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Chapter 1

Differential and
pseudodifferential operators on
vector bundles

1.1 Differential operators on manifolds

1.1.1 What is manifold?

Etymologically, manifold means a collection of maps. In fact, it really is.
For thousands of years, people have never stopped exploring the land we

live on.
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2 CHAPTER 1. OPERATORS ON MANIFOLDS

They explore the earth and draw the picture to note down everything they
see, which is called the map. The idea of drawing the map to record the roads
is not hard, even an old horse could do it in its brain. But usually one map
is not enough. For example, if we want to drive the car from Pudong airport
to ECNU, we would be disappointed to see that, not like our neighborhood,
we could not find ECNU in the screen map containing the airport.

So we have to glue another map together to find the road we need.
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In order to glue the maps together, the only necessary condition is that
in the intersection area, a continuous road in one map must con-
tinuous in another one. Otherwise we will get lost. (Of course, due to
the modern technologies, AI could do this for us even with a sweet voice.)

On the other hand, the fact that earth is a round ball obviously also gives
the fundamental obstruction to describe everything in one map. We need to
draw the map piece by piece and glue them together.

However, it is unbelievable and a miracle that we can get the converse:
from the maps with scales and the gluing methods we can see that our earth
is a ball, not a torus, by the Gauss-Bonnet theorem. (If the reader knows the
Gauss-Bonnet theorem before, which we will not mention in the following
sections, please try to explain it.)

Let us explain a bit the importance of this genius idea. For the earth,
the earth is a round ball is not news. We could work hard and earn enough
money to take the spacecraft to the moon to confirm that the earth is really
round, does not has a hole and not like a cup.

But for the space-age now, we want to explore the universe. It is not
easy to decide that the universe has a hole or not. To be honest, we are
not the God. We cannot see the universe outside it like the people on the
moon. The only method is to search it, draw the 3-dimensional map ev-
erywhere, glue them together and try to obtain the global properties by the
local explorations.
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For our mathematicians, we are used to abstract the ideas and put all
dimensions together. We define the manifold as the topological spaces which
can be studied in this process. Let us end the story and start to study the
math.

Definition 1.1.1. Let M be a Hausdorff and second countable topological
space. We say that M is a topological manifold of dimension n if every
point x ∈M has an open neighborhood, which is homeomorphic to an open
set in Rn.

For topological manifold M , there exists a open cover {Ui}i of M such
that each Ui has a map ϕi : Ui → Rn and ϕi : Ui → ϕ(Ui) ⊂ Rn is a homeo-
morphism. The pair (Ui, ϕi) is called a chart and the collection {(Ui, ϕi)}i is
called an atlas.

1.1.2 How to do analysis on manifold?

Since M is a topological space, we could study a continuous function
f : M → R. But if we want to apply the achievements of human after
Newton on manifolds, we have to find a way to take the derivative of f . We
don’t know how to do analysis on manifold, but we know how to
do it on Rn.

The most natural idea is to take the derivative on each chart (Ui, ϕi). If

f ◦ ϕ−1
i : ϕi(Ui) ⊂ Rn → R (1.1.1)

is smooth, we could take the derivative of f ◦ ϕ−1
i as the derivative of f .

However, if Ui∩Uj ̸= ∅, for x ∈ Ui∩Uj, even if f ◦ϕ−1
i is smooth at x, f ◦ϕ−1

j

may be not differentiable at x. If we want to make

f ◦ ϕ−1
j = (f ◦ ϕ−1

i ) ◦ (ϕi ◦ ϕ−1
j ) (1.1.2)

smooth at x, We need to assume further that

ϕij := ϕi ◦ ϕ−1
j : ϕj(Ui ∩ Uj) ⊂ Rn → ϕi(Ui ∩ Uj) ⊂ Rn (1.1.3)

is smooth. If for any i, j such that Ui ∩ Uj ̸= ∅, (1.1.3) is smooth, the
statement ”f is smooth at x ∈M” is meaningful.

Remark that f(x) ≡ 0 is a smooth map.
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Definition 1.1.2. A smooth atlas on a topological manifold is an atlas
{(Ui, ϕi)}i such that for any i, j such that Ui ∩ Uj ̸= ∅, (1.1.3) is smooth.
We say two smooth atlases are equivalent if they determine the same col-
lection of smooth functions on M . The equivalent class of smooth atlases is
called a smooth structure. A topological manifold with a smooth structure
is called a smooth manifold.

The main purpose of this definition is to establish a home for the smooth
function on manifold.

Furthermore, we could define a smooth map between two smooth mani-
folds.

Definition 1.1.3. Let M and N be two smooth manifolds with smooth
atlases {(Ui, ϕi)}i and {(Vj, φj)}j. Let f :M → N be a continuous map. For
m ∈ Ui ⊂ M , we say that f is smooth at m if for any Vj containing f(m),
φj ◦ f ◦ ϕ−1

i is smooth at ϕi(m). If f is smooth at any m ∈ M , we say that
f is a smooth map.

If the smooth map f has an inverse, which is also smooth, we say f is a
diffeomorphism. For example, ϕij in (1.1.3) is a diffeomorphism.

In this note, we will work in the C ∞ category. In the following sections,
if we say ”a manifold”, we mean ”a smooth manifold”; if we say ”a function”,
we mean ”a smooth function”...

Once we understand how to define the smooth structure on M , the next
natural question is

1.1.3 How to define the partial differential of a smooth
function?

The naive idea is to take ∂

∂x
(j)
k

(f ◦ ϕ−1
j ) in the chart Uj as the partial

differential ∂
∂xk

f . In order to distinguish the partial differential in different
charts, we use the notation ∂

∂x
(j)
k

to represent the partial differential on the
coordinate on ϕj(Uj). After all we know how to take partial differential on
Rn. We could do anything locally on Rn. But the same problem appear.
For another chart (Ui, ϕi) such that Ui ∩ Uj ̸= ∅, for x ∈ ϕj(U) ⊂ Rn,
if ∂

∂x
(i)
k

(f ◦ ϕ−1
i ) and ∂

∂x
(j)
k

(f ◦ ϕ−1
j ) represent the same function ∂

∂xk
f , from
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(1.1.2), we need ∂(f◦ϕ−1
j )

∂x
(j)
k

(x) =
∂(f◦ϕ−1

i )

∂x
(i)
k

(ϕij(x)). However, by the chain’s rule,

∂(f ◦ ϕ−1
j )

∂x
(j)
k

(x) =
n∑

l=1

∂(f ◦ ϕ−1
i )

∂x
(i)
l

(ϕij(x)) ·
∂ϕl

ij

∂x
(j)
k

(x), (1.1.4)

where ϕl
ij is the l-th component of the image of ϕij in Rn. This means that our

naive idea is not compatible with our construction of the smooth structure.
By (1.1.2) and (1.1.4), ∂

∂x
(j)
k

(f ◦ϕ−1
j ) and

∑n
l=1

∂ϕl
ij

∂x
(j)
k

(x) ∂

∂x
(i)
l

(f ◦ϕ−1
i ) represent

the same function. Thus the partial differential

∂

∂x
(j)
k

in Uj corresponds to
n∑

l=1

∂ϕl
ij

∂x
(j)
k

(x)
∂

∂x
(i)
l

in Ui. (1.1.5)

For the convenience, we could write (1.1.5) by matrix.
∂

∂x
(j)
1...
∂

∂x
(j)
n

 ∼

(
∂ϕl

ij

∂x
(j)
k

(x)

)
(k,l)

·


∂

∂x
(i)
1...
∂

∂x
(i)
n

 . (1.1.6)

From this relation, we could glue the partial differentials in each chart to-
gether to get a global partial differential, which we call a vector field.

Definition 1.1.4. Let M be a manifold with smooth structure {(Ui, ϕi)}i.
A vector field X on M is a collection of partial differentials

∑n
k=1 a

(j)
k

∂

∂x
(j)
k

,

a
(j)
k (x) ∈ C ∞(ϕj(Uj) ⊂ Rn,R), on each ϕj(Uj) ⊂ Rn such that if m ∈ Ui∩Uj,

a
(i)
l (ϕi(m)) =

n∑
k=1

a
(j)
k (ϕj(m))

∂ϕl
ij

∂x
(j)
k

(ϕj(m)). (1.1.7)

We often write X|Uj
=
∑n

k=1 a
(j)
k

∂

∂x
(j)
k

. Thus for a smooth function f ∈
C ∞(M,R) and a vector field X, we could define Xf as a smooth function
on M .

By definition, a vector field X is a map

X : C ∞(M,R) → C ∞(M,R). (1.1.8)

We must check the well-definedness of this definition. If m ∈ Ui∩Uj∩Us,
from (1.1.3), we have

ϕsi ◦ ϕij = ϕsj. (1.1.9)
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By chain’s rule,

∂ϕl
sj

∂x
(j)
k

(ϕj(m)) =
n∑

t=1

∂ϕl
si

∂x
(i)
t

(ϕi(m)) ·
∂ϕt

ij

∂x
(j)
k

(ϕj(m)). (1.1.10)

Thus from (1.1.7) and (1.1.10),

a(l)s (ϕs(m)) =
n∑

t=1

a
(i)
t (ϕi(m))

∂ϕl
si

∂x
(i)
t

(ϕi(m))

=
n∑

t=1

n∑
k=1

a
(j)
k (ϕj(m))

∂ϕt
ij

∂x
(j)
k

(ϕj(m))
∂ϕl

si

∂x
(i)
t

(ϕi(m))

=
n∑

k=1

a
(j)
k (ϕj(m))

∂ϕl
sj

∂x
(j)
k

(ϕj(m)). (1.1.11)

Thus our glue is compatible with the smooth structure on M .
In order to simplify the notations and perfect the theory, we want to find

a home for the vector field, which we call the tangent bundle.
Let ⊔i(Ui×Rn) be the disjoint union of Ui×Rn. We define an equivalent

relation ”∼” such that (x, (a
(i)
1 , · · · , a

(i)
n )) ∈ Ui × Rn ∼ (y, (a

(j)
1 , · · · , a(j)n )) ∈

Uj × Rn if and only if x = y and for any 1 ≤ l ≤ n, a(i)l =
∑n

k=1 a
(j)
k

∂ϕl
ij

∂xk
(x),

i.e.,

(a
(i)
1 , · · · , a(i)n ) = (a

(j)
1 , · · · , a(j)n ) ·

(
∂ϕl

ij

∂x
(j)
k

(x)

)
(k,l)

(1.1.12)

From (1.1.9) and (1.1.11), we see that this relation ”∼” is really an equivalent
relation.

Definition 1.1.5. The tangent bundle is defined as the quotient space of the
equivalent relation with the quotient topology, i.e., TM := ⊔i(Ui × Rn)/ ∼.

Proposition 1.1.6. The tangent bundle TM is a manifold.

The proof is left to an exercise.
Let π : TM →M be the natural projection from (x, v) ∈ TM to x.

Proposition 1.1.7. A vector field is a smooth map X :M → TM such that
π ◦X = Id.

The proof is left to an exercise.
A vector field is also called a section of TM . We denote by C ∞(M,TM)

the set of sections of TM .
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1.1.4 What about the exterior differential?

Our natural idea is to take

d(j)(f ◦ ϕ−1
j ) =

∂

∂x
(j)
k

(f ◦ ϕ−1
j ) · dx(j)k (1.1.13)

in the chart Uj as the exterior differential df . From the coordinate transfor-
mation formula in multivariable calculus, as in (1.1.6), we have

(
dx

(i)
1 , · · · , dx(i)n

)
∼
(
dx

(j)
1 , · · · , dx(j)n

)
·

(
∂ϕl

ij

∂x
(j)
k

(x)

)
(k,l)

. (1.1.14)

Equivalently, we have

(
dx

(j)
1 , · · · , dx(j)n

)
∼
(
dx

(i)
1 , · · · , dx(i)n

)
·

(
∂ϕl

ij

∂x
(j)
k

(x)

)−1

(k,l)

. (1.1.15)

Thus from (1.1.6) and (1.1.15), we have

d(j)(f ◦ ϕ−1
j )(x) =

(
dx

(j)
1 , · · · , dx(j)n

)
∂

∂x
(j)
1...
∂

∂x
(j)
n

 (f ◦ ϕ−1
j )(x)

∼
(
dx

(i)
1 , · · · , dx(i)n

)
·

(
∂ϕl

ij

∂x
(j)
k

(x)

)−1

(k,l)

·

(
∂ϕl

ij

∂x
(j)
k

(x)

)
(k,l)

·


∂

∂x
(i)
1...
∂

∂x
(i)
n

 (f◦ϕ−1
i )(ϕij(x))

=
(
dx

(i)
1 , · · · , dx(i)n

)
·


∂

∂x
(i)
1...
∂

∂x
(i)
n

 (f ◦ ϕ−1
i )(ϕij(x)) = d(i)(f ◦ ϕ−1

i )(ϕij(x)).

(1.1.16)

Therefore, not like the partial differential, for the exterior differential, our
naive idea is right. What we obtain is the following proposition.

Proposition 1.1.8. The exterior differential defined d in (1.1.13) is globally
defined.
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Like the vector field, we need to construct a home for df . We assume
that on Uj, df |Uj

=
∑n

k=1 b
(j)
k dx

(j)
k . From (1.1.15),

df |Ui∩Uj
=
(
dx

(i)
1 , · · · , dx(i)n

) b
(i)
1
...
b
(i)
n

 ∼
(
dx

(j)
1 , · · · , dx(j)n

) b
(j)
1
...
b
(j)
n


∼
(
dx

(i)
1 , · · · , dx(i)n

)
·

(
∂ϕl

ij

∂x
(j)
k

(x)

)−1

(k,l)

·

 b
(j)
1
...
b
(j)
n

 . (1.1.17)

Thus

(b
(i)
1 , · · · , b(i)n ) = (b

(j)
1 , · · · , b(j)n ) ·

( ∂ϕl
ij

∂x
(j)
k

(x)

)−1

(k,l)

T

. (1.1.18)

Definition 1.1.9. We define an equivalent relation ”∼” such that (x, (b(i)1 , · · · , b
(i)
n )) ∈

Ui × Rn ∼ (y, (b
(j)
1 , · · · , b(j)n )) ∈ Uj × Rn if and only if x = y and (1.1.18)

holds. The cotangent bundle is defined as the quotient space of this equiva-
lent relation with the quotient topology, i.e., T ∗M := ⊔i(Ui × Rn)/ ∼.

From (1.1.5), the relation ”∼” is really an equivalent relation. Let π′ :
T ∗M → M be the natural projection. As in the tangent bundle case, we
denote by C ∞(M,T ∗M) the set of smooth maps s : M → T ∗M such that
π′ ◦ s = Id. From the construction above, we have df ∈ C ∞(M,T ∗M).
An element in C ∞(M,T ∗M) is also called a 1-form. Conversely, for any
α ∈ C ∞(M,T ∗M), there exists bik : ϕ(Ui) → R, 1 ≤ k ≤ n such that α|Ui

=∑n
k=1 b

(i)
k dx

(i)
k . From the knowledge of the multivariable calculus, there exists

f ∈ C ∞(ϕ(Ui),R) such that α|Ui
= df . Remark that this converse process

is local. In general, for α ∈ C ∞(M,T ∗M), we can not find f ∈ C ∞(M,R)
such that α = df .

Furthermore, for α ∈ C ∞(M,T ∗M), we can also define the exterior
derivative of α: dα. For

α|Ui
=

n∑
k=1

b
(i)
k dx

(i)
k , (1.1.19)

the natural idea to define dα by dα|Ui
=
∑n

l=1

∑n
k=1

∂b
(i)
k

∂x
(i)
l

dx
(i)
l dx

(i)
k . As usual,

we need to check the coordinate transformation. We simply denote by Φ the
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matrix
(

∂ϕl
ij

∂x
(j)
k

(x)

)
(k,l)

. From (1.1.6), (1.1.14) and (1.1.12), we have

b
(i)
k =

n∑
t=1

b
(j)
t Φ−1

kt ,
∂

∂x
(i)
l

∼
n∑

m=1

Φ−1
lm

∂

∂x
(j)
m

, dx
(i)
l ∼

n∑
q=1

dx(j)q Φql. (1.1.20)

Thus
n∑

l=1

n∑
k=1

∂b
(i)
k

∂x
(i)
l

dx
(i)
l dx

(i)
k =

n∑
k,l,t,m,p,q=1

Φ−1
lm

∂(b
(j)
t Φ−1

kt )

∂x
(j)
m

dx(j)q Φqldx
(j)
p Φpk

=
n∑

t,m=1

∂b
(j)
t

∂x
(j)
m

dx(j)m dx
(j)
t +

n∑
t,m,p,k=1

b
(j)
t

∂(Φ−1
kt )

∂x
(j)
m

Φpkdx
(j)
m dx(j)p

=
n∑

t,m=1

∂b
(j)
t

∂x
(j)
m

dx(j)m dx
(j)
t −

n∑
t,m,p,k=1

b
(j)
t Φ−1

kt

∂2ϕk
ij

∂x
(j)
m ∂x

(j)
p

dx(j)m dx(j)p . (1.1.21)

The annoying term
n∑

t,k=1

b
(j)
t Φ−1

kt

(
n∑

m,p=1

∂2ϕk
ij

∂x
(j)
m ∂x

(j)
p

dx(j)m dx(j)p

)
(1.1.22)

appear. Note that ∂2ϕk
ij

∂x
(j)
m ∂x

(j)
p

=
∂2ϕk

ij

∂x
(j)
p ∂x

(j)
m

. A genius idea is that we define

dx
(j)
m dx

(j)
p = −dx(j)p dx

(j)
m to let (1.1.22) vanish. In order to avoid the ambigu-

ity, for this anti-commutation property, we introduce a new notation: wedge
product ∧. And we use the notation dxm ∧ dxp to replace dxmdxp in the
image of dα. Here dxm ∧ dxp means

dxm ∧ dxp = −dxp ∧ dxm. (1.1.23)

Now we could define

dα|Ui
=

n∑
l=1

n∑
k=1

∂b
(i)
k

∂x
(i)
l

dx
(i)
l ∧ dx(i)k . (1.1.24)

From the arguments above, the definition in (1.1.24) does not depend on the
choice of the coordinate. The next thing is to construct a home for the image
of dα. Now we do it in general. I’m tired to construct them one by one.

As in (1.1.23), we introduce the notation dxp1 ∧ · · · ∧ dxpk satisfying

dxp1 ∧ · · · ∧ dxpk = δq1,··· ,qkp1,··· ,pkdxq1 ∧ · · · ∧ dxqk . (1.1.25)
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For α(i)
p1,··· ,pk ∈ C ∞(ϕ(Ui),R), 1 ≤ p1, · · · , pk ≤ n, (1.1.19) is generalized to a

k-form ∑
1≤p1,··· ,pk≤n

α(i)
p1,··· ,pkdx

(i)
p1

∧ · · · ∧ dx(i)pk
(1.1.26)

on Ui. From (1.1.25), we arrange and restate (1.1.26) as∑
1≤p1<···<pk≤n

β(i)
p1,··· ,pkdx

(i)
p1

∧ · · · ∧ dx(i)pk
, (1.1.27)

where β
(i)
p1,··· ,pk ∈ C ∞(ϕ(Ui),R) and anti-commutes on p1, · · · , pk. From

(1.1.14), if
∑

1≤p1<···<pk≤n β
(i)
p1,··· ,pkdx

(i)
p1∧· · ·∧dx

(i)
pk and

∑
1≤q1<···<qk≤n β

(j)
q1,··· ,qkdx

(j)
q1 ∧

· · ·∧dx(j)qk represent the same object on Ui∩Uj, we can construct (ΛkΦ)q1,··· ,qkp1,··· ,pk ∈
C ∞(ϕ(Uj),R) such that

β(i)
p1,··· ,pk =

∑
1≤q1<···<qk≤n

(ΛkΦ)q1,··· ,qkp1,··· ,pk · β
(j)
q1,··· ,qk . (1.1.28)

As in Definition 1.1.9, we define the bundle of exterior differentials.

Definition 1.1.10. We define an equivalent relation ”∼Λ” on ⊔i(Ui × RCk
n)

such that (x, (β(i)
p1,··· ,pk)1≤p1<···<pk≤n) ∈ Ui×RCk

n ∼ (y, (β
(j)
p1,··· ,pk)1≤p1<···<pk≤n) ∈

Uj ×RCk
n if and only if x = y and (1.1.28) holds. The bundle of k-th exterior

differentials is defined as the quotient space of this equivalent relation with
the quotient topology, i.e., ΛkT ∗M := ⊔i(Ui × RCk

n)/ ∼Λ.

Remark that if k = n, we have

ΛnΦ = (detΦ)−1. (1.1.29)

We could define C ∞(M,ΛkT ∗M) as before. An element in C ∞(M,ΛkT ∗M)
is called a k-form on M . For α ∈ C ∞(M,ΛkT ∗M), α|Ui

could be written as
(1.1.27). We define

dα|U =
∑

1≤p1<···<pk≤n

n∑
t=1

∂β
(i)
p1,··· ,pk

∂x
(i)
t

dx
(i)
t ∧ dx(i)p1

∧ · · · ∧ dx(i)pk
. (1.1.30)

As the same process in (1.1.20)-(1.1.24), we could obtain that dα is globally
defined, which does not depend on the choice of the coordinate (try too
fix it). Thus dα ∈ C ∞(M,Λk+1T ∗M). Now we get a well-defined exterior
differential

d : C ∞(M,ΛkT ∗M) → C ∞(M,Λk+1T ∗M). (1.1.31)
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Proposition 1.1.11. (1) d2 = 0;
(2) for φ ∈ C ∞(M), dφ is the one form such that ⟨dφ, U⟩ = U(φ) for

any vector field U ;
(3) for any α ∈ C ∞(M,ΛkT ∗M), β ∈ C ∞(M,ΛlT ∗M), then

d(α ∧ β) = dα ∧ β + (−1)kα ∧ dβ. (1.1.32)

The proof is left to an exercise. In fact, the exterior differential d is
characterized by the properties in Proposition 1.1.11.

The differential forms and the exterior is very useful.

Theorem 1.1.12 (de Rham Theorem). If M is compact, the k-th cohomology
of M with real coefficients

Hk(M,R) ≃ Ker(d : C ∞(M,ΛkT ∗M) → C ∞(M,Λk+1T ∗M))

Im(d : C ∞(M,Λk−1T ∗M) → C ∞(M,ΛkT ∗M))
. (1.1.33)

This theorem verifies our naive philosophy to get the global property from
the local charts.

1.1.5 Differential operator on vector bundles

Now we generalize the tangent bundle, cotangent bundle, bundle of exte-
rior differential in Definition 1.1.5, 1.1.9 and 1.1.10 to the vector bundle.

Definition 1.1.13. Let {Ui} be an open covering of M . Let m ∈ N. The
transition function is a group of maps {Ψij : Ui ∩ Uj → GL(n,R)} such that
if Ui ∩ Uj ∩ Uk ̸= ∅,

Ψki ◦Ψij = Ψkj. (1.1.34)

We define an equivalent relation ”∼” on ⊔i(Ui×Rm) such that (x, (b(i)1 , · · · , b
(i)
m )) ∈

Ui × Rm ∼ (y, (b
(j)
1 , · · · , b(j)m )) ∈ Uj × Rm if and only if x = y and

(b
(i)
1 , · · · , b(i)m ) = (b

(j)
1 , · · · , b(j)m ) ·Ψij(x). (1.1.35)

A vector bundle with rank m is defined as the quotient space of this equiv-
alent relation with the quotient topology, i.e., E := ⊔i(Ui × Rm)/ ∼. As a
manifold, E is called the total space and M is called the base space. We also
have the natural projection (smooth) map π : E → M . A (smooth) section
of E is a (smooth) map s : M → E such that π ◦ s = IdM . We denote by
C ∞(M,E) the set of sections.
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If we replace R by C in Definition 1.1.13, we get a complex vector bundle.

Since the closure of Ui could be covered by coordinate charts, we always
assume that Ui here is a coordinate chart.

Obviously, TM , T ∗M and ΛkT ∗M are vector bundles.
We could also construct new vector bundles from the old one. Let E and

F be two vector bundles. We may assume that they are defined on the same
covering {Ui} (if not, take the common refinement). Let {ΨE

ij : Ui ∩ Uj →
GL(m,R/C)} and {ΨF

ij : Ui ∩Uj → GL(m′,R/C)} be transition functions of
E and F . Then we could construct

(1) E ⊕ F , with transition function ΨE
ij ⊕ΨF

ij,
(2) E ⊗ F , with transition function ΨE

ij ⊗ΨF
ij,

(3) E∗, with transition function
((

ΨE
ij

)−1
)T

,
(4) ΛkE, with transition function ΛkΨE

ij as in (1.1.28).
We usually denote by Λ•E := ⊕m

k=1Λ
kE.

Obviously, T ∗M = (TM)∗.
Now we generalize (1.1.30) and (1.1.31) to the differential operator.
We begin by fixing notation. For an n-tuple of nonnegative integers

α = (α1, · · · , αn), we set |α| =
∑n

i=1 αi, and for each ξ ∈ Rn, we set ξα =

ξα1
1 · · · ξαn

n . In local coordinates (x1, · · · , xn), we denote by ∂|α|

∂xα = ∂|α|

∂x
α1
1 ···∂xαn

n
.

Definition 1.1.14. Let E and F be two complex vector bundles over M
with rankE = p and rankF = q. A differential operator of order m on
M is a linear map P : C ∞(M,E) → C ∞(M,F ) such that on each Ui,

P |Ui
=
∑
|α|≤m

A(i)
α (x)

∂|α|

∂x(i),α
, (1.1.36)

where each A(i)
α (x) is a q × p-matrix of smooth functions and where A(i)

α ̸= 0
for some α with |α| = m.

By the knowledge of linear algebra, the complex matrix is easier to be
handled than the real one. In the followings, we always assume that the dif-
ferential operator acts on a complex vector bundle, except otherwise stated.
For a real vector bundle, we first tensor it by C, and then do the analysis.

We need to explain a bit about the right hand side of (1.1.36). For s ∈
C ∞(M,E), on Ui, we could write s|Ui

=
∑p

k=1 fpsp, where fp ∈ C ∞(ϕ(Ui) ⊂
Rn,C) and (s1, · · · , sp) is a basis of Cp. Consider a system of partial differ-
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ential equations 
∑

α a
α
11

∂|α|

∂xαf1 + · · ·
∑

α a
α
1p

∂|α|

∂xαfp = g1,
· · · · · · · · ·∑

α a
α
q1

∂|α|

∂xαf1 + · · ·
∑

α a
α
qp

∂|α|

∂xαfp = gq,

(1.1.37)

where gi ∈ C ∞(ϕ(Ui) ⊂ Rn,C). Note any system of PDEs could be written
in the form of (1.1.37). Let Aα = (aαij)q×p. We write (1.1.37) in the sense of
matrix:

∑
α

Aα
∂|α|

∂xα

 f1
...
fp

 =

 g1
...
gq

 , (1.1.38)

which explains the right hand side of (1.1.36).
Easy to see that d : C ∞(M,ΛkT ∗M ⊗ C) → C ∞(M,Λk+1T ∗M ⊗ C) is a

differential operator.

1.1.6 How to take derivative on the section of a vector
bundle?

In Section 1.1.4, we define the exterior differential on a smooth function on
M . In Definition 1.1.14, we see that it is a differential operator. If there is a
vector bundle E over the manifold, the section is the natural generalization
of the function. Is it possible to generalize the exterior differential d on the
sections?

We repeat the process in (1.1.16) and (1.1.17) to see what is the same
and what is not.

Let s(i)k ∈ C ∞(Ui,Cn) be the constant function on Ui such that for any
x ∈ Ui, s(i)k (x) = ek, 1 ≤ k ≤ m. For any s ∈ C ∞(M,E), there exist
fk ∈ C ∞(Ui,C), 1 ≤ k ≤ m, such that

s|Ui
=

m∑
k=1

f
(i)
k s

(i)
k . (1.1.39)

From the definition of the vector bundle, on Ui ∩ Uj,

(f
(i)
1 , · · · , f (i)

m ) = (f
(j)
1 , · · · , f (j)

m ) ·Ψij(x). (1.1.40)

Thus  s
(j)
1
...
s
(j)
m

 ∼ Ψij(x)

 s
(i)
1
...
s
(i)
m

 . (1.1.41)
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Naively, we try to define the exterior differential by ds|Ui
=
∑m

k=1(df
(i)
k )s

(i)
k .

The same problem appear.

m∑
k=1

(df
(i)
k )s

(i)
k = (df

(i)
1 , · · · , df (i)

m )

 s
(i)
1
...
s
(i)
m


∼ (df

(j)
1 , · · · , df (j)

m )

 s
(j)
1
...
s
(j)
m

+(f
(j)
1 , · · · , f (j)

m )(dΨij(x))Ψij(x)
−1

 s
(j)
1
...
s
(j)
m

 .

(1.1.42)

The annoying term is (dΨij(x))Ψij(x)
−1, which is a matrix of 1-form. But in

this case, we don’t have any idea kill it. Thus the exterior differential

d in Ui corresponds to d+ (dΨij(x))Ψij(x)
−1 in Uj. (1.1.43)

Remark that the matrix of 1-form (dΨij(x))Ψij(x)
−1 acts on s|Uj

=
∑m

k=1(df
(j)
k )s

(j)
k

by

(f
(j)
1 , · · · , f (j)

m )(dΨij(x))Ψij(x)
−1

 s
(j)
1
...
s
(j)
m

 . (1.1.44)

We will handle it by the same method as the vector field. We glue the
exterior differentials by the transformation (1.1.43) together and give it a
name: connection.

Definition 1.1.15. A (affine) connection ∇E on E is a collection of d+A(i),
where A(i) is a matrix of 1-forms, on each Ui such that on Ui ∩ Uj,

A(j) = A(i) + (dΨij(x))Ψij(x)
−1. (1.1.45)

It is easy to see that ∇E is a map

∇E : C ∞(M,E) → C ∞(M,T ∗M ⊗ E). (1.1.46)

(Why? try to fix it.)
Recall that T ∗M are the dual bundle of TM . Then for a vector field X

and a 1-form α, we can define α(X) ∈ C ∞(M,R). In fact we’ve already used
it in Proposition 1.1.11. Now we define

ιX : C ∞(M,T ∗M) → C ∞(M,R), ιX(α) := α(X). (1.1.47)
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Then by Proposition 1.1.11, we have

ιX ◦ d = X : C ∞(M,R) → C ∞(M,R). (1.1.48)

Note that we can naturally define ιX on C ∞(M,T ∗M ⊗ E) by acting only
on the T ∗M part. Then we could define

∇E
X := ιX ◦ ∇E : C ∞(M,E) → C ∞(M,E). (1.1.49)

The operator ∇E
X is usually regarded as taking the partial derivative on a

section of a vector bundle along the direction X.
Exercise: Please check that ∇E and ∇E

X are all differential operators.

Proposition 1.1.16. (1) For any s1, s2 ∈ C ∞(M,E), we have

∇E(s1 + s2) = ∇Es1 +∇Es2. (1.1.50)

(2) For any s ∈ C ∞(M,E) and f ∈ C ∞(M,C), we have

∇E(fs) = (df)s+ f∇Es. (1.1.51)

Proof. By definition.

In many books, Proposition 1.1.16 is taken as the definition of the con-
nection.

Remark that not like the exterior differential, the connection on the vector
bundle is not uniquely defined. From Definition 1.1.15, locally, the difference
of two connections is a matrix of 1-forms. Globally, the difference of two
connections is a section of C ∞(M,T ∗M⊗End(E)), where End(E) = E⊗E∗.

For a connection ∇E on E and any k ∈ N, there exists a unique extension
∇E : C ∞(M,ΛkT ∗M ⊗ E) → C ∞(M,Λk+1T ∗M ⊗ E) verifying the Leibniz
rule: for α ∈ C ∞(M,ΛqT ∗M), s ∈ C ∞(M,Λk−qT ∗M ⊗ E), we have

∇E(α ∧ s) = dα ∧ s+ (−1)qα ∧∇Es. (1.1.52)



1.2. SOBOLEV SPACE 17

1.2 Sobolev space
1.2.1 Integral, metric and partition of unity
The main purpose of this note is to study the differential operator. In Defi-
nition 1.1.14, a differential operator is a linear map

P : C ∞(M,E) → C ∞(M,F ). (1.2.1)

Once we see the linear map, the want to use the linear algebra, the matrix
theory to study it. Unfortunately, in general, C ∞(M,E) and C ∞(M,F ) are
infinite dimensional vector space. The tool of studying the infinite dimen-
sional vector spaces is the functional analysis. So naturally we plan to use
the functional analysis to study the differential operator. In order to use the
functional analysis, we firstly need to define an inner product on C ∞(M,E)
and extend it to the Hilbert space. After all, the theory of functional analysis
we know for the undergraduates are based on the Hilbert space.

How to define a Hermitian product on C ∞(M,E)?
We first study it for M = Rn, E = C. For f, g ∈ C 0(Rn,C), the classical

Hermitian product is defined by

⟨f, g⟩ :=
∫
Rn

f(x) · g(x)dvx. (1.2.2)

Note that the right hand side of (1.2.2) might be infinity. We denote by

∥f∥2L2 := ⟨f, f⟩. (1.2.3)

Let L2(Rn) be the completion of the set {f ∈ C 0(Rn,C) : ∥f∥L2 < +∞}
with respect to the norm ∥ · ∥L2 . It is a Hilbert space.

