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Chapter 1

Differential and
pseudodifferential operators on
vector bundles

1.1 Differential operators on manifolds

1.1.1 What is manifold?

Etymologically, manifold means a collection of maps. In fact, it really is.
For thousands of years, people have never stopped exploring the land we
live on.




CHAPTER 1.

OPERATORS ON MANIFOLDS

They explore the earth and draw the picture to note down everything they
see, which is called the map. The idea of drawing the map to record the roads
is not hard, even an old horse could do it in its brain. But usually one map
is not enough. For example, if we want to drive the car from Pudong airport
to ECNU, we would be disappointed to see that, not like our neighborhood,
we could not find ECNU in the screen map containing the airport.
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1.1. DIFFERENTIAL OPERATORS ON MANIFOLDS 3

In order to glue the maps together, the only necessary condition is that
in the intersection area, a continuous road in one map must con-
tinuous in another one. Otherwise we will get lost. (Of course, due to
the modern technologies, Al could do this for us even with a sweet voice.)

On the other hand, the fact that earth is a round ball obviously also gives
the fundamental obstruction to describe everything in one map. We need to
draw the map piece by piece and glue them together.

However, it is unbelievable and a miracle that we can get the converse:
from the maps with scales and the gluing methods we can see that our earth
is a ball, not a torus, by the Gauss-Bonnet theorem. (If the reader knows the
Gauss-Bonnet theorem before, which we will not mention in the following
sections, please try to explain it.)

Let us explain a bit the importance of this genius idea. For the earth,
the earth is a round ball is not news. We could work hard and earn enough
money to take the spacecraft to the moon to confirm that the earth is really
round, does not has a hole and not like a cup.

But for the space-age now, we want to explore the universe. It is not
easy to decide that the universe has a hole or not. To be honest, we are
not the God. We cannot see the universe outside it like the people on the
moon. The only method is to search it, draw the 3-dimensional map ev-
erywhere, glue them together and try to obtain the global properties by the
local explorations.
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For our mathematicians, we are used to abstract the ideas and put all
dimensions together. We define the manifold as the topological spaces which
can be studied in this process. Let us end the story and start to study the
math.

Definition 1.1.1. Let M be a Hausdorff and second countable topological
space. We say that M is a topological manifold of dimension n if every
point x € M has an open neighborhood, which is homeomorphic to an open
set in R™.

For topological manifold M, there exists a open cover {U;}; of M such
that each U; has a map ¢; : U; — R™ and ¢; : U; — ¢(U;) C R™ is a homeo-
morphism. The pair (U;, ¢;) is called a chart and the collection {(U;, ¢;)}; is
called an atlas.

1.1.2 How to do analysis on manifold?

Since M is a topological space, we could study a continuous function
f: M — R. But if we want to apply the achievements of human after
Newton on manifolds, we have to find a way to take the derivative of f. We
don’t know how to do analysis on manifold, but we know how to
do it on R".

The most natural idea is to take the derivative on each chart (U;, ¢;). If

foor':du(Ui) CR" = R (1.1.1)
is smooth, we could take the derivative of f o ¢; ' as the derivative of f.

However, if U;NU; # 0, for € U;NU;, even if fo¢; ! is smooth at x, fo; "
may be not differentiable at z. If we want to make

fooit=(fodi)o(piod;) (1.1.2)
smooth at x, We need to assume further that
Qﬁm‘ = ¢z o ¢;1 : (ﬁ](Ul N U]) CcCR"— ¢1(UZ N Uj) c R (113)

is smooth. If for any ¢,j such that U; N U; # 0, (1.1.3) is smooth, the
statement " f is smooth at x € M” is meaningful.
Remark that f(z) = 0 is a smooth map.
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Definition 1.1.2. A smooth atlas on a topological manifold is an atlas
{(Ui, ¢:)}i such that for any 4, j such that U; N U; # 0, (1.1.3) is smooth.
We say two smooth atlases are equivalent if they determine the same col-
lection of smooth functions on M. The equivalent class of smooth atlases is
called a smooth structure. A topological manifold with a smooth structure
is called a smooth manifold.

The main purpose of this definition is to establish a home for the smooth
function on manifold.

Furthermore, we could define a smooth map between two smooth mani-
folds.

Definition 1.1.3. Let M and N be two smooth manifolds with smooth
atlases {(U;, ¢;)}; and {(V}, ¢;)};. Let f: M — N be a continuous map. For
m € U; C M, we say that f is smooth at m if for any V; containing f(m),
@;o fod; " is smooth at ¢;(m). If f is smooth at any m € M, we say that
f is a smooth map.

If the smooth map f has an inverse, which is also smooth, we say f is a
diffeomorphism. For example, ¢;; in (1.1.3) is a diffeomorphism.

In this note, we will work in the €*° category. In the following sections,
if we say ”a manifold”, we mean "a smooth manifold”; if we say ”a function”,
we mean “a smooth function”...

Once we understand how to define the smooth structure on M, the next
natural question is

1.1.3 How to define the partial differential of a smooth
function?

The naive idea is to take amiﬁj’( fo ¢j_1) in the chart U; as the partial

differential % f. In order to distinguish the partial differential in different
charts, we use the notation ﬁ to represent the partial differential on the
L

coordinate on ¢;(U;). After all we know how to take partial differential on
R™. We could do anything locally on R"™. But the same problem appear.

For another chart (U;, ¢;) such that U; N U; # 0, for x € ¢;(U) C R",

if %}S)( fo¢;!) and ﬁg)( fo ¢;1> represent the same function % f, from
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op L o .
(1.1.2), we need a(gmi?) )(:,1:) = (f)z) (¢ij(x)). However, by the chain’s rule,

o oot .
0000 () o5 A28 (). D%y (114

axk =1 EMZ Oxy;

where gbéj is the [-th component of the image of ¢;; in R". This means that our

naive idea is not compatible with our construction of the smooth structure.

By (1.1.2) and (1.1.4), (j)(f )a nd > 15(;5{]])( )a()(fogb ') represent

the same function. Thus the partlal differential

0 04 0
—— in U; corresponds to Z ( (x)—= & in Ui (1.1.5)
ozt? Y Oz’ o,
For the convenience, we could write (1.1.5) by matrix.
oxy o 1 oy’
: ax(J) :
90 k (k1) _9_
817%” Bzgf)

From this relation, we could glue the partial differentials in each chart to-
gether to get a global partial differential, which we call a vector field.

Definition 1.1.4. Let M be a manifold with smooth structure {(U;, ¢;)}.

A vector field X on M is a collection of partial differentials Y ,_, a,(f )aam’

( (x) € €(¢;(U;) C R",R), on each ¢;(U;) C R" such that if m € U;NU;,

A (6r(m) = 3 P (65m) 22 (8 1m)). (L.17)

k=1 O} k
We often write Xy, = >, la,(j)aam Thus for a smooth function f €

¢>*(M,R) and a vector field X, we Could define X f as a smooth function
on M.

By definition, a vector field X is a map
X :€°(M,R) - €~(M,R). (1.1.8)

We must check the well-definedness of this definition. If m € U;NU;NU,
from (1.1.3), we have

Gsi © Qij = Pgj. (1.1.9)
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By chain’s rule,

0 — ¢l 99},
= L (o, - — (¢, . 1.1.10
220 5 (¢(m)) 2 5,0 (¢i(m)) 720 (¢;(m)) (1.1.10)

Thus from (1.1.7) and (1.1.10),

R !
-y aé”(@(m))%(@(m))a% (6:(m))

_Zak (¢j(m (¢j< ). (1.1.11)

Thus our glue is compatible with the smooth structure on M.

In order to simplify the notations and perfect the theory, we want to find
a home for the vector field, which we call the tangent bundle.

Let U;(U; x R™) be the disjoint union of U; x R™. We define an equivalent
relation 7~ such that (z, (a\”,---,a)) € Uy x R" ~ (y, @, a)) e
.Uj x R™ if and only if x = y and for any 1 <1 < n, al =>r_,a 61; (x),
ie.,

, , . . O
o)y = ) (o) 1
(k,1)

oz
From (1.1.9) and (1.1.11), we see that this relation ”~" is really an equivalent

relation.

Definition 1.1.5. The tangent bundle is defined as the quotient space of the
equivalent relation with the quotient topology, i.e., TM := L;(U; x R")/ ~.

Proposition 1.1.6. The tangent bundle T'M is a manifold.

The proof is left to an exercise.
Let w: TM — M be the natural projection from (z,v) € TM to x.

Proposition 1.1.7. A vector field is a smooth map X : M — T M such that
moX =1Id.

The proof is left to an exercise.
A vector field is also called a section of 7M. We denote by € (M,TM)
the set of sections of T'M.
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1.1.4 What about the exterior differential?

Our natural idea is to take

dV(fo ;) = %(f o ¢;t) - day) (1.1.13)
Oxy;

in the chart U; as the exterior differential df. From the coordinate transfor-
mation formula in multivariable calculus, as in (1.1.6), we have

. . 4 , dPl;
(@ axd) ~ (@, de?) | =2 ) (1119)
35’51(3) (k1)

Equivalently, we have

(d:cgj),... ,dxgg?) ~ (dxgﬂ,.. ,dxgp) . (agbéi (3:)) R . (1.1.15)

8:)3,(3 )

Thus from (1.1.6) and (1.1.15), we have

a
ax@
d9(fo o)) = (da, - da?) |2 [ (Foa ()
0
8z£f>
' P}
, , oL B 96! oy’
N(dwﬁ”’“vdﬂf))'( gbé%(f)) ( gb&%(m)) 1 [ oo
Oy (kD) Iy (k.0) -
Oxyy
= (ar" o an?) | [ (o a ) (@(@) = V(S 0 67 (9 (x).
el

(1.1.16)

Therefore, not like the partial differential, for the exterior differential, our
naive idea is right. What we obtain is the following proposition.

