sobolev norm with respect to V¥, there exist
¢, C' > 0 such that for any s € €°(M, E), we have

cllslle < llslly < Cllsllx- (3.2.10)

The proof of it is left to the interesting reader. (Forgive me. I don’t want to
write this sentence. I believe that it appears the first time in this note. The
proof is tedious and not useful in other places.)

Now we introduce some basic estimates associated with the Sobolev spaces.
The proof of them are not hard and can be found in almost all introductory
PDE books. We don’t state the proof here because it is out the scope of this
note.

Theorem 3.2.3 (Elliptic estimates and regularity). If u € L?*(M,E) and
Hu € HY (M, E) for k > 0. Then u € H*" (M, E) and there exists C > 0
such that for any s € H*Y(M, E), we have

Isllir < ClHsli_y + Clls]|Z2- (3.2.11)

Theorem 3.2.4 (Sobolev embedding). Ifm > k4%, then there exists C' > 0

such that if u € H™(M, E), we have u € €*(M, E) and
|ulgr < Cllulm, (3.2.12)
where

lulge = sup  |[(VF)u(z)]. (3.2.13)

0<i<k,z€M
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Theorem 3.2.5 (Rellich’s lemma). For any k > 0, the embedding
j:HMY(M,E) = HY(M,E) (3.2.14)

is a compact operator, which means that the closure of the image of the
bounded set is compact, i.e., for any bounded sequence {z,} C H*(M, E),
the set {j(z,)} has a convergent subsequence.

Theorem 3.2.6 (Spectral theorem for compact operators). Let H be a infi-
nite dimensional Hilbert space. Let B be a compact self-adjoint operator on
H. Then there exists a complete orthonormal basis {¢;}32, of H and a real
sequence {0, Ay, -+, Ap, -+ } such that By; = A\;p;, dimKer(B — \;) < +00
and lim;_, o, A\; = 0.

Theorem 3.2.7. Let H be a generalised Laplacian. Then there exists a
complete orthonormal basis {p;}52, of L*(M, E) such that

(1) vj € (goo(Mv E);

(2) Hp; = \jp, where —oo < A\ < Ay < -+ 4 00;

(3) dim Ker(H |y2(am,p) — ;) < +00.

Proof. Note that if the theorem holds for H, it also holds for H + C', where
C € R is a constant. So we could assume that there exists Cy > 0 such that
Q — Cy1d is positive-definite.

We claim that the map H : H' (M, E) — H~'(M, E) is bijective and there
exists C' > 0 such that ||Hs||_y > C||s||; for any s € H'(M, E). Indeed, from
(3.2.6) and (3.2.8), there exists C' > 0 such that

1H s[|-1[lslly > (Hs,s) = (VZs,VEs) +(Qs,5) > Clls]}}. (3.2.15)

Thus we have ||Hs||—1 > C||s||;. It also implies that H is injective and ImH is
closed, which means that if Hs; — v in H !, then there exists s € H!, s; — s
and Hs = v. If InH # H~'(M, E), then there exists ug € (H™'(M, E))* =
H' (M, E) such that ugLImH, i.e., for any u € H' (M, E), (Hu,ug) = 0.
Take u = ug. Since (Hug, uo) > Cllugl|2 where C' > 0, we have uy = 0. Thus
H is surjective.
From Rellich’s lemma Theorem 3.2.5, the embedding H'(M, E) — L*(M, E)

is compact. Since L?(M, E) C H™'(M, E), the operator

H ' L*(M,E) — H YM,E) = H'(M,E) — L*(M, E) (3.2.16)

is compact. From Theorem 3.2.6, since ker H~! = 0, there exists a complete
orthonormal basis {¢;}32, of L?(M, E) and a real sequence {A{", -+, A L, -}

such that H’lgpj = /\j_lgoj, dim Ker(H ! —)\;1) < 400 and lim;_, 4o )\j_l =0.
Thus we only need to prove that ¢; is smooth for any j.
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Since ¢; € L*(M, E), Hp; = \jp; € L*(M, E). From Theorem 3.2.3, we
have ¢; € H?*(M, E). Since Hp; = \jp; € H*(M,E), p; € H*(M,E). By
induction, for any k > 0, p; € H?**(M, E). By Sobolev embedding theorem
(Theorem 3.2.4), we have ; € € (M, E).