Let the support of f , supp(f), be the closure of

{x ∈ Rn : f(x) ̸= 0}. (1.2.4)

We denote by C ∞
0 (M,C) be the set of smooth functions with compact sup-

port. It is easy to see that C ∞
0 (M,C) ⊂ L2(Rn). Moreover, we all know that

the completion of C ∞
0 (M,C) with respect to the norm ∥ ·∥L2 is L2(Rn). Sim-

ilarly, we denote by C ∞
0 (M,E) be the set of smooth sections with compact

support.
The next step is to define the Hermitian product on C ∞(M,C) and

L2(M). Naturally, we want to follow the definition in (1.2.2). The prob-
lem is

How to define the integration on a manifold?
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As in (1.2.4), for f ∈ C ∞(M,C), we define

supp(f) := {x ∈M : f(x) ̸= 0}. (1.2.5)

For a chart Uj of M , if supp(f) ⊂ Uj, naturally, we can define∫
M

fdv :=

∫
Rn

f ◦ ϕ−1
j (x)dv(j)x . (1.2.6)

As usual, we need to check it for another chart. If supp(f) ⊂ Ui ∩ Uj, in
chart Ui, by coordinate transformation formula,∫

Rn

f ◦ ϕ−1
i (x)dv(i)x =

∫
Rn

f ◦ ϕ−1
i (ϕij(x))| det(Φij)|dv(j)x

=

∫
Rn

f ◦ ϕ−1
j (x)| det(Φij)|dv(j)x . (1.2.7)

The annoying term | det(Φij)| prevents us defining the integral over a man-
ifold in a natural way. We overcome it with the same method as the vector
field: glue them by a transformation relation together to get a vector bundle,
then take the section to do things.

Definition 1.2.1. We define the density bundle |Λ| over M by the transition
function Ψij = | det(Φij)|−1. It is a 1-dimensional real vector bundle.

Then the integral over M could be defined as a linear form∫
M

: C ∞
0 (M, |Λ|) → R. (1.2.8)

This idea is reasonable. But it is a little abstract. So we’ll not go this
way.

From (1.1.29), if all det(Φij) > 0, we see that |Λ| = ΛnT ∗M . We are
familiar with ΛnT ∗M . So we are shamed to assume in this note that all
det(Φij) > 0. Now we give it a name.

Definition 1.2.2. We say M is oriented if there exists an atlas such that for
any Ui ∩ Uj ̸= ∅, det(Φij) > 0.

In this note, we always assume that M is oriented.
From this point of view, we see that the integral is more natural defined

on n-forms than the smooth functions.
For α ∈ C ∞(M,ΛnT ∗M) such that supp(α) ⊂ Ui, from the argument

above, if on Ui, α = f · dx(i)1 ∧ · · · ∧ dx(i)n , we see that the definition∫
M

α :=

∫
Rn

f · dx(i)1 · · · dx(i)n (1.2.9)
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is meaningful.
As in (1.1.24), in multivariable calculus, the term dx1 · · · dxn could be

explained as then n-form dx1 ∧ · · · ∧ dxn.
Now we want to integrate the n-form on the whole manifold. We intro-

duce the trick of partition of unity.

Partition of unity

In the definition of manifold, we assume that M is second countable.
From the knowledge of the topology, it implies that M is paracompact, that
is, each open covering of M admits a locally finite refinement. Thus in the
followings, we always assume that our covering of the atlas is locally finite,
i.e., each point only lives in finite charts.

Theorem 1.2.3 (Partition of unity). There exists a family of smooth func-
tions {φi} such that supp(φi) ⊂ Ui and∑

i

φi(x) = 1. (1.2.10)

Remark that since we assume that {Ui} is locally finite, for each x ∈M ,
the sum in (1.2.10) is a finite sum.

Proof. We could choose an open covering {Vi} such that Vi ⊂ Ui. Then we
could construct functions gi ∈ C ∞(M,R) such that Vi ⊂ supp(gi) ⊂ Ui. Thus
g(x) :=

∑
i gi(x) > 0 for any x ∈M . Then we could take φi := gi/g.

For a n-form α, we have supp(φi · α) ∈ Ui. Thus from (1.2.9), we could
define ∫

M

α =

∫
M

(
∑
i

φi(x))α =
∑
i

∫
M

φi · α. (1.2.11)

Note that our functions of partition of unity are not unique. We need to
check our definition in (1.2.11) does not depend on the choice of the partition
of unity. It is left to the reader.

Until now, we obtain the definition of the integration of a n-form. The
definition is naturally extended to the integration of any differential form by
taking

∫
M
β = 0 for any β ∈ C ∞(M,ΛkT ∗M) for k < n.

Since we want to extend (1.2.2) to the manifold, we also need to define
the integration of a function.

From the construction of ΛnT ∗M , there exists nowhere vanishing n-form
(not unique) on M . Such a nowhere vanishing n-form is called a volume
form, usually denoted by dvx.
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Remark that the existence of the nowhere vanishing n-form implies that
ΛnT ∗M is a 1-dimensional trivial vector bundle (Since M is oriented).

After taking a volume form, we could define the integration of a function
f by taking the integration of f dvx ∈ C ∞(M,ΛnT ∗M).

Now for f, g ∈ C ∞(M,C), the classical Hermitian product is defined by

⟨f, g⟩ :=
∫
M

f(x) · g(x)dvx. (1.2.12)

We denote the norm by

∥f∥2L2 := ⟨f, f⟩. (1.2.13)

Let L2(M) be the completion of the set {f ∈ C ∞(M,C) : ∥f∥L2 < +∞}
with respect to the norm ∥ · ∥L2 . It is also a Hilbert space.

The next question is how to do these things for sections of a vector bundle?
The key point is how to do f(x) · g(x) for sections.
For vector bundle, the fiber is a vector space. Let π : E → M be the

projection. For each x ∈ M , Ex := π−1(x) is a complex vector space and
f(x), g(x) ∈ Ex are vectors. From the knowledge of linear algebra, if there
is a Hermitian inner product ⟨·, ·⟩x on Ex, we could replace f(x) · g(x) by
⟨f(x), g(x)⟩x. We also need the inner product ⟨·, ·⟩x depends smoothly on x.
Usually, we also denote by

hEx (f(x), g(x)) := ⟨f(x), g(x)⟩x. (1.2.14)

Note that hEx (·, ·) is linear on the first variable and conjugate linear on the
second one. Such map is called the sesquilinear map.

Definition 1.2.4. The Hermitian metric is a smooth family {hEx }x∈M of
sesquilinear maps hEx : Ex × Ex → C such that hEx (ξ, ξ) > 0 for any ξ ∈
Ex\{0}.

For the real vector bundle F , the corresponding metric is usually called
the Euclidean metric.

Definition 1.2.5. The Euclidean metric is a smooth family {gFx }x∈M of
bilinear maps gFx : Fx × Fx → R such that gFx (ξ, ξ) > 0 for any ξ ∈ Fx\{0}.

Proposition 1.2.6. There always exist Hermitian metrics on E.

Proof. For any Ui×Cm, we could easily construct a smooth family of Hermi-
tian products hEi on each fiber, e.g., taking the classical Hermitian product
on Cm. Let {φi} be a partition of unity with respect to {Ui}. Then

∑
i φih

E
i

is a Hermitian metric.
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Similarly, there always exist Euclidean metric on real vector bundles.

Definition 1.2.7. A Euclidean metric on TM is called a Riemannian metric.
A manifold with a Riemannian metric is called a Riemannian manifold.

Remark that the Hermitian (Euclidean) metric is far from unique.
Let hE be a Hermitian metric on E. Now for f, g ∈ C ∞(M,E), the

Hermitian product is defined by

⟨f, g⟩ :=
∫
M

hEx (f(x), g(x))dvx. (1.2.15)

We denote the norm by

∥f∥2L2 := ⟨f, f⟩. (1.2.16)

Let L2(M,E) be the completion of the set {f ∈ C ∞(M,E) : ∥f∥L2 < +∞}
with respect to the norm ∥ · ∥L2 . It is also a Hilbert space. Similarly, we
could denote the set of sections with compact support by C ∞

0 (M,E) and
C ∞
0 (M,E) is dense in L2(M,E) with respect to the norm ∥ · ∥L2 .

Once we extend the set of sections to a Hilbert space, naively, we want
to extend the differential operator to

P : L2(M,E) → L2(M,F ) (1.2.17)

If P is bounded, we could use a whole theory of functional analysis we learned
to study the differential operator.

Unfortunately, the world is not as good as we think.
We will see this from the easiest differential operator: The derivative d

dt

on C 1
0 (R).

Proposition 1.2.8. The derivative d
dt

is unbounded with respect to the norm
∥ · ∥L2.

Proof. Let φ ∈ C ∞
0 (R) such that ∥φ∥L2 = 1. Let ∥dφ

dt
∥L2 = C. Then

∥n1/2φ(nt)∥2L2 =

∫ +∞

−∞
nφ2(nt)dt =

∫ +∞

−∞
φ2(t)dt = 1. (1.2.18)

But∥∥∥∥n1/2 d

dt
φ(nt)

∥∥∥∥2
L2

=

∫ +∞

−∞
n3

(
dφ

dt
(nt)

)2

dt

=

∫ +∞

−∞
n2

(
dφ

dt
(t)

)2

dt = n2C. (1.2.19)

Thus d
dt

is unbounded.
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Definition 1.2.9. Let W,W ′ be two Banach spaces. Let P : W → W ′ be
a linear operator with domain D(P ). We say P is a closed operator if for
xn ∈ D(P ), xn → x, Pxn → y, we have x ∈ D(P ) and y = Px.

Proposition 1.2.10. The derivative d
dt

is a closed operator.

Proof. The domain of d
dt

is C 1
0 (R). We take xn(t) ∈ C 1

0 (R) and xn(t) →
x(t) ∈ L2(R), dxn(t)

dt
→ y(t) ∈ L2(R), then we have xn(t) →

∫ t

−∞ y(s)ds.
Thus x(t) =

∫ t

−∞ y(s)ds. So x(t) ∈ C 1
0 (R) and dx(t)

dt
= y(t).

Theorem 1.2.11 (Closed graph theorem). Let W,W ′ be two Banach spaces.
Let P : W → W ′ be a closed operator with domain D(P ). If D(P ) is closed,
then P is bounded.

This is my most hate theorem. It prevents us to extend the domain of the
derivative operator to the whole L2(R). (If we could extend, closed graph
theorem implies d

dt
is bounded, which is a contradiction with Proposition

1.2.8).
For a large class of differential operator, we will meet the same obstruction

coming from the functional analysis.
In the history of the differential operator, there are two ways to overcome

this obstruction, any of them is not easy:
(1) reduce the Hilbert spaces to smaller Banach spaces, called the Sobolev

spaces, such that the differential operator is bounded on these Hilbert spaces
with respect to the new norms, which is the main purpose of this section;

(2) define the differential operator on a dense subset of the Hilbert space,
which is the main idea of our next chapter.

1.2.2 Sobolev space
In 19th century, Gauss studied the electrostatic field and posed a famous
problem, called the Dirichlet problem, that for a domain Ω ⊂ R2, find a
solution u(x, y) ∈ C 2(Ω) ∩ C 0(Ω) of{

∆u = 0, in Ω,
u|∂Ω = f, f ∈ C 0(∂Ω).

(1.2.20)

Later, Riemann discussed this problem and stated the Dirichlet Principle.
For

I(u) =

∫
Ω

|∇u|2dxdy,

u ∈ A = {u ∈ C 1(Ω) : ux, uy ∈ L2, u|∂Ω = f},
(1.2.21)
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I(u) ≥ 0, thus infA I(u) exists. Riemann said there exists u0 ∈ A such that
u0 = infA I(u). Then u0 is the solution of (1.2.20).

In 1870, Weierstrass posed a counter example to explain that minA I(u)
may not exist. Sometimes, we cannot take u0 ∈ A such that u0 = infA I(u).
Later, people recognized that even minA I(u) exists, it may not have the
enough regularity.

In 1900, Hilbert confirmed the Dirichlet Principle for the smooth bound-
ary. In his point of view, this is a very important problem, so that he posed
three problems about this in his famous 23 problems.

Later, Sobolev stated a strategy to handle this problem. Firstly, we
complete A into a complete space A with respect to some norm. In the
complete space A, obviously minA = infA. Thus we could get a minimum
element u0 ∈ A. Then we could use other method to study the regularity of
it. This complete space is called the Sobolev space.

As usual, we first discuss the Sobolev space on Rn. Since our main pur-
pose is to study the differential operator on manifold without boundary, we
will not discuss the boundary condition.

Let S be the set of Cm-valued smooth function u on Rn such that for
any n-tuple α and k ∈ N, there exists Cα,k > 0, such that∣∣∣∣(1 + |x|)k ∂

|α|u

∂xα
(x)

∣∣∣∣ ≤ Cα,k. (1.2.22)

It is called the Schwartz space or space of rapidly decreasing functions.
For u ∈ S , we define a norm ∥u∥k on this space by

∥u∥2k =
∑
|α|≤k

∫
Rn

∣∣∣∣∂|α|u∂xα
(x)

∣∣∣∣2 dx. (1.2.23)

In this part, we assume that all functions are Cm-valued.

Definition 1.2.12. The completion of S relative to the norm ∥ · ∥k is the
Sobolev space Hk.

In order to do more things, we recall and summarize the knowledge of
Fourier analysis on Rn.

Let u ∈ L1(Rn). The Fourier transform û of u is defined by

û(ξ) = (2π)−n/2

∫
Rn

e−i⟨x,ξ⟩u(x)dx. (1.2.24)

We denote by

Dα = i−|α| ∂
|α|

∂xα
. (1.2.25)



24 CHAPTER 1. OPERATORS ON MANIFOLDS

Proposition 1.2.13. For u ∈ S , we have

D̂α
xu(ξ) = ξαû(ξ), (1.2.26)

x̂αu(ξ) = (−1)|α|Dα
ξ û(ξ), (1.2.27)

and the Plancherel’s formula

(u, v)L2 = (û, v̂)L2 . (1.2.28)

Recall that the convolution product ∗ is defined by

u ∗ v(x) =
∫
Rn

u(x− y)v(y)dy, (1.2.29)

for any u, v ∈ S .

Proposition 1.2.14. For u, v ∈ S , we have

û · v = û ∗ v̂, û ∗ v = û · v̂. (1.2.30)

Proposition 1.2.15. The Fourier transform defines an isomorphism :S →
S . The inverse is given by

u(x) = (2π)−n/2

∫
Rn

ei⟨x,ξ⟩û(ξ)dξ. (1.2.31)

From (1.2.23), (1.2.26) and (1.2.28), we have

∥u∥2k =
∑
|α|≤k

∥Dαu∥2L2 =
∑
|α|≤k

∥D̂αu∥2L2 =
∑
|α|≤k

∥ξαû∥2L2

=

∫
Rn

∑
|α|≤k

ξ2α

 |û(ξ)|2dξ. (1.2.32)

Since there exist c1, c2 > 0 such that

c1(1 + |ξ|)2k ≤
∑
|α|≤k

ξ2α ≤ c2(1 + |ξ|)2k, (1.2.33)

∥ · ∥k is equivalent to the norm ∥u∥′2k given by

∥u∥′2k =

∫
Rn

(1 + |ξ|)2k|û(ξ)|2dξ. (1.2.34)
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In some literatures, the weight part is (1 + |ξ|2)k. The norm defined by this
weight is also equivalent to ∥ · ∥k.

In Functional analysis, the Hilbert spaces with the equivalent norms are
topological isomorphism. Thus they could be regarded as the same space.

Following this way, we could define the Sobolev norm and the Sobolev
space of any order s, s ∈ R.

Definition 1.2.16. For s ∈ R and u ∈ S , we define the s-th Sobolev norm
∥ · ∥s by

∥u∥2s =
∫
Rn

(1 + |ξ|)2s|û(ξ)|2dξ. (1.2.35)

The completion of S with respect to this norm is the Sobolev space Hs.

For k ∈ N, the uniform C k-norm of u ∈ C k is defined by

∥u∥2C k := sup
Rn

∑
|α|≤k

|Dαu|2. (1.2.36)

It is well-known that this norm is complete on any bounded domain.

Theorem 1.2.17 (Sobolev Embedding Theorem). For each k ∈ N, s > n
2
+k,

s ∈ R, there exists Cs > 0 such that for any u ∈ S ,

∥u∥C k ≤ Cs∥u∥s. (1.2.37)

Thus there exists a continuous embedding

Hs ⊂ C k. (1.2.38)

Proof. From (1.2.31) and (1.2.26), for |α| < s− n
2
,

|Dαu| = (2π)−n/2

∣∣∣∣∫
Rn

ei⟨x,ξ⟩D̂αu(ξ)dξ

∣∣∣∣ ≤ (2π)−n/2

∫
Rn

|ξα||û(ξ)|dξ

= (2π)−n/2

∫
Rn

(1 + |ξ|)−(s−|α|)(1 + |ξ|)(s−|α|)|ξα||û(ξ)|dξ

≤ (2π)−n/2

(∫
Rn

(1 + |ξ|)−2(s−|α|)dξ

)1/2(∫
Rn

(1 + |ξ|)2s|û(ξ)|2dξ
)1/2

.

(1.2.39)

Since s− |α| > n
2
, Kα,s :=

∫
Rn(1 + |ξ|)−2(s−|α|)dξ is finite. Thus we have

|Dαu|2 ≤ (2π)−n/2K1/2
α,s ∥u∥2s. (1.2.40)
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Let Cs = (2π)−n/2
∑

|α|<s−n/2K
1/2
α,s , we get (1.2.37).

For any u ∈ Hs, there exists a series uj ∈ S , such that uj → u under
the norm ∥ · ∥s. Thus for any ε > 0, there exists N > 0 such that for any
j, l > N , ∥uj − ul∥s ≤ ε/Cs. By (1.2.37), we have ∥uj − ul∥C k ≤ ε. Since C k

is complete on a bounded domain, there exists u′ ∈ C k, such that uj → u′

under the norm ∥ · ∥C k . It is easy to see that u′ does not depend on the
choice of the Cauchy sequence. We identify u′ ∈ C k with u ∈ Hs to get a
continuous map i : Hs → C k. This is also an embedding. In fact, if i(v) = 0,
taking un ∈ C ∞

0 such that ∥un − v∥s → 0, then ∥un∥C k = ∥i(un)∥C k =
∥i(un − v)∥C k ≤ C∥un − v∥s → 0. So v = 0.

The proof of Theorem 1.2.17 is completed.

From (1.2.35), if s < t, we have

∥u∥s < ∥u∥t. (1.2.41)

Thus we have the continuous embedding

Ht ⊂ Hs, s < t. (1.2.42)

Moreover, by Sobolev embedding theorem, for 0 < s1 < · · · < sk < · · · ,

C ∞
0 ⊂ S ⊂ · · ·Hsk ⊂ · · ·Hs1 ⊂ L2. (1.2.43)

Theorem 1.2.18. For s2 > s > s1, then for any ε > 0, there exists Cε > 0,
such that for any u ∈ Hs2, we have

∥u∥2s ≤ ε∥u∥2s2 + Cε∥u∥2s1 . (1.2.44)

Proof. By (1.2.42), Hs2 ⊂ Hs ⊂ Hs1 . Thus u ∈ Hs and u ∈ Hs1 . From
Definition 1.2.16, we only need to prove for any ξ ∈ Rn, we have

(1 + |ξ|)2s ≤ ε(1 + |ξ|)2s2 + Cε(1 + |ξ|)2s1 . (1.2.45)

Let ρ = (1+ |ξ|)2 > 0. We need to prove ρs ≤ ερs2 +Cερ
s1 . Set λ = ε1/(s2−s),

Cε = λ−(s−s1). It is equivalent to (λρ)s2−s + (λρ)s−s1 ≥ 1. This inequality
holds because if λρ ≥ 1, the first part ≥ 1, if λρ < 1, the second part < 1.

The proof of Theorem 1.2.18 is completed.

From Theorems 1.2.17 and 1.2.18, we have the following corollary.

Corollary 1.2.19. For k ∈ N, s > n
2
+k, for any ε > 0, there exists Cε > 0,

such that for any u ∈ Hs, we have

∥u∥C k ≤ ε∥u∥2s + Cε∥u∥20. (1.2.46)
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Theorem 1.2.20 (Rellich Lemma). Let {uj} be a sequence of functions with
supp(uj) ⊂ B1(0) and there exists constant C > 0, such that ∥uj∥t ≤ C.
Then for any s < t, there exists a Cauchy subsequence of {uj} with respect
to the norm ∥ · ∥s, thus converges in Hs.
Proof. Take a smooth function φ ∈ C ∞

0 such that φ = 1 on Bn. Thus
φuj = uj. By (1.2.30), ûj = φ̂ ∗ ûj. So for any α,

Dα
ξ ûj(ξ) =

∫
Rn

(Dα
ξ φ̂)(ξ − η)ûj(η)dη. (1.2.47)

By the Cauchy-Schwarz inequality,

|Dα
ξ ûj(ξ)|2 ≤

∫
Rn

(1 + |η|)−2t|Dα
ξ φ̂|2(ξ − η)dη

×
∫
Rn

(1 + |η|)2t|ûj(η)|2dη = Cα(ξ)∥uj∥2t , (1.2.48)

where Cα(ξ) =
∫
Rn(1 + |η|)−2t|Dα

ξ φ̂|2(ξ − η)dη is finite, since φ̂ ∈ S , and
does not depend on u.

By (1.2.48), for any α, |Dα
ξ ûj(ξ)| is uniformly bounded on compact subset

of Rn. Thus {ûj} is uniformly equicontinuous on compact subsets. By Ascoli-
Arzela Theorem, there is a subsequence of {ûj} which is uniformly Cauchy
on compact subsets, which we also denote by {ûj}.

Fix r > 0.

∥uj − uk∥2s =
∫
|ξ|>r

(1 + |ξ|)2s|ûj(ξ)− ûk(ξ)|2dξ

+

∫
|ξ|≤r

(1 + |ξ|)2s|ûj(ξ)− ûk(ξ)|2dξ =: A+B. (1.2.49)

Note that

A ≤ (1 + r)2(s−t)

∫
|ξ|>r

(1 + |ξ|)2t|ûj(ξ)− ûj(ξ)|2dξ

≤ ∥uj − uk∥2t
(1 + r)2(t−s)

≤ 2C

(1 + r)2(t−s)
. (1.2.50)

For any ε > 0, we take r large, such that 2C(1 + r)2(s−t) < ε/2. Note that

B ≤ C ′ sup
|ξ|<r

|ûj(ξ)− ûk(ξ)|2. (1.2.51)

Since {ûj} is uniformly Cauchy, there exists N > 0 such that for j, k > N ,
|ûj(ξ)− ûk(ξ)|2 ≤ ε/(2C ′). Thus for j, k > N , ∥uj − uk∥2s < ε.

The proof of Theorem 1.2.20 is completed.
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By Theorems 1.2.17, 1.2.20, we have the following corollary.

Corollary 1.2.21. Let {uj} be a sequence of functions with supp(uj) ⊂ B1(0)
and there exists constant C > 0, such that ∥uj∥s ≤ C. If s > n

2
+ k, then

there is a subsequence which converges to a function u ∈ C k
0 in the uniform

C k-norm.

The following theorem says that H−s = (Hs)∗.

Theorem 1.2.22. For u, v ∈ S , the bilinear function

(u, v) :=

∫
Rn

û(ξ) · v̂(ξ)dξ (1.2.52)

has a continuous extension to Hs×H−s for any s ∈ R. Moreover, it identifies
H−s with the dual of Hs, that is,

∥v∥−s = sup
u∈Hs

(u, v)

∥u∥s
. (1.2.53)

Proof. For u, v ∈ S , by the Schwarz inequality,

|(u, v)| =
∣∣∣∣∫

Rn

(1 + |ξ|)sû(ξ) · (1 + |ξ|)−sv̂(ξ)dξ

∣∣∣∣ ≤ ∥u∥s∥v∥−s. (1.2.54)

From the argument below (1.2.40), we see that the bilinear function (·, ·) has
a continuous extension to Hs ×H−s for any s ∈ R.

We choose u such that û(ξ) = v̂(ξ)(1 + |ξ|)−2s. Then

∥u∥s = ∥v∥−s, (u, v) =

∫
Rn

|v̂(ξ)|2(1 + |ξ|)−2sdξ = ∥v∥2−s. (1.2.55)

Thus

sup
u∈Hs

(u, v)

∥u∥s
≥ ∥v∥−s. (1.2.56)

Then (1.2.53) follows from (1.2.54) and (1.2.56).
The proof of Theorem 1.2.22 is completed.

Corollary 1.2.23. Let T : S → S and T ∗ : S → S be linear maps such
that (Tu, v) = (u, T ∗v) for any u, v ∈ S . For s ∈ R, if there exists C > 0
such that for any u ∈ S ,

∥Tu∥s ≤ C∥u∥s, (1.2.57)

we have

∥T ∗u∥−s ≤ C∥u∥−s. (1.2.58)
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Proof. For u, v ∈ S , by Theorem 1.2.22, we have

∥T ∗v∥−s = sup
u∈Hs

(u, T ∗v)

∥u∥s
= sup

u∈Hs

(Tu, v)

∥u∥s

≤ sup
u∈Hs

∥Tu∥s∥v∥−s

∥u∥s
≤ C∥v∥−s. (1.2.59)

The proof of Corollary 1.2.23 is completed.

Proposition 1.2.24. Let A be a smooth matrix valued function on Rn such
that |DαA| is bounded for any α. Then the map T : S → S defined by
Tu = Au extends to a bounded linear map T : Hs → Hs for s ∈ Z.

Proof. For s ≥ 0, there exists C > 0, such that for any u ∈ S ,

∥Tu∥s =
∑
|α|≤s

∫
Rn

|Dα(Au)|2dx ≤ C
∑
|α|≤s

∫
Rn

|Dαu|2dx = C∥u∥s. (1.2.60)

By (1.2.28), we see that T ∗u = ATu. For s < 0, as in (1.2.60), we
have ∥T ∗u∥−s ≤ C∥u∥−s. Since (T ∗)∗ = T , by Corollary 1.2.23, we have
∥Tu∥s ≤ C∥u∥s.

The proof of Proposition 1.2.24 is completed.

Now we want to establish Proposition 1.2.24 for s ∈ R. We prove a lemma
first.

Lemma 1.2.25 (Peetre’s Inequality). For any ξ, η ∈ Rn and s ∈ R, we have(
1 + |ξ|
1 + |η|

)s

≤ (1 + |ξ − η|)|s|. (1.2.61)

Proof. For s ≥ 0, (1.2.61) follows from

(1 + |ξ|) ≤ 1 + |ξ − η|+ |η| ≤ (1 + |η|)(1 + |ξ − η|). (1.2.62)

For s < 0, we use the same argument reversing ξ and η and replace s by
−s.

For a smooth matrix valued function A(x) = [aij(x)] on Rn, we say A ∈ S

if for any i, j, aij(x) ∈ S . Then we could define Â(ξ) = [âij(ξ)]. In this case,
for u ∈ S , letting A ∗ u =

∫
Rn A(x − y)u(y)dy, by Proposition 1.2.14, we

have

Âu = Â ∗ û, Â ∗ u = Â û. (1.2.63)
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Theorem 1.2.26. Let A ∈ S be a smooth matrix valued function. Then
the map T : S → S defined by Tu = Au extends to a bounded linear map
T : Hs → Hs for s ∈ R, i.e., there exists C > 0 such that for any u ∈ S ,
we have

∥Au∥s ≤ C∥u∥s. (1.2.64)

Proof. For any u ∈ S , by (1.2.35) and (1.2.63), we have

∥Au∥2s =
∫
Rn

(1 + |ξ|)2s|Âu(ξ)|2dξ

=

∫
Rn

(1 + |ξ|)2s
∣∣∣∣∫

Rn

Â(ξ − η)û(η)dη

∣∣∣∣2 dξ
≤
∫
Rn

(∫
Rn

(1 + |ξ|)2s

(1 + |η|)2s
|Â(ξ − η)|2dξ

)
|(1 + |η|)2sû(η)|2dη. (1.2.65)

From (1.2.22) and Lemma 1.2.25, for k > |s|+ n
2
, k ∈ N, there exists Ck > 0,

such that∫
Rn

(1 + |ξ|)2s

(1 + |η|)2s
|Â(ξ − η)|2dξ ≤ Ck

∫
Rn

(1 + |ξ − η|)2|s|−2kdξ

= Ck

∫
Rn

(1 + |ξ|)2|s|−2kdξ < +∞. (1.2.66)

Let C = Ck

∫
Rn(1 + |ξ|)2|s|−2kdξ. By (1.2.65),

∥Au∥s ≤ C∥u∥s. (1.2.67)

The proof of Theorem 1.2.26 is completed.

In order to define the Sobolev space on manifolds, we introduce another
equivalent Sobolev norm for s ∈ R, which is due to Hörmander.

Proposition 1.2.27. For 0 < s < 1, the s-th Sobolev norm is equivalent to
the following norm for any u ∈ S :

∥u∥′s :=
(
∥u∥2L2 +

∫
Rn

∫
Rn

|u(x)− u(y)|2

|x− y|n+2s
dxdy

) 1
2

. (1.2.68)

Proof. By Newton-Leibniz’s formula,

u(x)− u(y) = (x− y) ·
∫ 1

0

∇u(tx+ (1− t)y)dt. (1.2.69)
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By (1.2.69), since s < 1,∫
Rn

∫
Rn

|u(x)− u(y)|2

|x− y|n+2s
dxdy

≤ C
∑
|α|=1

·
∫
Rn

∫
Rn

(∫ 1

0
|(∇u)(tx+ (1− t)y)|dt

)2
|x− y|n+2s−2

dxdy

= C
∑
|α|=1

∫
Rn

∫
Rn

(∫ 1

0
|(∇u)(tx+ y)|dt

)2
|x|n+2s−2

dxdy

≤ C
∑
|α|=1

∫
Rn

1

|x|n+2s−2

∫ 1

0

∫
Rn

|(∇u)(tx+ y)|2dydtdx < +∞. (1.2.70)

From (1.2.24), letting ux(y) := u(x+ y), we have

ûx(ξ) = ei⟨x,ξ⟩û(ξ). (1.2.71)

Thus from Plancherel’s formula (1.2.28) and (1.2.71), we have∫
Rn

∫
Rn

|u(x)− u(y)|2

|x− y|n+2s
dxdy =

∫
Rn

1

|x|n+2s

∫
Rn

|u(x+ y)− u(y)|2dydx

=

∫
Rn

1

|x|n+2s

∫
Rn

|ûx(ξ)− û(ξ)|2dydx =

∫
Rn

∫
Rn

|ei⟨x,ξ⟩ − 1|2

|x|n+2s
|û(ξ)|2dxdξ.

(1.2.72)

By replacing ξ to Tξ, where T is an orthogonal rotation, we see that
∫
Rn |ei⟨x,ξ⟩−

1|2|x|−n−2sdx depends only on |ξ|. By replacing ξ to aξ, a ∈ R, we see that
it is homogeneous of degree 2s. Thus by (1.2.93),∫

Rn

|ei⟨x,ξ⟩ − 1|2|x|−n−2sdx = Cs|ξ|2s, Cs > 0. (1.2.73)

Therefore, we have∫
Rn

∫
Rn

|u(x)− u(y)|2

|x− y|n+2s
dxdy = Cs

∫
Rn

|ξ|2s|û(ξ)|2dξ. (1.2.74)

Since there exist c, C > 0 such that c(1 + |ξ|2s) ≤ (1 + |ξ|)2s ≤ C(1 + |ξ|2s),
we see the two norms are equivalent.

The proof of Proposition 1.2.27 is completed.
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Corollary 1.2.28. For s > 0, s = m + σ with m ∈ N, 0 ≤ σ < 1, the s-th
Sobolev norm is equivalent to the following norm for any u ∈ S :

∥u∥′s :=

∑
|α|≤m

∥Dαu∥2L2 +
∑
|α|≤m

∫
Rn

∫
Rn

|Dαu(x)−Dαu(y)|2

|x− y|n+2σ
dxdy

 1
2

.

(1.2.75)

Proof. By (1.2.74), we have∫
Rn

∫
Rn

|Dαu(x)−Dαu(y)|2

|x− y|n+2σ
dxdy = Cσ

∫
Rn

|ξ|2σ|D̂αu(ξ)|2dξ

= Cσ

∫
Rn

|ξ|2(α+σ)|û(ξ)|2dξ. (1.2.76)

Then Corollary 1.2.28 follows directly.