Proposition 1.1.8. The exterior differential defined d in (1.1.13) is globally
defined.
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Like the vector field, we need to construct a home for df. We assume
that on U}, df |y, = >, b,(j)dm,(j). From (1.1.15),

b(i) b(j)
1 1
df vy = (dxgl),~~ ,dmﬁ?) : ~ <d$gj)’... ,da;?) :
b b
1 b(j)
. A Ot 1
~ (dxgz), e ,dxﬁ?) : (;5(1?) (z) : : . (1.1.17)
al’kj ()
kD) \ py
Thus
96! -\
(b§)7... ,bg)): (bgj),--- ’an)). (J?)(;U) . (1.1.18)
Oxy; (k)

Definition 1.1.9. We define an equivalent relation "~ such that (z, (5", -+ ,b{")) €
Ui x R" ~ (y, (bﬁj),--~ ,bff))) € U; x R if and only if + = y and (1.1.18)

holds. The cotangent bundle is defined as the quotient space of this equiva-

lent relation with the quotient topology, i.e., T*M := U;(U; x R™)/ ~.

From (1.1.5), the relation "~ is really an equivalent relation. Let 7’ :
T*M — M be the natural projection. As in the tangent bundle case, we
denote by €>°(M,T*M) the set of smooth maps s : M — T*M such that
n'os = Id. From the construction above, we have df € € (M,T*M).
An element in €°(M,T*M) is also called a 1-form. Conversely, for any
a € € (M, T*M), there exists b, : ¢(U;) = R, 1 < k < n such that a|y, =
P b,(f) dx,(j). From the knowledge of the multivariable calculus, there exists
f € €<(¢(U;),R) such that a|y, = df. Remark that this converse process
is local. In general, for « € €°(M,T*M), we can not find f € €°(M,R)
such that o = df.

Furthermore, for « € €*°(M,T*M), we can also define the exterior
derivative of a: da. For

«

v = bda), (1.1.19)
k=1

) ) )
the natural idea to define da by dafy, = >, > 1, %dml(z)dx,(f). As usual,
Z

we need to check the coordinate transformation. We simply denote by ® the
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!
matrix (;911?;) (x)) . From (1.1.6), (1.1.14) and (1.1.12), we have
(k,1)

b :Zbgﬂ%, Z‘I’ ), dry) ~ > " dzP®y. (1.1.20)
t=1 q=1
Thus
ab n B 8(b(j)<1>_1) ' '
DTS a—dd
=1 k= 1 k,lt,m,p,q=1

b
= Z 0 dxj)d:ct + Z b ’“ O dz®dz)

t,m= 1 tmpk 1

, 82¢ : .
— Z 2Ddal) — Z b — 9 qrWdp). (1.1.21)
: wdxy). 1.
t,m= 1(91’% t,m,p,k=1 a (ja )
The annoying term
"o n 0k , A
b —— W) gz (1.1.22)
; S mz T L
926k 92k o
appear. Note that axﬁ,{)a;gj) = axz(j)aiﬁ,?;)' A genius idea is that we define

dz) dxéj ) = —dx,(f Jdz) to let (1.1.22) vanish. In order to avoid the ambigu-
ity, for this anti-commutation property, we introduce a new notation: wedge
product A. And we use the notation dz,, A dz, to replace dz,,dz, in the
image of da. Here dx,, N dx, means

dzy, N dx, = —dz, A\ dz,. (1.1.23)
Now we could define
RN TR
daly, =Y Y —sde)) Aday). (1.1.24)
=1 =1 0%

From the arguments above, the definition in (1.1.24) does not depend on the
choice of the coordinate. The next thing is to construct a home for the image
of da. Now we do it in general. I'm tired to construct them one by one.

As in (1.1.23), we introduce the notation dz,, A --- A dz,, satisfying

dxp, N Ndwy, = 607 drg, A~ A dg,. (1.1.25)
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For a}(,?,...,pk € 6 (o(U;),R), 1 < py, - ,pr <n, (1.1.19) is generalized to a
k-form

> al) el A A dal) (1.1.26)

1<p1,,pr<n

on U;. From (1.1.25), we arrange and restate (1.1.26) as

o B daf) A A dal), (1.1.27)

1<p1<--<pg<n

where ﬁz(,?,..vpk € €*(¢(U;),R) and anti-commutes on pi,--- ,pg. From
(L114), 552 o Bt ) A oAy and 2o o B g dai) A

- -/\dxgc) represent the same object on U;NU;, we can construct (AkCI))glljﬁj‘, ’j}’; €
¢>(¢(U;),R) such that

7 k e -
B = >, (Naymee g0 (1.1.28)

1<qi < <qp<n
As in Definition 1.1.9, we define the bundle of exterior differentials.

Definition 1.1.10. We define an equivalent relation "~,"” on U;(U; X Rcﬁ)

such that (95, (ﬁlgzl),"',Pk)1§p1<'“<pk§n) € UiXRCﬁL ~ (y> (51(7]1),“',Pk)1SP1<“'<pk§n) €
U; x R if and only if z = y and (1.1.28) holds. The bundle of k-th exterior
differentials is defined as the quotient space of this equivalent relation with
the quotient topology, i.e., A¥T*M := L;(U; x ]Rcﬁ)/ ~A.

Remark that if &k = n, we have
A"® = (det ®) 1. (1.1.29)

We could define €°° (M, A*T* M) as before. An element in € (M, A¥T* M)
is called a k-form on M. For a € €>°(M,A*T*M), a|y, could be written as
(1.1.27). We define

" 9B o . i

doly = ) Zﬁdaz?Adazgf Ao ANde®. (1.1.30)
1<p1<---<pp<n t=1 Ty

As the same process in (1.1.20)-(1.1.24), we could obtain that do is globally

defined, which does not depend on the choice of the coordinate (try too

fix it). Thus da € €°°(M,A*1T*M). Now we get a well-defined exterior
differential

d: 6> (M, N*T* M) — €°°(M, AT M). (1.1.31)
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Proposition 1.1.11. (1) d* = 0;

(2) for ¢ € €*(M), dp is the one form such that (dp,U) = U(p) for
any vector field U;

(3) for any o € €°(M,A*T*M), 8 € €°°(M,N'T*M), then

d(a A B) =da A B+ (1) ands. (1.1.32)

The proof is left to an exercise. In fact, the exterior differential d is
characterized by the properties in Proposition 1.1.11.
The differential forms and the exterior is very useful.

Theorem 1.1.12 (de Rham Theorem). If M is compact, the k-th cohomology
of M with real coefficients
Ker(d : €°°(M, A*T*M) — €°°(M, A**1T*M))

k ~
HY(M R) = Im(d : €% (M, N-—1T*M) — €°(M, NET*M)) (1.1.33)

This theorem verifies our naive philosophy to get the global property from
the local charts.

1.1.5 Differential operator on vector bundles

Now we generalize the tangent bundle, cotangent bundle, bundle of exte-
rior differential in Definition 1.1.5, 1.1.9 and 1.1.10 to the vector bundle.

Definition 1.1.13. Let {U;} be an open covering of M. Let m € N. The
transition function is a group of maps {¥;; : U; N U; — GL(n,R)} such that
ifU;NU;NU, #0,

We define an equivalent relation "~ on Li;(U; x R™) such that (z, (51", ,b%)) €
Ui x R™ ~ (y, (bgj), e ,bffq))) € U; x R™ if and only if x = y and
B0, by = (09 B9 Wy (). (1.1.35)

A vector bundle with rank m is defined as the quotient space of this equiv-
alent relation with the quotient topology, i.e., E := U;(U; x R™)/ ~. As a
manifold, F is called the total space and M is called the base space. We also
have the natural projection (smooth) map 7 : E — M. A (smooth) section
of E is a (smooth) map s : M — FE such that 7 o s = Idy;. We denote by
¢ (M, E) the set of sections.
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If we replace R by C in Definition 1.1.13, we get a complex vector bundle.

Since the closure of U; could be covered by coordinate charts, we always
assume that U; here is a coordinate chart.

Obviously, TM, T*M and A*T*M are vector bundles.

We could also construct new vector bundles from the old one. Let E and
F be two vector bundles. We may assume that they are defined on the same
covering {U;} (if not, take the common refinement). Let {¥[ : U; N U; —
GL(m,R/C)} and {¥]; : U;NU; — GL(m/,R/C)} be transition functions of
E and F. Then we could construct

(1) E @ F, with transition function W7 @ ¥/,
(2) E® F, with transition function W/ @ Uf,
(3) E*, with transition function <(\115)_1>T,
(4) A*E, with transition function A*W[ as in (1.1.28).
We usually denote by A*E := &7 A*E.
Obviously, T*M = (T'M)*.
Now we generalize (1.1.30) and (1.1.31) to the differential operator.
We begin by fixing notation. For an n-tuple of nonnegative integers

a = (ag, - ,a,), we set |a] = > a;, and for each £ € R", we set {* =
. ol lad
ft...€9n. In local coordinates (21, -+, x,), we denote by 9= = m.