The proof of our theorem is completed. Il

Theorem 3.2.8 (Hodge decomposition theorem). (a) For any k > 1, H :
HE(M, E) — HF2(M, E) is well-defined. We have ker(H |yr,py) C € (M, E),
which does not depend on the choice of k € N. We denote it by ker H.

(b) The image Im(H |yrs2(arp)) i closed in H*(M,E). And we have
orthogonal decompositions

H*(M, E) = ker H & Im(H | ye+2(pr.5)), (3.2.17)
C*(M, E) = ker H® Im(H|g(ar.1))- (3.2.18)

Proof. For (a), the well-definedness of H : H¥(M, E) — H*2(M, E) follows
directly from elliptic estimate (3.2.11). If s € L?*(M, E), Hs = 0, also by
elliptic estimate (3.2.11), for any k > 0, there exists Cy > 0, such that
IIs|le < Ckl|s]lo. From the Sobolev embedding Theorem 3.2.4, we have s €
¢>°(M, E). Thus, for any k > 0, ker(H |y (ar,5)) = ker(H |go(a1,E))-

For (b), we have L*(M, E) = ker H @ (ker H)*. We only need to prove
that (ker H)J‘ = III](H’q.p(M’E)).

If u € ker H N Im(H |2(0,5)), then there exists v € H?(M, E) such that
u = Hv. Since u is smooth and H is formally self-adjoint, from (3.2.3), we
have

(u,u) = (u, Hv) = (Hu,v) = 0. (3.2.19)
Thus v = 0. It means that

If u € (ker H)*, from Theorem 3.2.16, we have the fourier expansion u =
Z; a;p;, where the sum Z; runs over ¢ € N such that \; # 0. Set v =
S Maipi. Take ¢ = inf;{A? : \; # 0}. Then

/ /
o2 = S"A 20l < ¢ S Jaf? = ¢ MjulZa < 4o (3.2.21)

and Hv = u. From the regularity Theorem 3.2.3, we have v € H*(M, E). Tt
means that

(ker H)™ C Im(H|32(01,))- (3.2.22)
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From (3.2.20) and (3.2.22), we have
L*(M,E) = ker H ® Im(H |2(r.1))- (3.2.23)

If u € €°(M,E), we have the decomposition u = wuy + u; associated with
(3.2.23). From (a), ug € €>°(M,E). Thus uy € €>°(M,FE). Since there
exists v € H*(M, E) such that u = Hwv, from the regularity property, we
have v € €>°(M, E). Following the same argument, if u € H*(M, E), we
have u; € H*¥(M, E) and v € HF2(M, E).

The proof of our theorem is completed. ]

Now we use the Hodge decomposition theorem to prove the real version
of the Hodge theorem (Theorem 2.2.6).

From Weitzenbock formula Theorem 3.1.2, Ag is a generalised Laplacian.
From the Hodge decomposition theorem by taking £ = AT*M, we have

Since Ag = dd* +d*d, InAg = Imd + Imd*. Since (d3,d*’) = (d*B, ') = 0,
we have Imd + Imd* = Imd & Imd*.

If w € Imd*, u = d*v" and v € kerd, we have (u,v) = (d*v',v) = (V'dv) =
0. It means that ker d_LImd*. Since

Q" (M) = ker Ag & Imd & Imd* (3.2.25)

and ker Ag C kerd, Imd C kerd, we have kerd = ker Ag & Imd. It implies
that the de Rham cohomology

H*(M, E) ~ ker Ag. (3.2.26)

For complex case, note that from Bismut’s Lichnerowicz formula, 2007 is a
generalised Laplacian. Following the same argument above, we get Theorem
2.2.15.
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3.3 Kodaira embedding theorem

Theorem 3.3.1 (Kodaira embedding theorem I ’54). A compact complex
manifold M is projective if and only if M could be equipped with a positive
line bundle.