For s < 0, as in (1.2.53), we define

∥u∥′s = sup
v∈H−s

(u, v)

∥v∥′−s

. (1.2.77)

Proposition 1.2.29. Let Ω and Ω′ be bounded open subsets of Rn. Let
Φ : Ω → Ω′ be a diffeomorphism. Let K ⊂ Ω be a compact subset and
K ′ = Φ(K). Then for s ∈ R, there exists c, C > 0 such that for any
u ∈ C ∞

0 (K ′),

c∥u∥s ≤ ∥u ◦ Φ∥s ≤ C∥u∥s. (1.2.78)

Proof. Since Φ is a diffeomorphism, we only need to prove

∥u ◦ Φ∥s ≤ C∥u∥s (1.2.79)

because the other inequality follows from considering Φ−1.
We denote by U = u ◦ Φ. Let |DΦ−1| be the Jacobian determinant of

Φ−1. Set

B1 = sup
K2

|DΦ−1|, B2 = sup
K1

|Φ(x)− Φ(y)|
|x− y|

. (1.2.80)

Set x′ = Φ(x), y′ = Φ(y). Then for s = 0, (1.2.79) follows from∫
Rn

|U(x)|2dx =

∫
Rn

|u(x′)|2|DΦ−1|dx′ ≤ B1

∫
Rn

|u(x)|2dx. (1.2.81)
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For 0 < s < 1, we have∫
Rn

∫
Rn

|U(x)− U(y)|2

|x− y|n+2s
dxdy =

∫
Rn

∫
Rn

|u(x′)− u(y′)|2

|x− y|n+2s
|DΦ−1(x′)||DΦ−1(y′)|dx′dy′

≤ B2
1B

n+2s
2

∫
Rn

∫
Rn

|u(x′)− u(y′)|2

|x′ − y′|n+2s
dx′dy′. (1.2.82)

Then by Proposition 1.2.27, we have ∥u ◦ Φ∥s ≤ C∥u∥s.
Now we proceed by induction. Let χ′ ∈ C ∞

0 (Ω′) such that χ′ ≡ 1 on K ′.
Assume that (1.2.79) holds for any 0 ≤ s < k, k ∈ N. For k ≤ s < k + 1,
1 ≤ j ≤ n, by Theorem 1.2.26, we have

∥DjU(x)∥s−1 ≤ ∥Dju(x′)DjΦ(x)∥s−1 = ∥Dju(x′)χ′(x′)DjΦ(x)∥s−1

≤ C∥Dju(x′)∥s−1. (1.2.83)

Since 1 + |ξ|2 ≤ (1 + |ξ|)2 ≤ 2(1 + |ξ|2), we have

∥u∥2s−1 +
n∑

j=1

∥Dju∥2s−1 ≤ ∥u∥2s ≤ 2∥u∥2s−1 + 2
n∑

j=1

∥Dju∥2s−1. (1.2.84)

From (1.2.83), (1.2.84) and the assumption for the induction, we have

∥U∥2s ≤ 2∥U∥2s−1 + 2
n∑

j=1

∥DjU∥2s−1

≤ C∥u∥2s−1 + C
n∑

j=1

∥Dju∥2s−1 ≤ C∥u∥2s. (1.2.85)

Therefore, (1.2.79) holds for any s ≥ 0.
For s < 0, we use the duality of Hs and H−s. Let χ ∈ C ∞

0 (Ω′) such that
χ ≡ 1 on K. Then by (1.2.56) and Theorem 1.2.26, for any v ∈ S , we have

|(v, U)| = |(χ1v, U)| = |(χv ◦ Φ−1, u|DΦ|)| ≤ ∥χv ◦ Φ−1∥−s∥|DΦ|u∥s
≤ ∥χv ◦ Φ−1∥−s∥χ′|DΦ|u∥s ≤ C∥v∥−s∥u∥s. (1.2.86)

Therefore,

∥u ◦ Φ∥s = sup
v∈S

|(v, U)|
∥v∥−s

≤ C∥u∥s. (1.2.87)

The proof of Proposition 1.2.29 is completed.
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Now we start to define the Sobolev space on the manifold.

Definition 1.2.30. Let M be a Riemannian manifold and E be a vector
bundle over M with Hermitian metric. Let K ⊂ M be a compact subset.
Let {Uα, ϕα} be a locally finite atlas of M such that E is trivial on Ui and K
is covered by finite charts. Let {hα} be a partition of unity. Then for s ∈ R,
the Sobolev s-norm can be defined on u ∈ C ∞

0 (K,E) by

∥u∥2s :=
∑
α

∥(hαu) ◦ ϕ−1
α ∥2s. (1.2.88)

The completion of C ∞
0 (M,E) in this norm is the Sobolev Hs

0(K,E). If M
is compact, we set Hs(M,E) := Hs

0(M,E). We often denote it by Hs(E) if
there is no confusion.

This norm is of course highly non-intrinsic. However, Theorem 1.2.26
shows that ∥ · ∥s is independent of the choice of local chart and partition of
unity up to equivalence. Proposition 1.2.29 shows that ∥ · ∥s is independent
of the choice of coordinate transformation up to equivalence.

Proposition 1.2.31. The equivalence class of the norm ∥ · ∥s is independent
of the atlas and the partition of unity.

Proof. Let {Vλ, ψλ} be a locally finite atlas of M such that E is trivial on
Vλ and K is covered by finite charts.. Let {gλ} be a partition of unity with
respect to this new atlas. Note that if Uα∩Vλ ̸= ∅, we see that supp(hα ·gλ) ⊂
Uα ∩ Vλ. By Theorem 1.2.26 and Proposition 1.2.29, for u ∈ C ∞(K,E), we
have

∑
λ

∥(gλ · u) ◦ ψ−1
λ ∥2s =

∑
λ

∥∥∥∥∥
(∑

α

hα · gλ · u

)
◦ ψ−1

λ

∥∥∥∥∥
2

s

≤ C
∑
λ,α

∥∥(hα · gλ · u) ◦ ψ−1
λ

∥∥2
s
= C

∑
λ,α

∥∥(hα · gλ · u) ◦ ϕ−1
α ◦ (ϕα ◦ ψ−1

λ )
∥∥2
s

≤ C
∑
λ,α

∥∥(gλ · hα · u) ◦ ϕ−1
α

∥∥2
s
≤ C

∑
α

∥∥(hα · u) ◦ ϕ−1
α

∥∥2
s
. (1.2.89)

The proof of Proposition 1.2.31 is completed.

For the setting in Definition 1.2.30, we define the C k-norm by

∥u∥2C k :=
∑
α

∥(hαu) ◦ ϕ−1
α ∥2C k . (1.2.90)
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As in Proposition 1.2.31, the equivalence class of the norm ∥ · ∥C k is inde-
pendent of the atlas and the partition of unity.

Let ∇ be a connection on E. Given u ∈ C ∞(M,E), we have ∇u ∈
C ∞(M,T ∗M ⊗ E). Using the tensor product connection on T ∗M ⊗ E, we
have ∇∇u ∈ C ∞(M,T ∗M ⊗ T ∗M ⊗ E). This process continues, for any
s ∈ N, we define

∥u∥′′2k :=
k∑

j=1

∫
M

|∇ · · ·∇︸ ︷︷ ︸
j times

u|2dvx. (1.2.91)

Proposition 1.2.32. The norm ∥ · ∥′′k in (1.2.91) is equivalent to ∥ · ∥k in
(1.2.60) for k ∈ N.

Proof. By (1.2.91), we have

∥u∥′′2k :=
k∑

j=1

∑
λ

∫
ϕλ(Vλ)

gλ ◦ ψ−1
λ

·

∣∣∣∣∣∣
∑

1≤i1,··· ,ij≤n

(Di1 + Ai1) · · · (Dij + Aij)(u ◦ ψ−1
λ )

∣∣∣∣∣∣
2

dvx. (1.2.92)

Then Proposition 1.2.32 follows from (1.2.23) and (1.2.88).

From Proposition 1.2.32, the norm in (1.2.91) is independent of the met-
rics on TM and E and the connection ∇ up to equivalence. Sometimes, we
use (1.2.91) as the definition of the Sobolev norm.

For k ∈ N, the uniform C k-norm of u ∈ C k
0 (K,E) is defined by

∥u∥′′2C k := sup
K

∑
|α|≤k

|∇ · · ·∇︸ ︷︷ ︸
j times

u|2. (1.2.93)

As in Proposition 1.2.32, this norm is equivalent to that in (1.2.90). Since K
is compact, this norm is complete.

Now we generalize Theorems 1.2.17, 1.2.18, 1.2.20, 1.2.22 and Proposition
1.2.24 to the global case. The proof of the following theorem is obvious, which
is left as an exercise.

Theorem 1.2.33. Let E and F be vector bundles over a manifold of dimen-
sion n.

(1) (Rellich’s theorem) For any s, t ∈ R, s < t, the inclusion map

ι : Ht
0(K,E) → Hs

0(K,E) (1.2.94)
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is a compact operator, i.e., ι sends any bounded subset of Ht
0(K,E) to rela-

tively compact subset of Hs
0(K,E), equivalently, a set with compact closure.

(2) (Sobolev embedding theorem) For each k ∈ N and each s > n
2
+ k,

there is a continuous inclusion Hs
0(K,E) ⊂ C k

0 (K,E), that is, for any u ∈
C ∞
0 (K,E),

∥u∥C k ≤ Cs∥u∥s. (1.2.95)

Furthermore, by (1), every sequence {uj ∈ C ∞
0 (K,E)} which is bounded in

the ∥ · ∥s norm has a subsequence which converges in the uniform C k-norm.
(3) For s2 > s > s1, then for any ε > 0, there exists Cε > 0, such that

for any u ∈ Hs2
0 (K,E), we have

∥u∥2s ≤ ε∥u∥2s2 + Cε∥u∥2s1 . (1.2.96)

In particular, for s > n
2
+ k, k ≥ 1,

∥u∥2C k ≤ ε∥u∥2s + Cε∥u∥20. (1.2.97)

(4) For any Riemannian volume element dv on compact manifold M , the
bilinear map on C ∞(M,E)× C ∞(M,E∗) given by setting

(u, v∗) =

∫
M

v∗(u)dv (1.2.98)

has a continuous extension to Hs(E) ×H−s(E∗) for any s ∈ R. Moreover,
it identifies H−s(E∗) with the dual of Hs(E), that is,

∥v∗∥−s = sup
u∈Hs(E)

(u, v∗)

∥u∥s
. (1.2.99)

(5) Multiplication TAu := Au by any A ∈ C ∞
0 (K,Hom(E,F ) := F ⊗E∗)

extends to a bounded linear map TA : Hs
0(K,E) → Hs

0(K,F ) for all s ∈ R.
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1.3 Pseudodifferential operator on vector bun-
dle

Let P =
∑

|α|≤mA
α(x)∂

|α|

∂xα be a differential operator on S such that |DβAα(x)|
is bounded for all α, β. Thus from (1.2.22), for u ∈ S , Pu ∈ S . Then by
(1.2.26) and (1.2.31), we have

Pu(x) =
∑
|α|≤m

i|α|Aα(x)Dα
xu(x) = (2π)−n/2

∑
|α|≤m

i|α|Aα(x)

∫
Rn

ei⟨x,ξ⟩D̂αu(ξ)dξ

= (2π)−n/2

∫
Rn

ei⟨x,ξ⟩p(x, ξ)û(ξ)dξ, (1.3.1)

where

p(x, ξ) =
∑
|α|≤m

i|α|Aα(x)ξα. (1.3.2)

The matrix-valued function p(x, ξ) is called the (total) symbol of P . We
denote by

sym(P ) = p(x, ξ). (1.3.3)

Let Q : S → S be another differential operator with symbol q(ξ), i.e.,
Aα’s are constants. Then since Âαu(ξ) = Aαû(ξ), we have Q̂u(ξ) = q(ξ)û(ξ).

PQu(x) = (2π)−n/2

∫
Rn

ei⟨x,ξ⟩p(x, ξ)Q̂u(ξ)dξ

= (2π)−n/2

∫
Rn

ei⟨x,ξ⟩p(x, ξ)q(ξ)û(ξ)dξ. (1.3.4)

Thus

sym(P ◦Q) = sym(P ) · sym(Q). (1.3.5)

In the theory of PDE, the main problem is to solve the equation

Pu = f. (1.3.6)

From (1.3.4), naively, if p(ξ) is invertible and independent of x, by
(1.2.24), letting q(ξ) := p(ξ)−1 and

Qf(x) := (2π)−n/2

∫
Rn

ei⟨x,ξ⟩q(ξ)f̂(ξ)dξ, (1.3.7)
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we have

PQf(x) = (2π)−n/2

∫
Rn

ei⟨x,ξ⟩f̂(ξ)dξ = f(x). (1.3.8)

Thus
u = Qf (1.3.9)

is a solution of (1.3.6).
There are two problems for this process. Firstly, p(ξ) is not invertible at

ξ = 0. For this problem, we will assume that p(ξ) is invertible outside 0,
and use a cut-off function to construct the q(ξ) to handle it. It is the main
content in the next section. Secondly, we need to construct a home for Q
living in and study the case that p, q depend on x. This is the purpose of
this section.
Definition 1.3.1. Fix m ∈ R. A smooth matrix-valued function p(x, ξ) on
Rn × Rn is said to be a symbol of order m if for each α, α′, there exists
Cα,α′ > 0 such that

|Dα
xD

α′

ξ p(x, ξ)| ≤ Cα,α′(1 + |ξ|)m−|α′| (1.3.10)
for all x, ξ. Let Symm be the space of these symbols.

Now we construct the operator from such p(x, ξ) as in (1.3.7).
Proposition 1.3.2. For each p ∈ Symm, the formula

Pu(x) := (2π)−n/2

∫
Rn

ei⟨x,ξ⟩p(x, ξ)û(ξ)dξ (1.3.11)

defines a linear operator P : S → S . If p has compact x-support, this
operator has a continuous extension P : Hs+m → Hs for any s ∈ R.
Proof. For u ∈ S , û ∈ S . For N ∈ N, from (1.2.22) and (1.3.10), for any
k ∈ N,

|x|2N |Dα
xPu(x)| = (2π)−n/2

∣∣∣∣∣ ∑
β+γ=α

∫
Rn

α!

β!γ!
|x|2NDβ

xe
i⟨x,ξ⟩Dγ

xp(x, ξ)û(ξ)dξ

∣∣∣∣∣
= (2π)−n/2

∣∣∣∣∣ ∑
β+γ=α

∫
Rn

α!

β!γ!

(
∆N

ξ e
i⟨x,ξ⟩) (ξβDγ

xp(x, ξ))û(ξ)dξ

∣∣∣∣∣
= (2π)−n/2

∣∣∣∣∣ ∑
β+γ=α

∫
Rn

α!

β!γ!
ei⟨x,ξ⟩∆N

ξ (ξ
βDγ

xp(x, ξ)û(ξ))dξ

∣∣∣∣∣
≤ Ck

∑
β+γ=α

∫
Rn

(1 + |ξ|)m+|β|(1 + |ξ|)−kdξ. (1.3.12)



1.3. PSEUDODIFFERENTIAL OPERATOR ON VECTOR BUNDLE 39

Take k large enough, the right hand side of (1.3.12) is finite. Thus Pu ∈ S .
Now we prove the second part.
We firstly try to use the definition:

∥Pu∥s =
∫
Rn

(1 + |ξ|)2s|P̂ u(ξ)|2dξ

= (2π)−n/2

∫
Rn

(1 + |ξ|)2s
∣∣∣∣∫

Rn

e−i⟨x,ξ⟩Pu(x)dx

∣∣∣∣2 dξ
= (2π)−n

∫
Rn

(1 + |ξ|)2s
∣∣∣∣∫

Rn

∫
Rn

e−i⟨x,ξ−η⟩p(x, η)û(η)dηdx

∣∣∣∣2 dξ (1.3.13)

But in this way,
∫
Rn((1 + |ξ|)2s)dξ may be not finite. It is not easy for us to

use e−i⟨x,ξ⟩ to control it.
Now we use another equivalent definition (1.2.53):

∥Pu∥s = sup
v

(Pu, v)

∥v∥−s

. (1.3.14)

From (1.2.52) and (1.3.13),

(Pu, v) =

∫
Rn

P̂ u(ξ) · v̂(ξ)dξ

= (2π)−n

∫
Rn

(∫
Rn

∫
Rn

e−i⟨x,ξ−η⟩p(x, η)û(η)dηdx

)
· v̂(ξ)dξ (1.3.15)

Set

Ψ(ξ, η) =

∫
Rn

e−i⟨x,ξ−η⟩p(x, η)dx. (1.3.16)

Then

|(Pu, v)| ≤
∫
Rn

∫
Rn

|Ψ(ξ, η)||û(η)||v̂(ξ)|dξdη. (1.3.17)

We show an estimate of Ψ(ξ, η) as follows. For any α,

ζα
∫
Rn

e−i⟨x,ζ⟩p(x, η)dx = (−1)|α|
∫
Rn

Dα
xe

−i⟨x,ζ⟩p(x, η)dx

=

∫
Rn

e−i⟨x,ζ⟩Dα
xp(x, η)dx. (1.3.18)
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Since p has compact x-support, by (1.3.10) and (1.3.18), for any t ∈ N, there
exists Ct > 0, such that

|Ψ(ξ, η)| ≤ Ct(1 + |η|)m(1 + |ξ − η|)−t. (1.3.19)

Note that

(1 + |η|)(1 + |ξ − η|) ≥ 1 + |η|+ |ξ − η| ≥ 1 + |ξ|. (1.3.20)

Thus

1 + |ξ|
1 + |η|

≤ (1 + |ξ − η|). (1.3.21)

Let

Ψ′(ξ, η) = Ψ(ξ, η) · (1 + |η|)−s−m · (1 + |ξ|)s. (1.3.22)

Then from (1.3.19)-(1.3.22),

|Ψ′(ξ, η)| ≤ Ct
(1 + |ξ|)s

(1 + |η|)s
(1 + |ξ − η|)−t ≤ Ct(1 + |ξ − η|)|s|−t. (1.3.23)

Thus taking t large enough,
∫
Rn |Ψ′(ξ, η)|dξ and

∫
Rn |Ψ′(ξ, η)|dη are all finite.

From (1.3.17) and (1.3.22), we have

|(Pu, v)| ≤
(∫

Rn

(∫
Rn

|Ψ′(ξ, η)|dξ
)
(1 + |η|)s+mû(η)dη

)1/2

×
(∫

Rn

(∫
Rn

|Ψ′(ξ, η)|dη
)
(1 + |ξ|)−sv̂(ξ)dξ

)1/2

≤ C∥u∥s+m∥v∥−s. (1.3.24)

Therefore, we get this proposition from (1.3.14).

Remark that the constant C in (1.3.24) depends on s.

Definition 1.3.3. The operator P defined in (1.3.11) is called a pseudodif-
ferential operator of order m on Rn. In particular, a differential operator
is a pseudodifferential operator. The space of the pseudodifferential opera-
tors of order m is denoted by ΨDOm. A linear map f : S → S is called an
(infinitely) smoothing operator if it could extend to f : Hs → Hs+m for
any s and m. Two pseudodifferential operators P and P ′ are called equivalent
if P − P ′ is an (infinitely) smoothing operator.
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Our next aim is to define the composition of P, P ′ ∈ ΨDO. This is one
of the key point in solving (1.3.6).

Since the pseudodifferential operator is defined by the symbol, we study
the ”symbol calculus”.

Definition 1.3.4. Let P be a pseudodifferential operator with symbol p.
Then p is said to have a formal development

p ∼
∞∑
j=1

pj, pj ∈ Symmj , (1.3.25)

if for each m ∈ Z, there exists K such that p −
∑k

j=1 pj ∈ Sym−m for any
k ≥ K.

The following proposition says that the set of symbols is complete under
the addition in some sense.

Proposition 1.3.5. Any formal series
∑∞

j=1 pj, pj ∈ Symmj , mj → −∞,
is the formal development of a pseudodifferential operator. This operator is
unique up to equivalence.

Proof. We can assume that mj+1 < mj for all j. Fix a smooth function
φ : Rn → [0, 1], such that φ(ξ) = 0 for |ξ| ≤ 1 and φ(x) = 1 for |ξ| ≥ 2. For
any sequence {rj}∞j=1 such that limt→∞ rj = +∞, the symbol

p(x, ξ) =
∞∑
j=1

φ(ξ/rj)pj(x, ξ) (1.3.26)

is well defined since the sum is finite for each (x, ξ). We plan to choose rj
such that p(x, ξ) is the symbol of a pseudodifferential operator.

From (1.3.10), we have

|Dα
xD

α′

ξ

(
φ(ξ/rj)pj(x, ξ)

)
| ≤ Cα′

∑
β+γ=α′

∣∣∣Dβ
ξφ
(
ξ/rj

)∣∣∣ · ∣∣Dα
xD

γ
ξ pj(x, ξ)

∣∣
≤ Cα′

∑
β+γ=α′

Cj,α,γ

∣∣∣Dβ
ξφ
(
ξ/rj

)∣∣∣ · (1 + |ξ|)mj−|γ|. (1.3.27)

Let φ̃j(ξ) = φ(ξ/rj). By induction, we could prove that∣∣∣Dβ
ξφ
(
ξ/rj

)∣∣∣ ≤ Cβ

r
|β|
j

∥φ̃j∥C |β| ≤
Cβ

r
|β|
j

∥φ̃j∥C |α′| . (1.3.28)
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Thus

|Dα
xD

α′

ξ

(
φ(ξ/rj)pj(x, ξ)

)
| ≤ Cα′∥φ̃j∥C |α′| ·

∑
β+γ=α′

Cj,α,γCβ

r
|β|
j

· (1 + |ξ|)mj−|γ|.

(1.3.29)

Note that if |ξ| < rj, Dα
xD

α′

ξ

(
φ(ξ/rj)pj(x, ξ)

)
= 0. Thus we could assume

|ξ| ≥ rj in the right hand side of (1.3.29). Set m0 = m1. Then

|Dα
xD

α′

ξ

(
φ(ξ/rj)pj(x, ξ)

)
| ≤ Cα′∥φ̃j∥C |α′| ·

∑
β+γ=α′

Cj,α,γCβ

r
|β|
j

· (1 + |ξ|)mj−1−|α′|

(1 + |ξ|)mj−1−mj−|β|

≤ Cα′∥φ̃j∥C |α′| ·
∑

β+γ=α′ Cj,α,γCβ

r
mj−1−mj

j

· (1 + |ξ|)mj−1−|α′|. (1.3.30)

Let Cj,α,α′ :=
∑

β+γ=α′ Cj,α,γCβ. For j > 1, set rj > (2j∥φ̃j∥C j max|α|,|α′|≤j{Cj,α,α′})1/(mj−1−mj)

such that limj→+∞ rj = +∞. Then if |α|, |α′| ≤ j, there exists Cα,α′ > 0 such
that

|Dα
xD

α′

ξ

(
φ(ξ/rj)pj(x, ξ)

)
| ≤ Cα,α′

2j
(1 + |ξ|)mj−1−|α′|. (1.3.31)

Let k = max{|α|, |α′|}. Then there exists Cα,α′ > 0 such that

|Dα
xD

α′

ξ p(x, ξ)
)
| ≤

(
k∑

j=1

Cα′∥φ̃j∥C |α′|

∑
β+γ=α′ Cj,α,γCβ

r
mj−1−mj

j

)
(1 + |ξ|)m1−|α′|

+
∞∑

j=k+1

Cα,α′

2j
(1 + |ξ|)m1−|α′| ≤ Cα,α′(1 + |ξ|)m1−|α′|. (1.3.32)

Therefore, p ∈ Symm1 .
Following the same process, we could obtain that p−

∑k
j=1 φ̃jpj ∈ Symmk .

Since mj → −∞, for any m ∈ Z, there exists K > 0 such that for any
k > K, p −

∑k
j=1 φ̃jpj ∈ Symm. Since (1 − φ̃j)pj ∈ Sym−∞, we have

p−
∑k

j=1 pj ∈ Symm. Thus
∑∞

j=1 pj is the formal development of a pseudod-
ifferential operator.

If P ′ is another pseudodifferential operator with symbol p′ has the same
formal development, then for any m ∈ Z, p − p′ ∈ Sym−m. Thus p − p′ ∈
Sym−∞.

The proof of Proposition 1.3.5 is completed.
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From (1.3.1), we have

(Pu)(x) = (2π)−n

∫
Rn

∫
Rn

ei⟨x−y,ξ⟩p(x, ξ)u(y)dydξ. (1.3.33)

The following lemma is technical. But in Shubin’s famous book, he
strongly urges the reader to carefully look at this proof. Therefore we present
it here.

Lemma 1.3.6. Let a(x, y, ξ) be a smooth matrix-valued function on R×R×R
with compact x- and y-support. Fix m ∈ R and assume that for each α, β, γ,
there is a constant Cα,β,γ > 0 such that

|Dα
xD

β
yD

γ
ξ a| ≤ Cα,β,γ(1 + |ξ|)m−|γ|. (1.3.34)

Then the operator K : S → S given by

(Ku)(x) = (2π)−n

∫
Rn×Rn

ei⟨x−y,ξ⟩a(x, y, ξ)u(y)dydξ (1.3.35)

is a pseudodifferential operator whose symbol k has asymptotic development

k(x, ξ) ∼
∑
α

i|α|

α!
(Dα

ξD
α
y a)(x, x, ξ). (1.3.36)

Proof. From (1.2.24), (1.2.29), (1.2.30) and (1.3.35), we have

(Ku)(x) = (2π)−n

∫
Rn

ei⟨x,ξ⟩
(∫

Rn

e−i⟨y,ξ⟩a(x, y, ξ)u(y)dy

)
dξ

= (2π)−n/2

∫
Rn

ei⟨x,ξ⟩âyu(ξ)dξ = (2π)−n/2

∫
Rn

ei⟨x,ξ⟩(ây ∗ û)(ξ)dξ

= (2π)−n/2

∫
Rn

ei⟨x,ξ⟩
∫
Rn

ây(x, ξ − η, ξ)û(η)dηdξ

= (2π)−n/2

∫
Rn

ei⟨x,η⟩
(∫

Rn

ei⟨x,ξ−η⟩ây(x, ξ − η, ξ)dξ

)
û(η)dη. (1.3.37)

We need to check the interchange of integrations in the last equation is al-
lowed. From (1.3.16) and (1.3.19), since a is with compact x- and y-support,
for any l1 ∈ N, there exists Cl1 > 0 such that

|ây(x, ξ − η, ξ)| = (2π)−n/2

∣∣∣∣∫
Rn

ei⟨η−ξ,s⟩a(x, s, ξ)ds

∣∣∣∣
≤ Cl1(1 + |ξ|)m(1 + |ξ − η|)−l1 . (1.3.38)
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Since û ∈ S , for any l2 ∈ N, there exists Cl2 > 0 such that

|û(η)| ≤ Cl2(1 + |η|)−l2 . (1.3.39)

Thus from (1.3.21), for l1, l2 ∈ N, such that m+n/2 < l1 < l2−n/2, we have

|ây(x, ξ − η, ξ)||û(η)| ≤ Cl1Cl2(1 + |ξ|)m−l1(1 + |η|)l1−l2 . (1.3.40)

Thus the interchange of integrations is allowed.
Let

k(x, η) =

∫
Rn

ei⟨x,ξ−η⟩ây(x, ξ − η, ξ)dξ =

∫
Rn

ei⟨x,ζ⟩ây(x, ζ, ζ + η)dζ. (1.3.41)

Then from (1.3.11), if k(x, η) satisfies (1.3.10), K is a pseudodifferential
operator with symbol k(x, η).

For l ∈ N, we have the Taylor expansion in the third variable,

ây(x, ζ, ζ + η) =
∑
|α|≤l

i|α|

α!
(Dα

η ây)(x, ζ, η)ζ
α +Rl(x, ζ, ζ + η). (1.3.42)

————————————————————————————————
Remark of Taylor expansion: For function F ∈ S , the Taylor expansion is

F (x) =
∑
|α|≤l

1

α!
F (α)(0)xα +Rl(x), (1.3.43)

where

Rl(x) =
∑

|µ|=l+1

l + 1

µ!
xµ ·

∫ 1

0

(1− t)lF (µ)(tx)dt. (1.3.44)

We explain (1.3.44) here in some details. By Taylor extension and the integration remain-
der in one variable, for φ ∈ C∞(R), we have

φ(t) = φ(0) + φ′(0)t+ · · ·+ 1

k!
φ(k)(0)tk + rk(t),

where
rk(t) =

1

k!

∫ t

0

(t− s)kφ(k+1)(s)ds.

Set φ(t) = F (tx). Then

φ′(t) =
∑
|J|=1

F (J)(tx)xJ , φ′′(t) =
∑
|J|=1

∑
|K|=1

F (J+K)(tx)xJ+K =
∑
|J|=2

F (J)(tx)xJ .

By induction, we have
φ(k)(t) =

∑
|J|=k

F (J)(tx)xJ .
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So we have

F (x) =
∑
|J|≤l

1

|J |!
F (J)(0)xJ +

1

k!

∫ 1

0

(1− s)k
∑

|J|=k+1

F (J)(sx)xJds.

Note that ∑
|J|=k

F (J)xJ =
∑
|α|=k

ν(α)F (α)xα,

where
ν(α) =

(
k

α1

)
·
(
k − α1

α2

)
· · ·
(
k − α1 − · · · − αn−1

αn

)
=

k!

α!
.

Thus we get (1.3.43) and (1.3.44).
—————————————————————————————————

By (1.3.44),

Rl(x, ζ, ζ + η) =
∑

|µ|=l+1

(l + 1)il+1

µ!

∫ 1

0

(1− t)l(Dµ
η ây)(x, ζ, tζ + η)ζµdt.

(1.3.45)

Since∫
Rn

ei⟨x,ζ⟩(Dα
η ây)(x, ζ, η)ζ

αdζ =

∫
Rn

ei⟨x,ζ⟩ζα(D̂α
η ay)(x, ζ, η)dζ

=

∫
Rn

ei⟨x,ζ⟩(D̂α
yD

α
η ay)(x, ζ, η)dζ = (Dα

yD
α
η ay)(x, x, η), (1.3.46)

from (1.3.41), (1.3.42), (1.3.45) and (1.3.46), we have

k(x, η) =
∑
|α|≤l

i|α|

α!
(Dα

yD
α
η ay)(x, x, η) + rl(x, η), (1.3.47)

where

rl(x, η) =

∫
Rn

ei⟨x,ζ⟩Rl(x, ζ, ζ + η)dζ. (1.3.48)

By Proposition 1.3.5, we only need to prove that for any l ∈ N, rl(x, η) ∈
Symm−(l+1).

From (1.3.45) and (1.3.48),

|Dα
xD

β
η rl(x, η)| ≤

∫
Rn

|Dα
xD

β
ηRl(x, ζ, ζ + η)|dζ

≤
∑

|µ|=l+1

(l + 1)

µ!

∫
Rn

∫ 1

0

(1− t)l|(Dα
xD

µ+β
η ây)(x, ζ, tζ + η)ζµ|dζdt. (1.3.49)
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From (1.3.34),

|ζγ(Dα
xD

β
η ây)(x, ζ, tζ+η)| = (2π)−n/2

∣∣∣∣∫
Rn

e−i⟨y,ζ⟩ζγ(Dα
xD

β
ηa)(x, y, tζ + η)dy

∣∣∣∣
= (2π)−n/2

∣∣∣∣∫
Rn

Dγ
ye

−i⟨y,ζ⟩(Dα
xD

β
ηa)(x, y, tζ + η)dy

∣∣∣∣
= (2π)−n/2

∣∣∣∣∫
Rn

e−i⟨y,ζ⟩(Dα
xD

γ
yD

β
ηa)(x, y, tζ + η)dy

∣∣∣∣
≤ Cαβγ vol(y − supp(a))(1 + |tζ + η|)m−|β|

≤ Cαβγ(1 + |tζ + η|)m−|β|. (1.3.50)

From (1.3.49) and (1.3.50), taking l + 1 > m, γ > n+ 2(l + 1) + |β|+m,

|Dα
xD

β
η rl(x, η)| ≤ Cαβγl

∫
Rn

∫ 1

0

(1−t)l(1+|tζ+η|)m−(l+1)−|β|(1+|ζ|)−γ|ζ|l+1dζdt

≤ Cαβγl

∫
Rn

∫ 1

0

(1− t)l(1 + |η|)m−(l+1)−|β|(1 + t|ζ|)l+1+|β|−m(1 + |ζ|)l+1−γdζdt

≤ Cαβγl

∫
Rn

(1 + |η|)m−(l+1)−|β|(1 + |ζ|)2(l+1)+|β|−m−γdζ

≤ Cαβγl(1 + |η|)m−(l+1)−|β|. (1.3.51)

The proof of Lemma 1.3.6 is completed.

Remark 1.3.7. If the function a(x, y, ξ) in Lemma 1.3.6 vanishes for all
(x, y) in a neighborhood of the diagonal, then the corresponding operator K
given by (1.3.35) is infinitely smoothing.

For a differential operator P , from the definition, we see easily that P is
local, that is, for u ∈ C ∞

0 ,

supp(Pu) ⊂ supp(u). (1.3.52)

Remark that a surprising theorem by Peetre says that if a linear operator
satisfies (1.3.52), it is a differential operator. So we cannot expect the pseu-
dodifferential operator is local. But we can prove that it is ε-local up to a
smoothing operator.

For A ⊂ Rn and ε > 0, we set

Aε := {x ∈ Rn : dist(x,A) ≤ ε}. (1.3.53)

An operator P : S → S is called ε-local if for any u ∈ C ∞
0 ,

supp(Pu) ⊂ supp(u)ε. (1.3.54)
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Proposition 1.3.8. For P ∈ ΨDOm with symbol p, which has compact x-
support, for any ε > 0, there exists Pε ∈ ΨDOm such that it is equivalent to
P and ε-local.

Proof. Choose a smooth real-valued function ψ on Rn ×Rn such that ψ ≡ 1
in a neighborhood of the diagonal and ψ(x, y) = 0 if |x− y| ≥ ε. Then

(Pεu)(x) = (2π)−n

∫
Rn

∫
Rn

ei⟨x−y,ξ⟩ψ(x, y)p(x, ξ)u(y)dydξ (1.3.55)

is ε-local. By (1.3.33) and Lemma 1.3.6, Pε is a pseudodifferential operator
with symbol pε ∼ p. Thus Pε is equivalent to P .

The proof of Proposition 1.3.8 is completed.

Proposition 1.3.9. Let χ1, χ2 ∈ C ∞
0 (Rn,R). For P ∈ ΨDOm,

P χ1,χ2(u) := χ1P (χ2u) ∈ ΨDOm . (1.3.56)

Proof. From (1.3.56),

(P χ1,χ2u)(x) = (2π)−n

∫
Rn

∫
Rn

ei⟨x−y,ξ⟩χ1(x)p(x, ξ)χ2(y)u(y)dydξ. (1.3.57)

Set a(x, y, ξ) = χ1(x)p(x, ξ)χ2(y) in Lemma 1.3.6, we obtain Proposition
1.3.9.