Definition 1.1.14. Let £ and F' be two complex vector bundles over M
with rank £ = p and rank I’ = ¢q. A differential operator of order m on
M is a linear map P : € (M, E) — €*(M, F) such that on each Uj,

, olal
P|Ui = Z Ag)(x)ax(i),a’ (1136)

laf<m

where each Ag)(x) is a ¢ X p-matrix of smooth functions and where AY #0
for some a with |a| = m.

By the knowledge of linear algebra, the complex matrix is easier to be
handled than the real one. In the followings, we always assume that the dif-
ferential operator acts on a complex vector bundle, except otherwise stated.
For a real vector bundle, we first tensor it by C, and then do the analysis.

We need to explain a bit about the right hand side of (1.1.36). For s €
(M, E), on U;, we could write s|y, = > 1_, fpSp, where f, € €°(¢(U;) C
R",C) and (s1,---,5,) is a basis of CP. Consider a system of partial differ-
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ential equations
a ol a olal o
Za llazaf1+ Z alpamafp_gla

o dlal o ol
Zoé qlgm"‘ fl Qszafp
where g; € € (¢(U;) C R",C). Note any system of PDEs could be written

in the form of (1.1.37). Let A, = (af;)qxp- We write (1.1.37) in the sense of
matrix:

(1.1.37)

a|a‘ fl g1
DA i = ] (1.1.38)
o Ip 9q

which explains the right hand side of (1.1.36).
Easy to see that d : (M, A*T*M @ C) — €°°(M,\N*"'T*M @ C) is a
differential operator.

1.1.6 How to take derivative on the section of a vector
bundle?

In Section 1.1.4, we define the exterior differential on a smooth function on
M. In Definition 1.1.14, we see that it is a differential operator. If there is a
vector bundle E over the manifold, the section is the natural generalization
of the function. Is it possible to generalize the exterior differential d on the
sections?

We repeat the process in (1.1.16) and (1.1.17) to see what is the same
and what is not.

Let s,(;) € %“(Ui, C") be the constant function on U; such that for any
x e U, s,(j) () = er, 1 < k < m. For any s € €*°(M, E), there exist
fr € €°(U;,C), 1 g k < m, such that

— zm: F (1.1.39)
k=1
From the definition of the vector bundle, on U; N Uj;,
D = (1 19 ya). (1.1.40)
Thus
59 KO
~ Wi (x) : : (1.1.41)
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Naively, we try to define the exterior differential by ds|y, = Z;n:l(dfki))sl(f).
The same problem appear.

()

m 81
S = @ D) |
k=1 Sgr?
s s
~(dfD e dfOY [ A PO (AW () ()
S,(%) S%)

(1.1.42)

The annoying term is (d¥;;(x))¥;;(x) !, which is a matrix of 1-form. But in
this case, we don’t have any idea kill it. Thus the exterior differential

d in U; corresponds to d + (dW;(z))¥;;(z)~"  in Uj. (1.1.43)

Remark that the matrix of 1-form (dW;;(z))¥;;(x) " acts on s|y, = Z;n:l(df,gj))s,gj)
by
s
G0 gy |
()

Sm

We will handle it by the same method as the vector field. We glue the
exterior differentials by the transformation (1.1.43) together and give it a
name: connection.

Definition 1.1.15. A (affine) connection V¥ on E is a collection of d+ A®,
where A® is a matrix of 1-forms, on each U; such that on U; N Uj,

AY = AW (@, (2)) Ty, (x) 7 (1.1.45)
It is easy to see that V¥ is a map
VI G®(M,E) = € (M,T*"M ® E). (1.1.46)

(Why? try to fix it.)

Recall that T*M are the dual bundle of T'M. Then for a vector field X
and a 1-form «, we can define a(X) € (M, R). In fact we've already used
it in Proposition 1.1.11. Now we define

Lx 1 EC(M,T*M) — €< (M,R), ix(a):=a(X). (1.1.47)
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Then by Proposition 1.1.11, we have
txod=X:€%(M,R) = ¢°(M,R). (1.1.48)

Note that we can naturally define tx on (M, T*M ® E) by acting only
on the T* M part. Then we could define

VE i=i1xoVE €% (M,E) — €< (M, E). (1.1.49)

The operator V% is usually regarded as taking the partial derivative on a
section of a vector bundle along the direction X.
Exercise: Please check that V¥ and V¥ are all differential operators.

Proposition 1.1.16. (1) For any sy, 2 € €*°(M, E), we have
VE(s1 4 53) = VFs; + Vs, (1.1.50)
(2) For any s € €°(M,E) and f € €><(M,C), we have
VE(fs) = (df)s + fVZs. (1.1.51)
Proof. By definition. O

In many books, Proposition 1.1.16 is taken as the definition of the con-
nection.

Remark that not like the exterior differential, the connection on the vector
bundle is not uniquely defined. From Definition 1.1.15, locally, the difference
of two connections is a matrix of 1-forms. Globally, the difference of two
connections is a section of €*°(M,T* M ® End(F)), where End(F) = E® E*.

For a connection V¥ on E and any k € N, there exists a unique extension
VE . €°(M,A\*T*M @ E) — €>=(M,A\*"'T*M @ E) verifying the Leibniz
rule: for a € €°(M,NT*M), s € €>°(M,\*9T*M @ E), we have

VE(aAs)=dans+ (—1)anVEs. (1.1.52)
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1.2 Sobolev space

1.2.1 Integral, metric and partition of unity

The main purpose of this note is to study the differential operator. In Defi-
nition 1.1.14, a differential operator is a linear map

P:¢®(M,E) — €=(M,F). (1.2.1)

Once we see the linear map, the want to use the linear algebra, the matrix
theory to study it. Unfortunately, in general, €>°(M, E) and € (M, F) are
infinite dimensional vector space. The tool of studying the infinite dimen-
sional vector spaces is the functional analysis. So naturally we plan to use
the functional analysis to study the differential operator. In order to use the
functional analysis, we firstly need to define an inner product on ¢*°(M, E)
and extend it to the Hilbert space. After all, the theory of functional analysis
we know for the undergraduates are based on the Hilbert space.

How to define a Hermitian product on (M, E)?

We first study it for M = R", E = C. For f,g € €°(R",C), the classical
Hermitian product is defined by

Gy = [ F@)- g@dv.. (1.2.2)
Rn

Note that the right hand side of (1.2.2) might be infinity. We denote by
1F11Z2 = (f, ) (1.2.3)
Let L*(R") be the completion of the set {f € €°(R",C) : ||f]lzz < +oo}

with respect to the norm || - ||z2. It is a Hilbert space.
Let the support of f, supp(f), be the closure of

{r eR": f(z) #0}. (1.2.4)

We denote by 65°(M, C) be the set of smooth functions with compact sup-
port. It is easy to see that €5°(M,C) C L*(R™). Moreover, we all know that
the completion of §°(M, C) with respect to the norm || - |12 is L*(R"). Sim-
ilarly, we denote by €5°(M, E) be the set of smooth sections with compact
support.

The next step is to define the Hermitian product on €*°(M,C) and
L*(M). Naturally, we want to follow the definition in (1.2.2). The prob-
lem is

How to define the integration on a manifold?
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As in (1.2.4), for f € €>°(M,C), we define
supp(f) :={x € M : f(x) # 0}. (1.2.5)

For a chart U; of M, if supp(f) C Uj;, naturally, we can define

/fdv = [ fo¢; (x)dv). (1.2.6)
M R

As usual, we need to check it for another chart. If supp(f) C U; NUj, in
chart U;, by coordinate transformation formula,

foot(w)dv?) = [ fog; (¢i(x))|det(dyy)|dv
R’I’L ]Rn
— [ fogit@)det(®,)dut. (12.7)
RTL

The annoying term |det(®;;)| prevents us defining the integral over a man-
ifold in a natural way. We overcome it with the same method as the vector
field: glue them by a transformation relation together to get a vector bundle,
then take the section to do things.

Definition 1.2.1. We define the density bundle |A| over M by the transition
function W;; = | det(®;;)|~*. It is a 1-dimensional real vector bundle.

Then the integral over M could be defined as a linear form
/ c6y° (M, |A]) — R. (1.2.8)
M

This idea is reasonable. But it is a little abstract. So we’ll not go this
way.

From (1.1.29), if all det(®;;) > 0, we see that [A| = A"T*M. We are
familiar with A"T*M. So we are shamed to assume in this note that all
det(®;;) > 0. Now we give it a name.

Definition 1.2.2. We say M is oriented if there exists an atlas such that for
any Ul N Uj 7é (Z), det(CI)”) > 0.

In this note, we always assume that M is oriented.

From this point of view, we see that the integral is more natural defined
on n-forms than the smooth functions.

For v € €°°(M, A" T*M) such that supp(«a) C U;, from the argument

above, if on U;, a = f - dasgi) A A dxﬁf), we see that the definition

/ Q= / f- dxgi) - dal) (1.2.9)
M n
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is meaningful.

As in (1.1.24), in multivariable calculus, the term dzy - - - dx, could be
explained as then n-form dxq A --- A dx,.

Now we want to integrate the n-form on the whole manifold. We intro-
duce the trick of partition of unity.

Partition of unity

In the definition of manifold, we assume that M is second countable.
From the knowledge of the topology, it implies that M is paracompact, that
is, each open covering of M admits a locally finite refinement. Thus in the
followings, we always assume that our covering of the atlas is locally finite,
i.e., each point only lives in finite charts.

Theorem 1.2.3 (Partition of unity). There exists a family of smooth func-
tions {@;} such that supp(y;) C U; and

Zcpi(x) =1 (1.2.10)

Remark that since we assume that {U;} is locally finite, for each x € M,
the sum in (1.2.10) is a finite sum.