Let {sP}7, (d, := dim H°(M, L?)) be any orthonormal basis of H%(M, L?)
with respect to the usual L:-norm (2.2.39). By Hodge theory, s!’s are holo-
morphic sections of LP.

Definition 3.3.2. Let
Bl, :={z € M : s(z) =0,Vs € H(M, L")}, (3.3.1)
which is called the base locus. The Kodaira map @, is defined by

@, : M\BlL, = CP% ' 2 (sh(z):---: 85 (2)). (3.3.2)

Definition 3.3.3. Let L be a holomorphic line bundle.
It is called semi-ample if there exists py such that for all p > po, Bl, = 0.
It is called ample if it is semi-ample and ®,, is an embedding.
It is called very ample if Bl; = () and @, is an embedding.

It is obvious that L is ample if and only if there exists py such that for
all p > po, LP is very ample.

Theorem 3.3.4 (Kodaira embedding theorem II °54). The holomorphic line
bundle L is ample if and only if it is positive.

For any s € HY(M, L?), we could write

dp
s = Z a;s?, a; € C. (3.3.3)
i=1

Let v be the tautological line bundle over CP%~. For ([I],2) € v, z €l C
C. we define o, € v* such that for any ([l], z) € 7,

(o), (12)) = 3z (3:3.4)

Easy to see that for any ¢ € +*, there exists s € H°(M, L?) such that ¢ = 0.
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Proposition 3.3.5. Let L be a semi-simple line bundle. Then for p > po,
o, M — CP%~! is holomorphic and

U, : ®y" = LP, Poy> s (3.3.5)

defines a canonical isomorphism from ®,v* to LP over M.

Proof. Since s’s are holomorphic sections on L?, from (3.3.2), ®, is holo-
morphic.
Let

S=(s1(x), - ,sq (7)) € C. (3.3.6)
Then

(@p05(), D, (Pp(2), S(2))) = (0(Pp(2)), (Pp(2), S()))
ay
- Z a;st(x) = s(x). (3.3.7)

Thus ®;0,(z) = 0 if and only if s(z) = 0.

Since s and @0 are holomorphic sections of L” and ®;7*, ¥, is holo-
morphic. Thus it is continuous and the inverse of it is continuous.

The proof of this proposition is completed. O]

Corollary 3.3.6. If L is ample, then it is positive.

Proof. If L is ample, then @, is an embedding. Since v* is positive, ®37* is
positive. By Proposition 3.3.5, LP is positive. So is L.
The proof of the corollary is completed. O]

From now on, we assume that L is positive. From the Kodaira vanising
theorem (Theorem 3.1.14),

HY(M,LP)=0 forany q>0,p> 1. (3.3.8)

~ Let P, be the orthogonal projection from Q%*(M, LF) on to ker(9* +
o) = H*(M, LP). From the Kodaira vanishing theorem, if we only consider
the case for p large enough,

P, : Q% (M, LP) — H°(M, L?). (3.3.9)
Let

dp

Py(z,2') =Y sl(x)®@s(x)" € L2 ® (L")} (3.3.10)

=1
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Proposition 3.3.7. For any s € Q% (M, LP),

(Pys)(z) = /  Brals(@)d (3.3.11)

Here Py(z,2') is called the Bergman kernel associated with LP.
Proof. For any s € Q%*(M, LP),

dp

(B =3 ([ sy stwhar) -t

:/M (Zsf(l")@%f(ff')*) -S(x’)d:c’z//EMPp(x,x’)s(:c’)dx’. (3.3.12)

i=1
The proof of this proposition is completed. [

Observe that LP ® (LP)* is a trivial line bundle. From (??), P,(x,x) is a
complex valued function on M. If we take the adjoint with respect to h™",
we have

Z |7 () 210 (3.3.13)

Proposition 3.3.8. For any x € M,
h® (2) = Py(z,2) At (). (3.3.14)

Proof. Under the isomorphism (3.3.5), for any holomorphic section s on LP,
from (3.3.7) and (3.3.13),

. o os(@p(2)), (Pp(x), S(2)))[700
[B50s @) = loe@laDlir = = 1S,
_ de"sg(';; — — B,a) s (33.15)
The proof of this proposition is completed. O

The following theorem started from Tian 90 (also Bouche ’90, Ruan
'98) following the suggestion of Yau ’87 was first established by Catlin 97,
Zelditch "98.