Proposition 1.3.10. Let P be a pseudodifferential operator and u ∈ Hs

for some s ∈ R. Then for any open subset U ⊂ Rn, if u|U ∈ C ∞, then
Pu|U ∈ C ∞.

Proof. For x ∈ U , choose χ1, χ2 ∈ C ∞
0 (Rn,R) such that x ∈ supp(χ1) ⊂

supp(χ2), χ1 ≡ 1 near x and χ2 ≡ 1 on a neighborhood of supp(χ1). By
Proposition 1.3.2, we have P (χ2u) ∈ C ∞. Thus χ1P (χ2u) ∈ C ∞. Since

χ1P ((1− χ2)u)(x) = (2π)−n

∫
Rn×Rn

ei⟨x−y,ξ⟩χ1(x)p(x, ξ)(1− χ2)(y)u(y)dydξ,

(1.3.58)

and χ1(x)(1−χ2)(y) vanishes in a neighborhood of the diagonal, by Remark
1.3.7, we have χ1P ((1− χ2)u) ∈ C ∞. Therefore, χ1Pu ∈ C ∞, which means
that Pu is smooth near x.

Note that the pseudodifferential operator is not local. Sometimes, in
order to define it on manifolds, we need some conditions to guarantee that
we can do analysis on a local chart.
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Definition 1.3.11. For P ∈ ΨDOm, if there exists a compact subset K ⊂ Rn

such that for any u ∈ C ∞
0 , supp(Pu) ⊂ K and Pu = 0 whenever supp(u) ∩

K = ∅, we say P has support in K. The set of such operators is denoted by
ΨDOK,m.

If P is an m-th order differential operator with the supports of all coeffi-
cients in K, then P ∈ ΨDOK,m.

Let K ′ ⊂ K be a compact subset such that there exists ε > 0 such that
dist(K ′, ∂K) > ε. Let ψ ∈ C ∞

0 (Rn × Rn,R) such that ψ(x, y) = 0 if x /∈ K ′

or |x − y| ≥ ε. Then for any p ∈ Symm, the pseudodifferential operator
associated with ψ(x, y)p(x, ξ) in (1.3.35) is an element of ΨDOK,m.
Definition 1.3.12. For P ∈ ΨDOK,m, its formal adjoint P ∗ is defined by

(Pu, v)L2 = (u, P ∗v)L2 , (1.3.59)

for any u, v ∈ C ∞
0 (K).

Proposition 1.3.13. For P ∈ ΨDOK,m with symbol p, its formal adjoint
P ∗ ∈ ΨDOK,m has symbol p∗ with formal development

p∗ ∼
∑
α

i|α|

α!
Dα

ξD
α
x p̄

T , (1.3.60)

where (·)T denotes the transposed matrix. In particular, the formal adjoint
is unique up to smoothing operators.
Proof. For u, v ∈ C ∞

0 (K),

(Pu, v)L2 =

∫
Rn

⟨
(2π)−n

∫
Rn

∫
Rn

ei⟨x−y,ξ⟩p(x, ξ)u(y)dydξ, v(x)

⟩
dx

= (2π)−n

∫
Rn

∫
Rn

∫
Rn

ei⟨x−y,ξ⟩⟨p(x, ξ)u(y), v(x)⟩dydξdx

= (2π)−n

∫
Rn

∫
Rn

∫
Rn

⟨
u(y), e−i⟨x−y,ξ⟩p(x, ξ)

T
v(x)

⟩
dydξdx. (1.3.61)

Formally, we could write P ∗v = (2π)−n
∫
Rn

∫
Rn e

−i⟨x−y,ξ⟩p(x, ξ)
T
v(x)dξdx.

But usually, p(x, ξ)T does not satisfy (1.3.34)the condition of Lemma 1.3.6.
We use the following trick to overcome this obstruction. Fix ϕ ∈ C ∞

0 (Rn,R)
such that ϕ ≡ 1 on K. Then ϕu = u. From (1.3.61), we have

(Pu, v)L2 = (2π)−n

∫
Rn

∫
Rn

∫
Rn

⟨
ϕ(y)u(y), e−i⟨x−y,ξ⟩p(x, ξ)

T
v(x)

⟩
dydξdx

= (2π)−n

∫
Rn

∫
Rn

∫
Rn

⟨
u(y), e−i⟨x−y,ξ⟩ϕ(y)p(x, ξ)

T
v(x)

⟩
dydξdx. (1.3.62)
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In this case, from (1.3.10), we have

|Dα
xD

β
yD

γ
ξϕ(y)p(x, ξ)

T
| ≤ Cαβγ(1 + |ξ|)m−|γ|. (1.3.63)

Thus from Lemma 1.3.6,

(P ∗v)(y) = (2π)−n

∫
Rn

∫
Rn

ei⟨y−x,ξ⟩ϕ(y)p(x, ξ)
T
v(x)dξdx, (1.3.64)

satisfying (Pu, v)L2 = (u, P ∗v)L2 , is a pesudodifferential operator with sym-
bol

p∗(x, ξ) ∼
∑
α

i|α|

α!
Dα

ξD
α
yϕ(x)p(y, ξ)

T

∣∣∣∣∣
x=y

=
∑
α

i|α|

α!
Dα

ξD
α
xp(x, ξ)

T
. (1.3.65)

The last equality holds because p(x, ξ) has x-support in K.
If P ∗

1 is another formal adjoint of P , then the symbol of it has the same
formal development as p∗. Thus P ∗

1 − P ∗ is a smoothing operator.
The proof of Proposition 1.3.13 is completed.

From Proposition 1.3.13, we could obtain another formula of P̂ u(ξ) as
follows. For u, v ∈ S ,

(P̂ u, v̂)L2 = (u, P ∗v)L2 =

∫
Rn

⟨
u(x), (2π)−n/2

∫
Rn

ei⟨x,ξ⟩p∗(x, ξ)v̂(ξ)dξ

⟩
dx

=

∫
Rn

⟨
(2π)−n/2

∫
Rn

e−i⟨x,ξ⟩p∗(x, ξ)
T
u(x)dx, v̂(ξ)

⟩
dξ. (1.3.66)

Therefore, we have

P̂ u(ξ) = (2π)−n/2

∫
Rn

e−i⟨x,ξ⟩p∗(x, ξ)
T
u(x)dx. (1.3.67)

Proposition 1.3.14. For P ∈ ΨDOK,l and Q ∈ ΨDOK,m with symbols p
and q respectively, the composition P ◦Q ∈ ΨDOK,l+m has symbol

Sym(P ◦Q) ∼
∑
α

i|α|

α!
(Dα

ξ p)(D
α
xq). (1.3.68)

Proof. By (1.3.11) and (1.3.67), we have

(PQu)(x) = (2π)−n/2

∫
Rn

ei⟨x,ξ⟩p(x, ξ)Q̂u(ξ)dξ

= (2π)−n

∫
Rn

∫
Rn

ei⟨x−y,ξ⟩p(x, ξ)q∗(y, ξ)
T
u(y)dydξ. (1.3.69)
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Since P ∈ ΨDOK,l and Q ∈ ΨDOK,m, there exists Cαβγ > 0, such that

|Dα
xD

β
yD

γ
ξ p(x, ξ)q

∗(y, ξ)
T
| ≤ Cα,β,γ(1 + |ξ|)m+l−|γ|. (1.3.70)

Thus by Lemma 1.3.6, P ◦Q ∈ ΨDOK,l+m.
Since (P ∗)∗ = P , by (1.3.36) and (1.3.60), we have

Sym(PQ) ∼
∑
α

i|α|

α!
(Dα

ξD
α
y p(x, ξ)q

∗(y, ξ)
T
)|x=y

=
∑
α

i|α|

α!

∑
β+γ=α

α!

β!γ!
(Dβ

ξ p(x, ξ))(D
γ
ξD

α
xq

∗(x, ξ)
T
)

=
∑
α

∑
β+γ=α

i|β|+|γ|

β!γ!
(Dβ

ξ p(x, ξ))(D
γ
ξD

β
xD

γ
xq

∗(x, ξ)
T
)

=
∑
β

i|β|

β!
(Dβ

ξ p(x, ξ))D
β
x

(∑
γ

i|γ|

γ!
Dγ

ξD
γ
xq

∗(x, ξ)
T

)

∼
∑
β

i|β|

β!
(Dβ

ξ p(x, ξ))(D
β
xq(x, ξ)). (1.3.71)

The proof of Proposition 1.3.14 is completed.

Proposition 1.3.15. Let ϕ : U → V be a diffeomorphism between two
open sets of Rn. Then for each compact subset K ⊂ U , ϕ induces a map
ϕ∗ : ΨDOK,m → ΨDOϕ(K),m by

(ϕ∗P )(u) := P (u ◦ ϕ) ◦ ϕ−1. (1.3.72)

Proof. Let ψ = ϕ−1. For x ∈ ϕ(K), write x′ = ψ(x). Then

x′ − y′ = ψ(x)− ψ(y) =

∫ 1

0

d

dt
ψ(tx+ (1− t)y)dt

=

∫ 1

0

∇ψ(tx+ (1− t)y)dt · (x− y). (1.3.73)

Set Ψ(x, y) :=
∫ 1

0
∇ψ(tx + (1 − t)y)dt. Then it is a smooth matrix-valued

function. Since Ψ(x, x) = (∂ψi/∂xj)x and ψ is a diffeomorphism, the matrix
Ψ(x, y) is invertible in a neighborhood U of the diagonal.

Let J(x) := | det(∂ψi/∂xj)x| denote the Jacobian of ψ. Let χ ∈ C ∞
0 (U)

such that χ ≡ 1 on a smaller neighborhood of the diagonal. Then for P ∈
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ΨDOK,m and u ∈ C ∞
0 (ϕ(K),Cp),

[(ϕ∗P )u](x) = [P (u ◦ ϕ)](x′)

=

∫
Rn

∫
Rn

ei⟨x
′−y′,ξ⟩(ϕ∗χ+ ϕ∗(1− χ))(x′, y′)p(x′, ξ)u(ϕ(y′))dy′dξ

=

∫
Rn

∫
Rn

ei⟨x−y,Ψ(x,y)T ξ⟩χ(x, y)p(ψ(x), ξ)u(y)J(y)dydξ

+

∫
Rn

∫
Rn

ei⟨x
′−y′,ξ⟩ϕ∗(1− χ)(x′, y′)p(x′, ξ)u(ϕ(y′))dy′dξ

=: (P1u)(x) + (P2u)(x). (1.3.74)

By Remark 1.3.7, since P has compact support, P2 is a smoothing operator.
Let ζ = Ψ(x, y)T ξ. Then

P1u(x) =

∫
Rn

∫
Rn

ei⟨x−y,ζ⟩χ(x, y)p(ψ(x), (Ψ(x, y)T )−1ζ)J(y)

· | det(Ψ(x, y)T )−1|u(y)dydζ. (1.3.75)

Write

a(x, y, ζ) := χ(x, y)p(ψ(x), (Ψ(x, y)T )−1ζ)J(y)| det(Ψ(x, y)T )−1|. (1.3.76)

Then by Lemma 1.3.6, we see that P1 ∈ ΨDOm. It is easy to verify that
P1, P2 have compact supports in ϕ(K).

The proof of Proposition 1.3.15 is completed.

Now we define the pseudodifferential operator on manifolds.
Let M be a smooth manifold. Let E and F be complex vector bundles

over M .

Definition 1.3.16. A continuous1 linear map P : C ∞
0 (M,E) → C ∞(M,F )

is called a pseudodifferential operator of order m if for each coordinate sys-
tem {Ui, ϕi}, for any φ, ψ ∈ C ∞

0 (Ui), (ϕ−1
i )∗(φPψ) is a pseudodifferential

operator of order m. The linear space of all such operators is denoted by
ΨDOm(E,F ). The element in ΨDO−∞(E,F ) is called a smoothing opera-
tor. Two pseudodifferential operators are called equivalent if they differ by
a smoothing operator.

1{φk} ⊂ C∞
0 tends to 0 if there exists a compact subset K ⊂ Rn such that supp(φk) ⊂

K for any k and for any α, Dαφk → 0 uniformly on x ∈ K. With this topology, C∞
0 is

usually denoted by D . {φk} ⊂ C∞ tends to 0 if for any compact subset K ⊂ Rn, for any
ε > 0 and α, there exists N > 0 such that if k ≥ N , supK |Dαφk| < ε. With this topology,
C∞ is usually denoted by E . We assume that P : D → E is continuous.



52 CHAPTER 1. OPERATORS ON MANIFOLDS

By this definition, a differential operator is a pseudodifferential operator.

Proposition 1.3.17. Let P ∈ ΨDOm(E,F ). For any open set U ⊂ M ,
u|U ∈ C ∞ implies Pu|U ∈ C ∞.

Proof. Take x ∈ U . Choose a local coordinate system {Ui, ϕi} such that
x ∈ Ui0 and x /∈ ∪i ̸=i0Ui. Let {hi} be a partition of unity with respect
to {Ui}. Let W = U ∩ (∪i ̸=i0Ui)

c. If u is smooth near x, then so is hi0u.
Therefore, Pu(y) = hi0(y)Phi0(hi0u)(y) is smooth near x.

The proof of Proposition 1.3.17 is completed.

Proposition 1.3.18. (1) If for any s,m ∈ R, any compact set K ⊂ M , P
extends to a bounded linear map P : Hs

0(K,E) → Hs−m(K,F ), then P is a
smoothing operator.

(2) Let φ, ψ ∈ C ∞
0 (M). If supp(φ) ∩ supp(ψ) = ∅, then φPψ is a

smoothing operator for any P ∈ ΨDO(E,F ).

Proof. (1) For any u ∈ Hs
0(K,E), Pu ∈ C ∞(K,F ). Thus for any φ, ψ ∈

C ∞
0 (Ui), φPψu ∈ C ∞(Ui, F ). Thus φPψ is a smoothing operator. By

Definition 1.3.16, P is a smoothing operator.
(2) For any u ∈ Hs

0(K,E), for any x ∈ supp(φ), ψu = 0 near x. By
Proposition 1.3.17, φPψu is smooth near x. If x /∈ supp(φ), φPψu(x) = 0.
Thus φPψu is smooth on M . So φPψ is a smoothing operator.

Given a Riemannian volume element dv on M , we can define a for-
mal adjoint P ∗ : C ∞

0 (M,F ∗) → C ∞(M,E∗) of operator P : C ∞
0 (M,E) →

C ∞(M,F ) by ∫
M

⟨Pu, v⟩dv =

∫
M

⟨u, P ∗v⟩dv (1.3.77)

for u ∈ C ∞
0 (M,E) and v ∈ C ∞

0 (M,F ∗).

Theorem 1.3.19. Let E, F and G be vector bundles over a smooth manifold
M and let P ∈ ΨDOm(E,F ) and Q ∈ ΨDOl(F,G) with the compact support
K. The following statements hold:

(1) The operator P extends to a bounded linear map P : Hs
0(K,E) →

Hs−m(K,F ) for any s ∈ R.
(2) Q ◦ P ∈ ΨDOm+l(E,G).
(3) P ∗ ∈ ΨDOm(F

∗, E∗) for any dv.
(4) A diffeomorphism ϕ :M →M induces a linear map ϕ∗ : ΨDOm(ϕ

∗E, ϕ∗F ) →
ΨDOm(E,F ) by ϕ∗[(ϕ∗P )u] = P (ϕ∗u).
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Proof. (1) Let {Ui, ϕi} be a local coordinate system. We only consider
the part which covers K. We could assume that Ui = ϕ−1

i (B0(4)), Vi =
ϕ−1
i (B0(1)) and K ⊂ ∪Vi. Let {hi} be a partition of unity with respect to

{Vi}. For u ∈ C ∞
0 (K,E),

∥Pu∥s =
∑
j

∥hjPu∥s ≤
∑
i,j,k

∥hjPhkhiu∥s. (1.3.78)

If supp(hj) ∩ supp(hi) ̸= ∅, supp(hj) ⊂ Ui. So ∥hjPhkhiu∥s ≤ ∥hiu∥s−m. If
supp(hj) ∩ supp(hi) = ∅, hjPhkhi is a smoothing operator. Thus

∥Pu∥s ≤
∑
i,j,k

∥hjPhkhiu∥s ≤ C
∑
i

∥hiu∥s−m = C∥u∥s−m. (1.3.79)

(2) follows from φQPψ =
∑

i φQh
1/2
i h

1/2
i Pψ.

(3) follows from φP ∗ψ = (ψPφ)∗.
(4) follows from ϕ∗[(φϕ∗Pψ)u] = ((ϕ−1)∗φ)P ((ϕ−1)∗ψ)(ϕ∗u).
The proof of Theorem 1.3.19 is completed.

In the rest of this section, we study the symbol of pseudodifferential op-
erator on the manifold. We want to glue the symbols on each chart together.

We start from the differential operators. Let P : C ∞(M,E) → C ∞(M,F )
be a differential operator such that on a coordinate chart Ui,

P |Ui
=
∑
|α|≤m

A(i)
α

∂

∂xα,(i)
. (1.3.80)

What is the relation between A
(i)
α and A

(j)
β ?

From (1.1.5), for example,

∂

∂x
(i)
1

=
∂x

(j)
k1

∂x
(i)
1

· ∂

∂x
(j)
k1

,

∂2

∂x
(i)
2 ∂x

(i)
1

=
∂

∂x
(i)
2

(
∂x

(j)
k1

∂x
(i)
1

)
· ∂

∂x
(j)
k1

+
∂x

(j)
k1

∂x
(i)
1

∂x
(j)
k2

∂x
(i)
2

∂2

∂x
(j)
k2
∂x

(j)
k1

, · · ·
(1.3.81)

If the order is higher than one, terms are more and more crazy. We have to
do the coordinate transformation modulo the (m− 1)-th order terms. That
is,

∂m

∂x
(i)
l1

· · · ∂x(i)lm

=
∂x

(j)
k1

∂x
(i)
l1

· · ·
∂x

(j)
km

∂x
(i)
lm

∂q

∂x
(j)
k1

· · · ∂x(j)km

+ (m− 1)-order terms.

(1.3.82)
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Thus the only transformations of the top order are meaningful,

A
(j)
k1···km = A

(i)
l1···lm

∂x
(j)
k1

∂x
(i)
l1

· · ·
∂x

(j)
km

∂x
(i)
lm

. (1.3.83)

As in (1.3.2), we write

σξ(P )|Uj
=
∑
|α|=m

i|α|A(j)
α (x)ξα,(j). (1.3.84)

If σξ(P ) is globally defined, the necessary condition is

ξl,(i) =
∂x

(j)
k

∂x
(i)
l

· ξk,(j) (1.3.85)

From (1.1.14), we have

ξl,(i)dx
(i)
l = ξk,(j)dx

(j)
k . (1.3.86)

Thus if E = F = C, we can regard σξ(P ) as a function on ξ ∈ T ∗M . In fact,
let {Uj × Cp} be an atlas of T ∗M with diffeomorphisms

Φj : T
∗M |Uj

→ Uj × Cp, (x, ξ) 7→ (ϕj(x), ξ
(j)). (1.3.87)

Then the transition function is diag{ϕij, (D(ϕij)
−1)T}. By (1.1.2), σξ(P ) is

a function on ξ ∈ T ∗M . For smooth map f : M → N , if π′ : E → N is a
vector bundle over N , we can define the pull-back bundle by

f ∗(E) = {(m, v) ∈M × E : f(m) = π′(v)}. (1.3.88)

Easy to see that f ∗E is a vector bundle over M .
Let π : T ∗M → M be the natural projection. In general, σξ(P ) ∈

C ∞(T ∗M,Hom(π∗E, π∗F )), i.e., σξ(P ) is a bundle map2

σξ(P ) : π
∗E → π∗F, (1.3.89)

which is called the principal symbol of P . From (1.3.75), it is obvious that
for differential operators P, P ′ : C ∞(M,E) → C ∞(M,F ), Q : C ∞(M,F ) →
C ∞(M,G) and t1, t2 ∈ C, we have

σξ(t1P + t2P
′) = t1σξ(P ) + t2σξ(P

′),

σξ(Q ◦ P ) = σξ(Q) ◦ σξ(P ).
(1.3.90)

2A bundle map is a map between two bundles over the same manifold which restricts
to one point on the base manifold is a linear transform.
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Now we extend the definition of the principal symbol to the pseudodif-
ferential operator on manifold.

Let P =
∑
Pi ∈ ΨDOm(E,F ) and Pi is defined on Ui from the map

ϕi : Ui → Rn. From (1.3.36) and (1.3.76), after a diffeomorphism ϕij, since
χ(x, y) ≡ 1 near the diagonal, we have

Sym(ϕ∗
ijP )(x

(j), ξ(j)) ∼
∑
α

i|α|

α!
Dα

ξD
α
y J(y)| detΘ|p(ϕij(x

(j)),Θξ(j))|y=x,

(1.3.91)

where Θ = [(∂x(i)/∂x(j))T ]−1 and J(y) = | det(∂x(i)/∂x(j))y|. Then Since
| detΘ| = J(x)−1, we have

Sym(ϕ∗
ijP )(x

(j), ξ(j)) ∼ p(x(i),Θξ(j)) mod Symm−1 . (1.3.92)

Therefore, as in (1.3.89), we could define the principle symbol σξ(P ) ∈
C ∞(T ∗M,Hom(π∗E, π∗F )).

Definition 1.3.20. We say p ∈ C ∞(T ∗M,Hom(π∗E, π∗F )) is a symbol of
order m if p defines an element of Symm in each local coordinate chart. From
Proposition 1.3.15, the definition is independent of the choice of the atlas.
The vector space of all such symbols of order m is denoted by Symm(E,F ).

If P ∈ ΨDOm(E,F ), then σξ(P ) ∈ Symm(E,F )/ Symm−1(E,F ).
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1.4 Elliptic operator
1.4.1 Parametrix
Definition 1.4.1. Let P be a differential operator. We say P is elliptic if for
any non-zero cotangent vector ξ ∈ T ∗M , the principal symbol σξ(P ) : E → F
is invertible.

Definition 1.4.2. Let P ∈ ΨDOm with symbol p. We say P is elliptic if
there exists a constant c > 0 such that for all |ξ| ≥ c, the matrix inverse of
p(x, ξ) exists and satisfies

|p(x, ξ)−1| ≤ C(1 + |ξ|)−m (1.4.1)

for some constant C > 0.

Definition 1.4.3. Let P ∈ ΨDOm(E,F ). We say P is elliptic if its principal
symbol σξ(P ) ∈ Symm(E,F )/ Symm−1(E,F ) has a representative p and for
some Riemannian metric, there exists a constant c > 0, such that for all
|ξ| ≥ c, the matrix inverse of p(x, ξ) exists and satisfies

|p(ξ)−1| ≤ C(1 + |ξ|)−m (1.4.2)

for some constant C > 0.

Remark that the symbol p(x, ξ) in conditions (1.4.1) and (1.4.2) could be
replaced by the principal symbol σξ(P ).

It is easy to see that if P is a differential operator, Definition 1.4.3 is
equivalent to Definition 1.4.1.

From Theorem 1.3.13, if P ∈ ΨDOm(E,F ), P ∗ ∈ ΨDOm(F
∗, E∗). Since

σξ(P
∗) = σξ(P )

T , P is elliptic if and only if P ∗ is elliptic.

Lemma 1.4.4. Let P ∈ ΨDOm be a elliptic operator. Then there exists an
operator Q ∈ ΨDO−m, unique up to equivalence, such that

PQ = Id−S ′, QP = Id−S, (1.4.3)

where S, S ′ ∈ ΨDO−∞.

Proof. We only need to prove that for any compact subset K ⊂ Rn, on
C ∞
0 (M,E), (1.4.3) holds. Since the composition of a smoothing operator

and a pseudodifferential operator is a smoothing operator, by Proposition
1.3.8, we may assume that P and Q have compact support.
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Let c be the constant in Definition 1.4.2. Let χ : R+ → [0, 1] be a smooth
cut-off function such that χ(t) = 0 for t ≤ c and χ(t) = 1 for t ≥ 2c. For
x ∈ K, set

q0(x, ξ) = χ(|ξ|)p(x, ξ)−1. (1.4.4)

We claim that

q0 ∈ Sym−m . (1.4.5)

In fact, for α = β = 0, from (1.4.1), on |ξ| ≥ c, we have

|Dα
xD

β
ξ p(x, ξ)

−1| ≤ C(1 + |ξ|)−m−|β|. (1.4.6)

We write γ = (α, β) ∈ N2n and Dγ = Dα
xD

β
ξ On |ξ| ≥ c, we have

0 = Dγ(p · p−1) =
∑

γ′+γ′′=γ

γ!

γ′!γ′′!
Dγ′

p ·Dγ′′
(p−1). (1.4.7)

Thus we have

Dγp−1 = −p−1 ·
∑

γ′+γ′′=γ,γ′ ̸=0

γ!

γ′!γ′′!
Dγ′

p ·Dγ′′
(p−1). (1.4.8)

Now we take induction on |γ|. If |γ| = 0, (1.4.6) holds. We assume that
(1.4.6) holds for |γ| ≤ k − 1. Then by (1.4.8), we have

|Dγ(p−1)| ≤ C
∑

|β′|+|β′′|=|β|

(1 + |ξ|)−m(1 + |ξ|)m−|β′|(1 + |ξ|)−m−|β′′|

≤ C(1 + |ξ|)−m−|β|. (1.4.9)

Therefore, on |ξ| ≥ c, (1.4.6) holds for any α, β. Thus the claim (1.4.5)
follows from

|Dγq(x, ξ)| ≤
∑

γ′+γ′′=γ

γ!

γ′!γ′′!
|Dγ′

χ||Dγ′′
(p−1)| ≤ C(1 + |ξ|)m−β. (1.4.10)

By induction, we set

qk = −
k−1∑
j=0

 ∑
|α|+j=k

i|α|

α!
(Dα

ξ qj)(D
α
xp)

 · q0. (1.4.11)
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From (1.4.5), we have

qk ∈ Symm−k . (1.4.12)

Let Qk ∈ ΨDOm−k be the pseudodifferential operator with symbol pk. Then
we have

Sym(Q0P ) ∼ 1 +
∑
|α|=1

i|α|

α!
(Dα

ξ q0)(D
α
xp) +

∑
|α|=2

i|α|

α!
(Dα

ξ q0)(D
α
xp) + · · ·

Sym(Q1P ) ∼ −
∑
|α|=1

i|α|

α!
(Dα

ξ q0)(D
α
xp)q0p+

∑
|α|=1

i|α|

α!
(Dα

ξ q1)(D
α
xp) + · · ·

Sym(Q2P ) ∼ −
1∑

j=0

 ∑
|α|+j=2

i|α|

α!
(Dα

ξ qj)(D
α
xp)

 · q0p0 + · · ·

· · · · · ·
(1.4.13)

From (1.4.13), letting

q ∼
∑

qk, (1.4.14)

and Q ∈ ΨDO−m be the pseudodifferential operator with symbol q, we have
Sym(QP ) = 1. Thus QP − Id is a smoothing operator. Remark that all
constants in this proof are independent of the compact subset.

From the same argument, we could construct Q′ ∈ ΨDO−m such that
PQ′ − Id is a smoothing operator. Thus

Q ∼ Q(PQ′) ∼ (QP )Q′ ∼ Q′. (1.4.15)

The proof of Lemma 1.4.4 is completed.

Theorem 1.4.5. Assume that P ∈ ΨDOm(E,F ) is elliptic. Then there
exists Q ∈ ΨDO−m(F,E), up to equivalence, such that

PQ = Id−S ′, QP = Id−S, (1.4.16)

where S, S ′ are smoothing operators. The operator Q is called a parametrix
of P .

Proof. We take a coordinate system {Ui, ϕi} such that E,F are trivial on Ui.
Let {ψi} be a partition of unity with respect to {Ui}. By Definition 1.4.3,
for any compact subset K of Ui, P : C ∞

0 (K,E) → C ∞(K,F ) is elliptic. By
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Lemma 1.4.4, there exists Qi ∈ ΨDO−m : C ∞
0 (Ui, E) → C ∞(Ui, F ), such

that PQi = Id−Si, where Si : C ∞
0 (Ui, E) → C ∞(Ui, F ) is a smoothing

operator. As in the proof of Lemma 1.4.4, we may assume that Qiψi has
compact support Ki such that supp(ψi) ⊂ Ki ⊂ Ui. Let φ, φi ∈ C ∞

0 (Ui)
such that φ ≡ 1 on Ki and φi ≡ 1 on supp(φ). Then

φiPφQiψi = φiPQiψi = ψi − φiSiψi. (1.4.17)

Note that φiSiψi ∈ ΨDO−∞(E,F ). By Proposition 1.3.18 (2), (1−φi)PQiψi =
(1− φi)PφQiψi ∈ ΨDO−∞(E,F ). Thus

Q′ :=
∑

Qiψi ∈ ΨDO−m(E,F ),

S ′ :=
∑

φiSiψi +
∑

(1− φi)PQiψi ∈ ΨDO−∞(E,F ).
(1.4.18)

Then

PQ′ = P (
∑

Qiψi) =
∑

PQiψi =
∑

φiPQiψi +
∑

(1− φi)PQiψi

=
∑

ψi −
∑

φiSiψi +
∑

(1− φi)PQiψi = Id−S ′. (1.4.19)

From (1.4.19), For P ∗ ∈ ΨDOm(F
∗, E∗), there existsQ∗ ∈ ΨDO−m(E

∗, F ∗)
such that P ∗Q∗ = Id−S∗, where S ∈ ΨDO−∞(E∗, E∗). Taking the adjoint,
we have QP = Id−S. As in (1.4.15), we have Q ∼ Q′.

The proof of Theorem 1.4.5 is completed.

Let L2
loc(M,E) be the space of locally L2-integrable sections of E on X

(L2-integrable on any bounded subset of X).
Theorem 1.4.6 (Elliptic regularity). Let P ∈ ΨDOm(E,F ) be a elliptic
operator.

(1)Let u ∈ L2
loc(M,E) with compact support K. If Pu ∈ Hs

0(K,F ), then
u ∈ Hs+m

0 (K,E).
(2) For any open subset U ⊂M , if Pu ∈ C ∞(U, F ), then u ∈ C ∞(U,E).
(3) If Pu = λu for some λ ∈ C and m > 0, then u is smooth.

Proof. (1) From Theorem 1.4.5, there exists Q ∈ ΨDO−m(F,E), such that
Id = QP + S, where S is a smoothing operator. So

∥u∥s+m ≤ ∥QPu∥s+m + ∥Su∥s+m ≤ C∥Pu∥s + C∥u∥0 ≤ ∞. (1.4.20)

Thus u ∈ Hs+m
0 (K,E).

(2) For U ⊂ M , if Pu ∈ C ∞(U, F ), by Proposition 1.3.17, QPu ∈
C ∞(U,E) and Su ∈ C ∞(U,E). Thus by Id = QP + S, u ∈ C ∞(U,E).

(3) If m > 0, P − λ Id ∈ ΨDOm(E,F ). By (2), since (P − λ Id)u = 0 is
smooth, u is smooth.

The proof of Theorem 1.4.6 is completed.
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Theorem 1.4.7 (Fundamental elliptic estimate). Let P ∈ ΨDOm(E,F ) be
a elliptic operator. For any s ∈ R, there exists C > 0 such that for any
u ∈ Hs+m

0 (K,E), we have

∥u∥s+m ≤ C(∥Pu∥s + ∥u∥s). (1.4.21)

Thus the norms ∥ · ∥s+m and ∥P · ∥s + ∥ · ∥s are equivalent.
Proof. From Theorem 1.4.5, there exists Q ∈ ΨDO−m(F,E), such that Id =
QP + S, where S is a smoothing operator. So

∥u∥s+m ≤ ∥QPu∥s+m + ∥Su∥s+m ≤ C∥Pu∥s + C∥u∥s. (1.4.22)

The proof of Theorem 1.4.7 is completed.

Obviously, Theorems 1.4.6 and 1.4.7 hold for M = Rn. We state it here.

Theorem 1.4.8. Let P ∈ ΨDOm be a elliptic operator.
(1)Let u ∈ L2. If Pu ∈ Hs, then u ∈ Hs+m.
(2) For any open subset U ⊂ Rn, if Pu ∈ C ∞(U,Cp), then u ∈ C ∞(U,Cp).
(3) If Pu = λu for some λ ∈ C and m > 0, then u is smooth.
(4) For any s ∈ R, there exists C,C ′ > 0 such that for any u ∈ Hs+m,

we have

∥u∥s+m ≤ C(∥Pu∥s + ∥u∥s) ≤ C ′∥u∥s+m. (1.4.23)

Thus the norms ∥ · ∥s+m and ∥P · ∥s + ∥ · ∥s are equivalent.
Corollary 1.4.9 (Inner gradient estimate). Let P be an elliptic differential
operator of order m > 0 defined on an open subset Ω of Rn. Then for any
compact subset K ⊂ Ω and k ∈ N, there exists CK,k > 0 such that for any
solution u of the equation Pu = 0, we have

∥u∥K,C k ≤ CK,k∥u∥Ω,C 0 , ∥u∥K,C k ≤ CK,k∥u∥Ω,L2 . (1.4.24)

Proof. Choose φ ∈ C ∞
0 (Ω) such that φ ≡ 1 on K. Then

P (φu) = φPu+ P ′u = P ′u, (1.4.25)

where P ′ is a differential operator of order m− 1. By Theorem 1.4.7,

∥u∥K,s ≤ ∥φu∥Ω,s ≤ C(∥P (φu)∥Ω,s−m + ∥φu∥Ω,s−m)

= C(∥P ′u∥Ω,s−m + ∥φu∥Ω,s−m) ≤ C ′∥u∥Ω,s−1. (1.4.26)

Take a sequence K ⊂⊂ Ω1 ⊂⊂ Ω2 ⊂⊂ · · · ⊂⊂ ΩN = Ω. Using (1.4.26) re-
peatedly, by Sobolev embedding theorem, we get the inner gradient estimate
(1.4.24).