Proof. We could choose an open covering {V;} such that V; C U;. Then we
could construct functions g; € €°°(M, R) such that V; C supp(g;) C U;. Thus
g(z) :=>, gi(x) > 0 for any x € M. Then we could take ¢; := g,;/g. O

For a n-form «, we have supp(p; - «) € U;. Thus from (1.2.9), we could
define

/Moz:/M(zi:goi(x))a:Zi:/M%-a. (1.2.11)

Note that our functions of partition of unity are not unique. We need to
check our definition in (1.2.11) does not depend on the choice of the partition
of unity. It is left to the reader.

Until now, we obtain the definition of the integration of a n-form. The
definition is naturally extended to the integration of any differential form by
taking [,, 3 = 0 for any 8 € €>°(M,A*T*M) for k < n.

Since we want to extend (1.2.2) to the manifold, we also need to define
the integration of a function.

From the construction of A"T*M, there exists nowhere vanishing n-form
(not unique) on M. Such a nowhere vanishing n-form is called a volume
form, usually denoted by duv,.
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Remark that the existence of the nowhere vanishing n-form implies that
A™T*M is a 1-dimensional trivial vector bundle (Since M is oriented).

After taking a volume form, we could define the integration of a function
f by taking the integration of f dv, € € (M, A" T*M).

Now for f,g € €°°(M,C), the classical Hermitian product is defined by

(F9) = [ fa) - Gards. (1.212)
M
We denote the norm by
1£1Z2 = (f. f). (1.2.13)
Let L?>(M) be the completion of the set {f € €<(M,C) : || f|lz: < +oo}
with respect to the norm || - ||z2. It is also a Hilbert space.

The next question is how to do these things for sections of a vector bundle?

The key point is how to do f(z) - g(z) for sections.

For vector bundle, the fiber is a vector space. Let m : E — M be the
projection. For each x € M, E, := 7 !(z) is a complex vector space and
f(x),g(x) € E, are vectors. From the knowledge of linear algebra, if there
is a Hermitian inner product (-,-), on E,, we could replace f(x) - g(z) by
(f(x),g(x)).. We also need the inner product (-,-), depends smoothly on z.

Usually, we also denote by
hy (f(2), 9(2)) = (f(@), 9(2))a- (1.2.14)

Note that hZ(-,-) is linear on the first variable and conjugate linear on the
second one. Such map is called the sesquilinear map.

Definition 1.2.4. The Hermitian metric is a smooth family {hf},cpr of
sesquilinear maps hZ : E, x E, — C such that hZ(£,£) > 0 for any € €

E:\{0}.

For the real vector bundle F', the corresponding metric is usually called
the Euclidean metric.

Definition 1.2.5. The Euclidean metric is a smooth family {gf'},car of
bilinear maps g~ : F, x F, — R such that ¢/ (£,£) > 0 for any & € F,\{0}.

Proposition 1.2.6. There always exist Hermitian metrics on E.

Proof. For any U; x C™, we could easily construct a smooth family of Hermi-
tian products h” on each fiber, e.g., taking the classical Hermitian product
on C™. Let {;} be a partition of unity with respect to {U;}. Then Y. p;hF
is a Hermitian metric. O
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Similarly, there always exist Euclidean metric on real vector bundles.

Definition 1.2.7. A Euclidean metric on T'M is called a Riemannian metric.
A manifold with a Riemannian metric is called a Riemannian manifold.

Remark that the Hermitian (Euclidean) metric is far from unique.
Let hf be a Hermitian metric on E. Now for f,g € €>°(M, E), the
Hermitian product is defined by

(f.9) = /M BE(f(2), g(x))dus. (1.2.15)

We denote the norm by

1£1Z2 = (f. f). (1.2.16)
Let L?*(M, E) be the completion of the set {f € €°(M,E) : || fllzz < +o0}
with respect to the norm || - ||z2. It is also a Hilbert space. Similarly, we

could denote the set of sections with compact support by €5°(M, E) and
€s°(M, E) is dense in L?*(M, E) with respect to the norm || - || 2.

Once we extend the set of sections to a Hilbert space, naively, we want
to extend the differential operator to

P:L*(M,E) — L*(M, F) (1.2.17)

If P is bounded, we could use a whole theory of functional analysis we learned
to study the differential operator.

Unfortunately, the world is not as good as we think.

We will see this from the easiest differential operator: The derivative <

dt
on 6y (R).

Proposition 1.2.8. The derivative
[RS P2

Proof. Let ¢ € €5°(R) such that ||¢||r2 = 1. Let ||‘2—f||L2 = C. Then

4

o s unbounded with respect to the norm

+oo +oo
w2l = [ ngande= [ pwa=1. 218)

—00 —00

2 +00 2
:/ n’ (d—go(nt)) dt
2 Jooo dt
—+00 2
:/ n’ (2—?@)) dt =n*C. (1.2.19)

Thus % is unbounded. ]

But

d
nlﬂacp(nt)
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Definition 1.2.9. Let W, W’ be two Banach spaces. Let P : W — W' be

a linear operator with domain D(P). We say P is a closed operator if for
x, € D(P), ©, — x, Px, — y, we have z € D(P) and y = Px.

4

o s a closed operator.

Proposition 1.2.10. The derivative

Proof. The domain of £ is ¢ (R). We take z,,(t) € € (R) and z,(t) —

2(t) € LA(R), 22 — y(t) € L*(R), then we have x,(t) — [ y(s)ds.

Thus z(t) = fioo y(s)ds. So z(t) € €L(R) and =8 = y(¢). O

dt

Theorem 1.2.11 (Closed graph theorem). Let W, W’ be two Banach spaces.
Let P: W — W' be a closed operator with domain D(P). If D(P) is closed,
then P is bounded.

This is my most hate theorem. It prevents us to extend the domain of the
derivative operator to the whole L?*(R). (If we could extend, closed graph
theorem implies % is bounded, which is a contradiction with Proposition
1.2.8).

For a large class of differential operator, we will meet the same obstruction
coming from the functional analysis.

In the history of the differential operator, there are two ways to overcome
this obstruction, any of them is not easy:

(1) reduce the Hilbert spaces to smaller Banach spaces, called the Sobolev
spaces, such that the differential operator is bounded on these Hilbert spaces
with respect to the new norms, which is the main purpose of this section;

(2) define the differential operator on a dense subset of the Hilbert space,
which is the main idea of our next chapter.

1.2.2 Sobolev space

In 19th century, Gauss studied the electrostatic field and posed a famous
problem, called the Dirichlet p_roblem, that for a domain Q C R?, find a
solution u(z,y) € €*(Q) N€°(Q) of

{ Au=0, inf, (1.2.20)

u|ag = f, f € ‘50(89)

Later, Riemann discussed this problem and stated the Dirichlet Principle.
For

I(u) = / Vul2dzdy,
0
u€A={ucE () :uy,u, € L* ulsg = f},

(1.2.21)
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I(u) > 0, thus inf4 I(u) exists. Riemann said there exists uy € A such that
up = inf 4 I(u). Then uy is the solution of (1.2.20).

In 1870, Weierstrass posed a counter example to explain that miny I(u)
may not exist. Sometimes, we cannot take uy € A such that uy = inf I(u).
Later, people recognized that even miny I(u) exists, it may not have the
enough regularity.

In 1900, Hilbert confirmed the Dirichlet Principle for the smooth bound-
ary. In his point of view, this is a very important problem, so that he posed
three problems about this in his famous 23 problems.

Later, Sobolev stated a strategy to handle this problem. Firstly, we
complete A into a complete space A with respect to some norm. In the
complete space A, obviously miny = inf;. Thus we could get a minimum
element uy € A. Then we could use other method to study the regularity of
it. This complete space is called the Sobolev space.

As usual, we first discuss the Sobolev space on R™. Since our main pur-
pose is to study the differential operator on manifold without boundary, we
will not discuss the boundary condition.

Let . be the set of C™-valued smooth function v on R™ such that for
any n-tuple o and k € N, there exists C, ; > 0, such that

a\al

—(2)| < Cus. (1.2.22)

1+ 12

It is called the Schwartz space or space of rapidly decreasing functions.
For u € ./, we define a norm ||u|; on this space by

=3 [ |5

lo| <K

a|u

&EO‘

da. (1.2.23)

In this part, we assume that all functions are C™-valued.

Definition 1.2.12. The completion of .# relative to the norm || - ||; is the
Sobolev space H*.

In order to do more things, we recall and summarize the knowledge of
Fourier analysis on R™.
Let u € L*(R™). The Fourier transform @ of u is defined by

u(&) = (2m)~"/? / ) e~ 1@y (z)dx. (1.2.24)

We denote by

(1.2.25)
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Proposition 1.2.13. For u € ., we have

Dou(g) = £*a(8), (1.2.26)
zou(€) = (-1 Dga(s), (1.2.27)

and the Plancherel’s formula
(u, U)LZ = (ZAL, ’[J)L2. (1228)

Recall that the convolution product * is defined by

uxv(x) = /n u(r — y)v(y)dy, (1.2.29)

for any u,v € .&.