3.3. KODAIRA EMBEDDING THEOREM 85

Theorem 3.3.9. Forany k, k' € N, there exist Cppr > 0 and b, € € (M,C),
0 <r <k such that for any p € N,

k
P,(x,x) — Z b (x)p" ™" < Chpp™ (3.3.16)
r=0 (gk’(M)
and
RL
by = det (—) ) (3.3.17)
27

Remark that Lu ’00 and Lu-Tian '04 calculated by, by, b3 used by Don-
aldson in his work on the existence of Kahler metrics with constant scalar
curvature.

Proposition 3.3.10. If L is positive, then it is semi-ample.

Proof. If RE > 0, by (3.1.50), by = det (RL/%) > 0. From Theorem 3.3.9,

for p large enough, P,(z,z) > 0. Thus our proposition follows from (3.3.1)
and (3.3.13).
The proof of our proposition is completed. O

Theorem 3.3.11 (Tian '90-Ruan '98). Assume that (L, h*) is positive. Then
the induced Fubini-Study metric %@;(WFs) converges in 6> -topology to w =
V—1RE. For any | > 0, there exists C; > 0 such that

1 C
'—cb;;(wps) —w <L (3.3.18)
p ¢(M) p
Proof. From (1.2.33) and (2.1.46), we have
wps = V—1R" = /=1001og |04}, (3.3.19)

Thus from Proposition 3.3.8, (2.1.46) and (3.3.2),
S wrs = V—1001og |CI>;JS|,QW*
=/—100log|s(z)[21» — V/—1901log P,(z, z)
= V—1RY — /=190 log P,(x,x)
= pw —/—1001log P,(x,z) (3.3.20)
From Theorem 3.3.9, we have
90log P,(z,z) = 00log(p" P,(z, 7)) = dd0logbo(x) + O(p~').  (3.3.21)

Thus our theorem follows directly from Theorem 3.3.9, (3.3.20) and (3.3.21).
O
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Proposition 3.3.12. The Kodaira map ®,is an immersion for p > 1.
Proof. From Theorem 3.3.11, for any [ > 0, there exists C; > 0 such that

1 C
5c1>;;(gps) — g™ <2 (3.3.22)

wary P
For v € T,M, v # 0, we have g™ (v,v) > 0. From (3.3.22), for p large,
we have ®7(grs)(v,v) > 0. It means that grs(®.v, ®,v) > 0, which implies

that ®,v # 0.
The proof of our proposition is completed. O
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Appendix A

Riemann Geometry revisited

A.1 Connection and curvature

In this book, we use the Einstein Summation Convention as follows:
A basis of V' is denoted by vy,--- ,v,. Forv e V,

v:Zaivi:aivi:(vl,--- ,Un) - : ) (A.1.1)
7 a™
Let (M,g) be a Riemannian manifold with Levi-civita connection V.

Then the Levi-civita connection is uniquely determined by Koszul’s for-
mula:

29(VyX,Z) = Xg(Y,Z) +Yq(Z,X) - Zg(X,Y)
—9([X, Y], 2) = o(lY; 2], X) + 9([2, X].Y). (A.1.2)

For o € Q¥(M), B € Q" (M), vy, , Upsr € TM,

aABu, e Vkgr)

1
= Z (=D (voy, -+ Vo) - B(Vos1), s Vo(hrn)). (A.1.3)

O'GSk+T

Let d : Q*(M) — Q**1(M) be the exterior differential. It is characterized
by

(1) d* =0;

(2) for ¢ € (M), dp is the one form such that (dp)(U) = U(yp) for
any vector field U;