The proof of Corollary 1.4.9 is completed.
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1.4.2 Laplacian
In this subsection, we introduce the most important elliptic operator: Lapla-
cian.

For vector fields X,Y on manifold M , we define the vector field [X,Y ]
by

[X,Y ]f = X(Y f)− Y (Xf), (1.4.27)

for any f ∈ C ∞(M). Assume thatM is a Riemannian manifold with Rieman-
nian metric gTM . Then there is a canonical connection ∇TM : C ∞(M,TM) →
C ∞(T ∗M ⊗ TM), called the Levi-Civita connection defined by

2(∇XY, Z) = ([X,Y ], Z)− ([Y, Z], X) + ([Z,X], Y )

+X(Y, Z) + Y (Z,X)− Z(X,Y ), (1.4.28)

where X,Y, Z are vector fields and (·, ·) = gTM(·, ·). It is the unique connec-
tion which preserves the Riemannian metric:

d(X,Y ) = (∇X,Y ) + (X,∇Y ) (1.4.29)

for vector fields X,Y , and which is torsion free:

∇XY −∇YX = [X,Y ]. (1.4.30)

On Rn, the Laplace operator is defined by

∆ = − ∂2

∂x2i
. (1.4.31)

Let E be a vector bundle over a Riemannian manifold M , with connection
∇E. Let {ei}ni=1 be an orthonormal basis of (TxM, gTM), i.e., locally ei is a
vector field and at x ∈M , (ei, ej) = δij. Then naively we want to define the
Laplace operator on vector bundles by

∆E = −∇E
ei
∇E

ei
. (1.4.32)

As usual, we need to check that the operator is independent of the basis
chosen. Let {e′i}ni=1 be an orthonormal basis of (TxM, gTM) such that e′i =
hijej, where (hij) is an orthogonal matrix. Then using this basis,

−∇E
e′i
∇E

e′i
= −hik∇E

ek
(hij∇E

ej
) = −hikhij∇E

ek
∇E

ej
− hik∇E

ek(hij)ej

= −δjk∇E
ek
∇E

ej
− hik∇E

∇ek
(hijej)−hij∇ek

ej

= −∇E
ei
∇E

ei
−∇E

∇e′
i
e′i
+∇E

∇eiei
, (1.4.33)
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where ∇ is any connection on TM . Thus

−∇E
ei
∇E

ei
+∇E

∇eiei
(1.4.34)

does not depend on the choice of the basis. For the convenience and the
uniqueness, we take ∇ = ∇TM , the Levi-Civita connection.

Definition 1.4.10. The Laplacian ∆E on C ∞(M,E) is the second order
differential operator

∆E = −∇E
ei
∇E

ei
+∇E

∇TM
ei

ei
. (1.4.35)

Locally, the second order term of the Laplacian is just (1.4.31). So the
principal symbol

σξ(∆
E) = |ξ|2 · IdE . (1.4.36)

By Definition 1.4.1, ∆E is a elliptic operator.

Proposition 1.4.11. For u1, u2 ∈ C ∞
0 (M,E), if ∇E is a Hermitian connec-

tion, then we have∫
M

(∆Eu1, u2)dv =

∫
M

(∇E
ei
u1,∇E

ei
u2)dv =

∫
M

(u1,∆
Eu2)dv. (1.4.37)

Proof. Take α ∈ C ∞(M,T ∗M) such that

α(X) = (∇E
Xu1, u2), (1.4.38)

for vector field X. Then

ei(α(ei)) = (∇E
ei
u1,∇E

ei
u2)− (∆Eu1, u2) + α(∇TM

ei
ei). (1.4.39)

Note that α(ei)ei is a vector field which is independent of the choice of the
basis. Then

β = iα(ei)eidv =
∑
i

(−1)iα(ei)e
1 ∧ · · · ∧ êi ∧ · · · ∧ en. (1.4.40)

is a global defined differential form. Since ei∧∇T ∗M
ei

satisfies three conditions
in Proposition 1.1.11 by replacing d to ei ∧ ∇T ∗M

ei
, we have an important

formula

d = ei ∧∇T ∗M
ei

. (1.4.41)
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Thus

dβ = ei(α(ei))e
1∧ · · ·∧ en+

∑
i,k

(−1)iα(ei)e
k ∧∇T ∗M

ek
(e1∧ · · ·∧ êi∧ · · ·∧ en)

= ei(α(ei))e
1 ∧ · · · ∧ en +

∑
i

α(ei)∇T ∗M
ei

(e1 ∧ · · · ∧ en)

−
∑
i,k

α(ei)(∇T ∗M
ek

ek, ei)e
1 ∧ · · · ∧ en. (1.4.42)

Note that

⟨∇T ∗M
ei

ek, ek⟩ = 1

2
(⟨∇T ∗M

ei
ek, ek⟩+ ⟨ek,∇T ∗M

ei
ek⟩) = ei(⟨ek, ek⟩) = ei(1) = 0.

(1.4.43)

Thus

∇T ∗M
ei

(e1 ∧ · · · ∧ en) =
∑
k

⟨∇T ∗M
ei

ek, ek⟩e1 ∧ · · · ∧ en = 0. (1.4.44)

Since

(∇T ∗M
ek

ek, ei) = −⟨ek,∇TM
ek

ei⟩ = ⟨∇TM
ek

ek, ei⟩, (1.4.45)

from (1.4.42)-(1.4.44), we have

dβ = (ei(α(ei))− α(∇TM
ei

ei))e
1 ∧ · · · ∧ en. (1.4.46)

From (1.4.39) and (1.4.46), we have

(∇E
ei
u1,∇E

ei
u2)dv − (∆Eu1, u2)dv = dβ. (1.4.47)

Therefore, our proposition follows from (1.4.47) and the Stokes formula.
The proof of Proposition 1.4.11 is completed.

Definition 1.4.12. The generalized Laplacian (Schrödinger operator) H
associated with ∇E is of the form

H = ∆E +Q, (1.4.48)

where Q is a section of End(E) = E∗⊗E on M with lower bound, i.e., there
exists C > 0, such that for any u ∈ C ∞

0 (M,E),

(Qu, u)L2 ≥ −C∥u∥2. (1.4.49)
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We say H is symmetric if ∇E is a Hermitian connection and Q∗ = Q.
From Proposition 1.4.11, for symmetric H, we have∫

M

(Hu1, u2)dv =

∫
M

(u1, Hu2)dv. (1.4.50)

Theorem 1.4.13 (Gårding’s inequality). Let K ⊂ M be a compact subset.
For symmetric H, there exists C > 0 such that for any u ∈ C ∞

0 (K,E),

∥u∥21 ≤ C
(
(Hu, u)L2 + ∥u∥20

)
. (1.4.51)

Proof. From Proposition 1.4.11, (1.4.48)and (1.4.49), we have

(Hu, u)L2 = (∆u, u)L2 + (Qu, u)L2 = ∥u∥21 + (Qu, u)L2 − ∥u∥20
≥ ∥u∥21 − (C + 1)∥u∥20. (1.4.52)

The proof of Theorem 1.4.13 is completed.

1.4.3 Fredholm operator
Let T : H1 → H2 be a bounded linear map between Hilbert spaces. The
kernel of T is

Ker(T ) := {v ∈ H1 : Tv = 0}. (1.4.53)

The range of T is

Im(T ) := {Tv ∈ H2 : v ∈ H1}. (1.4.54)

The cokernel of T is the quotient space

Coker(T ) := H2/Im(T ). (1.4.55)

Definition 1.4.14. We say a bounded linear map T : H1 → H2 is a Fred-
holm operator if its kernel and cokernel are finite dimensional and its range
is closed. The index of the Fredholm operator is defined by

ind(T ) := dimKerT − dimCokerT. (1.4.56)

Lemma 1.4.15. Let P : H1 → H2 and Q : H2 → H1 be bounded linear maps
such that QP = 1 − S1 and PQ = 1 − S2, where S1 and S2 are compact
operators. Then P and Q are Fredholm operators.
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Proof. If Ker(P ) is infinite dimensional, we can choose an orthonormal basis
v1, v2, · · · of KerP . Since S1|KerP = Id, we can not find a convergent sub-
sequence of {S1(vi) = vi}. It is a contradiction with the fact that S1 is a
compact operator. Thus kerP is finite dimensional.

Let V be the orthonormal complement of ImP inH2. Then V ≃ Coker(P ).
Let P ∗ be the adjoint of P . If v ∈ KerP ∗, then for any u ∈ H1,

0 = ⟨P ∗v, u⟩ = ⟨v, Pu⟩. (1.4.57)

Thus v ∈ V . If v ∈ V , by (1.4.57) v ∈ KerP ∗. So we have

KerP ∗ ≃ CokerP. (1.4.58)

Since S2 is compact, S∗
2 is compact3. SinceQ∗P ∗ = Id−S∗

2 , we have dim(CokerP ) =
Ker(P ∗) < +∞.

At last, we prove that ImP is closed. Let vk = Puk, k ∈ N be a sequence
such that vk → v in H2. We need to prove that v = Pu for some u ∈ H1.
We may assume that uk ∈ (KerP )⊥.

We claim that {uk} is bounded. Otherwise, by passing to a subse-
quence, we can assume that ∥uk∥ → ∞. So P (uk/∥uk∥) = vk/∥uk∥ →
0. Since S1 is compact, by passing to a subsequence, limk→∞(uk/∥uk∥) =
limk→∞ S1(uk/∥uk∥) = w. Note that ∥w∥ = 1. However, by continuity,
Pw = 0. Since P |(KerP )⊥ is injective, w = 0. It is a contradiction. Therefore,
{uk} is bounded.

Since {uk} is bounded, by passing to a subsequence, S1uk → u∞. Since
Qvk → Qv and Qvk = QPuk = uk − S1uk, we have PQv = limk→+∞(Puk −
PS1uk) = v− Pu∞. Thus v = P (u∞ +Qv) ∈ ImP . Therefore ImP is closed
and P is Fredholm.

By symmetry, Q is also Fredholm.
The proof of Lemma 1.4.15 is completed.

Theorem 1.4.16. Assume that M is compact. Let P ∈ ΨDOm(E,F ) be an
elliptic operator. Then for each s ∈ R, Ps : H

s(E) → Hs−m(F ) is Fredholm
and ind(Ps) is independent of s ∈ R.

Proof. By Rellich Theorem, the smoothing operator is compact. Thus by
Lemma 1.4.15, Ps is Fredholm.

By Theorem 1.4.6 (3), KerP consists of smooth sections. Thus its di-
mension is independent of s. The same is for dimCokerP = dimKerP ∗.

The proof of Theorem 1.4.16 is completed.
3”Functional Analysis” by Zhang gongqing, Theorem 4.1.5.
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Since ind(Ps) is independent of s, we denote it by ind(P ).
——————————————————–
Add some properties of Fredholm operators, especially ind(T + R) =

ind(T ) for R compact. We could use it to prove that if ind(P ) ̸= 0 for
elliptic operator P , then σ(P ) = C.

———————————————————
Remark that the famous Atiyah-Singer index theorem explains ind(P ) as

a topological formula.



Chapter 2

Spectral Theory

In the first chapter, we show that the operators we studied are bounded
between two Sobolev spaces. However, if we want to study the eigenvalues
of an operator, we must assume that it is a linear operator on one Hilbert
space. Unfortunately, if the operator has a positive order, it is not bounded
on a Hilbert space. But for elliptic operator, we could prove that it is a
closed unbounded operator on the canonical L2-space. In this chapter, we
will study the spectral theory, roughly speaking, the eigenvalues, of the closed
unbounded operator.

2.1 Compact operator
spectral theory, Hilbert-Schimidt, Trace class, kernel function, Schatten norm...
”Classes of linear operator I” ”PDE I” Taylor, APP A.

2.2 Symmetry and Self-adjoint

2.2.1 Closed operator
As we discussed in Section 1.2.1, for a closed unbounded operator T : H → H
on a Hilbert space H, from the closed graph theorem: Theorem 1.2.11, T will
only be defined on a linear subspace of H. This subspace, which we denote
by D(T ), is called the domain of the operator T (for the definition of the
domain, we don’t need T is closed).

Warning: To study an unbounded operator on a Hilbert space, we must
first fix the domain and then see how it acts on that space.

67
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Definition 2.2.1. The graph of the linear operator T is the set of pairs
{⟨u, Tu⟩ ∈ H × H : u ∈ D(T )}. The graph of T , denoted by Γ(T ), is a
Hilbert space with inner product

(⟨u1, v1⟩, ⟨u2, v2⟩) = (u1, u2) + (v1, v2). (2.2.1)

The corresponding norm is denoted by ∥ · ∥Γ. From (2.2.1),

∥⟨u, Tu⟩∥2Γ = ∥u∥2 + ∥Tu∥2. (2.2.2)

Recall that in Definition 1.2.9, we say T is closed if for uk ∈ D(T ),
uk → u, Tuk → v, we have u ∈ D(T ) and v = Tu. The following proposition
follows directly from Definition 1.2.9. In fact, in many literatures, this is the
definition of the closed operator.

Proposition 2.2.2. The linear operator T is closed if and only if Γ(T ) is a
closed subspace of H×H.

Proof. Assume T is closed. If ⟨uk, Tuk⟩ converges in H × H with respect
to the norm (2.2.1), since ∥⟨uk, Tuk⟩∥2Γ = ∥uk∥2 + ∥Tuk∥2, we see that uk
and Tuk converge. Let uk → u, Tuk → v, since T is closed, u ∈ D(T ) and
Tu = v. Thus ⟨uk, Tuk⟩ → ⟨u, Tu⟩ ∈ Γ(T ).

Assume that Γ(T ) is closed. If for uk ∈ D(T ), uk → u, Tuk → v, since
Γ(T ) is closed, the limit of ⟨uk, Tuk⟩ exists in Γ(T ), which is ⟨u, v⟩. Thus T
is closed.

The proof of Proposition 2.2.2 is closed.

Definition 2.2.3. Let T1 and T2 be linear operators on H. We say T2
is an extension of T1, which we write T1 ⊂ T2, if D(T1) ⊂ D(T2), i.e.,
D(T1) ⊂ D(T2) and for any u ∈ D(T1), T2u = T1u.

Definition 2.2.4. An operator T is closable if it has a closed extension. The
smallest closed extension, which exists obviously, is called the closure of T ,
denoted by T .

In the followings, we will prove that the elliptic pesudodifferential oper-
ators on Rn or compact manifolds are closable. This is our main purpose to
study closed operators here.

Proposition 2.2.5. If M is compact, the elliptic pesudodifferential operator
P : C ∞(M,E) → C ∞(M,E) of order m > 0 is closable. We will also denote
the closure by P for the simplicity. In this case, D(P ) = Hm(M,E).
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Proof. From the elliptic estimate (1.4.21), the norms ∥P · ∥0 + ∥ · ∥0 and
∥ · ∥m are equivalent. From Definition 2.2.1, the norm ∥P · ∥0 + ∥ · ∥ is
equivalent to the norm of the graph Γ(P ). Thus the closure of Γ(P ) is
{(u, Pu) : u ∈ Hm(M,E)}.

The proof of Proposition 2.2.5 is completed.

In the same way, we have the corresponding result for M = Rn.

Proposition 2.2.6. The elliptic pesudodifferential operator P : C ∞ → C ∞

of order m > 0 is closable. We will also denote the closure by P for the
simplicity. In this case, D(P ) = Hm.

Remark 2.2.7. (1) If M is a general noncompact manifold, the case is
complex. We need additional conditions to obtain the elliptic estimates. We
will not discuss it in this note.

(2) If m = 0, by Proposition 1.3.2, P is bounded. If m < 0, by Rellich’s
theorem and Proposition 1.3.2, P is compact operator. They are easier to
handle than closed operator.

(3) From Propositions 2.2.5 and 2.2.6, we see that in general, even if T is
closed, D(T ) may be not a closed space.

Proposition 2.2.8. If T is closable, then Γ(T ) = Γ(T ). Thus we could
obtain the closure of T be taking the closure of Γ(T ).

Proof. Suppose that S is a closed extension of T . Then Γ(T ) ⊂ Γ(S) = Γ(S).
Thus if ⟨0, v⟩ ∈ Γ(T ), v = 0. Let A = {u : ∃v, s.t.⟨u, v⟩ ∈ Γ(T )}. Thus for
u ∈ A, there exists unique v ∈ H such that ⟨u, v⟩ ∈ Γ(T ). Define R by
Ru = v. Then Γ(R) = Γ(T ). So R is a closed extension of T . Since R ⊂ S
for any closed extension S, we have T = R.

The proof of Proposition 2.2.8 is completed.

Remark that for general linear operator T , the closure of Γ(T ) may not
be a graph of an operator.

Proposition 2.2.9. A linear operator T is closable if and only if for uk ∈
D(T ), uk → 0, Tuk → v, we have v = 0.

Proof. If uk ∈ D(T ), uk → 0, Tuk → v, then ⟨0, v⟩ ∈ Γ(T ). Since T is
closable, by Proposition 2.2.8, ⟨0, v⟩ ∈ Γ(T ). Thus v = 0.

For the other direction, if ⟨u, v1⟩, ⟨u, v2⟩ ∈ Γ(T ), then there exist uk → u,
u′k → u such that Tuk → v1 and Tu′k → v2. Note that uk−u′k ∈ D(T ). Thus
uk − u′k → 0 and T (uk − u′k) → v1 − v2. So v1 = v2. Thus we could define
a operator R such that for any ⟨u, v⟩ ∈ Γ(T ), v = Ru. Since Γ(R) = Γ(T )



70 CHAPTER 2. SPECTRAL THEORY

is closed, by Proposition 2.2.2, R is a closed operator, which is a closed
extension of T .

The proof of Proposition 2.2.9 is completed.

Now we summarize some properties of the closed operator.

Proposition 2.2.10. (1) If T is a 1− 1 closed operator, then T−1 is closed.
(2) If T is closed, then Ker(T ) is a closed space.
(3) If T is closed, D(T ) = H, then T is bounded.

Proof. (1) Rotate Γ(T ) and use Proposition 2.2.2.
(2) If uk ∈ Ker(T ), uk → u, then Tuk ≡ 0. Since T is closed, Tu = 0.
(3) It is the closed graph theorem (Theorem 1.2.11).
The proof of Proposition 2.2.10 is completed.

2.2.2 Symmetric and self-adjoint
Now we study the adjoint of a linear operator. In order to get a well-defined
adjoint operator, we need the condition that the domain is dense in H.

Definition 2.2.11. We say T is densely defined if D(T ) is dense in H.

From the closed graph theorem, for unbounded closed operator, D(T ) ̸=
H. We can always assume that D(T ) is dense in H. If not, we consider the
Hilbert space D(T ).

Remark that since the space of the smooth functions is dense in the
L2-space, all elliptic operators and pseudodifferential operators are densely
defined.

Definition 2.2.12. Let T be a densely defined linear operator on H. Let
D(T ∗) be the set of v ∈ H for which there exists w ∈ H such that for any
u ∈ D(T ),

(Tu, v) = (u,w). (2.2.3)

For each such u ∈ D(T ∗), we define T ∗v = w. The operator T ∗ is called the
adjoint of T .

Obviously, T ∗ is linear. Since T is densely defined, T ∗ is well-defined: if
for any u ∈ D(T ), (u,w) = (u,w′), then w = w′. In general D(T ∗) may not
be dense.
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Proposition 2.2.13. Let T, S be a densely defined linear operators on H.
(1) The element v ∈ D(T ∗) if and only if there exists a constant Cv > 0

such that for any u ∈ D(T ), (Tu, v) ≤ Cv∥u∥.
(2) The adjoint T ∗ is closed.
(3) If S ⊂ T , then T ∗ ⊂ S∗.
(4) T is closable if and only if D(T ∗) is dense, in which case T = T ∗∗.
(5) If T is closable, then (T )∗ = T ∗.
(6) T is closed if and only if T ∗ is densely defined and T = T ∗∗.

Proof. (1) If u ∈ D(T ∗), by (2.2.3), (Tu, v) ≤ ∥w∥∥u∥. If for any u ∈ D(T ),
(Tu, v) ≤ Cv∥u∥, then by Riesz representation theorem1, since (Tu, v) is
bounded linear on u, there exists w ∈ H such that (Tu, v) = (u,w).

(2) We define a operator V on H×H by V ⟨u, v⟩ = ⟨−v, u⟩. Then V (Γ(T ))
is a linear space. We claim that

Γ(T ∗) = (V (Γ(T )))⊥, (2.2.4)

where ·⊥ is the complement with respect to the inner product (2.2.1). In
fact, if u ∈ D(T ∗), for any ⟨w, Tw⟩ ∈ Γ(T ),

(⟨u, T ∗u⟩, V ⟨w, Tw⟩) = (⟨u, T ∗u⟩, ⟨−Tw,w⟩)
= −(u, Tw) + (T ∗u,w) = 0. (2.2.5)

Thus Γ(T ∗) ⊂ (V (Γ(T )))⊥. On the other hand, if ⟨u, v⟩ ∈ (V (Γ(T )))⊥, then
for any ⟨w, Tw⟩ ∈ Γ(T ),

0 = (⟨u, v⟩, V ⟨w, Tw⟩) = (⟨u, v⟩, ⟨−Tw,w⟩) = −(u, Tw) + (v, w). (2.2.6)

Thus ⟨u, v⟩ ∈ Γ(T ∗). Then (2.2.4) holds.
Note that (V (Γ(T )))⊥ is a closed subspace. So is Γ(T ∗). From Proposition

2.2.2, T ∗ is closed.
(3) Since Γ(S) ⊂ Γ(T ), V (Γ(S)) ⊂ V (Γ(T )). Thus (3) follows from

(2.2.4).
(4) We claim that for any subspace A in H×H,

V (A⊥) = V (A)⊥. (2.2.7)

This follows from

(⟨u, v⟩, V ⟨w, t⟩) = (⟨u, v⟩, ⟨−t, w⟩) = −(u, t) + (v, w)

= (⟨v,−u⟩, ⟨w, t⟩) = (V ⟨u, v⟩, ⟨w, t⟩), (2.2.8)
1Theorem 2.2.1 in ”Functional analysis” by Zhang
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for any (w, t) ∈ A.
If D(T ∗) is dense, by (2), T ∗∗ is well-defined and closed. By (2.2.4) and

(2.2.7),

Γ(T ∗∗) = (V (Γ(T ∗)))⊥ =
(
V
(
V (Γ(T ))⊥

))⊥
=
(
V 2
(
Γ(T )⊥

))⊥
=
(
Γ(T )⊥

)⊥
= Γ(T ). (2.2.9)

From Proposition 2.2.8, T is closable and T = T ∗∗.
If D(T ∗) is not dense, take v ∈ D(T ∗)⊥, v ̸= 0. Then ⟨v, 0⟩ ∈ Γ(T ∗)⊥.

So V (Γ(T ∗))⊥ is not a graph of an operator. Since by (2.2.9), Γ(T ) =
V (Γ(T ∗))⊥, we see that T is not closable.

(5) If T is closable, from (2) and (4),

T ∗ = T ∗ = T ∗∗∗ = T
∗
. (2.2.10)

(6) follows directly from (4).
The proof of Proposition 2.2.13 is completed.

Definition 2.2.14. Let T be a densely defined linear operator on H. If
T ⊂ T ∗, we say T is symmetric. If T = T ∗, we say T is self-adjoint. If T
is closable and T is self-adjoint, we say T is essentially self-adjoint.

If T is symmetric, D(T ) ⊂ D(T ∗). Thus T ∗ is densely defined. By
Proposition 2.2.13 (2) and (4), we have

Proposition 2.2.15. (1) Symmetric operator is closable.
(2) Self-adjoint operator is closed.

The following proposition is obvious.

Proposition 2.2.16. A densely defined linear operator T is symmetric if
and only if for any u, v ∈ D(T ),

(Tu, v) = (u, Tv). (2.2.11)

Proposition 2.2.17. A densely defined operator T is essentially self-adjoint
if and only if T ⊂ T ∗∗ = T ∗.

Proof. Since T is closable. By Proposition 2.2.13 (4), T = T ∗∗.
If T is essentially self-adjoint, T is self-adjoint. By Proposition 2.2.13 (5),

T ∗∗ = T = (T )∗ = T ∗.
If T ⊂ T ∗∗ = T ∗, (T )∗ = T ∗ = T ∗∗ = T . Thus T is self-adjoint.
The proof of Proposition 2.2.17 is completed.
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Proposition 2.2.18. Let T be a densely defined symmetric operator. The
following statements are equivalent.

(1) T is self-adjoint.
(2) D(T ) = D(T ∗).
(3) T = T ∗∗ = T ∗.

Proof. Obvious.

Remark 2.2.19. We compare the properties of closed, essentially self-adjoint
and self-adjoint for a densely defined symmetric operator. Let T be a densely
defined symmetric operator. Then

• T is closed ⇐⇒ T = T ∗∗ ⊂ T ∗;

• T is essentially self-adjoint ⇐⇒ T ⊂ T ∗∗ = T ∗;

• T is self-adjoint ⇐⇒ T = T ∗∗ = T ∗.

For symmetric operator T on H, for µ > 0, we have

∥(T ± iµ Id)x∥2 = ((T ± iµ Id)x, (T ± iµ Id)x) = µ2∥x∥2 + ∥Tx∥2. (2.2.12)

So for any µ > 0, we have

Ker(T ± iµ Id) = 0. (2.2.13)

Lemma 2.2.20. If T is a closed symmetric operator, then Im(T ± iµ Id) is
closed.

Proof. If (T + iµ Id)xk → y, since ∥(T + iµ Id)(xk − xj)∥2 = µ2∥xk − xj∥2 +
∥T (xk − xj)∥2, xk → x, Txk → w. Since T is closed, w = Tx. Thus
y = w + iµx = (T + iµ Id)x. The proof for T − iµ Id is the same.

The proof of Lemma 2.2.20 is completed.

Lemma 2.2.21. Let T be a densely defined symmetric operator. Then for
any µ > 0,

Ker(T ∗ ± iµ Id) = Im(T ∓ iµ Id)⊥. (2.2.14)

Proof. If v ∈ Ker(T ∗ + iµ Id), v ∈ D(T ∗). For any u ∈ D(T ),

((T − iµ Id)u, v) = (u, (T ∗ + iµ Id)v) = 0. (2.2.15)

Thus v ∈ Im(T − iµ Id)⊥.
If v ∈ Im(T − iµ Id)⊥, also as in (2.2.15), v ∈ Ker(T ∗ + iµ Id).
The proof for T ∗ − iµ Id is the same.
The proof of Lemma 2.2.21 is completed.
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Proposition 2.2.22. Let T be a densely defined symmetric operator. Then
the following statements are equivalent:

(1) T is self-adjoint;
(2) T is closed and there exists µ > 0 such that Ker(T ∗ ± iµ Id) = 0;
(3) there exists µ > 0 such that Im(T ∓ iµ Id) = H.

Proof. For (1) =⇒ (2), we use Proposition 2.2.15 and (2.2.13).
For (2) =⇒ (3), we use Lemmas 2.2.20 and 2.2.21.
For (3) =⇒ (1), by Lemma 2.2.21, Ker(T ∗ ± iµ Id) = 0. For any v ∈

D(T ∗), there exists u ∈ D(T ) such that (T ∗ ∓ iµ Id)v = (T ∓ iµ Id)u. Since
T ⊂ T ∗, we have (T ∗ ∓ iµ Id)(v − u) = 0. Thus v = u ∈ D(T ). So
D(T ) = D(T ∗). By Proposition 2.2.18, T is self-adjoint.

The proof of Proposition 2.2.22 is completed.

Proposition 2.2.23. Let T be a densely defined symmetric operator. Then
the following statements are equivalent:

(1) T is essentially self-adjoint;
(2) there exists µ > 0 such that Ker(T ∗ ± iµ Id) = 0;
(3) there exists µ > 0 such that Im(T ∓ iµ Id) = H.

Proof. For (1) =⇒ (2), by Proposition 2.2.17, T ∗ is self-adjoint. From
(2.2.13), we get (2).

(2)⇔(3) is obvious.
For (3) =⇒ (1), for any v ∈ D(T ∗), there exists {un} ⊂ H such that

lim
n→∞

(T ∓ iµ Id)un = (T ∗ ∓ iµ Id)v. (2.2.16)

It implies that limn→∞(T ∗ ∓ iµ Id)(un − v) = 0. Thus limn→∞ ∥(T ∗ ∓
iµ Id)(un − v)∥2 = limn→∞ µ2∥un − v∥2 + limn→∞ ∥T ∗(un − v)∥2 = 0. So
un → v, Tun → T ∗v. Thus (v, T ∗v) ∈ Γ(T ) = Γ(T ). So v ∈ D(T ) = D(T ∗∗),
which means that T ∗ ⊂ T ∗∗.

On the other hand, from Proposition 2.2.13, T ∗∗ ⊂ T ∗. So T ∗ = T ∗∗.
From Proposition 2.2.17, T is essentially self-adjoint.

The proof of Proposition 2.2.23 is completed.

Theorem 2.2.24 (von Neumann). Let T be a densely defined closed sym-
metric operator. We have

D(T ∗) = D(T )⊕Ker(T ∗ − i Id)⊕Ker(T ∗ + i Id). (2.2.17)

Moreover, for u = u0 + u+ + u− ∈ D(T ∗) with decomposition as in (2.2.17),
we have T ∗u = Tu0 + iu+ − iu−.
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Proof. Denote by D± := Ker(T ∗ ∓ i Id).
We first claim that D(T ), D+ and D− are linear independent. In fact,

if u0 + u+ + u− = 0, where u0 ∈ D(T ), u± ∈ D±, since (T ∗ − i Id)u− =
−2iu−, we have (T − i Id)u0 = 2iu−. But from Lemma 2.2.21, we have
u− ∈ Ker(T ∗+ i Id) = Im(T − i Id)⊥. Thus u− = 0. Similarly, we get u+ = 0.
Therefore, D(T ), D+ and D− are linear independent.

Obviously, D(T )⊕D+ ⊕D− ⊂ D(T ∗). We claim that D(T ∗) ⊂ D(T )⊕
D+ ⊕D−. In fact, from Lemmas 2.2.20 and 2.2.21, H = Im(T − i Id)⊕D−.
For any u ∈ D(T ∗), v = (T ∗ − i Id)u has decomposition v = v1 + v2, where
v1 ∈ Im(T − i Id), v2 ∈ D−. Take u0 such that (T − i Id)u0 = v1. Let
u− = −(2i)−1v2. Since T ∗u− = −iu−, (T ∗ − i Id)u− = −2iu− = v2. Then
(T ∗ − i Id)(u0 + u−) = v. So (T ∗ − i Id)(u − u0 − u−) = 0. Let u+ =
u− u0 − u− ∈ D+. We obtain the claim.

The proof of Theorem 2.2.24 is completed.

2.2.3 Friedrichs extension
Proposition 2.2.25. Essentially self-adjoint operator has unique self-adjoint
extension.

Proof. Let T be a essentially self-adjoint operator, then T̄ = T ∗∗ = T ∗ is a
self-adjoint extension. If T0 be another self-adjoint extension, then T ∗T̄ ⊂ T0.
Since T0 = T ∗

0 ⊂ T ∗∗ = T ∗, we have T̄ = T0.
The proof of Proposition 2.2.25 is completed.

In general, a symmetric operator may have many self-adjoint extensions.
In this subsection, we introduce the Friedrich extension.

Definition 2.2.26. Let V be a dense linear subset of H. Let a : V ×V → C
be a sesquilinear form, i.e., for any b, c ∈ C, u, v ∈ V ,

a(bu, cv) = bc̄ · a(u, v), (2.2.18)

such that a is positive definite, i.e., there exists α > 0, such that for any
v ∈ V ,

a(v, v) ≥ α∥v∥2. (2.2.19)

Lemma 2.2.27. If a is positive definite, a is symmetric, i.e., for any u, v ∈
V ,

a(u, v) = a(v, u). (2.2.20)
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Proof. For any λ ∈ C,

0 ≤ a(λu+ v, λu+ v) = |λ|2a(u, u) + λa(u, v) + λ̄a(v, u) + a(v, v). (2.2.21)

Thus λa(u, v) + λ̄a(v, u) ∈ R. It is equivalent to

λa(u, v)− λ̄a(v, u) = λ(a(u, v)− a(v, u)) ∈ R. (2.2.22)

Since λ ∈ C is arbitrary taken, we have a(u, v) = a(v, u).
The proof of Lemma 2.2.27 is completed.

Lemma 2.2.28 (Schwarz inequality). If a is positive definite, for any u, v ∈
V ,

|a(u, v)|2 ≤ a(u, u)a(v, v). (2.2.23)

Proof. From (2.2.21), for any λ ∈ C,

|λ|2a(u, u) + 2Re(λa(u, v)) + a(v, v) ≥ 0. (2.2.24)

If a(u, v) = reiθ, we take λ = te−iθ. Then (2.2.24) is

a(u, u)t2 + 2rt+ a(v, v) ≥ 0 (2.2.25)

for any t ∈ R. Thus

r2 ≤ a(u, u)a(v, v). (2.2.26)

The proof of Lemma 2.2.28 is completed.