Proposition 1.2.14. For u,v € ., we have
W-v="0%0, U*0=1-0. (1.2.30)

Proposition 1.2.15. The Fourier transform defines an isomorphism . —
. The inverse is given by

n

u(z) = (2#)_"/2/ @8 (€)de. (1.2.31)

From (1.2.23), (1.2.26) and (1.2.28), we have

lulf = ID*ulf = Y [Doullz = ) €7allz

la|<k o<k || <K
_ / S e | Jae)Pde. (12.32)
R\ ol <k
Since there exist ¢, co > 0 such that
a(l+1E)* < ) & <e(l+ €, (1.2.33)
|| <k

- || is equivalent to the norm [|u||/? given b
k8 y

lull? = [ 1+ hae)Pas (1.2.3)



1.2. SOBOLEV SPACE 25

In some literatures, the weight part is (1 + |£|?)*. The norm defined by this
weight is also equivalent to || - ||x.
In Functional analysis, the Hilbert spaces with the equivalent norms are
topological isomorphism. Thus they could be regarded as the same space.
Following this way, we could define the Sobolev norm and the Sobolev
space of any order s, s € R.

Definition 1.2.16. For s € R and u € ., we define the s-th Sobolev norm
|- 1ls by

lull2 = [ 1+ b lae)Ps (12.35)

The completion of .¥ with respect to this norm is the Sobolev space H?.

For k € N, the uniform €*-norm of u € €* is defined by

lullZ := sup > D). (1.2.36)

la|<k
It is well-known that this norm is complete on any bounded domain.

Theorem 1.2.17 (Sobolev Embedding Theorem). For eachk € N, s > §+k,
s € R, there exists Cs > 0 such that for any u € .7,

[ullgr < Cluls. (1.2.37)
Thus there exists a continuous embedding
H* C ¢". (1.2.38)

Proof. From (1.2.31) and (1.2.26), for |af < s — 7,

|D%u| = (2m) /2

[ e mmgeas < e [ lelace
= (2m) 2 [ (L)L € e (e ldg

< oo ([ asia o) ([ asaiore)
(1.2.39)

Since s — |a| > 2, Koy i= [p. (1 + [])7271*Dd¢ is finite. Thus we have

|Dul? < (27r)*”/2Kéy/fHuH§. (1.2.40)
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Let Cs = (21) " 30 comn/a K2, we get (1.2.37).

For any u € H?, there exists a series u; € ., such that v; — u under
the norm || - ||s. Thus for any € > 0, there exists N > 0 such that for any
g, 0> N, ||u; —wlls < e/Cs. By (1.2.37), we have |Ju; — w|4» < . Since €*
is complete on a bounded domain, there exists v’ € €*, such that u; — v’
under the norm || - ||4x. It is easy to see that u' does not depend on the
choice of the Cauchy sequence. We identify u' € €* with u € H® to get a
continuous map i : H* — %*. This is also an embedding. In fact, if i(v) = 0,

taking u, € %5° such that ||u, — v||s — 0, then ||u,|lgr = [|i(un)||er =
lli(un, — 0)||lgr < C|lun —v|ls = 0. Sov=0.
The proof of Theorem 1.2.17 is completed. ]

From (1.2.35), if s < t, we have
llulls < |Jull:- (1.2.41)
Thus we have the continuous embedding
H' CcH°, s<t. (1.2.42)
Moreover, by Sobolev embedding theorem, for 0 < s1 < -+ < sp < -+,
¢ c.s C---H*C-.-H" C L*. (1.2.43)

Theorem 1.2.18. For sy > s > sy, then for any € > 0, there exists C. > 0,
such that for any u € H*?, we have

luall2 < ellul, + e Jull?. (1.2.44)

Proof. By (1.2.42), H*> ¢ H* € H*. Thus v € H® and v € H*. From
Definition 1.2.16, we only need to prove for any ¢ € R", we have

(L+[€D* < (1 + [g])* + C(1+ [¢])™ (1.2.45)

Let p = (1+1£])2 > 0. We need to prove p* < gp®2 + C.p®t. Set A = l/(5279),

C. = \=6=31) Tt is equivalent to (Ap)®2~ 4+ (Ap)*~*t > 1. This inequality

holds because if A\p > 1, the first part > 1, if A\p < 1, the second part < 1.
The proof of Theorem 1.2.18 is completed. [

From Theorems 1.2.17 and 1.2.18, we have the following corollary.

Corollary 1.2.19. Fork € N, s > §+k, for any € > 0, there exists C. > 0,
such that for any u € H®, we have

Jullgr < ellullZ + Cellull5. (1.2.46)
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Theorem 1.2.20 (Rellich Lemma). Let {u;} be a sequence of functions with
supp(u;) C B1(0) and there exists constant C' > 0, such that ||u;]l; < C.
Then for any s < t, there ezists a Cauchy subsequence of {u;} with respect
to the norm || - ||s, thus converges in H".

Proof. Take a smooth function ¢ € %3° such that ¢ = 1 on B". Thus
ou; = u;. By (1.2.30), 4; = ¢ % 4;. So for any «,

Dgis() = [ (DERE - sl (1.2.47)

By the Cauchy-Schwarz inequality,
2P < [ (41l 1DEeE ~ ndn
X/ (14 [n)*|a;(n))*dn = Ca(€)llusll7, (1.2.48)

where Cy(§) = [ga (1 + |n])"*|Dg@*(€ — n)dn is finite, since ¢ € ., and
does not depend on u.

By (1.2.48), for any a, | Dg1;(&)| is uniformly bounded on compact subset
of R". Thus {1;} is uniformly equicontinuous on compact subsets. By Ascoli-
Arzela Theorem, there is a subsequence of {@;} which is uniformly Cauchy
on compact subsets, which we also denote by {,}.

Fix r > 0.

oy — w2 = /IE (el (6) — au(e

b QO (@ = A+ B (1249
Note that

A< (14 )2 / (L4 €)1y (€) — 1y (€)|de

>
luj — )} 2C
- (1+7«)2(th) - (1_|_r)2(tfs)'

For any € > 0, we take r large, such that 2C(1 + )27 < £/2. Note that
B < C"sup [iy(€) — in(©)* (1.251)

§l<r

(1.2.50)

Since {4;} is uniformly Cauchy, there exists N > 0 such that for j,k > N,
|4;(€) — ur(§)]* < e/(2C"). Thus for j,k > N, [Ju; — ugl]? < e.
The proof of Theorem 1.2.20 is completed. ]
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By Theorems 1.2.17, 1.2.20, we have the following corollary.

Corollary 1.2.21. Let {u;} be a sequence of functions with supp(u;) C B;(0)
and there exists constant C > 0, such that ||u;l|, < C. If s > § +k, then
there is a subsequence which converges to a function u € 6F in the uniform
€*-norm.

The following theorem says that H™* = (H*)*.
Theorem 1.2.22. For u,v € ., the bilinear function

(1, v) = / RIGRIGL (1.2.52)

has a continuous extension to H* xH™® for any s € R. Moreover, it identifies
H™* with the dual of H?, that is,

(u, v)
|lvll-s = seulg) . (1.2.53)

Proof. For u,v € ., by the Schwarz inequality,

|(u, 0)| = /n(l + €D a(€) - (1+ [€))0()de| < [lullsllvfl-s.  (1.2.54)

From the argument below (1.2.40), we see that the bilinear function (-, -) has
a continuous extension to H®* x H™* for any s € R.
We choose u such that (&) = 9(€)(1 + |€])7*. Then

ulls = [Jv]l—s,  (u,v) = /Rn 16(&)2(1 + |€])"2de = ||v]|2,. (1.2.55)

Thus
(u,v)
sup > ||v]|=s- (1.2.56)
ucHS UHS
Then (1.2.53) follows from (1.2.54) and (1.2.56).
The proof of Theorem 1.2.22 is completed. O

Corollary 1.2.23. Let T : &/ — % and T* : % — & be linear maps such
that (Tu,v) = (u, T*v) for any u,v € .. For s € R, if there exists C > 0
such that for any u € .7,

[Tulls < Cllulls, (1.2.57)

we have

I7*ul|- < Cllull-.. (1.2.58)
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Proof. For u,v € ., by Theorem 1.2.22, we have

ucHS ||u||s ucHS? ||u||5
T s —s
< sup N7l Foll-— < Clv|l-s- (1.2.59)
wers lulls
The proof of Corollary 1.2.23 is completed. 0

Proposition 1.2.24. Let A be a smooth matriz valued function on R™ such

that |D*A| is bounded for any «. Then the map T : ¥ — . defined by
Tu = Au extends to a bounded linear map T : H®* — H? for s € Z.

Proof. For s > 0, there exists C' > 0, such that for any u € .,
|1Tuf, =) / D (Au)Pdr < C ) / |D*u|?dz = Clulls.  (1.2.60)
la|<s R la|<s R

By (1.2.28), we see that T*u = ATu. For s < 0, as in (1.2.60), we
have ||T*ul|_s < C||lu||—s. Since (T*)* = T, by Corollary 1.2.23, we have
[Tulls < Clfulls.

The proof of Proposition 1.2.24 is completed. ]

Now we want to establish Proposition 1.2.24 for s € R. We prove a lemma
first.