89
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(3) for any a € QF(M), B8 € Q*(M), then
d(a A B) =da A B+ (1) ands. (A.1.4)
We denote by € : T*M @ A*(T*M) — A*(T*** M) the exterior product.
Proposition A.1.1. For the exterior differentiation operator d,
d=coV. (A.1.5)
For o € QF(M) and vector fields Xg, - -+ , X, we have

+ Z (—]_)ZJ'_]O(([XZ,X]],Xm aX’h"' ana"' 7Xk)

0<i<j<k
k
=3 (-1D)(Vx,0)( X, -+, X+, Xp). (A.L6)

In fact, in (A.1.6), we only need V is a torsion-free connection.
Let E be a vector bundle over M. Let V¥ be a connection on E. Let R
be the curvature of V¥ defined by

RE(U,V) = VEVE - VEVE -V . (A.1.7)

Proposition A.1.2. Let Ey, E5 be two vector bundles over M endowed with
connections VEU and VE2 respectively. Let RE' and R®? be the corresponding
curvatures.

(1) The curvature of the induced connection on the direct sum Ey & Es is
given by

RE1®E2 — REV @y RE2. (A.1.8)
(2) On the tensor product Ey ® Es, the induced curvature is given by
RP1®P = R g 1@ 1@ R™. (A.1.9)
(3) Let E* be the dual of E, we have
RF" = —(RF)". (A.1.10)
(4) For a smooth map f: N — M, we have
RIE = f*RF. (A.1.11)
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The gradient of f : M — R, denoted by gradf = V f, is defined as the

vector field satisfying

9(v, V) =df (v)
for any v € TM. In local coordinates, we have

Vf = 70 f);.

The Hessian Hessf is defined by
1

Hessf = évag.

The divergence of a vector field

divX = tr(VX) = da'(Vg, X Zg Ve X, €)

The Laplacian

Af =tr(V(Vf)) =div(V ).

We define the Curvature of Levi-civita connection by:

R(X,Y)Z =VxVyZ —=VyVxZ =V xy|Z
In local coordinates,
R(0;,0;)0 = R0
Then
We denote by
R(X,Y, Z,W) = g(R(X, Y)W, 2).
Then the curvature has the following properties:

o Skew-symmetric:

R<X7}/7Z7 W) = _R(Y>X7Z7 W) = R(KX>VV7Z)

(A.1.12)

(A.1.13)

(A.1.14)

(A.1.15)

(A.1.16)

(A.1.17)

(A.1.18)

(A.1.19)

(A.1.20)

(A.1.21)
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e Symmetric:

R(X,Y,Z,W) = R(Z,W,X,Y). (A.1.22)

o Bianchi’s first identity:
R(X,Y)Z+ R(Z,X)Y + R(Y,Z)X = 0. (A.1.23)

« Bianchi’s second identity:

(VZR)(X, Y)W + (VyR)(Z, X)W + (VxR)(Y, Z)W = 0. (A.1.24)

The curvature operator R : A2M — A%M is a self-adjoint operator
such that

JR(XAY),ZAW) = R(X,Y,W, Z), (A.1.25)

where

X AY, ZANW) =g(X,Z)g(Y, W) — g(X,W)g(Y, Z)

_ 9(X,Z) g(X,W)
—det( oY 2 oy W) ) (A.1.26)

The sectional curvature of (v, w) is defined by

R(v,w,v,w)  g(R(wAv),wAv)
gornw,vAnw)  gluAw,vAw)

sec(v,w) = (A.1.27)

It only depends on the plane m = span{v, w}.

A Riemann manifold has constant curvature k if sec(m) = k for all
2-planes in T,M. It is equivalent to R(w) = kw for all w € AZM. If n > 3,
the sphere S"!(r) has constant curvature r—2.

The Ricci curvature of (v, w) is defined by

Ric(v,w) = Z R(e;,v,e;,w) = Z R(v,e;,w,e;)
i=1 i=1

= R(ei,w,e;,v). (A.1.28)

=1

Thus Ric is a symmetric bilinear form. We adopt the language that Ric > &
if all eigenvalues of Ric are > k. That is, Ric(v,v) > kg(v,v) for all v.
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If Ric(v, w) = kg(v, w) for all v, w, then (M, g) is said to be an Einstein
manifold with Einstein constant k. If (M, g) has constant curvature k,
then (M, g) is also Einstein with Einstein constant (n — 1)k.