From Lemmas 2.2.27 and 2.2.28, we see that a(·, ·) is an inner product
on V . It induces a norm on V :

∥v∥2a = a(v, v)1/2 (2.2.27)

for any v ∈ V . From (2.2.19), this norm is stronger than the normal norm
of the Hilbert space.

Definition 2.2.29. Let a be a positive definite sesquilinear form. We denote
by D(a) := V the domain of a. If D(a) is complete with respect to the norm
∥ · ∥a, we say a is closed. In this case, D(a) is a Hilbert space with respect
to the norm ∥ · ∥a.

For a symmetric operator T , since for any u ∈ D(T ), (Tu, u) = (u, Tu) =
(Tu, u), we have (Tu, u) ∈ R. We say a self-adjoint operator T is positive
definite if there exists α > 0 such that for any u ∈ D(T ), (Tu, u) ≥ α∥u∥2.
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Proposition 2.2.30. Let a be a closed positive definite sesquilinear form with
domain V . Then there exists unique positive definite self-adjoint operator T ,
such that D(T ) ⊂ V and for any u ∈ D(T ), v ∈ V ,

(v, Tu) = a(v, u). (2.2.28)

Proof. Set

D(T ) := {u ∈ V : ∃Cu > 0, s.t. ∀v ∈ V, |a(v, u)| ≤ Cu∥v∥}. (2.2.29)

By Riesz representation theorem, there exists unique u∗ ∈ H such that

a(v, u) = (v, u∗). (2.2.30)

We define Tu = u∗ for any u ∈ D(T ).
Obviously T is linear. We claim that T is densely defined. Since ∥ · ∥a is

stronger than ∥ · ∥, for this claim, we only need to prove that D(T ) is dense
in V with respect to ∥ · ∥a, which is equivalent to prove that if v0 ∈ V and
for any u ∈ D(T ), a(v0, u) = 0, then v0 = 0. In fact, for any w ∈ H,

|(v, w)| ≤ ∥v∥∥w∥ ≤ 1√
α
∥w∥∥v∥a. (2.2.31)

From Riesz representation theorem with respect to the inner product a, there
exists u0 ∈ V ,

(v, w) = a(v, u0). (2.2.32)

Thus

Im(T ) = H. (2.2.33)

So if 0 = a(v0, u) = (v0, Tu) for any u ∈ D(T ), v0 = 0. We obtain the claim.
For any u, v ∈ D(T ),

(v, Tu) = a(v, u) = a(u, v) = (u, Tv) = (Tv, u). (2.2.34)

So T is symmetric.
Now we prove that T is self-adjoint. We only need to prove that D(T ∗) ⊂

D(T ). If u ∈ D(T ∗), then there exists u∗ ∈ H such that for any v ∈ D(T ),

(u∗, v) = (u, Tv). (2.2.35)

From (2.2.33), there exists w ∈ D(T ) such that u∗ = Tw. Thus (w, Tv) =
(Tw, v) = (u∗, v) = (u, Tv) for any v ∈ D(T ). From (2.2.33) again, we have
u = w ∈ D(T ).



78 CHAPTER 2. SPECTRAL THEORY

Since a is positive definite, T is positive definite.
At last, we prove the uniqueness. If T ′ be another self-adjoint operator

satisfying all conditions. For any u ∈ D(T ′), T ′u ∈ H = Im(T ). Thus there
exists w ∈ D(T ) such that T ′u = Tw. Thus for any v ∈ V ,

a(v, u) = (v, T ′u) = (v, Tw) = a(v, w). (2.2.36)

Since a is positive definite, by taking v = u − w, we get u = w ∈ D(T ). So
T ′ ⊂ T . In the same way, T ⊂ T ′. Thus T = T ′.

The proof of Proposition 2.2.30 is completed.

Definition 2.2.31. Let T be a symmetric operator. If there exists c ∈ R
such that for any u ∈ D(T ),

(u, Tu) ≥ c(u, u), (2.2.37)

we say T is bounded from below. We also write T ≥ c.

Theorem 2.2.32 (Friedrichs extension). Let T be a symmetric operator. If
T ≥ −M , then we can construct a self-adjoint extension T̂ of T , called the
Friedrich extension, such that T̂ ≥ −M .

Proof. We assume that T ≥ 1 first. In this case,

(u, Tu) ≥ ∥u∥2 (2.2.38)

for any u ∈ D(T ). Let

a(v, u) = (v, Tu) (2.2.39)

for any u, v ∈ D(T ). Let V be the closure of D(T ) with respect to ∥ · ∥a.
Then a could be extended on V × V , denoted by â(·, ·). Then â is a positive
definite sesquilinear form.

We claim that V ⊂ H. In this case, â is closed and we can use Proposition
2.2.30. In fact, let i : D(T ) → H be the embedding. For any v ∈ V , there
exists {un} ⊂ D(T ) such that limn→∞ un = v with respect to ∥ · ∥a. Thus
{un} is a Cauchy sequence with respect to ∥ · ∥a. From (2.2.38), {un} is
also a Cauchy sequence with respect to ∥ · ∥. Thus there exists v∗ ∈ H such
that limn→∞ un = v with respect to ∥ · ∥. So we can embed V into H by
identifying v with v∗. This process is similar as we did in the proof of the
Sobolev embedding theorem.

Now â is a closed positive definite sesquilinear form. From Proposition
2.2.30, there exists a unique positive definite self-adjoint operator T̂ such
that

(v, T̂ u) = â(v, u) (2.2.40)
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for any u ∈ D(T̂ ) and v ∈ V . Easy to see that T̂ ≥ 1.
For u ∈ D(T ), from (2.2.39), for any v ∈ D(T ),

|a(v, u)| = |(v, Tu)| ≤ ∥Tu∥∥v∥. (2.2.41)

This inequality also holds for any v ∈ V . In fact, if un → v with respect to
∥ · ∥a, un ∈ D(T ), then from (2.2.38), un → v with respect to ∥ · ∥. We could
take limit in (2.2.41). By (2.2.29), (2.2.41) holds for any v ∈ V implies that
u ∈ D(T̂ ). Since

(v, Tu) = a(v, u) = (v, T̂ u) (2.2.42)

for any v ∈ D(T ), we have Tu = T̂ u. So T ⊂ T̂ , T̂ is the self-adjoint
extension of T .

In general case, if T ≥ −M , let T ′ = T + (M + 1) Id. Then T ′ ≥ 1. So
T ′ has a self-adjoint extension T̂ ′ and T̂ ′ ≥ 1. Then T̂ := T̂ ′ − (M + 1) Id is
a self-adjoint extension of T and T̂ ≥ −M .

The proof of Theorem 2.2.32 is completed.

From Definition 1.4.12, the generalized Laplacian H is symmetric and
bounded from below. From Theorem 2.2.32, it has Friedrich extension. (This
is a reason why we need Q is bounded from below in the definition of the
generalized Laplacian.) In fact, it is its unique self-adjoint extension.
Corollary 2.2.33. The symmetric generalized Laplacian H on a compact
manifold in Definition 1.4.12 is essentially self-adjoint. We also denote the
unique self-adjoint extension by H.
Proof. We only need to prove that the Friedrich extension Ĥ = H. Assume
that H ≥ −M . Then the norm ∥ · ∥a we considered in the proof of Theorem
2.2.32 is (·, H·) + (1 +M)∥ · ∥, which is equivalent to ∥ · ∥1 from the Gard-
ing inequality, Theorem 1.4.13. Thus the dense subspace V in the proof of
Theorem 2.2.32 is H1. From (2.2.29), if u ∈ D(Ĥ), there exists Cu > 0, such
that for any v ∈ H1, |(v, Ĥu)| ≤ Cu∥v∥, which means that

∥Ĥu∥ = sup
v∈C∞

(v, Ĥu)

∥v∥
≤ Cu <∞. (2.2.43)

So Ĥu ∈ H0(E) = L2(M,E). From elliptic estimate, ∥u∥2 ≤ C(∥Ĥu∥ +
∥u∥) < +∞. Thus u ∈ H2(E). Therefore D(Ĥ) ⊂ H2(E).

From Proposition 2.2.5, D(H) = H2(E). Since H is the smallest closed
extension of H, we have H2(E) = D(H) ⊂ D(Ĥ). So D(H) = D(Ĥ) =
H2(E). Since Ĥ and H are completed with respect to the equivalent norms,
we have Ĥ = H.

The proof of Corollary 2.2.33 is completed.
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2.2.4 Perturbation
Definition 2.2.34. Let A and B be densely defined operators on H. If
D(A) ⊂ D(B) and there exist a, b > 0 such that for any u ∈ D(A),

∥Bu∥ ≤ a∥Au∥+ b∥u∥, (2.2.44)

we say B is A-bounded with bound a.

Theorem 2.2.35. Let A and B be densely defined operators on H and B is
A-bounded with bound a < 1. Then A+B on D(A) is closable if and only if
A is closable. In this case,

D(A+B) = D(A). (2.2.45)

Proof. From (2.2.44), for any u ∈ D(A),

(1− a)∥Au∥ − b∥u∥ ≤ ∥Au∥ − ∥Bu∥ ≤ ∥(A+B)u∥
≤ ∥Au∥+ ∥Bu∥ ≤ (1 + a)∥Au∥+ b∥u∥. (2.2.46)

So if a < 1, for {un} ⊂ D(A) converges, {Aun} is a Cauchy sequence if and
only if {(A + B)un} is a Cauchy sequence. If un → 0, Aun → 0 if and only
if (A+B)un → 0. From Proposition 2.2.9, A+B on D(A) is closable if and
only if A is closable.

If A is closable, A+B is closable. If u ∈ D(A), there exists {un} ⊂ D(A),
un → u and Aun convergences. From (2.2.46), (A+B)un also convergences.
So u ∈ D(A+B). In the same way, D(A+B) ⊂ D(A). So D(A+B) =
D(A).

The proof of Theorem 2.2.35 is completed.

Corollary 2.2.36. If B is A-bounded with bound a < 1. Then A + B is
closed if and only if A is closed.

Proof. Obvious.

Theorem 2.2.37 (Kato-Rellich Theorem). If A is self-adjoint, B is sym-
metric and B is A-bounded with bound a < 1, then A+B is self-adjoint.

Proof. From Proposition 2.2.22, we only need to prove that there exists µ0 >
0 such that Im(A+B ± iµ0 Id) = H.

For any µ > 0, from (2.2.13), Ker(A± iµ Id) = 0. Since A is self-adjoint,
by Proposition 2.2.22, Im(A± iµ Id) = H. Then (A± iµ Id)−1 is well defined
on H. For any u ∈ H, taking x = (A± iµ Id)−1u in (2.2.12), we get

∥A(A± iµ Id)−1∥ ≤ 1, ∥(A± iµ Id)−1∥ ≤ 1

µ
. (2.2.47)
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Note that

A+B ± iµ Id = (B(A± iµ Id)−1 − Id)(A± iµ Id). (2.2.48)

From Definition 2.2.34 and (2.2.47),

∥B(A± iµ) Id)−1∥ ≤ a ∥A(A± iµ Id)−1∥+ b ∥(A± iµ Id)−1∥ ≤ a+
b

µ
.

(2.2.49)

Since a < 1, we could take µ0 > 0 large enough such that a+bµ−1
0 < 1. In this

case, (B(A±iµ Id)−1−Id) is invertible. From (2.2.48), since Im(A±iµ0 Id) =
H, we have Im(A+B ± iµ0 Id) = H.

The proof of Theorem 2.2.37 is completed.

2.2.5 Hodge decomposition
Proposition 2.2.38. Let P : C ∞(M,E) → C ∞(M,E) be an essentially self-
adjoint elliptic differential operator over a compact Riemannian manifold of
order m > 0. Then there is an L2-orthogonal direct sum decomposition

C ∞(M,E) = KerP ⊕ ImP. (2.2.50)

Proof. With respect to the L2-decomposition L2(M,E) = KerP ⊕ (KerP )⊥,
for any u ∈ C ∞(M,E), we can write u = u0 + u1 and Pu0 = 0. From the
elliptic regularity Theorem 1.4.6, u0 is smooth. So is u1.

Since P is essentially self-adjoint,

(KerP )⊥ = (KerP )⊥ = ImP
∗
= ImP = P (Hm(E)). (2.2.51)

Thus there exists v ∈ Hm(E) such that P (v) = u1. From the elliptic
regularity Theorem 1.4.6 again, v is smooth. So C ∞(M,E) ⊂ KerP ⊕
P (C ∞(M,E)). The other direction is obvious.

The proof of Proposition 2.2.38 is completed.

For more details of Hodge decomposition, please see my another note on
Kähler Geometry.

Lemma 2.2.39. For any s ∈ R, there exists Cs > 0, such that for any
u ∈ ImP ,

∥Pu∥s ≥ Cs∥u∥s. (2.2.52)
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Proof. We assume s ≥ 0 first. If (2.2.52) does not hold, there exists {uj} ⊂
ImP such that ∥uj∥s = 1 and ∥Puj∥s → 0. We may assume that ∥Puj∥s ≤ 1
uniformly. From the elliptic estimates, ∥uj∥s+m ≤ c(∥Puj∥s + ∥uj∥s) ≤ 2c.
From Rellich theorem, there exists a subsequence of {uj}, which we also
denote by {uj}, converges to u ∈ (KerP )⊥ with respect to ∥ · ∥s. Since P
is closable, Pu = 0. So u = 0 and limuj = 0 with respect to ∥ · ∥. Since
∥uj∥s converges, it must converge to u = 0, which is a contradiction with
∥uj∥s = 1.

If s < 0, for any u ∈ ImP , from (1.2.56) and (2.2.50),

∥u∥s = sup
v∈ImP

(u, v)

∥v∥−s

= sup
w∈ImP

(u, Pw)

∥Pw∥−s

= sup
w∈ImP

(Pu,w)

∥Pw∥−s

≤ sup
w∈ImP

∥Pu∥s∥w∥−s

Cs∥w∥−s

= C−1
s ∥Pu∥s. (2.2.53)

The proof of Lemma 2.2.39 is completed.

Let P : C ∞(M,E) → C ∞(M,E) be an essentially self-adjoint elliptic
differential operator over a compact Riemannian manifold of order m > 0.
From (2.2.50), P : ImP → ImP is an isomorphism. Then it has an inverse
P−1. Let S : C ∞(M,E) → KerP be the orthogonal decomposition with
respect to the decomposition (2.2.50). Set

G := P−1 ◦ (Id−S) : C ∞(M,E) → C ∞(M,E), (2.2.54)

called Green operator. It is easy to see that

PG = GP = Id−S. (2.2.55)

Proposition 2.2.40. For any s ∈ R, there exists C > 0 such that for any
u ∈ C ∞(M,E),

∥Gu∥s+m ≤ C∥u∥s. (2.2.56)

Then it extends a continuous map G : Hs(E) → Hs+m(E).

Proof. From Proposition 2.2.38, for any u ∈ C ∞(M,E), there exists u0 ∈
KerP , u1 ∈ ImP such that u = u0 + u1. There exists v1 ∈ ImP such that
Pv1 = u1. From the elliptic estimate, Lemma 2.2.39 and (2.2.55),

∥Gu∥s+m = ∥GPv1∥s+m = ∥v1∥s+m ≤ c(∥Pv1∥s + ∥v1∥s)
≤ c(1 + C−1

s )∥Pv1∥s = c(1 + C−1
s )∥u1∥s ≤ c(1 + C−1

s )∥u∥s. (2.2.57)

The proof of Proposition 2.2.40 is completed.
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2.2.6 Spectrum
Definition 2.2.41. Let T be a closed operator. Define

ρ(T ) := {λ ∈ C : Ker(λ · Id−T ) = 0, Im(λ · Id−T ) = H,
(λ · Id−T )−1 is bounded}. (2.2.58)

It is called the resolvent set of T . The inverse (λ · Id−T )−1 is called the
resolvent of T at λ. The set

σ(T ) := C\ρ(T ) (2.2.59)

is called the spectrum of T . If T is only closable, we define

σ(T ) := σ(T ). (2.2.60)

Definition 2.2.42. Let T be a closed operator. Define
σp(T ) := {λ ∈ C : Ker(λ · Id−T ) ̸= 0};
σr(T ) := {λ ∈ C : Ker(λ · Id−T ) = 0, Im(λ · Id−T ) ̸= H};
σc(T ) := {λ ∈ C : Ker(λ · Id−T ) = 0, Im(λ · Id−T ) = H,

(λ · Id−T )−1 is unbounded},

(2.2.61)

which are called point spectrum, residual spectrum and continuous
spectrum respectively. Obviously,

σ(T ) = σp(T ) ⊔ σr(T ) ⊔ σc(T ). (2.2.62)

Proposition 2.2.43. If T is self-adjoint, then σ(T ) ⊂ R.
Proof. It is easy to see that if we replace ±iµ by λ = v± iµ ∈ C, Proposition
2.2.22 also holds. From (2.2.47), if Imλ ̸= 0, λ ∈ ρ(T ).

The proof of Proposition 2.2.43 is completed.
Proposition 2.2.44. If T is self-adjoint, then σr(T ) = ∅.
Proof. From Proposition 2.2.43, if λ ∈ σr(T ), λ ∈ R. So Ker(λ · Id−T ) =
Im(λ · Id−T )⊥.

The proof of Proposition 2.2.44 is completed.
Definition 2.2.45. Let T be a self-adjoint operator. Define

σess(T ) := σc(T ) ∪ {λ ∈ σp(T ) : dimKer(λ · Id−T ) = +∞};
σd(T ) := {λ ∈ σp(T ) : 0 < dimKer(λ · Id−T ) < +∞},

(2.2.63)

which are called essential spectrum and discrete spectrum respectively.
The element of σd(T ) is called an eigenvalue of T . Obviously,

σ(T ) = σess(T ) ⊔ σd(T ). (2.2.64)
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Theorem 2.2.46 (Spectral theorem for compact operators ). 2 Let H be a
infinite dimensional Hilbert space. Let B be a compact self-adjoint operator
on H. Then there exists a complete orthonormal basis {φj}∞j=1 of H and
a real sequence {λ1, · · · , λn, · · · } (at most countable) such that Bφj = λjφj

and limj→+∞ λj = 0 (if the real sequence is not discrete).

Theorem 2.2.47. Let P : C ∞(M,E) → C ∞(M,E) be an essentially self-
adjoint elliptic differential operator over a compact Riemannian manifold of
order m > 0. Then

(1) for λ ∈ σd(P ), the λ-eigenspace Eλ = Ker(λ Id−P ) is finite dimen-
sional and consist of smooth sections;

(2) there is a direct sum decomposition

L2(M,E) =
⊕

λ∈σd(P )

Eλ. (2.2.65)

(3) the spectrum

σ(P ) = σd(P ) (2.2.66)

and it is discrete.

Proof. (1). Since λ Id−P is elliptic, (1) follows from Theorem 1.4.6 (3).
(2). Let Es be the closure of ImP with respect to ∥·∥s. Then L2(M,E) =

KerP ⊕E0 and from the Rellich theorem and Proposition 2.2.46, the Green
operator

G : E0 → Em ↪→ E0 (2.2.67)

is a compact self-adjoint operator. From Theorem 2.2.46, since kerG = 0,
there exists a complete orthonormal basis {φj}∞j=1 of E0 and a real sequence
{λ−1

1 , · · · , λ−1
n , · · · } such that Gφj = λ−1

j φj and limj→+∞ λ−1
j = 0. So we get

(2).
(3) From Proposition 2.2.38, C ∞(M,E) = Ker(P −λ Id)⊕ Im(P −λ Id).

If Ker(P −λ Id) = 0, C ∞(M,E) = Im(P −λ Id). From Lemma 2.2.39, there
exists C > 0, such that for any u ∈ C ∞(M,E), ∥(P − λ Id)u∥ ≥ C∥u∥. So
for any u ∈ C ∞(M,E), ∥(P − λ Id)−1u∥ ≤ C−1∥u∥. So σc(P ) = ∅.

The proof of Theorem 2.2.47 is completed.

2.2.7 Hodge decomposition on non-compact manifold
[MM] Chapter 3.

2Theorem 4.4.7 in ”Functional analysis I” by Zhang Gongqing
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2.3 Functional Calculus
2.3.1 Functional calculus for bounded operators
In this subsection, we suppose that A : H → H is a bounded linear operator
on Hilbert space H. Note that all results in this subsection hold for Banach
spaces. Let B(H) be the algebra of bounded linear operators. In expressions
like λ Id−A, we usually write λ−A, omitting the symbol Id for the simplicity.

Definition 2.3.1. The resolvent set ρ(A) is defined by

ρ(A) := {λ ∈ C : λ− A is invertible}. (2.3.1)

If λ ∈ ρ(A), (λ− A)−1 is called the resolvent of A. The spectrum is

σ(A) = C\ρ(A). (2.3.2)

Proposition 2.3.2. The spectrum σ(A) is a bounded closed subset of C.

Proof. If r > ∥A∥, then r − A = r(1 − A/r) and ∥A/r∥ < 1. Since∑∞
k=1 ∥A/r∥k < +∞, then 1 +

∑∞
k=1(A/r)

k ∈ H and r−1(1 +
∑∞

k=1(A/r)
k)

is the inverse of r − A. So σ(A) ⊂ B0(∥A∥) is bounded.
Let U be the set of invertible elements in B(H). Then U is open. Since

the map f : C → B(H), λ 7→ λ − A, is continuous and ρ(A) = f−1(U), we
have ρ(A) is open. So σ(A) is closed.

The proof of Proposition 2.3.2 is completed.

In the proof of Proposition 2.3.2, we consider a continuous map f : C →
B(H). The norm of the bounded linear operator makes B(H) a Banach space,
which is a topological space with topology induced by the norm. We need to
say more here.

Differentiation

For λ0 ∈ C, we could define the derivative of f at λ0 by

f ′(λ0) := lim
z→0

z−1(f(λ0 + z)− f(λ0)) (2.3.3)

if the limit exists with respect to the operator norm. Let Ω be an open
subset of C. The function f is called differentiable if for each λ0 ∈ Ω, the
derivative of f at λ0 exists. It is called differentiable on Ω if it is differentiable
at each λ0 ∈ Ω.
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Integral

Let Γ = {Γ(t) : t ∈ [0, 1]} be a rectifiable curve in Ω. Then
∫
Γ
f(λ)dλ is

defined as the limit in B(H) of sums of the form∑
j

(Γ(tj)− Γ(tj−1))f(Γ(tj)) ∈ B(H) (2.3.4)

as we did in the course of Mathematical Analysis, where {t0, · · · , tn} is a
partition of [0, 1]. In the same way, we could show that if f is continuous,
the limit exists.

An open subset ∆ ⊂ C is called a Cauchy domain if it is a disjoint union
of a finite number of open connected sets ∆1, · · · ,∆r, such that ∆i ∩∆j = ∅
if i ̸= j and for each j the boundary of ∆j consists of a finite number of
non-intersecting closed rectifiable Jordan curves which are oriented in a way
that ∆j belongs to the inner domains of the curves. The oriented boundary
of a bounded Cauchy domain in C is called a Cauchy contour. Usually
we integrate a continuous function on a Cauchy contour. In fact, for any
compact subset K ⊂ C and its any open neighborhood Ω, there exists a
Cauchy domain ∆ such that K ⊂ ∆ ⊂⊂ Ω3.

Analyticity

The function f is said to be analytic at λ0 ∈ Ω if in some neighborhood
U of λ0 in Ω,

f(λ) =
∞∑
n=0

(λ− λ0)fn, λ ∈ U. (2.3.5)

Here f0, f1 · · · ∈ B(H) and the series (2.3.5) converges with respect to the
operator norm. We say f is analytic on Ω if it is analytic at each λ0 ∈ Ω.

Theorem 2.3.3 (Cauchy Integral Formula). Assume that f : Ω → B(H) is
analytic on Ω. Let Γ be a Cauchy contour such that Γ and its inner domain
∆ are in Ω. Then for any λ0 ∈ ∆,

f(λ0) =
1

2πi

∫
Γ

f(λ)

λ− λ0
dλ. (2.3.6)

In particular,
1

2πi

∫
Γ

f(λ)dλ = 0. (2.3.7)
3cf. GTM 011, Proposition VIII.1.1 ”Functions of one complex variables” by Conway.
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Proof. Take an arbitrary continuous linear functional F on B(H). Then F ◦f
is an analytic function in the usual sense. From the usual Cauchy integral
formula, we have

F [f(λ0)] =
1

2πi

∫
Γ

F [f(λ)]

λ− λ0
dλ. (2.3.8)

On the other hand, from the definition of the integral (2.3.4), we have

F

[
1

2πi

∫
Γ

f(λ)

λ− λ0
dλ

]
=

1

2πi

∫
Γ

F [f(λ)]

λ− λ0
dλ. (2.3.9)

Since F is an arbitrary continuous linear functional on B(H), from the Hahn-
Banach theorem4, (2.3.8) and (2.3.9), we obtain (2.3.6).

If we replace f(λ) in (2.3.9) by f(λ)(λ− λ0), we get (2.3.7).
The proof of Theorem 2.3.3 is completed.

Theorem 2.3.4. The function f is analytic on Ω if and only if f is differ-
entiable on Ω.

Proof. We only need to prove that differentiable implies analytic, which is a
classical result in complex analysis in the usual sense.

Assume that f is differentiable on Ω. For any λ0 ∈ Ω, we could choose
an oriented circle Γ ⊂ Ω with center at λ0 and radius r such that its inner
domain is also in Ω. Let F be an arbitrary continuous linear functional on
B(H). Then the function F ◦ f is differentiable on Ω, and hence analytic on
Ω. From the Cauchy integral formula,

F [f(µ)] =
1

2πi

∫
Γ

F [f(λ)]

λ− µ
dλ = F

[
1

2πi

∫
Γ

f(λ)

λ− µ
dλ

]
, |µ− λ0| < r.

(2.3.10)

So the Hahn-Banach theorem implies that

f(µ) =
1

2πi

∫
Γ

f(λ)

λ− µ
dλ, |µ− λ0| < r. (2.3.11)

Since

1

λ− µ
=

1

(λ− λ0)
(
1− µ−λ0

λ−λ0

) =
∞∑
n=0

(µ− λ0)
n

(λ− λ0)n+1
, (2.3.12)

4Corollary 2.4.5 in ”Functional Analysis I”
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we have

f(µ) =
∞∑
n=0

(µ− λ0)
n

(
1

2πi

∫
Γ

f(λ)

(λ− λ0)n+1
dλ

)
. (2.3.13)

So f is analytic on Ω.
The proof of Theorem 2.3.4 is completed.

Lemma 2.3.5. For λ, µ ∈ ρ(A), we have the resolvent equation

(λ− A)−1 − (µ− A)−1 = (µ− λ)(λ− A)−1(µ− A)−1. (2.3.14)

Proof. Multiply (λ− A) on the left and (µ− A) on the right.

Corollary 2.3.6. The resolvent (λ− A)−1 is analytic on λ ∈ ρ(A).

Proof. By Theorem 2.3.4 and Lemma 2.3.5, obvious.

Definition 2.3.7. Let Ω be an open neighborhood of σ(A). If f : Ω → C is
analytic, for a Cauchy domain ∆ with boundary Γ such that σ(A) ⊂ ∆ ⊂⊂
Ω, we define f(A) ∈ B(H) by

f(A) :=
1

2πi

∫
Γ

f(λ)(λ− A)−1dλ. (2.3.15)

From the Cauchy integration formula, f(A) is independent of the choice
of the Cauchy domain satisfying σ(A) ⊂ ∆ ⊂⊂ Ω.

Let Hol(A) be the set of complex-valued functions which are analytic in
a neighborhood of σ(A). From the definition, it is easy to see that For any
f ∈ Hol(A), α ∈ C,

(αf)(A) = αf(A). (2.3.16)

Theorem 2.3.8 (Riesz Functional Calculus). (1) For any f, g ∈ Hol(A),

(f + g)(A) = f(A) + g(A), (f · g)(A) = f(A)g(A). (2.3.17)

(2) If f ≡ 1, then f(A) = Id, i.e.,

1

2πi

∫
Γ

(λ− A)−1dλ = Id . (2.3.18)

(3) If f(z) = zk for any z ∈ C, f(A) = Ak, i.e.,

1

2πi

∫
Γ

λk(λ− A)−1dλ = Ak. (2.3.19)
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(4) If f, f1, f2, · · · are analytic on Ω, and fn → f uniformly on compact
subsets of Ω, then ∥fn(A)− f(A)∥ → 0 as n→ +∞.

(5) If f(z) =
∑∞

k=0 akz
k has radius of convergence R > ∥A∥, then f ∈

Hol(A) and

f(A) =
∞∑
k=0

akA
k. (2.3.20)

Proof. The proof of the first equation of (2.3.17) is obvious. Let Ω be the
open neighborhood of σ(A) such that f and g are all analytic on Ω. Let
Γ1 and Γ2 be Cauchy contours such that Γ1 = ∂∆1, Γ2 = ∂∆2 and σ(A) ⊂
∆1 ⊂⊂ ∆2 ⊂⊂ Ω. Then from Lemma 2.3.5,

f(A)g(A) =

(
1

2πi

∫
Γ1

f(λ)(λ− A)−1dλ

)(
1

2πi

∫
Γ2

g(µ)(µ− A)−1dµ

)
=

(
1

2πi

)2 ∫
Γ1

∫
Γ2

f(λ)g(µ)(λ− A)−1(µ− A)−1dµdλ

=

(
1

2πi

)2 ∫
Γ1

∫
Γ2

f(λ)g(µ)
(λ− A)−1

µ− λ
dµdλ

−
(

1

2πi

)2 ∫
Γ1

∫
Γ2

f(λ)g(µ)
(µ− A)−1

µ− λ
dµdλ =: A−B. (2.3.21)

So

A =
1

2πi

∫
Γ1

f(λ)(λ− A)−1

(
1

2πi

∫
Γ2

g(µ)dµ

µ− λ

)
dλ

=
1

2πi

∫
Γ1

(f · g)(λ)(λ− A)−1dλ = (f · g)(A) (2.3.22)

and

B =
1

2πi

∫
Γ2

g(µ)(µ− A)−1

(
1

2πi

∫
Γ1

f(λ)dλ

µ− λ

)
dµ = 0. (2.3.23)

(2) and (3). Let f(z) = zk, k ≥ 0. Let Γ(t) = Re2πit, 0 ≤ t ≤ 1, R > ∥A∥.
Then

f(A) =
1

2πi

∫
Γ

λk(λ− A)−1dλ =
1

2πi

∫
Γ

λk−1(1− A/λ)−1dλ

=
1

2πi

∫
Γ

λk−1

∞∑
n=0

An

λn
dλ. (2.3.24)
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Since the infinite series converges uniformly on Γ,

f(A) =
∞∑
n=0

(
1

2πi

∫
Γ

1

λn−k+1
dλ

)
An. (2.3.25)

If n ̸= k,
∫
Γ

1
λn−k+1dλ = 0. If n = k,

∫
Γ

1
λn−k+1dλ = 2πi. So f(A) = Ak.

(4). Let ∆ be a Cauchy domain such that σ(A) ⊂ ∆ ⊂⊂ Ω. Let Γ =
∂∆ = ∪kΓk, where Γk’s are closed rectifiable Jordan curves. For k fixed,∥∥∥∥∫

Γk

fn(λ)(λ− A)−1dλ−
∫
Γk

f(λ)(λ− A)−1dλ

∥∥∥∥
=

∥∥∥∥∫ 1

0

(fn(Γk(t))− f(Γk(t)))(Γk(t)− A)−1dΓk(t)

∥∥∥∥ (2.3.26)

Since ∥(Γk(t)−A)−1∥ is continuous on t ∈ [0, 1] and bounded for any t, there
exists C > 0 such that for any t ∈ [0, 1], ∥(Γk(t) − A)−1∥ ≤ C. Let |Γk| be
the length of Γk. Then from (2.3.26), we have∥∥∥∥∫

Γk

fn(λ)(λ− A)−1dλ−
∫
Γk

f(λ)(λ− A)−1dλ

∥∥∥∥
≤ C|Γk|max

λ∈Γk

|fn(λ)− f(λ)|. (2.3.27)

From the conditions, we have ∥fn(A)− f(A)∥ → 0 as n→ +∞.
(5). Let fn(z) =

∑n
k=1 akz

k. Then from (1)-(3), fn(A) =
∑n

k=1 akA
k.

Since f(z) =
∑∞

k=0 akz
k has radius of convergence R > ∥A∥, f ∈ Hol(A)

and fn(z) → f(z) uniformly on compact subsets of {z : |z| < R}. From (4),
fn(A) → f(A).

The proof of Theorem 2.3.8 is completed.

Corollary 2.3.9. Let σ ⊂ σ(A) be a closed subset such that τ := σ(A)\σ is
also closed. Let Γ be a Cauchy contour such that σ is in the inner domain
of Γ and τ is out of Γ. Then the operator

Pσ :=
1

2πi

∫
Γ

(λ− A)−1dλ (2.3.28)

is a projection, i.e.,

P 2
σ = Pσ. (2.3.29)

Furthermore, we have

Pσ + Pτ = Id, PσPτ = 0. (2.3.30)
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Proof. We could take a Cauchy domain ∆ = ∆1 ∪ ∆2 such that σ ⊂ ∆1,
τ ⊂ ∆2 and ∆1 ∩∆2 = ∅. Let Γi = ∂∆i for i = 1, 2. Take f ≡ 1 on ∆1 and
≡ 0 on ∆2. Then f ∈ Hol(A). So

f(A) =
1

2πi

∫
Γ1∪Γ2

f(λ)(λ− A)−1dλ =
1

2πi

∫
Γ1

(λ− A)−1dλ = Pσ. (2.3.31)

Then from the second equality of (2.3.17), P 2
σ = Pσ.