Lemma 1.2.25 (Peetre’s Inequality). For any £,n € R" and s € R, we have

1+ ¢\ N
<1+|77!> < (L4 €—n)". (1.2.61)

Proof. For s > 0, (1.2.61) follows from
A+1E) <1+ 1€ =nl+nf < T+ [0 +[€—nl). (1.2.62)

For s < 0, we use the same argument reversing £ and 7 and replace s by
—S. O

For a smooth matrix valued function A(z) = [a;;(z)] on R", wesay A € .
if for any i, j, a;;(x) € .. Then we could define A(&) = [a;;(£)]. In this case,
for u € 7, letting A xu = [, A(x — y)u(y)dy, by Proposition 1.2.14, we
have

— —_—

Au=Axa, Axu=Ad. (1.2.63)
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Theorem 1.2.26. Let A € . be a smooth matriz valued function. Then
the map T : % — .7 defined by Tu = Au extends to a bounded linear map
T :H° — H® for s € R, i.e., there exists C > 0 such that for any u € .7,
we have

lAull, < Cllul.. (1.2.64)

Proof. For any u € ., by (1.2.35) and (1.2.63), we have
Al = [ 1+ 1eD Au(e) e
2

= [ | [ A d

(1+—|€’)2SA N2 235 ()[2
< [ (] Gl - ki) 10+ b aePan. (1205

From (1.2.22) and Lemma 1.2.25, for k > [s|+ %, k € N, there exists C > 0,
such that

(1 + ‘§|>28 e 2 _ 2|s|—2k
/R" (1 i ‘77|>23’A<5 77)’ df S Ck /}Rn<1+ |§ 77’) df

= Ck/ (14 €)= d¢ < +oo. (1.2.66)

Let C = Cy, [ (1 + [€])%17%d¢. By (1.2.65),
[Aulls < Cllulls. (1.2.67)

The proof of Theorem 1.2.26 is completed. 0

In order to define the Sobolev space on manifolds, we introduce another
equivalent Sobolev norm for s € R, which is due to Hérmander.

Proposition 1.2.27. For 0 < s < 1, the s-th Sobolev norm is equivalent to
the following norm for any u € & :

1
folt = (1o + [ [ MOt 00y (12:68)

Proof. By Newton-Leibniz’s formula,

u(z) —u(y) = (xr —y) - /0 Vu(tz + (1 — t)y)dt. (1.2.69)
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By (1.2.69), since s < 1,

|2
/n /n |ZE— |n+28 dxdy

o // fo (V) (t + (1 —t)y )|dt) i

o ’x_y’nJrQs 2

/ / fO VU tl‘+y)|dt> e
ray
‘ I i n " |x|n+2s 2

<C’Z/ |x’n+2s 2/ / [(Vu)( tl’+y)|2dydtd:c<+oo. (1.2.70)

laf=1

From (1.2.24), letting u,(y) := u(x + y), we have
@ () = e“Da(g). (1.2.71)

Thus from Plancherel’s formula (1.2.28) and (1.2.71), we have

y)|* 1
/n /n |$ — |”+25 o g 0 dy - |:Lv|n+25 |u(x + y) - u(y)|2dydx
~ |€'L (z,€)
= J e e s = | / (e e

(1.2.72)

By replacing & to T¢, where T is an orthogonal rotation, we see that [, [¢"™) —
1|%|z]™" ?*dz depends only on [£]. By replacing £ to a, a € R, we see that
it is homogeneous of degree 2s. Thus by (1.2.93),

ei@8) —12|z| T 2de = C4)E|*, C, > 0. (1.2.73)

R

Therefore, we have

2
// yx—yyn+2s| drdy = Cs . €[ [a(€)|*de. (1.2.74)

Since there exist ¢, C' > 0 such that c(1 + [£]*) < (14 [£])* < C(1 + [€]*),
we see the two norms are equivalent.
The proof of Proposition 1.2.27 is completed. ]
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Corollary 1.2.28. For s >0, s=m+o0 withm € N, 0 <o < 1, the s-th
Sobolev norm is equivalent to the following norm for any u € .7

[NIES

o |Du(r) — Du(y)[?
lalli= | 2 1oeules 3 [ [ PRI g,
la|<m || <m

(1.2.75)

Proof. By (1.2.74), we have

Da D<o 2 o
| P B ey ¢, [ DT P

=C, [ [P Na(e)Pde. (1.2.76)
e

Then Corollary 1.2.28 follows directly. [
For s < 0, as in (1.2.53), we define

|ull’, = sup (u,v)‘ (1.2.77)

veH—s /UH/—S
Proposition 1.2.29. Let Q and Q' be bounded open subsets of R™. Let
O Q — Q be a diffeomorphism. Let K C € be a compact subset and

K' = ®(K). Then for s € R, there exists ¢,C > 0 such that for any
u € 65°(K'),

cllulls < |luo @||s < Cllulls. (1.2.78)
Proof. Since ® is a diffeomorphism, we only need to prove
[wo @|[s < Cllulls (1.2.79)

because the other inequality follows from considering ®~!.
We denote by U = u o ®. Let |[D®!| be the Jacobian determinant of
d~1. Set

O(x) — P
By, =sup |D®7 Y, By =sup M (1.2.80)
K>

K |£L‘ - yl
Set ' = ®(x), ¥y = ®(y). Then for s = 0, (1.2.79) follows from

\U(2)| dx—/ lu(x)P|D® da' < By | |u(z)]*dz. (1.2.81)
R

Rn
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For 0 < s < 1, we have

U(y)

2
u - J—
/ / Ix— y|nres dxdy_/ / Y 7 —y |n+2s)’ |D™H ()| DO (y')|da'dy’
2 pn+t2s |u )|2 131
< BB, I"”S dr'dy’. (1.2.82)

Then by Proposition 1.2.27, we have ||ju o ®||s < C||ulls.

Now we proceed by induction. Let x' € 65°(€2') such that x' =1 on K'.
Assume that (1.2.79) holds for any 0 < s < k, k € N. For k < s < k+ 1,
1 <5 < n, by Theorem 1.2.26, we have

ID?U(@)l[s-1 < 1D7u(@) D7 @ () [|s—1 = | D7 u(a")X' () D! @ ()||s-1
< O|D7u(a)| -1 (1.2.83)

Since 1+ [€]? < (1 + [£])? < 2(1 + [£]?), we have
lulls—y + Z ID7ulls—y < flulls < 2flulliy + Qi ID7ulls—y. (1.2.84)
From (1.2.83), (1.2.84) and the assumption for the induction, we have
IUIZ < 201U05- + 2i ID7UI15-
< Cllulls—y + Ci ID7ulls—y < Clulli. (1.2.85)

Therefore, (1.2.79) holds for any s > 0.
For s < 0, we use the duality of H* and H™*. Let y € %5°(£2) such that
X =1 on K. Then by (1.2.56) and Theorem 1.2.26, for any v € .%, we have

(0, U)] = |[(xav, U)| = |(xv 0 @', u[D®|)| < [[xv o @[ DLl
< lIxvo @7 H|[IX[D®lulls < Cllvl|-s[lulls. (1.2.86)
Therefore,

o 1@ O
2 ol

The proof of Proposition 1.2.29 is completed.

[uo @l =

< Cllulls. (1.2.87)
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Now we start to define the Sobolev space on the manifold.

Definition 1.2.30. Let M be a Riemannian manifold and £ be a vector
bundle over M with Hermitian metric. Let K C M be a compact subset.
Let {U,, ¢} be alocally finite atlas of M such that E is trivial on U; and K
is covered by finite charts. Let {h,} be a partition of unity. Then for s € R,
the Sobolev s-norm can be defined on u € ¢5°(K, E) by

lull? := > lI(haw) 0 6212 (1.2.88)

The completion of €5°(M, E) in this norm is the Sobolev Hi(K, E). If M
is compact, we set H*(M, E) := Hi(M, E). We often denote it by H*(FE) if
there is no confusion.

This norm is of course highly non-intrinsic. However, Theorem 1.2.26
shows that || - ||s is independent of the choice of local chart and partition of
unity up to equivalence. Proposition 1.2.29 shows that || - ||s is independent
of the choice of coordinate transformation up to equivalence.

Proposition 1.2.31. The equivalence class of the norm || - ||s is independent
of the atlas and the partition of unity.

Proof. Let {Vy,1¥,} be a locally finite atlas of M such that E is trivial on
Vy and K is covered by finite charts.. Let {g,} be a partition of unity with
respect to this new atlas. Note that if U,NV) # 0, we see that supp(ha-gx) C
U, N V). By Theorem 1.2.26 and Proposition 1.2.29, for u € € (K, F), we
have

NRREETEDY) [ orav Ry
<CZHh "9 u) WH —CZHh oxw) 06" 0 (e 0w
<CZH gx e - w) 1|| <CZ|| o) oo 2. (1.2.89)

2

The proof of Proposition 1.2.31 is completed. 0

For the setting in Definition 1.2.30, we define the €’*-norm by

lullgn = lI(haw) 0 63" 15 (1.2.90)
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As in Proposition 1.2.31, the equivalence class of the norm || - || is inde-
pendent of the atlas and the partition of unity.

Let V be a connection on E. Given u € ¢€>°(M, FE), we have Vu €
€ (M, T*M ® FE). Using the tensor product connection on T*M ® E, we
have VVu € €*°(M,T*M ® T*M ® E). This process continues, for any
s € N, we define

|2 = Z/ V- Yufdy,. (1.2.91)

i tlmes

Proposition 1.2.32. The norm || - || in (1.2.91) is equivalent to || - ||x in
(1.2.60) for k € N.

Proof. By (1.2.91), we have

= ZZ/ g2 0 5

DA (V)
2

Z (D" + Ay) -+ (D% + Ay (wo oy Y| du,. (1.2.92)

1<y, i;<n
Then Proposition 1.2.32 follows from (1.2.23) and (1.2.88). O

From Proposition 1.2.32; the norm in (1.2.91) is independent of the met-
rics on T'M and F and the connection V up to equivalence. Sometimes, we
use (1.2.91) as the definition of the Sobolev norm.

For k € N, the uniform ¢*-norm of u € 6} (K, E) is defined by

ull % == sup > | V- Vul” (1.2.93)

lo|<k  j times

As in Proposition 1.2.32, this norm is equivalent to that in (1.2.90). Since K
is compact, this norm is complete.