The scalar curvature is defined by

scal = tr(Ric) = 2tr)R = 2 Z sec(e;, €5). (A.1.29)
i<j
It is easy to calculate that
dtr(Ric) = 2div(Ric). (A.1.30)

Let

n

Ric(v) = > R(v, e)e;. (A.1.31)

=1

Lemma A.1.3 (Schur 1886 Ch2 Lemma 3). Assume n > 3 and one of the
following conditions hold:

(a) sec(m) = f(p) for all 2-plane 7 in T,M and p € M.

(b) Ric(v) = (n — 1) f(p)v for allv € T,M andp e M.

Then in either case f must be constant. In other words, the metric has
constant curvature or is Einstein, respectively.

Corollary A.1.4. Forn >3, (M, g) is Einstein iff
Ric = —g. A.1.32

Proposition A.1.5. Let § = e*¥g. Then

(a)
ViV =VxY + XY + Y (@)X — g(X,Y)V. (A.1.33)

(b) If X, Y orthonormal with respect to g,

e*sec(X,Y) = sec(X,Y) — Hess (X, X) — Hess (Y, Y)
— VY + X (@) + Y (¥)%. (A.1.34)

A.2 Curvature and topology

Theorem A.2.1 (Hopf-Rinow 1931 Ch5 Thm 16). The following statements
are equivalent:
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(a) M is geodesically complete, i.e., all geodesics are defined for all time.

(b) M is geodesically complete at p, i.e., all geodesics through p are defined
for all time.

(c) M satisfies the Heine-Borel property, i.e., every closed bounded set is
compact.

(d) M is metrically complete.

From now on, all manifolds are assumed to be connected and complete.

Theorem A.2.2. If M is a closed simply connected manifold with constant
curvature k, then k > 0 and M = S".

Theorem A.2.3. If M is geodesically complete and noncompact with con-
stant curvature k, then k < 0 and the universal cover is diffeomorphic to

R™.
Theorem A.2.4 (Killing 1893, Hopf 1926). If (M, g) is a connected, geodesi-

cally complete Riemannian manifold with constant curvature k, then the uni-
versal cover is isometric to S}}, R" and H}.

Theorem A.2.5 (Myers-Steenrod 1939 Chb Thm18). Let (M, g) and (N, g’)
be Riemannian manifolds and F : M — N a bijection. If F is distance-
preserving, i.e., dy(F(p), F(q)) = dy4(p,q) for all p,q € M, then F is a
Riemannian isometry.

Let 7 : (—¢,€) X [a,b] be a smooth variation of a smooth curve (t) =
7(0,t). Consider the Energy functional:

IRV
E(y) = 5/ 1¥|2dt. (A.2.1)
0
Lemma A.2.6 (The first variation formula Ch5 Lemma 11).
dE(y,) _ _ " (97 07 07 07\[""”
ds = — /a' g ﬁ’ % dt + g a, % " . (A22>

Theorem A.2.7 (Ch5 Thm 13). If v is a local minimum for E, then v is a
smooth geodesic.

Theorem A.2.8 (Synge’s second variation formula, 1926 Ch6 Thm21). If v

is a geodesic, then
2 b _ _ _ _
oy 0y\ 0y 0¥
dt /9<R(a—a)aa— dt

E(ys) :/b
s=0 a

07 3\ |"

*4%@)

ds?