Take g ≡ 1 on ∆2 and ≡ 0 on ∆1. Then g ∈ Hol(A) and g(A) = Pτ .
Then from the first equality of (2.3.17), Pσ + Pτ = Id. In this case, PσPτ =
Pσ(1− Pσ) = Pσ − Pσ = 0.

The proof of Corollary 2.3.9 is completed.

Theorem 2.3.10 (Spectral Mapping theorem). If f ∈ Hol(A), then

σ(f(A)) = f(σ(A)). (2.3.32)

Proof. If λ0 ∈ σ(A), let

g(λ) =
f(λ)− f(λ0)

λ− λ0
∈ Hol(A). (2.3.33)

If f(λ0) /∈ σ(f(A)), then f(A) − f(λ0) is invertible. From (2.2.31), (λ0 −
A)−1 = g(A)(f(λ0) − f(A))−1 is bounded, which is a contradiction of λ0 ∈
σ(A). So f(σ(A)) ⊂ σ(f(A)).

For the other direction, if µ /∈ f(σ(A)), then g(λ) = (f(λ) − µ)−1 ∈
Hol(A). So g(A)(f(A)− µ) = Id. So µ /∈ σ(f(A)).

The proof of Theorem 2.3.10 is completed.

Corollary 2.3.11. Let σ ⊂ σ(A) be a closed subset such that τ := σ(A)\σ
is also closed. Let M = ImPσ and L = KerPσ. Then B(H) = M ⊕ L, the
spaces M and L are A-invariant and

σ(A|M) = σ, σ(A|L) = τ. (2.3.34)

Proof. From (2.3.30), L = ImPτ and B(H) = M ⊕ L. The spaces M and L
are A-invariant. Take f = z on ∆1 and ≡ 0 on ∆2. Then f ∈ Hol(A). So
A|M = APσ = f(A). So (2.3.34) follows from Theorem 2.3.10.

The proof of Corollary 2.3.11 is completed.

2.3.2 Functional Calculus for unbounded operators
In this subsection, we assume that A is an unbounded operator on H with
domain D(A). Remark that we don’t need A is self-adjoint in this subsection.
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Proposition 2.3.12. The resolvent set ρ(A) is open. If ρ(A) ̸= ∅, then the
resolvent (λ − A)−1 is analytic on λ ∈ ρ(A). Moreover, if λ0 ∈ ρ(A) and
|λ− λ0| ≤ ∥(λ− A)−1∥, then λ ∈ ρ(A) and

(λ− A)−1 =
∞∑
n=0

(−1)n(λ− λ0)
n(λ0 − A)−(n+1). (2.3.35)

Here this series converges in the operator norm. For λ, µ ∈ ρ(A), we have
the resolvent equation

(λ− A)−1 − (µ− A)−1 = (µ− λ)(λ− A)−1(µ− A)−1. (2.3.36)

Proof. The proof is the same as the bounded case.

If A is unbounded, the spectrum σ(A) is closed but unbounded. We need
to compactify σ(A) as follows.

Let C∞ be the Riemann sphere, C∞ = C∪{∞}, endowed with the usual
topology. The set C∞ is a compact topological space and for any λ ∈ C, the
Möbius transformation

ηλ(z) := (λ− z)−1 (2.3.37)

is a homeomorphism on C∞.

Proposition 2.3.13. Let A be an unbounded linear operator with non-empty
resolvent set ρ(A). Then for λ ∈ ρ(A),

ηλ(σ(A) ∪ {∞}) = σ((λ− A)−1). (2.3.38)

Proof. Note that ηλ(∞) = 0 ∈ σ((λ−A)−1), because ((λ−A)−1)−1 = λ−A
is unbounded. For z ̸= λ, z ̸= ∞,

z − A = (λ− z)
(
(λ− z)−1 − (λ− A)−1

)
(λ− A). (2.3.39)

So z ∈ σ(A) if and only if ηλ(z) = (λ− z)−1 ∈ σ((λ− A)−1).
The proof of Proposition 2.3.13 is completed.

Since ηλ is a homeomorphism and σ((λ − A)−1) is compact, we have
σ(A) ∪ {∞} is compact in C∞.

Definition 2.3.14. Let Ω be an open neighborhood of σ(A) in C. Let ∆ be a
Cauchy domain such that σ ⊂ ∆ ⊂⊂ Ω. Let Γ = ∂∆ be the Cauchy contour.
In this case, some connected components are not closed. Let f be an analytic
function on Ω. We assume that on any open connected component Γi of Γ,

|f(Γi(t))| ∈ S (R) (2.3.40)



2.3. FUNCTIONAL CALCULUS 93

is a rapidly decreasing function (cf. (1.2.22)). We define

f(A) =
1

2πi

∫
Γ

f(λ)(λ− A)−1dλ, (2.3.41)

Proposition 2.3.15. The definition (2.3.41) is well-defined and does not
depend on the Cauchy contour satisfying (2.3.40). Moreover, for λ /∈ ∆, we
have

f(A) =
1

2πi

∫
ηλ(Γ)

f ◦ η−1
λ (µ)(µ− (λ− A)−1)−1dµ. (2.3.42)

Roughly speaking, we have f(A) = (f ◦ η−1
λ )((λ− A)−1).

Proof. We only prove (2.3.42). From (2.3.42), we could see that (2.3.41) is
well-defined and does not depend on the Cauchy contour satisfying (2.3.40).

Let B = (λ− A)−1, z ∈ ρ(A), z ̸= λ and µ = (λ− z)−1. From (2.3.39),

(z − A)−1 = µB(µ−B)−1 = µ(µ(µ−B)−1 − Id). (2.3.43)

By taking z = η−1
λ (µ) = λ− µ−1, from (2.3.43), we have

1

2πi

∫
Γ

f(z)(z − A)−1dz

=
1

2πi

∫
ηλ(Γ)

f(η−1
λ (µ))((µ−B)−1 − µ−1)dµ. (2.3.44)

Let Γε = ∂(ηλ(∆)\B0(ε)) for ε > 0 small enough. Then from (2.3.40), we
have

1

2πi

∫
ηλ(Γ)

f(η−1
λ (µ))µ−1dµ = lim

ε→0

1

2πi

∫
Γε

f(η−1
λ (µ))µ−1dµ. (2.3.45)
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Since f ◦ η−1
λ is holomorphic on ηλ(Ω), by Cauchy integral formula, we have

1

2πi

∫
Γε

f(η−1
λ (µ))µ−1dµ = 0 (2.3.46)

for any ε > 0. So

1

2πi

∫
Γ

f(z)(z − A)−1dz =
1

2πi

∫
ηλ(Γ)

f(η−1
λ (µ))(µ−B)−1dµ. (2.3.47)

The proof of Proposition 2.3.15 is completed.

Remark 2.3.16. Remark that the assumption (2.3.40) is very strong. In
fact, from the proof of Proposition 2.3.15, we only need the condition that
the integral in (2.3.41) is well-defined.

From Theorems 2.3.8, 2.3.10 and Proposition 2.3.15, we obtain the fol-
lowing result.

Theorem 2.3.17. For f, g be the analytic functions in Definition 2.3.14, we
have

(f + g)(A) = f(A) + g(A), (2.3.48)

(αf)(A) = αf(A), ∀α ∈ C, (2.3.49)

(fg)(A) = f(A)g(A). (2.3.50)

σ(f(A)) = f(σ(A)). (2.3.51)

From Corollaries 2.3.9 and 2.3.11, we obtain the following result.

Theorem 2.3.18. Let A be a closed operator with spectrum σ(A) = σ ∪ τ ,
where σ is contained in a bounded Cauchy domain ∆ such that ∆ ∩ τ = ∅.
Let Γ = ∂∆. Then

Pσ :=
1

2πi

∫
Γ

(λ− A)−1dλ (2.3.52)

is a projection. Let M = ImPσ and L = KerPσ. The spaces M and L are
A-invariant and

σ(A|M) = σ, σ(A|L) = τ. (2.3.53)

Furthermore, M ⊂ D(A) and A|M is bounded.
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2.3.3 Spectral decomposition for non-self-adjoint ellip-
tic operator

Now we extend the spectral decomposition theorem (Theorem 2.2.47) to the
non-self-adjoint case using the functional calculus.

Theorem 2.3.19. Let P : C ∞(M,F ) → C ∞(M,F ) be an elliptic differential
operator over a compact Riemannian manifold of order m > 0. Then for the
spectrum σ(P ), there are two possibilities:

(a) σ(P ) = C;
(b) σ(P ) is a discrete (maybe empty) subset of C.
If (b) holds and λ0 ∈ σ(P ), then there is a decomposition L2(M,F ) =

Eλ0 ⊕ E ′
λ0

such that the following conditions are satisfied:
(1) Eλ0 ⊂ C ∞(M,F ), dimEλ0 < +∞, and Eλ0 is an invariant subspace

of P such that there exists N ∈ N+ with (P −λ0)
NEλ0 = 0, i.e., the operator

P |Eλ0
has only the eigenvalue λ0 and is equal to the direct sum of Jordan

cells of degree ≤ N ;
(2) E ′

λ0
is a closed subspace of L2(M,F ), invariant with respect to P ,

i.e., P (D(Hm(F ) ∩ E ′
λ0
)) ⊂ E ′

λ0
, and if we denote by P ′

λ0
:= P |E′

λ0
as an

unbounded operator in E ′
λ0

with domain Hs(F ) ∩ E ′
λ0

, then P ′
λ0

− λ0 has a
bounded inverse, i.e., λ0 /∈ σ(P )|E′

λ0
.

Proof. Let λ0 ∈ C\σ(P ), with loss of generality, assume that λ0 = 0. So we
have a bounded inverse P−1. Since P has positive order, by Rellich theorem,
P

−1 is a compact operator. Since

P − λ = (λ−1 − P
−1
)λ−1P , (2.3.54)

λ ∈ σ(P ) if and only if λ ̸= 0 and λ−1 ∈ σ(P
−1
). From the spectral theory

of the compact operator, we see that σ(P ) is discrete.
Let σ(P ) ̸= C, λ0 ∈ σ(A). Without loss of generality, we assume λ0 = 0

again. Let Γ be the contour around 0 and not containing any other point of
σ(A). From Theorem 2.3.18, P0 =

1
2πi

∫
Γ
(λ − A)−1dλ is a projection, Eλ0 =

P0(L
2(M,F )), E ′

λ0
= (1−P0)(L

2(M,F )) and Eλ0 , E ′
λ0

are P -invariant. From
(2.3.53), λ0 /∈ σ(P )|E′

λ0
. Since P is elliptic, Eλ0 ⊂ C ∞(M,F ) and is finite

dimensional. From (2.3.53), σ(P |Eλ0
) = λ0. So P |Eλ0

is a linear transform
on finite dimensional linear space Eλ0 with single eigenvalue λ0. From the
Jordan decomposition theorem in linear algebra, there exists N ∈ N+ with
(P − λ0)

NEλ0 = 0.
The proof of Theorem 2.3.19 is completed.

Remark that if ind(P ) ̸= 0, σ(P ) = C. Because ind(P − λ) = ind(P ).
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2.3.4 Complex powers of an elliptic operator
In this subsection, we introduce an important example of functional calculus
of unbounded operator: complex powers of an elliptic operator, P z, z ∈ C,
Rez < 0.

Let P : C ∞(M,F ) → C ∞(M,F ) be an elliptic differential operator over
a compact Riemannian manifold of order m > 0. We assume that 0 /∈ σ(P ).
From Theorem 2.3.19, σ(P ) is a discrete set. We assume that there exists
ε > 0 small enough and angle

Λ = {λ ∈ C : π − 2ε ≤ arg λ ≤ π + 2ε} (2.3.55)
such that

σ(P ) ∩ Λ = ∅. (2.3.56)
For λ ∈ C, z ∈ C, we have

λz = ez lnλ = ez ln |λ|+iz arg λ = |λ|zeiz arg λ. (2.3.57)
Take ρ > 0 small enough that B0(2ρ) ∩ σ(P ) = ∅. Consider the contour

where
Γ1 : λ = rei(π−ε), +∞ > r > ρ,

Γ2 : λ = ρeiφ, π − ε > φ > −π + ε,

Γ3 : λ = rei(−π+ε), ρ < r < +∞.

(2.3.58)

As in Definition 2.3.14, we define

P z =
1

2πi

∫
Γ1∪Γ2∪Γ3

λz(λ− P )−1dλ. (2.3.59)

Then

P z =
1

2πi

∫ ρ

+∞
rReze−Imz(π−ε)ei(Imz ln r+Rez(π−ε))(rei(π−ε) − P )−1dr

+
1

2πi

∫ −π+ε

π−ε

ρe−φImzeiφRez(ρeiφ − P )−1iρeiφdφ

+
1

2πi

∫ +∞

ρ

rReze−Imz(−π+ε)ei(Imz ln r+Rez(−π+ε))(rei(−π+ε) − P )−1dr (2.3.60)
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Lemma 2.3.20. For λ ∈ Λ,

∥(P − λ)−1∥ ≤ C

|λ|
. (2.3.61)

Proof. Add it in the future.

From Lemma 2.3.20, Remark 2.3.16, (2.3.57) and (2.3.60), we see that
P z in (2.3.59) is well-defined for Rez < 0 and bounded.

From the functional calculus Theorem 2.3.17, we have the following result.

Theorem 2.3.21. (1) If Rez < 0, Rew < 0, then P zPw = P z+w.
(2) If k ∈ Z, k > 0, then P−k = (P−1)k.
(3) If Rez < 0, P z is holomophic on Rez < 0.
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2.4 Spectral Theorem



Chapter 3

Heat Kernels

In this chapter, we assume that the manifold M is compact and the general-
ized Laplacian H is not necessarily symmetric.

Note that if M is non-compact and H is symmetric, we can study the
heat kernel following the lines of Spectral theorem and the Schwartz kernel
theorem. We will not discuss it here.

3.1 heat kernels
3.1.1 What is kernel?
Let H be a generalized Laplacian on a vector bundle E over a compact
Riemannian oriented manifold M .

Let E and F be Hermitian vector bundles over M . Let p1 and p2 be the
projections from M ×M onto the first and the second factor M respectively.
We denote by

E ⊠ F := p∗1E ⊗ p∗2F (3.1.1)

over M ×M .

Definition 3.1.1. A continuous section P (x, y) on F⊠E∗) is called a kernel.
Using P (x, y), we could define an operator P : C ∞(M,E) → C ∞(M,F ) by

(Pu)(x) =

∫
y∈M

⟨P (x, y), u(y)⟩Edy. (3.1.2)

The kernel P (x, y) is also called the kernel of P , which is also denoted by
⟨x|P |y⟩.

99
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Proposition 3.1.2. If P has a kernel P (x, y), then the adjoint operator P ∗

has a kernel P ∗(x, y) = P (y, x)∗ ∈ C ∞(M ×M,E∗ ⊠ F )1.

Proof. For u ∈ L2(M,E), v ∈ L2(M,F ∗), we have

(Pu, v)L2 =

∫
x∈M

⟨∫
y∈M

⟨P (x, y), u(y)⟩Edy, v(x)
⟩

F

dx

=

∫
y∈M

⟨
u(y),

∫
x∈M

⟨P (x, y)∗, v(x)⟩Fdx
⟩

E

dy

=

∫
x∈M

⟨
u(x),

∫
y∈M

⟨P (y, x)∗, v(y)⟩Fdy
⟩

E

dx = (u, P ∗v)L2 . (3.1.3)

So for any v ∈ L2(M,F ∗),

P ∗v =

∫
y∈M

⟨P (y, x)∗, v(y)⟩Fdy. (3.1.4)

The proof of Proposition 3.1.2 is completed.

Proposition 3.1.3. If P has a smooth kernel, then P is a smoothing oper-
ator.

Proof. For any m ∈ R, α ∈ Nn, u ∈ C ∞(M,E), from Theorem 1.2.33 (3),
we have

|Dα
xPu(x)| =

∣∣∣∣∫
y∈M

⟨Dα
xP (x, y), u(y)⟩Edy

∣∣∣∣ ≤ ∥Dα
xP (x, y)∥y,m∥u∥−m.

(3.1.5)

So for any s,m ∈ N, u ∈ C ∞(M,E)„

∥Pu∥s ≤
∑
|α|≤s

∥∥∥Dα
xP (x, y)∥y,m

∥∥
x
∥u∥−m. (3.1.6)

Since P (x, y) is smooth on x and y, from (1.2.91),
∥∥∥Dα

xP (x, y)∥y,m
∥∥
x

is
uniformly bounded. So P is a smoothing operator.

The proof of Proposition 3.1.3 is completed.

3.1.2 Schwarz kernel theorem
”Topological vector spaces, distributions and kernels ” by Treves

1From (3.1.1), F ⊠E∗ = Hom(p∗1E, p∗2F ). For A ∈ F ⊠E∗ = Hom(p∗1E, p∗2F ), we take
A∗ ∈ Hom(p∗2F, p

∗
1E) = E∗ ⊠ F as the transpose of the matrix.
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3.1.3 Heat kernel for symmetric generalized Laplacian
Now we study the solution of the heat equation on manifold with initial
condition: { (

∂
∂t
+H

)
u(t, x) = 0, t > 0,

limt→0 u(t, x) = u(x) ∈ L2(M,E).
(3.1.7)

If H is symmetric, from Theorem 2.2.47, there exists a complete orthonor-
mal basis {φi} ⊂ L2(M,E) such that Hφi = λiφi, where {λi} = σ(H). In
this case, if u = φi, then

u(t, x) = e−tλiu(x) (3.1.8)

is the unique solution of (3.1.7). In general, for u =
∑

i aiφi ∈ L2(M,E), the
unique solution of (3.1.7) is

u(t, x) =
∑
i

aie
−tλiφi(x). (3.1.9)

In spired of (3.1.8), for t > 0, we define the heat operator e−tH : L2(M,E) →
L2(M,E) by

u(t, x) = e−tHu(x). (3.1.10)

For any s, t > 0, from (3.1.9) and (3.1.10), we have

e−tHe−sH = e−(s+t)H , (3.1.11)

which means that the heat operators form a semi-group.
Let

e−tH(x, y) =
∑
i

e−tλiφi(x)⊠ φi(y)
∗. (3.1.12)

Then from (3.1.9)-(3.1.12), formally,

e−tHu(x) =
∑
i

aie
−tλiφi(x) =

∑
i

aie
−tλiφi(x)

∫
y∈M

⟨
φi(y)

∗,
∑
j

ajφj(y)

⟩
dy

=

∫
y∈M

⟨∑
i

e−tλiφi(x)⊠ φi(y)
∗,
∑
j

ajφj(y)

⟩
dy

=

∫
y∈M

⟨e−tH(x, y), u(y)⟩dy. (3.1.13)



102 CHAPTER 3. HEAT KERNELS

So if (3.1.12) is uniformly convergent in C r-norm for any r ∈ N, i.e., e−tH(x, y)
is smooth on x and y, e−tH(x, y) is the smooth kernel of the heat operator
e−tH , called the heat kernel. In the followings, we will prove that (3.1.12)
is uniformly convergent in C r-norm for any r ∈ N.

Lemma 3.1.4. Let P be a self-adjoint elliptic differential operator of order
m > 0 on Hermitian vector bundle E over compact Riemannian manifold
M . If we order the eigenvalues |λ1| ≤ |λ2| ≤ · · · , then

(1) for any l ∈ N, there exists Cl > 0 such that for k ∈ N, s > (2l+n)/2m,
s ∈ N, we have

∥φk∥C l ≤ Cl(1 + |λk|s), (3.1.14)

where φk is the eigenfunction with respect to λk such that ∥φk∥L2 = 1;
(2) there exist C > 0 and ε > 0 such that for any k ∈ N,

|λk| ≥ Ckε. (3.1.15)

Proof. (1) From the Sobolev embedding theorem and the elliptic estimate,
there exist C ′

l , C
′ > 0 such that

∥φk∥C l ≤ C ′
l∥φk∥ms ≤ C ′

lC
′(∥φk∥0 + ∥P sφk∥0) = C ′

lC
′(1 + |λk|s). (3.1.16)

(2) If we replace P by P s, we replace λi by λsi . So we only need to prove
(2) for m > n/2. Set

F (k) := spani≤k{φi} ⊂ C ∞(M,E). (3.1.17)

From Sobolev embedding theorem and the elliptic estimate, for φ ∈ F (k),
for any x ∈M , we have

|φ(x)| ≤ C∥φ∥m ≤ C(∥Pφ∥0 + ∥φ∥0) ≤ C(1 + |λk|)∥φ∥0. (3.1.18)

Let φ =
∑

j cjφj. Then∣∣∣∣∣ ∑
1≤j≤k

cjφj(x)

∣∣∣∣∣ = |φ(x)| ≤ C(1 + |λk|)

(∑
j

|cj|2
)1/2

. (3.1.19)

Choose a local orthonormal frame of E and decompose φj(x) into com-
ponents φν,j for 1 ≤ ν ≤ p, where dimE = p. Then

|φ(x)|2 =
∑

1≤ν≤p

∣∣∣∣∣ ∑
1≤j≤k

cjφν,j(x)

∣∣∣∣∣
2

. (3.1.20)
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We fix ν and take cj = φ∗
ν,j(x). Then from (3.1.19) and (3.1.20), we have

∑
1≤j≤k

|φν,j(x)|2 ≤ C(1 + |λk|)

(∑
j

|φν,j(x)|2
)1/2

. (3.1.21)

So ∑
1≤j≤k

|φν,j(x)|2 ≤ C2(1 + |λk|)2. (3.1.22)

Taking sum over ν, we have∑
1≤j≤k

|φj(x)|2 ≤ pC2(1 + |λk|)2. (3.1.23)

Integral (3.1.23) over M , we have

k ≤ pC2 vol(M)(1 + |λk|)2. (3.1.24)

So we obtain (2).
The proof of Lemma 3.1.4 is completed.

Proposition 3.1.5. The heat kernel exists if H is symmetric. More precisely,
(3.1.12) is uniformly convergent in C r-norm for any r ∈ N, i.e., e−tH(x, y)
is smooth on x and y.

Proof. Since H is bounded from below, there are only finitely negative eigen-
values. Since we consider the convergence when i→ ∞, we may assume that
H > 0. From Lemma 3.1.4, for s > (l + l′ + n)/m, s ∈ N,

∥e−tλkφk(x)⊠ φk(y)
∗∥C l

x,C
l′
y
≤ ClCl′e

−tλk(1 + λk)
s. (3.1.25)

From (3.1.15), for any s′ ≤ s, s ∈ N, we have

e−tλkλs
′

k ≤ Ckt
−s′e−tλk/2 ≤ Clt

−s′e−tCkε . (3.1.26)

From (3.1.25) and (3.1.26), we have∑
k

∥e−tλkφk(x)⊠ φk(y)
∗∥C l

x,C
l′
y
≤ Ct−s′

∑
k

e−tCkε < +∞. (3.1.27)

Remark that the convergence of
∑

k e
−Ckε is equivalent to that of

∫ +∞
0

e−Cxε
dx =

C−ε−1
(ε−1 − 1)

∫ +∞
0

yε
−1−1e−ydy, which is a Gamma function.

The proof of Proposition 3.1.5 is completed.
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Note that from (3.1.7) and (3.1.13), for any u(x) ∈ L2(M,E),(
∂

∂t
+H

)
(e−tHu)(x) =

∫
y∈M

(
∂

∂t
+Hx

)
e−tH(x, y)u(y)dy = 0. (3.1.28)

So we have (
∂

∂t
+Hx

)
e−tH(x, y) = 0. (3.1.29)

3.1.4 Heat kernel on Euclidean space
Let M = R, E = C and H = ∆ = − d2

dx2 . From the knowledge of the PDE
course for undergraduates, the heat kernel is

e−t∆(x, y) =
1

(4πt)
1
2

e−
(x−y)2

4t . (3.1.30)

Thus for u ∈ L2(R),

(
e−t∆u

)
(x) =

1

(4πt)
1
2

∫
R
e−

(x−y)2

4t u(y)dy. (3.1.31)

Proposition 3.1.6. For even l ∈ N, if ∥u∥C l+1 ≤ +∞, then there exists
C > 0 such that ∣∣∣∣∣∣e−t∆u−

l/2∑
k=0

(−t)k

k!
∆ku

∣∣∣∣∣∣ ≤ Ctl/2+1. (3.1.32)

This is another explanation why we write heat operator as e−tH .

Proof. From (3.1.31),

(
e−t∆u

)
(x) =

1

(4π)
1
2

∫
R
e−

v2

4 u(x+
√
tv)dv. (3.1.33)

By Taylor expansion,

u(x+
√
tv) =

l∑
k=0

(
√
tv)k

k!
u(k)(x) +

(
√
tv)l+1

l!

∫ 1

0

(1− s)lu(l+1)(x+ s
√
tv)ds.

(3.1.34)
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Since ∥u∥C l+1 ≤ +∞,∣∣∣∣∣u(x+√
tv)−

l∑
k=0

tk/2vk

k!
u(k)(x)

∣∣∣∣∣ ≤ t(l+1)/2vl+1

l!
∥u∥l+1. (3.1.35)

From (3.1.33) and (3.1.35), we have∣∣∣∣∣(e−t∆u
)
(x)−

l∑
k=0

1

(4π)
1
2

∫
R
e−

v2

4 vkdv · t
k/2

k!
u(k)(x)

∣∣∣∣∣
≤ 1

(4π)
1
2

∫
R
e−

v2

4 vl+1dv · t
(l+1)/2

l!
∥u∥l+1. (3.1.36)

Let

A(t) =
+∞∑
k=0

1

(4π)
1
2

tk

k!

∫
R
e−

v2

4 vkdv =
1

(4π)
1
2

∫
R
e−

v2

4
+tvdv. (3.1.37)

Let u = v − 2t. We have

A(t) =
1

(4π)
1
2

∫
R
e−

u2

4
+t2du = et

2

. (3.1.38)

So we have
1

(4π)
1
2

∫
R
e−

v2

4 vkdv =

{
k!

(k/2)!
, if k even;

0, if k odd. (3.1.39)

From (3.1.36) and (3.1.39), we obtain (3.1.32).
The proof of Proposition 3.1.6 is completed.

3.1.5 Non-symmetric heat kernel
In this subsection, the generalized Laplacian may be non-symmetric.

Compare with the symmetric case, we define the heat kernel by summa-
rizing the properties that the kernel of an operator e−tH must have.
Definition 3.1.7. A heat kernel for H is a continuous section e−tH(x, y) of
the bundle E ⊠ E∗ over R+ ×M ×M , satisfying the following properties:

(1) e−tH(x, y) is C 1 with respect to t and C 2 with respect to x, i.e.,
∂
∂t
e−tH(x, y) is continuous and ∂2

∂xi∂xj
e−tH(x, y) are continuous for any coor-

dinate system of x;
(2) ( ∂

∂t
+Hx)e

−tH(x, y) = 0;
(3) Let e−tH be the operator defined as in (3.1.2), called the heat op-

erator. Then for any s ∈ C ∞(M,E), limt→0 e
−tHs = s with respect to the

C 0-norm.
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We need to prove that the heat kernel in Definition 3.1.7 exists and is
unique. We first assume the existence and study the uniqueness. In the next
section, we will prove that for any generalized Laplacian, the heat kernel
always exists and smooth on t, x, y.

Lemma 3.1.8. Assume that H∗ has a heat kernel. If s(t, x) is a map from
R+ to the space of sections of E which is C 1 in t and C 2 in x (in the meaning
of Definition 3.1.7 (1)), such that limt→0 s(t, x) = 0 and which satisfies the
heat equation ( ∂

∂t
+Hx)s(t, x) = 0, then s(t, x) = 0.

Proof. For any u ∈ C ∞(M,E∗), 0 < θ < t, let

f(θ) =

∫
M×M

⟨s(θ, x), e−(t−θ)H∗
(x, y)u(y)⟩dxdy. (3.1.40)

From the heat equation in Definition 3.1.7, we have

∂

∂θ
f(θ) =

∫
M×M

⟨
∂

∂θ
s(θ, x), e−(t−θ)H∗

(x, y)u(y)

⟩
dxdy

+

∫
M×M

⟨
s(θ, x),

∂

∂θ
e−(t−θ)H∗

(x, y)u(y)

⟩
dxdy

=

∫
M×M

⟨
−Hxs(θ, x), e

−(t−θ)H∗
(x, y)u(y)

⟩
dxdy

+

∫
M×M

⟨
s(θ, x), H∗

xe
−(t−θ)H∗

(x, y)u(y)
⟩
dxdy = 0. (3.1.41)

Since limθ→0 s(θ, x) = 0, limθ→0 f(θ) = 0. So

0 = f(t) =

∫
M

⟨s(θ, x), u(x)⟩dx (3.1.42)

for any u ∈ C ∞(M,E∗). Thus for any t > 0, s(t, x) = 0.
The proof of Lemma 3.1.8 is completed.

Proposition 3.1.9. (1) If H∗ has a heat kernel, then H has at most one
heat kernel.

(2) If H and H∗ have heat kernels, then

e−tH∗
(x, y) = e−tH(y, x)∗. (3.1.43)

(3) If H and H∗ have heat kernels, then {e−tH}t>0 form a semi-group.
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Proof. For any u ∈ C ∞(M,E∗), s ∈ C ∞(M,E), 0 < θ < t, let

f(θ) =

∫
M

⟨e−θHs(x), e−(t−θ)H∗
u(x)⟩dx. (3.1.44)

As in (3.1.41), f ′(θ) = 0. So

(e−tHs, u)L2 = f(t) = lim
t→0

f(0) = (s, e−tH∗
u)L2 . (3.1.45)

So

exp(−tH∗) = exp(−tH)∗. (3.1.46)

From Proposition 3.1.2, we get (1) and (2).
For (3), set

st = e−tHe−θHs− e−(t+θ)Hs. (3.1.47)

Then (∂t + H)st = 0. Since limt→0 st = 0, by Lemma 3.1.8, st = 0 for any
t > 0.

The proof of Proposition 3.1.9 is completed.

Proposition 3.1.10. Assume that H and H∗ have heat kernels. Let ∆ be a
connected Cauchy domain with Γ = ∂∆ such that limt→±∞ Re(Γ(t)) = +∞.
Assume that

∫
Γ
e−tλ∥(λ−H)−1∥dλ < +∞. Then the heat operator

e−tH =
1

2πi

∫
Γ

e−tλ(λ−H)−1dλ. (3.1.48)

So our notation e−tH is compatible with that in functional calculus.

Proof. Note that the operators on both sides of (3.1.48) are bounded for
t > 0. Let

f(t) =
1

2πi

∫
Γ

e−tλ(λ−H)−1dλ. (3.1.49)

Then we have

Hf(t) = f(t)H. (3.1.50)

By Cauchy integral formula and limt→±∞Re(Γ(t)) = +∞,
∫
Γ
e−tλdλ = 0.

Since λ(λ−H)−1 = (λ−H)−1H + Id, for any s ∈ C ∞(M,E),

∂

∂t
f(t)s =

1

2πi

∫
Γ

∂

∂t
e−tλ(λ−H)−1sdλ = − 1

2πi

∫
Γ

λe−tλ(λ−H)−1sdλ

= − 1

2πi

∫
Γ

e−tλ(λ−H)−1Hsdλ = −f(t)Hs = −Hf(t)s. (3.1.51)
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So for any s ∈ C ∞(M,E), f(t)s satisfies the heat equation.
For θ, t > 0, since f(θ)e−tHs and e−tHf(θ)s satisfy the heat equation om

t, and limt→0 f(θ)e
−tHs = limt→0 e

−tHf(θ)s = f(θ)s, by Lemma 3.1.8, we
have

f(θ)e−tH = e−tHf(θ). (3.1.52)

From functional calculus Theorem 2.3.17, for θ, t > 0, we have

f(θ + t) = f(θ)f(t) = f(t)f(θ). (3.1.53)

From (3.1.53), limt→0 f(t)f(θ)s = f(θ)s. So from Lemma 3.1.8 again, we
have

f(t)f(θ) = e−tHf(θ). (3.1.54)

By (3.1.52)-(3.1.54), for t > 0 fixed and any θ > 0,

f(θ)(e−tH − f(t)) = 0. (3.1.55)

Taking θ → 0, we obtain (3.1.48).
The proof of Proposition 3.1.10 is completed.
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3.2 Construction of the heat kernels
3.2.1 Toy model
In this section, we will construct the heat kernel for generalized Laplacian H
on V := C ∞(M,E).

We study the toy model first: let V be a finite dimensional vector space
and H be a linear endomorphism; we construct Pt = e−tH .

Definition 3.2.1. The k-simplex

∆k := {(t1, · · · , tk) : 0 ≤ t1 ≤ · · · ≤ tk ≤ 1} ⊂ Rk. (3.2.1)

We often parametrize ∆k by the coordinates

σ0 = t1, σi = ti+1 − ti, 1 ≤ i ≤ k − 1, σk = 1 = tk, (3.2.2)

such that σ1 + · · ·+ σk = 1 and 0 ≤ σi ≤ 1. For t > 0, the rescaled simplex

t∆k := {(t1, · · · , tk) : 0 ≤ t1 ≤ · · · ≤ tk ≤ t} ⊂ Rk. (3.2.3)

Let vk be the volume of ∆k. since v1 = 1 and

vk =

∫ 1

0

vol(tk∆k−1)dtk =

∫ 1

0

tk−1
k vk−1dtk =

vk−1

k
, (3.2.4)

we have

vk =
1

k!
. (3.2.5)

Let Kt : R+ → End(V ) be an approximate solution of the heat equation
for small t in the sense that for some small α > 0, there exists C > 0 such
that

Rt =
dKt

dt
+HKt ≤ Ctα, (3.2.6)

andK0 = 1. The functionKt is also called a parametrix for the heat equation.
The function Rt is called the remainder.