Now we generalize Theorems 1.2.17, 1.2.18, 1.2.20, 1.2.22 and Proposition
1.2.24 to the global case. The proof of the following theorem is obvious, which
is left as an exercise.

Theorem 1.2.33. Let E and F' be vector bundles over a manifold of dimen-
ston n.
(1) (Rellich’s theorem) For any s,t € R, s < t, the inclusion map

L HY(K, B) — H3(K, E) (1.2.94)
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is a compact operator, i.e., . sends any bounded subset of Hy(K, E) to rela-
tively compact subset of Hi (K, E), equivalently, a set with compact closure.

(2) (Sobolev embedding theorem) For each k € N and each s > 5 + k,
there is a continuous inclusion H(K, E) C 65 (K, E), that is, for any u €
CKOOO(K7 E);

Jullgr < Csllulls. (1.2.95)

Furthermore, by (1), every sequence {u; € 65°(K, E)} which is bounded in
the || - ||s norm has a subsequence which converges in the uniform €*-norm.

(3) For sy > s > s1, then for any ¢ > 0, there exists C. > 0, such that
for any v € H (K, E), we have

lull? < ellull?, + Cellull,. (1.2.96)
In particular, for s > 5 +k, k> 1,
lullzr < ellull? + Ccllull. (1.2.97)

(4) For any Riemannian volume element dv on compact manifold M, the
bilinear map on € (M, E) x €°(M, E*) given by setting

(u,v*):/MU*(u)dv (1.2.98)

has a continuous extension to H*(E) x H™*(E*) for any s € R. Moreover,
it identifies H™*(E*) with the dual of H*(E), that is,

*
wers(5) ||l

(1.2.99)

(5) Multiplication Tyu := Au by any A € 65°(K,Hom(E, F) := F @ E)
extends to a bounded linear map Ty : HY(K, E) — H (K, F) for all s € R.
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1.3 Pseudodifferential operator on vector bun-
dle

Let P =3, <n A%(2) % be a differential operator on . such that | D? A%(x)|
is bounded for all «, 8. Thus from (1.2.22), for v € ., Pu € .. Then by
(1.2.26) and (1.2.31), we have

Pu(z) = Y iA%(x)Du(x) = (2m) "2 ) il A% (x) / e'®8) Day(€)dg

n
|o|<m la|<m

=0 [ e gued, (13.1)
where

pla,§) = dlA(z)E” (1.3.2)

laj<m

The matrix-valued function p(z,§) is called the (total) symbol of P. We
denote by

sym(P) = p(z, ). (1.3.3)

Let Q : ¥ — % be another differential operator with symbol ¢(&), i.e.,
A%’s are constants. Then since A2u(§) = A*u(&), we have Qu(§) = q(§)u(§).

PQu(z) = (2m) " [ = 9p(n, ) Quie)dg
=) [ e a(e)a(de. (13.4)
Thus
sym(P o Q) = sym(P) - sym(Q). (1.3.5)
In the theory of PDE, the main problem is to solve the equation
Pu=f. (1.3.6)
From (1.3.4), naively, if p(¢) is invertible and independent of x, by

(1.2.24), letting ¢(¢) := p(&)~! and

n

Qf(x) = (2m) " / ¢9q(6) /(€ de, (1.3.7)
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we have

n

PQf(x) = (2m) "2 / ¢9 f(6)de = f(x). (13.8)
Thus
u=Qf (1.3.9)

is a solution of (1.3.6).

There are two problems for this process. Firstly, p(§) is not invertible at
¢ = 0. For this problem, we will assume that p(&) is invertible outside 0,
and use a cut-off function to construct the ¢(¢) to handle it. It is the main
content in the next section. Secondly, we need to construct a home for @)
living in and study the case that p,q depend on x. This is the purpose of
this section.

Definition 1.3.1. Fix m € R. A smooth matrix-valued function p(z,§) on
R™ x R™ is said to be a symbol of order m if for each «,a’, there exists
Co,ov > 0 such that

DD pl, §)] < Clor (1 + )™ (1.3.10)
for all x,&. Let Sym™ be the space of these symbols.
Now we construct the operator from such p(z,§) as in (1.3.7).

Proposition 1.3.2. For each p € Sym™, the formula

Pu(z) := (2#)_”/2/ @ p(x, )u(€)de (1.3.11)

n

defines a linear operator P : % — /. If p has compact x-support, this
operator has a continuous extension P : H*™™ — H* for any s € R.

Proof. For uw € ., & € .. For N € N, from (1.2.22) and (1.3.10), for any
k e N,

[2[*¥ | D3 Pu(x)| = (2m) "

| .
2 /R ﬁ—ﬁlx\”Dfe“x@D;p(x, §)i(€)dg

B+y=a
— (2m) 2 Ol AN i) (¢ P (614
em | 3 [ i (AFe9) (€ Dipe. €yt e
[
= ()| 3 [ e =0 a¥ (€ Dipta, ()

<G Y [ alemia e (132

Bty=a
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Take k large enough, the right hand side of (1.3.12) is finite. Thus Pu € ..

Now we prove the second part.
We firstly try to use the definition:

1Pall = [ (4 gD Pue)Pag
2

— (2m) "2 / (1+ e / ~it08) Pu(a)de| de

= n [l [ e (e m)i(n)dnda|

dg

(1.3.13)

But in this way, [5.((1+ |£])**)d¢ may be not finite. It is not easy for us to

use e~ “®¢) to control it.
Now we use another equivalent definition (1.2.53):

(Pu,v)
vl

| Pul|s = = sup

From (1.2.52) and (1.3.13),

(Pu,v) = / Pule) - o(€)de

/(// e ”H)dndw)-@(@d&

Set

Then
(Puol < [ [ el
We show an estimate of W(£,n) as follows. For any a,
¢ [ e Optamds = (1) [ Dre (o s

RTL
= / —i{x, ODO‘p(x n)dz.
R

(1.3.14)

(1.3.15)

(1.3.16)

(1.3.17)

(1.3.18)
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Since p has compact z-support, by (1.3.10) and (1.3.18), for any ¢ € N, there
exists C; > 0, such that

W, n)| < Cl+ )" (1 +1E—=n)" (1.3.19)
Note that
I+ A+ |E=n) =1+ n+[E—n] =14+ (1.3.20)
Thus
i:i: < (L+1€ ). (1.3.21)
Let
U(Em) = (&) - (L+n)~ ™ (1+1€])° (1.3.22)
Then from (1.3.19)-(1.3.22),
; (1 +[¢])° —t |s|—t
U Oy S _ <0, _ . 3.
W'(&,n)| < i In!)s(l +1€=n)7" < C(1+[§ —nl) (1.3.23)

Thus taking ¢ large enough, [, |¥'(&,n)|d¢ and [, [9'(&, n)|dn are all finite.
From (1.3.17) and (1.3.22), we have

(rel= (/n ( - “I"(f,ﬁ)ld§> (1+ \n|)s+ma(n)d77> v

X (/ ( = W/(g’”)'d") 1+ \srm(s)df) -

< Clluflsymllof - (1.3.24)

Therefore, we get this proposition from (1.3.14). O
Remark that the constant C' in (1.3.24) depends on s.

Definition 1.3.3. The operator P defined in (1.3.11) is called a pseudodif-
ferential operator of order m on R". In particular, a differential operator
is a pseudodifferential operator. The space of the pseudodifferential opera-
tors of order m is denoted by ¥DO,,. A linear map f : . — .% is called an
(infinitely) smoothing operator if it could extend to f : H® — H*™ for
any s and m. Two pseudodifferential operators P and P’ are called equivalent
if P — P’ is an (infinitely) smoothing operator.
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Our next aim is to define the composition of P, P’ € YDO. This is one
of the key point in solving (1.3.6).

Since the pseudodifferential operator is defined by the symbol, we study
the "symbol calculus”.

Definition 1.3.4. Let P be a pseudodifferential operator with symbol p.
Then p is said to have a formal development

p~> pj, pj€Sym™, (1.3.25)

j=1

if for each m € 7Z, there exists K such that p — Zle p; € Sym™ ™ for any
k> K.

The following proposition says that the set of symbols is complete under
the addition in some sense.

Proposition 1.3.5. Any formal series Z;’ilpj, pj € Sym™, m; — —oo,
is the formal development of a pseudodifferential operator. This operator is
unique up to equivalence.