0%y
otos

(A.2.3)

a
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Jacobi fields: we define two vector fields T', U along 7:

), U(W(s,t))zdﬁ(% ) (A.2.4)
) (s:t)

We usually write 7' = 0;, U = 0s. Assume that for any s € (—¢,¢), 3(s, 1) is
geodesic. Then we have

[T,U] = dy ({%, %D =0 (A.2.5)
and
VT = 0. (A.2.6)
S0
VoVeU =VoeVyT =VeVyT = VYT =N ipyT = —R(U,T)T.
(A.2.7)
Let J(t) = U(%(0,t)). Then we have the Jacobi Equation:
J+ R(J,4)% =0. (A.2.8)

The field J is called the Jacobi field. In case J(0) = 0, it can be constructed
via the geodesic variation

5(s,t) = exp, (t (1(()) n SJ(O))> . (A.2.9)
For w € T,T,M such that w = J(0), we have
d(exp,(v))(w) = J(1). (A.2.10)

Theorem A.2.9 (Mangoldt 1881, Hadamard 1889, Cartan 1925 Thm?22).
If (M, g) is complete, connected, and has sec < 0, then the universal cover is
diffeomorphic to R™.

Proof.

d

4 (%|J(t)|2) o). (A2.11)

% (%|J(t)|2> _ %g(j, J)=g(J,J) +g(J, J)

= —g(R(J.A)3, J) + [P = [ (A2.12)
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Integrating,
(. J) > /Ot|J']2dt S 0. (A.2.13)

Integrating,
%|J(t)|2 > 0. (A.2.14)
Il

Theorem A.2.10 (Hopf-Rinow 1931, Myers 1932 Cor 12). Suppose (M, g)
is complete and satisfies sec > k > 0. Then M is compact and satisfies
diam(M, g) < 7/vVk = diamS?. In particular, M has finite fundamental

group.
Theorem A.2.11 (Myers 1941 Thm 25). Suppose (M, g) is complete and

satisfies Ric > (n — 1)k > 0. Then diam(M, g) < n/vk. Furthermore, M
has finite fundamental group.

Theorem A.2.12 (Synge 1936 Thm 26). Let M be a compact manifold with
sec > 0.

(1) If M is even-dimensional and orientable, then M is simply connected.
(2) If M is odd-dimensional, then M is orientable.

Theorem A.2.13 (Thm 28). If (M, g) has sec < K, K > 0, then
exp, : B(0,7/VK) — M (A.2.15)

has no critical points.

Theorem A.2.14 (Rauch-Berger-Klingenberg 1951-61 corl3). Let M be a
closed simply connected n-manifold with 4 > sec > 1, then M is (n — 1)-
connected and hence a homotopy sphere.

Theorem A.2.15 (thm 35). The set of Killing fields iso(M, g) is a Lie alge-
bra of dimension < n(n+1)/2. Furthermore, if M is compact (or complete),
then iso(M, g) is the Lie algebra of Iso(M,g). If dimIso(M,g)n(n +1)/2,
then (M, g) has constant curvature.

Theorem A.2.16. Suppose (M, g) is compact, oriented, and has Ric < 0.
We have

dim(Iso(M, g)) < dim M (A.2.16)

and Iso(M, g) is finite if Ric < 0.
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Theorem A.2.17. Suppose (M, g) is compact, oriented, and has Ric < 0.
Let p = dim(Iso(M, g)). We have that the universal cover splits isometrically
as M =RP x N.

Theorem A.2.18. If (M,g) is a compact, oriented, and has Ric > 0, then
bi(M) <n=dim M, with equality holding iff (M, g) is a flat torus.

Proposition A.2.19 (cor20). Suppose M is orientable. If R > 0, then

bi(M) < bp(T™) = C*. (A.2.17)

n

And if R > 0 somewhere, then bpy(M) =0 for k <mn —1.

Theorem A.2.20 (SY Cheng 75 Thm 62). If (M, g) is a complete Rieman-
nian manifold with Ric > (n — 1)k > 0 and diam = 7/vk, then (M, g) is
isometric to Sy,

Theorem A.2.21 (Gallot-Gromov 80 thm63). If M is a Riemannian man-
ifold of dimension n such that Ric > (n— 1)k and diam(M) < D, then there
is a function C(n,kD?) such that

by (M) < C(n,kD?). (A.2.18)

Moreover, lim._,oC(n,e) = n. In particular, there is e(n) > 0 such that if
kD? > —&(n), then by(M) < n.