Let

Q1
t =

∫ t

0

Kt−t1Rt1dt1. (3.2.7)
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Then
dQ1

t

dt
= Rt +

∫ t

0

Rt−t1Rtdt1 −HQ1
t . (3.2.8)

So from (3.2.6)-(3.2.8),(
d

dt
+H

)
(Kt −Q1

t ) = −
∫ t

0

Rt−t1Rtdt1 = O(t2α+1). (3.2.9)

Following this way, we could make the error term smaller and smaller:

Theorem 3.2.2. Let Qt : R+ → End(V ) be defined by

Qk
t :=

∫
t∆k

Kt−tkRtk−tk−1
· · ·Rt2−t1Rt1dt1 · · · dtk (3.2.10)

and Q0
t = Kt. Then

Pt = e−tH =
+∞∑
k=0

(−1)kQk
t (3.2.11)

and

Pt = Kt +O(t1+α). (3.2.12)

Proof. Let

R(k)(s) :=

∫
s∆k−1

Rs−tk−1
· · ·Rt2−t1Rt1dt1 · · · dtk. (3.2.13)

Then as in (3.2.8), we have(
d

dt
+H

)
Qk

t = R(k+1)(t) +R(k)(t). (3.2.14)

From (3.2.6) and (3.2.3),

R(k)(t) = O(tkα). (3.2.15)

Since vol(t∆k) = tk/k!, there exists C0 > 0 such that

|Qk
t | ≤ C0C

ktkα
tk

k!
. (3.2.16)

So the right hand side of (3.2.11) converges. Since Q0
0 = 1 and Qk

0 = 0 for
k > 0, we obtain (3.2.11). From (3.2.16) again, we have Pt = Kt +O(t1+α).

The proof of Theorem 3.2.2 is completed.
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The original version of Theorem 3.2.2 is the Volterra series for the expo-
nential of a perturbed operator. If H = H0 +H1 ∈ End(V ), for Kt = e−tH0 ,

Rt =

(
d

dt
+H

)
e−tH0 = H1e

−tH0 . (3.2.17)

So from Theorem 3.2.2, we have

e−t(H0+H1) = e−tH0 +
∞∑
k=1

(−1)kIk, (3.2.18)

where

Ik : =

∫
t∆k

e−(t−tk)H0H1e
−(tk−tk−1)H0 · · ·H1e

−t1H0dt1 · · · dtk

=

∫
t∆k

e−σ0H0H1e
−σ1H0 · · ·H1e

−σkH0dσ1 · · · dσk.
(3.2.19)

So

e−t(H0+H1) =
∞∑
k=0

(−t)ke−σ0tH0H1e
−σ1tH0 · · ·H1e

−σktH0dσ1 · · · dσk

= e−tH0 − t

∫ 1

0

e(1−σ)tH0H1e
−σtH0dσ + · · · (3.2.20)

3.2.2 Estimates of the parametrix
For V = C ∞(M,E), we study the kernel instead of the operator.

We leave the proof of the following theorem to the next subsection.

Theorem 3.2.3. For every N ∈ Z+, there exists a smooth one-parameter
family of smooth kernels kNt (x, y), such that for every ℓ ∈ N,

(1) for every T > 0, there exists C > 0 such that for 0 < t < T ,
u ∈ C ∞(M,E), we have

∥KN
t u∥C ℓ ≤ C∥u∥C ℓ , (3.2.21)

where KN
t is the operator associated with kNt (x, y);

(2) for u ∈ C ∞(M,E),

lim
t→0

∥Ktu− u∥C ℓ = 0; (3.2.22)
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(3) for any s ∈ N, there exists C(ℓ, s) > 0 such that the kernel

rNt (x, y) := (∂t +Hx)k
N
t (x, y) (3.2.23)

satisfies the estimate

∥∂st rNt ∥C ℓ ≤ C(ℓ, s)tN−n/2−ℓ/2−s (3.2.24)

for N large enough.

In order to simplify the notation, we omit the symbols ”N” and ”dt1 · · · dtk”
if there is no confuse.

Let Kt and Rt be the corresponding operators with respect to kt and rt.
As in (3.2.10) and (3.2.13), we consider

Qk
t :=

∫
t∆k

Kt−tkRtk−tk−1
· · ·Rt2−t1Rt1 , (3.2.25)

which is defined by the kernel

qkt (x, y) =

∫
t∆k

∫
Mk

kt−tk(x, zk)rtk−tk−1
(zk, zk−1) · · · rt1(z1, y). (3.2.26)

Let

rk+1
t (x, y) =

∫
t∆k

∫
Mk

rt−tk(x, zk)rtk−tk−1
(zk, zk−1) · · · rt1(z1, y). (3.2.27)

Lemma 3.2.4. For s ∈ N, if N > (n+ ℓ)/2 + s, then ,

∥∂st rk+1
t ∥C ℓ(M×M) ≤ Ck+1t(k+1)(N−n/2)−ℓ/2−s vol(M)k

tk

k!
. (3.2.28)

Proof. If N > (n + ℓ)/2, by (3.2.24), rt and its derivatives up to order ℓ
extend continuously to t = 0. Using (3.2.24) again, we obtain Lemma 3.2.4.

The proof of Lemma 3.2.4 is completed.

Lemma 3.2.5. Assume that N > (n+ ℓ)/2 and that ℓ ≥ 1.
(1) There exists C̃ > 0 such that for every k ≥ 1,

∥qkt ∥C ℓ(M×M) ≤ C̃Ck vol(M)k−1tk(N−n/2)−ℓ/2 tk

(k − 1)!
. (3.2.29)

(2) The kernel qkt (x, y) is C 1 on t and

(∂t +Hx)q
k
t (x, y) = rk+1

t (x, y) + rkt (x, y). (3.2.30)
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Proof. Let

b(t, s, x, y) =

∫
z∈M

kt−s(x, z)r
k
s (z, y) = Kt−s,xr

k
s (x, y). (3.2.31)

Then from (3.2.26) and (3.2.27),

qkt (x, y) =

∫ t

0

b(t, s, x, y)ds. (3.2.32)

From Theorem 3.2.3 (1), Lemma 3.2.4 and (3.2.31), for 0 ≤ s ≤ t,

∥b(t, s)∥C ℓ(M×M) ≤ C ′Ck vol(M)k−1tk(N−n/2)−ℓ/2 tk−1

(k − 1)!
. (3.2.33)

So we obtain (1) from (3.2.32) and (3.2.33).
From (3.2.23) and (3.2.31), b(t, s, x, y) is C 1 on s and t and smooth on x.

From (3.2.23),

(∂t +Hx)b(t, s, x, y) =

∫
z∈M

rt−s(x, z)r
k
s (z, y) = rk+1(x, y). (3.2.34)

Then (3.2.30) follows from (3.2.32) and (3.2.34).
The proof of Lemma 3.2.5 is completed.

Theorem 3.2.6. Assume that the kernel kNt (x, y) satisfies the conditions of
Theorem 3.2.3 with N > n/2 + 1.

(1) For any ℓ such that N > (n+ ℓ+ 1)/2,

pt(x, y) =
∞∑
k=0

(−1)kqkt (x, y) (3.2.35)

converges in the C ℓ+1(M × M)-norm and defines a C 1-map from R+ to
C ℓ(M ×M,E ⊠ E∗) such that

(∂t +Hx)pt(x, y) = 0. (3.2.36)

(2) When t→ 0,

∥∂st (pt − kNt )∥C ℓ(M×M) = O(t(N−n/2)−s−ℓ/2+1). (3.2.37)

(3) The kernel pt is a heat kernel for the operator H.
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Proof. From (3.2.29),
∞∑
k=0

∥qkt ∥C ℓ+1(M×M) ≤ ∥kt∥C ℓ+1(M×M)

+ C̃CtN−n/2−ℓ/2+1/2eC vol(M)tN−n/2+1

< +∞. (3.2.38)

So (3.2.25) converges in C ℓ+1(M ×M)-norm. From (3.2.28), (3.2.29) and
(3.2.30),

∥∂tqkt ∥C ℓ(M×M) ≤ ∥rk+1
t ∥C ℓ(M×M) + ∥rkt ∥C ℓ(M×M) + ∥qkt ∥C ℓ+2(M×M)

≤ Ck+1t(k+1)(N−n/2)−ℓ/2 vol(M)k
tk

k!
+ Cktk(N−n/2)−ℓ/2 vol(M)k−1 tk−1

(k − 1)!

+ C̃Ck vol(M)k−1tk(N−n/2)−ℓ/2−1 tk

(k − 1)!

≤ CtN−n/2−ℓ/2(C vol(M)tN−n/2+1/k + 1 + C̃)

· Ck−1t(k−1)(N−n/2) vol(M)k−1 tk−1

(k − 1)!
. (3.2.39)

So there exist C0, C1 > 0 such that
∞∑
k=0

∥∂tqkt ∥C ℓ(M×M) ≤ ∥∂tkt∥C ℓ(M×M)

+ (C0t
N−n/2+1 + C1)t

N−n/2−ℓ/2eC vol(M)tN−n/2+1

< +∞. (3.2.40)

Thus pt is C 1 on t from R+ to C ℓ(M ×M). As in Theorem 3.2.2, we have
(3.2.26).

As in (3.2.39), we have

∥∂st qkt ∥C ℓ(M×M) ≤ ∥∂s−1
t rk+1

t ∥C ℓ(M×M) + ∥∂s−1
t rkt ∥C ℓ(M×M)

+ ∥∂s−1
t qkt ∥C ℓ+2(M×M) = O(tk(N−n/2)−ℓ/2−s+1). (3.2.41)

From (3.2.41), we get (3.2.37).
For (3), we only need to check the initial condition. Since kNt satisfies the

initial condition, from (3.2.37), we get (3).
The proof of Theorem 3.2.6 is completed.

3.2.3 Formal solution
In this subsection, we will prove Theorem 3.2.3. We will start from some
basic results in Riemannian Geometry.
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Let gTM be the metric on M . Usually we denote it by g for simplicity.
we consider a smooth path xt : [0, 1] →M and define its length as

L(xt) =

∫ 1

0

|ẋt|dt. (3.2.42)

The Riemannian distance between x0, x1 ∈M is the infimum of L(xt) over all
smooth paths connecting them, denoted by d(x, y). Let ∇ be the Levi-Civita
connection. A smooth path is a geodesic if for any t ∈ [0, 1],

∇ẋtẋt = 0. (3.2.43)

Given x = ẋ0 ∈ Tx0M small enough, the solution of (3.2.43) is unique.
We write x1 = expx0

x. Since the derivative expx0,∗ is an isomorphism, by
the inverse function theorem, expx0

defines a diffeomorphism from a small
ball around zero to a neighborhood of x0 in M . Let injx0

be the radius of
the largest ball such that expx0

is a diffeomorphism. Let inj = infx∈M injx.
Since M is compact, inj > 0. Choose an orthonormal frame of Tx0M , on
which the coordinate functions are xi and the partial derivatives are ∂

∂xi
. On

B(0, ε) ⊂ Tx0M , we define the metric by exp∗
x0
(g). If we consider B(0, ε) as

a chart of M at x0, we have ∂
∂xi

= ∂
∂xi

. Usually, we simply denoted it by ∂i.
With respect to this coordinates, we have

(∂i, ∂j) = gij. (3.2.44)

Let

R =
∑
i

xi∂i ∈ Tx(Tx0M). (3.2.45)

Then expx0,∗R ∈ Texpx0 xM , which we also denote by R.
In order to distinguish the points on Tx0M and those on M , we write

x = expx0
x. Let xt be the geodesic connecting x0 and x, and let Y (t) ∈ TxtM

be a vector field along xt. if for any t ∈ [0, 1],

∇ẋtY (t) = 0, (3.2.46)

we say Y (1) is the parallel transport of Y (0) along xt. Since x ∈
B(0, inj), the solution of (3.2.46) is unique associated with initial condition.
So Y (1) is uniquely determined by Y (0). We write

Y (1) = τ(x, x0)Y (0). (3.2.47)

Let

ei(x) := τ(x, x0)∂i. (3.2.48)
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Lemma 3.2.7. (1) {ei(x)} is an orthonormal frame of TxM .
(2) ei(x) = ∂i +O(|x|).
(3) ∇Rei = 0.

Proof. (1) Let Y0(t), Y1(t) ∈ TxtM be vector fields along xt satisfying (3.2.46).
Since ∇TM preserves the metric,

ẋt(Y0(t), Y1(t)) = (∇ẋtY0(t), Y1(t)) + (Y0(t),∇ẋtY1(t)) = 0. (3.2.49)

So (Y0(t), Y1(t)) is a constant along xt. Let Y0(0) = ∂i and Y1(0) = ∂j, we
get (1).

(2) Let ei(x) = fij(x)∂j. Note that fij(0) = δij. So fij(x) = δij + O(|x|).
We get (2).

(3) Let xt = expx0
tx. Then R = |R|ẋt. Since ∇ẋ1ei = 0, we get (3).

The proof of Lemma 3.2.7 is completed.

Lemma 3.2.8. (1) ∇RR = R.
(2) R =

∑
i xiei, and thus (R,R) = |x|2.

(3) (R, ∂i) = xi, and thus xi = gijxj.
(4) d(x0, x) = |x|. (Note that |x| only depends on g(x0) but d(x0, x)

depends on g(xt) for t ∈ [0, 1].)

Proof. (1) The curve xt = tx is a geodesic. Note that R(xt) = tẋt. We also
simply denote by ∇ = exp∗

x0
(∇). So by (3.2.43),

∇RR = t∇ẋt(tẋt) = tẋt = R. (3.2.50)

For the second equality, we consider function f(xt) = t and then ∇ẋtt =
∇ẋtf = ∂

∂t
f(xt) = 1.

(2) From Lemma 3.2.7 (3) and (1),

R(R, ei) = (∇RR, ei) + (R,∇Rei) = (R, ei). (3.2.51)

From Lemma 3.2.7 (2),

(R, ei) =
∑
j

xj(∂j, ei) = xi +O(|x|2). (3.2.52)

Since R(xi1 · · ·xik) = kxi1 · · ·xik , from (3.2.51), there is no O(|x|2) term in
(3.2.52). So (R, ei) = xi. Since {ei(x)} is an orthonormal frame by Lemma
3.2.7 (1), we have R =

∑
i xiei and (R,R) = |x|2.

(3) Note that

[R, ∂i] = −∂i(xj)∂j = −∂i. (3.2.53)
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Since ∇ is torsion free,

(R,∇R∂i) = (R,∇∂iR) + (R, [R, ∂i]) =
1

2
∂i|R|2 − (R, ∂i). (3.2.54)

So from (2) and (3.2.54),

R(R, ∂i) = (∇RR, ∂i) + (R,∇R∂i) =
1

2
∂i|R|2 = xi. (3.2.55)

Since (R, ∂i) =
∑

j xj(∂i, ∂j) = xi + O(|x|2), by R(xi1 · · ·xik) = kxi1 · · ·xik

again, from (3.2.55), we have (R, ∂i) = xi, and thus xi = gijxj.
(4) We use the fact that locally the geodesic is the shortest path. Let

xt = tx. From (2),

d(x0, x) =

∫ 1

0

|ẋt|dt =
∫ 1

0

t−1|R(ẋt)|dt

=

∫ 1

0

t−1|xt|dt =
∫ 1

0

|x|dt = |x|. (3.2.56)

The proof of Lemma 3.2.8 is completed.

Let

j(x) = det1/2(gij(x)). (3.2.57)

Then the pull back of the volume form on Tx0M

dx = j(x)dx. (3.2.58)

In other words, we have

j(x) = | det(dx expx0
)|. (3.2.59)

Take ε < inj. Let Vy = Im(expy |B(0,ε)). For x ∈ Vy, we define a neigh-
borhood of the diagonal of M ×M by

Uε = {(x, y) ∈M ×M : x ∈ Vy}. (3.2.60)

If (x, y) ∈ Uε, d(x, y) < ε.
As in (3.1.30), let

qt(x, y) =
1

(4πt)n/2
e−

d(x,y)2

4t ∈ C ∞(R+ × Uε), (3.2.61)



118 CHAPTER 3. HEAT KERNELS

which is modelled on the Euclidean heat kernel. To construct an approximate
solution to the heat equation for H, we plan to find a formal solution to the
heat equation as a series of the form

kt(x, y) = qt(x, y)
∞∑
t=0

tiΨi(x, y,H), (3.2.62)

where the coefficients (x, y) 7→ Ψi(x, y,H) are smooth sections of the bundle
E ⊠ E∗ over Uε.

We would like to have (∂t +H)kt(x, y) = 0.

Proposition 3.2.9. For any time dependent section st of E over Uε, we
have

(∂t +H)(qt · st) = qt ·
(
∂t +H + t−1∇E

R + (2t)−1R(log j)
)
st. (3.2.63)

Proof. From (1.4.35),

∆E(qtst) = −∇E
ei
∇E

ei
(qtst) +∇E

∇eiei
(qtst)

= −∇E
ei
(ei(qt)st − qt∇E

ei
st) + (∇eiei)(qt)st + qt∇E

∇eiei
st

= (∆Eqt)st − 2ei(qt)∇E
ei
st + qt∆

Est. (3.2.64)

From (3.2.64),

(∂t +H)(qtst) = ((∂t +∆)qt)st − 2(dqt,∇Est) + qt(∂t +H)st. (3.2.65)

Write x = expy x. Then from Lemma 3.2.8 (4),

qt(x, y) =
1

(4πt)n/2
e−

|x|2
4t . (3.2.66)

Then

∂tqt =

(
− n

2t
+

|x|2

4t2

)
qt. (3.2.67)

From (3.2.66),

∆qt = − 1

(4πt)n/2
ei

(
− 1

4t
e−

|x|2
4t ei(|x|2)

)
− 1

(4πt)n/2
1

4t
e−

|x|2
4t (∇eiei)(|x|2)

= − 1

4t
qt ·
(
∆(|x|2) + 1

4t

(
ei(|x|2)

)2)
. (3.2.68)
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We calculate ∆(|x|2) first. Let gij = (g−1)ij. Then gijgjk = δik. From Lemma
3.2.8 (3),

gijxj = gijgjkxk = xi. (3.2.69)

For any ϕ ∈ C ∞
0 (TyM), from (1.4.37), (3.2.58) and (3.2.69),∫

TyM

ϕ∆(|x|2)dx =

∫
TyM

(dϕ, d(|x|2))dx = 2

∫
TyM

(∂iϕ)g
ijxjj(x)dx

= 2

∫
TyM

(∂iϕ)xij(x)dx = −2

∫
TyM

ϕ∂i(xij(x))dx

= −2

∫
TyM

ϕ(n+R(log j))dx. (3.2.70)

So

∆(|x|2) = −2(n+R(log j)). (3.2.71)

On the other hand, from (3.2.69),(
ei(|x|2)

)2
= gij∂i(|x|2)∂j(|x|2) = 4gijxixj = 4xjxj = 4|x|2. (3.2.72)

By (3.2.68), (3.2.71) and (3.2.72), we have

∆qt =

(
1

2t
(n+R(log j))− |x|2

4t2

)
qt. (3.2.73)

From (3.2.66),

∂i(qt) = −∂i(|x|
2)

4t
qt = −xi

2t
qt. (3.2.74)

So from (3.2.70),

(dqt,∇Est) = gij∂i(qt)∇E
∂j
st = − 1

2t
qt∇E

Rst. (3.2.75)

Therefore, (3.2.63) is obtained from (3.2.67), (3.2.73) and (3.2.75).
The proof of Proposition 3.2.9 is completed.

Let

B = j1/2 ◦H ◦ j−1/2. (3.2.76)

Let

Φt = j1/2st. (3.2.77)
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Proposition 3.2.10. The following identity holds,(
∂t +H + t−1∇E

R + (2t)−1R(log j)
)
st = j−1/2 ·

(
∂t +B + t−1∇E

R
)
Φt.
(3.2.78)

Proof. From (3.2.76),

H ◦ j−1/2 = j−1/2B. (3.2.79)

From (3.2.77),

j−1/2∇E
RΦt = j−1/2∇Rj

1/2st =
1

2
j−1R(j)st +∇E

Rst. (3.2.80)

So (3.2.78) follows from (3.2.79) and (3.2.80).
The proof of Proposition 3.2.10 is completed.

Definition 3.2.11. Let Φt(x, y) be a formal power series in t whose coeffi-
cients are smooth sections of E⊠E∗ on Uε. We say qt(x, y)j−1/2(x)Φt(x, y) is
a formal solution of the heat equation around y if x 7→ Φt(x, y), considered
as a section of the bundle E ⊠ E∗ over Vy, satisfies the equation(

∂t +B + t−1∇E
R

)
Φt(·, y) = 0. (3.2.81)

Let xt = expy tx be the geodesic connecting y and x, and let Y (t) ∈ Ext .
As in (3.2.46), if for any t ∈ [0, 1],

∇E
ẋt
Y (t) = 0, (3.2.82)

we say Y (1) is the parallel transport of Y (0) along xt with respect to
∇E. As before, Y (1) is uniquely determined by Y (0). We write

Y (1) = τE(x, y)Y (0). (3.2.83)

In this case, τE(x, y) : Ey → Ex is a linear isomorphism.

Theorem 3.2.12. There exists a unique formal solution kt(x, y) of the heat
equation

(∂t +Hx)kt(x, y) = 0 (3.2.84)

of the form

kt(x, y) = qt(x, y)j
−1/2(x)

∞∑
i=0

tiΦi(x, y), (3.2.85)



3.2. CONSTRUCTION OF THE HEAT KERNELS 121

such that Φ0(y, y) = IdE. Furthermore, we have the following recursive
formula for Φi:

τE(x, y)−1Φi(x, y) = −
∫ 1

0

si−1τE(xs, y)
−1(Bx · Φi−1)(xs, y)ds. (3.2.86)

In particular, Φ0(x, y) = τE(x, y).

Proof. From Definition 3.2.11, kt in (3.2.85) is a formal solution if and only
if (

∂t +B + t−1∇E
R

) ∞∑
i=0

tiΦi(x, y) = 0. (3.2.87)

Note that the equation (3.2.87) is equivalent to the system of equations:

∇E
RΦ0 = 0,

(∇E
R + i)Φi = −BxΦi−1, i > 0.

(3.2.88)

The parallel transport τE(x, y) along xs satisfies the equation ∇E
Rτ

E = 0
and τE(y, y) = IdE. So from the uniqueness of the differential equation with
initial condition, we have Φ0(x, y) = τE(x, y).

Let {Yy,j}j be a basis of Ey. Since τE(xs, y) : Ey → Exs is a linear
isomorphism, {Yxs,j = τE(xs, y)Yy,j ∈ Exs} is a basis of Exs . We could write

Φi(xs, y) = Xj(s)Yxs,j, −BxΦi−1(xs, y) = Zj(s)Yxs,j. (3.2.89)

Since R(xs) = sẋs and ∇E
RYxs,j = 0, we have

∇E
RΦi(xs, y) = R(Xj(s))Yxs,j = sX ′

j(s)Yxs,j. (3.2.90)

So the second equation in (3.2.88) is equivalent to the differential equation

sX ′
j(s) + iXj(s) = Zj(s). (3.2.91)

The solution of Xj(s) in (3.2.91) is

Xj(s) = s−i

∫ s

0

vi−1Zj(v)dv + Cs−i. (3.2.92)

Since Xj(s) is not singular for s→ 0, we get C = 0 in (3.2.92). Observe that
τE(x, y)−1Φi(x, y) = Xj(1)Yy,j and τE(xs, y)

−1(Bx · Φi−1)(xs, y) = Zj(s)Yy,j.
We obtain (3.2.86).

The proof of Theorem 3.2.12 is completed.
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Let ψ : R+ → [0, 1] be a smooth cut-off function such that

ψ(s) =

{
1, if s < ε2/4,
0, if s > ε2.

(3.2.93)

We write j(x, y) = j(x). Then we construct kNt (x, y) in Theorem 3.2.3
by

kNt (x, y) = ψ(d(x, y)2)qt(x, y)j
−1/2(x, y)

N∑
i=0

tiΦi(x, y). (3.2.94)

The following theorem is stronger than Theorem 3.2.3.
Theorem 3.2.13. Let ℓ be an even positive integer.

(1) For any T > 0, the kernels kNt , 0 < t < T define a uniformly bounded
family of operators KN

t on C ℓ(M,E), and

lim
t→0

∥KN
t s− s∥C ℓ = 0. (3.2.95)

(2) There exist differential operators Dk of order less than or equal to 2k
such that D0 is the identity and such that for any s ∈ C ℓ+1(M,E),∥∥∥∥∥∥KN

t s−
ℓ/2−j∑
k=0

tkDks

∥∥∥∥∥∥
C 2j

= O
(
t(ℓ+1)/2−j

)
. (3.2.96)

(3) The kernel rNt (x, y) = (∂t +Hx)k
N
t (x, y) satisfies the estimates

∥∂kt rNt ∥C ℓ < Ct(N−n/2)−k−ℓ/2, (3.2.97)

where the constant C > 0 only depends on ℓ and k.
Proof. We write y = expx y, with y ∈ TxM . Let

Ψi(x,y) := ψ(∥y∥2)j1/2(y)Φi(x, expx y)τ
E(x, y)−1 ∈ End(Ex). (3.2.98)

Let s ∈ C ∞(M,E). For y ∈ B(x, ε), we write s(x,y) = τE(x, y)s(y) ∈ Ex.
Then from (3.2.58), for y =

√
tv,

(KN
t s)(x) = (4πt)−n/2

∫
M

e−d(x,y)2/4t

N∑
i=0

tiψ(d(x, y)2)j−1/2(x, y)Φi(x, y)s(y)dy

= (4πt)−n/2

∫
TxM

e−|y|2/4t
N∑
i=0

tiΨi(x,y)s(x,y)dy

= (4π)−n/2

∫
TxM

e−|v|2/4
N∑
i=0

tiΨi(x, t
1/2v)s(x, t1/2v)dv. (3.2.99)
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From (3.2.98), we see that Ψ0(x, 0) = IdEx .
Let {Yj} be a basis of Ey and s(y) = sjYj. Then s(x,y) = sjτ

E(x, y)Yj.
Let C = maxy∈B(x,ε)

∑
|α|≤ℓ |Dα

x (τ
E(x, y))|. Then ∥s(x,y)∥C ℓ

x
≤ C|s(y)| ≤

C∥s∥C 0 ≤ C∥s∥C ℓ . So from (3.2.99), there exists C ′ > 0 such that for
0 ≤ t ≤ T ,

∥KN
t s∥C ℓ ≤ C ′∥Ψ∥C ℓ

x

(
N∑
i=0

T i

)(∫
Rn

e−|v|2/4dv

)
· ∥s∥C ℓ . (3.2.100)

So Kt is uniformly bounded on C ℓ(M,E). In this case, for |α| ≤ ℓ,

lim
t→0

Dα(KN
t s− s) = Dα lim

t→0
(KN

t s− s). (3.2.101)

From (3.2.99),

lim
t→0

KN
t s = (4π)−n/2

∫
TxM

e−|v|2/4Ψ0(x, 0)s(x, 0)dv = s(x). (3.2.102)

Therefore, we get (3.2.95).
For (2), set σ = t1/2 and

f(σ, v) =
N∑
i=0

σ2iΨi(x, σv)s(x, σv). (3.2.103)

Taylor expansion at σ = 0, from (1.3.43), we have

f(σ, v) =
∑
|α|≤l

∑
β+γ=α

N∑
i=0

σ2i α!

β!γ!
Ψ

(β)
i (x, 0)s(γ)(x, 0)(σv)α

+
∑

|µ|=l+1

∑
β+γ=µ

N∑
i=0

σ2i l + 1

µ!
(σv)µ · α!

β!γ!

·
∫ 1

0

(1− s)lΨ
(β)
i (x, sv)s(γ)(x, sv)ds. (3.2.104)

If |α| ≤ ℓ is odd, ∫
TxM

e−|v|2/4vαdv = 0. (3.2.105)

So we only need to consider the even case. In this case, let

Dk := (4π)−n/2
∑

2i+|α|=2k

∑
|α|≤l

∑
β+γ=α

α!

β!γ!
Ψ

(β)
i (x, 0)

∫
TxM

e−|v|2/4vαdv ·Dγ
x.

(3.2.106)
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In particular, D0 = Id. Since s(γ)(x, 0) = Dγ
xs(x), from (3.2.99), (3.2.104)

and (3.2.106), we have∥∥∥∥∥∥KN
t s−

ℓ/2∑
k=0

tkDks

∥∥∥∥∥∥
C 0

= O
(
t(ℓ+1)/2

)
. (3.2.107)

In the same way, we have∥∥∥∥∥∥KN
t s−

ℓ/2−j∑
k=0

tkDks

∥∥∥∥∥∥
C 2j

= O
(
t(ℓ+1)/2−j

)
. (3.2.108)

Note that in this case, s ∈ C ℓ+1(M,E), so our estimate is for O
(
t(ℓ+1)/2−j

)
.

From Propositions 3.2.9 and 3.2.10,

rNt (x, y) = qt(x, y)j
−1/2(x, y)

(
∂t +Bx + t−1∇E

R

)(
ψ(d(x, y)2)

N∑
i=0

tiΦi(x, y)

)
.

(3.2.109)

If d(x, y) ≤ ε/2, ∂αxψ(d(x, y)2) ≡ 0. If d(x, y) > ε/2, for any k, we have

∂αxψ(d(x, y)
2)e−d(x,y)2/4t < ∂αxψ(d(x, y)

2)e−ε2/16t = O(tk). (3.2.110)

From (3.2.87), the terms on the right hand side of (3.2.109), which do not
involve a derivative of ψ(d(x, y)2) cancel, except for one remaining term
tNqt(x, y)(BxΦN)(x, y), which may be bounded by tN−n/2. So we have

∥rNt ∥C 0 < Ct(N−n/2). (3.2.111)

The estimate of ∥∂kt rNt ∥C ℓ is similar, once we observe that

∂te
−x2/t = t−1(x2/t)e−x2/t = O(t−1), (3.2.112)

and

∂xe
−x2/t = t−1/2(−2x/t1/2)e−x2/t = O(t−1/2). (3.2.113)

The proof of Theorem 3.2.13 is completed.

Now we summarize the properties of heat kernels.
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Theorem 3.2.14. Let pt(x, y) be the heat kernel of H. Then there exist
Φi ∈ C ∞(M ×M,E ⊠E∗) such that for every N > n/2, the kernel kNt (x, y)
defined by

1

(4πt)n/2
e−

d(x,y)2

4t ψ(d(x, y)2)j−1/2(x, y)
N∑
i=1

tiΦi(x, y) (3.2.114)

is asymptotic to pt(x, y):

∥∂kt (pt(x, y)− kNt (x, y))∥C ℓ = O(tN−n/2−ℓ/2−k). (3.2.115)

The leading term Φ0(x, y) = τE(x, y).

The following corollary is the generalization of Proposition 3.1.6.

Corollary 3.2.15. Let Pt be the heat operator associated with pt(x, y). Then
for k ∈ N, s ∈ C ∞(M,E),∥∥∥∥∥Pts−

k∑
i=0

(−tH)i

i!
s

∥∥∥∥∥
C j

= O(tk+1). (3.2.116)

Proof. The heat equation (∂t + H)Pts = 0 implies that in (3.2.96), Dk =
(−H)/k!.

The proof of Corollary 3.2.15 is completed.
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3.3 Trace of the heat kernel
We assume that H is symmetric in this subsection.

Definition 3.3.1. Let H be a separated Hilbert space and K be a bounded
linear operator on H. Let {ei} be an orthonormal basis of H. We define

Tr[K] := (Kei, ei). (3.3.1)

We say K is trace class if Tr[K] is finite and independent of the choice of the
orthonormal basis.

Theorem 3.3.2. The heat operator exp(−tH) is trace class and for t > 0,

Tr[exp(−tH)] =

∫
M

TrE[exp(−tH(x, x))]dx. (3.3.2)

Theorem 3.3.3 (Weyl law). Let λ1 ≤ λ2 ≤ · · · be the eigenvalues of H. As
t→ 0, we have

∞∑
i=1

e−tλi = (4πt)−n/2 dimE · vol(M) +O(t−n/2+1). (3.3.3)

Theorem 3.3.4 (Karamata). Let dµ(λ) be a positive measure on R+ such
that the integral ∫ ∞

0

e−tλdµ(λ) (3.3.4)

converges for t > 0, and such that

lim
t→0

tα
∫ ∞

0

e−tλdµ(λ) = C (3.3.5)

for some positive constants α and C. If f is a continuous function on [0, 1],
then

lim
t→0

tα
∫ ∞

0

f(e−tλ)e−tλdµ(λ) =
C

Γ(α)

∫ ∞

0

f(e−t)tα−1e−tdt. (3.3.6)

Using Karamata’s theorem, we obtain the following restatement of Weyl’s
theorem.

Corollary 3.3.5. Let N(λ) be the number of eigenvalues of H that are less
than λ. When λ is large enough,

N(λ) ∼ dim(E) vol(M)

(4π)n/2Γ(n/2 + 1)
λn/2. (3.3.7)
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3.4 Finite propagation
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3.5 Zeta function of a Laplacian