Let

M(n, k,v, D) = {compact (M",g) :
Ric > (n — 1)k, vol > v, diam < D}. (A.2.19)

Theorem A.2.22 (Anderson 90 thm 64). There are only finitely many fun-
damental groups among the manifolds in M(n, k,v, D) for fixred n, k,v, D.

Theorem A.2.23 (Cheeger-Gromoll 71 thm 68). If (M, g) contains a line
and has Ric > 0, then (M, g) is isometric to a product (H x R, go + dt?).

Theorem A.2.24 (Cheeger-Gromoll 71 thm69). Suppose (M, g) is a compact
Riemannian manifold with Ric > 0. Then the universal cover (M, g) splits
isometrically as a product N x R, where N is a compact manifold.

Corollary A.2.25. Suppose (M, g) is a compact Riemannian manifold with
Ric > 0. If M is K(m,1), i.e., the universal cover is contractible, then the
universal cover is Fuclidean space and (M, g) is a flat manifold.
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Corollary A.2.26. Suppose (M, g) is a compact Riemannian manifold with
Ric > 0. If Ric > 0 on some T,M, then m (M) is finite.

Corollary A.2.27. Suppose (M, g) is a compact Riemannian manifold with
Ric > 0. Then by(M) < dim M, with equality holding iff (M,g) is a flat
torus.

Proposition A.2.28 (Cor43). Suppose K is a compact submanifold of a
complete Riemannian manifold (M, g) and suppose the distance function r =
d(-, K) is reqular everywhere on M — K. Then M is diffeomorphic to the
normal bundle of K in M. In particular, if K = {p}, then M is diffeomorphic
to R".

Theorem A.2.29 (thm80). If M is a simply connected closed Riemannian
manifold with 1 < sec < 4 — ¢, then M is homeomorphic to a sphere.

Theorem A.2.30 (Berger 62, Grove-Schiohama 77 thm 81). If (M,g) is
a closed Riemannian manifold with sec > 1 and diam > 7/2, then M is
homeomorphic to a sphere.

Theorem A.2.31 (thm 82). Suppose (M, g) is simply connected of dimen-
stonn with 1 <sec <4+ ¢.

(1) (Berger 83) If n is even, then there is e(n) > 0 such that M must
be homeomorphic to a sphere or diffeomorphic to one of the spaces CP™?,
HP™, QP2

(2) (Abresch-Meyer 94) If n is odd, then there is an € > 0, which can be

chosen independently of n, such that M is homeomorphic to a sphere.

Theorem A.2.32 (Grove-Gromoll 87, Wilking 01 thm 83). Suppose (M, g)
is closed and satisfies sec > 1, diam > 7w /2. Then one of the following cases
holds:

(1) M is homeomorphic to a sphere.

(2) M is isometric to a finite quotient S™(1)/T", where the action of I is
reducible (has an invariant subspace).

(8) M s isometric to one of CP™?, HP"*, CP™?/Zy forn =2 mod 4.

(4) M is isometric to QP?.

Theorem A.2.33 (Cheeger-Gromoll-Meyer 69,72 thm84). If (M,g) is a
complete non-compact Riemannian manifold with sec > 0, then M contains
a soul S C M, which is a closed totally convex submanifold, such that M is
diffeomorphic to the normal bundle of S. Moreover, when sec > 0, the soul
is a point and M is diffeomorphic to R™.
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Theorem A.2.34 (Gromov 78,81 thm 86). There is a constant C(n) such
that any complete manifold (M, g) with sec > 0 satisfies:

(1) m (M) can be generated by < C(n) generators.

(2) For any field F of coefficients the Betti numbers are bounded:

Zn: bi(M,F) = i dim H;(M, F) < C(n). (A.2.20)

Theorem A.2.35 (Grove-Peterson 88 thm 87). Given an integer n > 1 and
numbers v, D,k € (0,00), the class of Riemannian n-manifolds with

diam < D, vol > v, sec > —k? (A.2.21)

contains only finite many homotopy types.
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