Proof. We can assume that m;;; < m; for all j. Fix a smooth function
¢ : R™ — [0, 1], such that ¢(§) =0 for |£| < 1 and p(x) =1 for |{] > 2. For
any sequence {r;}52, such that lim; ., 7; = 400, the symbol

p(x,€) =Y @(&/ri)p;(x,€) (1.3.26)
7j=1

is well defined since the sum is finite for each (x,&). We plan to choose 7;
such that p(z,£) is the symbol of a pseudodifferential operator.
From (1.3.10), we have

D2 DE (/)i (@,€)| < Cor > |DEso(e/r)

Bty=a’

<Cu Y. Ciany|D

Bty=a

- | Dy Dp;(x,€))|

Co(&/r) |- (L+ g™ (1.3.27)

Let ¢;(&) = ¢(&/r;). By induction, we could prove that

‘D 5/7"])

WH%HW < Iﬁl B3t (1.3.28)
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Thus

a o' ~ C'vay C m;—
DD (9(&/r)ps @, ) < Curllillgn - 3 2202 (1 gy,
Bty=ar T
(1.3.29)

Note that if [£| < rj, Dg‘Dg‘/(w(g/rj)pj(:c,g)) = 0. Thus we could assume
|£] > r; in the right hand side of (1.3.29). Set mo = m;. Then

a o’ ~ 0‘7% C (1 + |€|)m]~,1f|a’\
|DxD§ (¢(§/rj)pj(x7§))| < Ca’HQOjH‘ﬁIa’\' E : jrl_;| B.(l 4 ‘fy)mjﬂ—mj—\m
J

Bty=a!
~ Z =o' C'vav Cﬁ mas _ Oé/
< Curl|@sllegron - SELE T8 (1 4 gy (13.30)

J

Let Cjaa i= Y g1qear CianCa. For j > 1,set ;> (27(|) ]« max| | jo/|<j{ Cjaar }) Mi-17m3)
such that lim;_, ., 7; = +00. Then if |af, |o/| < j, there exists C, o > 0 such
that

Oa,o/

1+ jgyma-=ledl, (1.3.31)

DD (p(&/r))pi(2,€))| <

Let k = max{|a|, |¢/|}. Then there exists C, o > 0 such that

k
o o ~ Z — a C,B mi—lo
DD pla, )] < (Z@/H%qu o= ) (14 gy

J=1 J

£ 30 G < O (14 )L (1332

j=k+1

Therefore, p € Sym™!

Following the same process, we could obtain that p—Z;?:l ©;p; € Sym™*
Since m; — —oo, for any m € Z, there exists K > 0 such that for any
k> K, p— Z?Zl Q;p; € Sym™. Since (1 — ¢;)p; € Sym
p— Z§:1 p; € Sym™. Thus Z;‘il p; is the formal development of a pseudod-
ifferential operator.

If P’ is another pseudodifferential operator with symbol p" has the same
formal development, then for any m € Z, p — p’ € Sym™"™. Thus p —p' €
Sym™ .

The proof of Proposition 1.3.5 is completed. [

~°, we have
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From (1.3.1), we have

(Pu)(z) = (2m)" / n / (e, ©uly)dyde. (1.3.33)

The following lemma is technical. But in Shubin’s famous book, he
strongly urges the reader to carefully look at this proof. Therefore we present
it here.

Lemma 1.3.6. Let a(x,y, &) be a smooth matriz-valued function on RxR xR
with compact x- and y-support. Fiz m € R and assume that for each «, 3,7,
there is a constant Cy 5, > 0 such that

|Dg Dy DYal < Copy(1+ (€)™, (1.3.34)

Then the operator K : . — . given by

(Ku)(z) = (27)" / 18 oz y. )uly)dyde (1.3.35)

R7 xR"™

is a pseudodifferential operator whose symbol k has asymptotic development

k(2,6 ~ ) —(DgDya)(w,,€). (1.3.36)

Proof. From (1.2.24), (1.2.29), (1.2.30) and (1.3.35), we have

(u)(a) = 2" [ 0 ([ e 9atay uiay ) ae
= (2m) " / g dg = (2m)7 / ' @y x 1) (€)dg

n

=0 [0 [ (e g - natndnds
= (2m)~"/2 / ) etem) ( / ) e, (1, & — n,g)dg) a(n)dn. (1.3.37)

We need to check the interchange of integrations in the last equation is al-
lowed. From (1.3.16) and (1.3.19), since a is with compact z- and y-support,
for any [; € N, there exists (', > 0 such that

iy (2,6 —0,6)| = (2m) " / 50z, 5,€)ds

< C(L+IEN™A+1E—n)™". (1.3.38)
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Since @ € .7, for any l; € N, there exists C}, > 0 such that
[a(n)| < Cip(1+ In]) " (1.3.39)

Thus from (1.3.21), for l;, Iy € N, such that m+n/2 < l; < I, —n/2, we have

lay(2,& = n,€)l|a(n)| < CCy(1+ (€)™ (1 + )"~ (1.3.40)
Thus the interchange of integrations is allowed.
Let
k(z,m) :/ @G (1,6 =, €)dE = | 94, (x, ¢, ¢ +n)dC. (1.3.41)
n Rn

Then from (1.3.11), if k(z,n) satisfies (1.3.10), K is a pseudodifferential
operator with symbol k(z,n).
For [ € N, we have the Taylor expansion in the third variable,

jle
ay(2. G, CHm) = -

o<l

(Dyay)(z, ¢, n)¢" + Ri(z, ¢, ¢ +m).  (1.3.42)

al

Remark of Taylor expansion: For function F € .7, the Taylor expansion is

1
F(z) = Z aF(a)(O)xo‘ + Ry(x), (1.3.43)
lal<t
where
I+1 ! L)
Rz)= Y —a" [ (1=0)'FW(tw)dt. (1.3.44)
=41 0

We explain (1.3.44) here in some details. By Taylor extension and the integration remain-
der in one variable, for ¢ € €>(R), we have

o(t) = 9(0) + Ot + -+ o O)F + i),

where

() = o /O (t — 5)Ep+D) (5)ds.

Set p(t) = F(tx). Then
et)y="> FDx)z’, ¢"(t)=> > FUH)(tz)z’™ = " P (t)a’.

17]=1 |7]=1|K|=1 171=2

By induction, we have

o) (1) = Z FO (tz)a’ .
|T|=k
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So we have
1
Z WF(J) T = o (1 —s)k Z FYU (sz)a’ ds.
|J]< |J|=k+1
Note that
Z Dl — Z y(oé)F(Ot)ma7
|J|=k |la|=k
where

- ()- ()

Thus we get (1.8.43) and (1.3.44).

By (1.3.44),
(l+ 1) 41 } R
R Ccmy= 3 L / (1= (Dl ) G, 1€ + )t
PESEE N
(1.3.45)
Since
/ D) @ et = |96 (D) (e, ¢ mdd

= / ¢ @O (DaDaay)(x, ¢, n)d¢ = (D Doay)(x,x,m), (1.3.46)

from (1.3.41), (1.3.42), (1.3.45) and (1.3.46), we have

il

k’(ﬂ”ﬂ]) - Z J(Dngay>(xux7n> + 7’1(%77)7 (1347)
lal<t
where
e, ) = / £09 Ry, ¢, ¢ + n)dC. (1.3.48)

By Proposition 1.3.5, we only need to prove that for any [ € N, r;(z,n) €
Sym l+1)
From (1.3.45) and (1.3.48),

|DSDlry(z, )| < | |DEDERi(x,¢,¢ + n)ldC
Rn

< ¥ EE [ a-0wspga e+ netdc. (1.3.9)

lu|=l+1
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From (1.3.34),

¢7(Dg Dhay) (x, ¢, t¢+n)| = (2m) ™"/

/ e—f<y’<>@<D3D5a><x,y,tg+n>dy'

= (2#)_”/2

- Dje i >(D$Dna)(w7y,t4+n)dy‘

[ e oz i+ i

< Cagy vol(y — supp(a)) (1 + [t¢ + n|)™ 1
< Capy(1+ [t¢+n))™ Pl (1.3.50)

= (2m) "2

From (1.3.49) and (1.3.50), taking [+ 1 > m, v > n+2(l+ 1) + |5 + m,

1
\D;?Dﬁn(x,ﬂﬂ < Caﬂfyl/ / (1_t>l(1+|t<+n‘)mf(lJrl)*\ﬁl(1+|C|>7'y|ql+1d<dt
R JO
1
< Coéﬁ'yl/ / (]_ —t)l(]_ + |77|)m—(l+1)_|6|(1 "‘t‘CDH_l—HBI_m(]_ + |C|)l+1—7dgdt
nJO

< Calg,yl/ (1 4 |m)m7(l+1)*\5|(1 + |C|)2(l+1)+\,3|7m,7dC
R
< Capp(1+ [y~ HHD=PL (1.3.51)
The proof of Lemma 1.3.6 is completed. =

Remark 1.3.7. If the function a(x,y,&) in Lemma 1.3.6 vanishes for all
(x,y) in a neighborhood of the diagonal, then the corresponding operator K
given by (1.3.35) is infinitely smoothing.

For a differential operator P, from the definition, we see easily that P is
local, that is, for u € 65°,

supp(Pu) C supp(u). (1.3.52)

Remark that a surprising theorem by Peetre says that if a linear operator
satisfies (1.3.52), it is a differential operator. So we cannot expect the pseu-
dodifferential operator is local. But we can prove that it is e-local up to a
smoothing operator.

For A C R" and € > 0, we set

A, = {x e R" : dist(z, A) < e}. (1.3.53)
An operator P : . — .7 is called e-local if for any u € 6°,

supp(Pu) C supp(u)e.. (1.3.54)
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Proposition 1.3.8. For P € YDO,, with symbol p, which has compact x-
support, for any € > 0, there exists P. € YDO,, such that it is equivalent to
P and e-local.

Proof. Choose a smooth real-valued function ¢ on R” x R" such that ¢ =1
in a neighborhood of the diagonal and ¢ (z,y) = 0 if |x — y| > e. Then

(Payw) = @0 [ [ e uldyds (1359

is e-local. By (1.3.33) and Lemma 1.3.6, P. is a pseudodifferential operator
with symbol p. ~ p. Thus P. is equivalent to P.
The proof of Proposition 1.3.8 is completed. ]

Proposition 1.3.9. Let x1, x2 € €5°(R",R). For P € ¥YDO,,,
PaX2(y) .= x1 P(xou) € ¥YDO,, . (1.3.56)

Proof. From (1.3.56),

(Pecu)(a) = 2m) " [ [ IOl Onal)uly)dude. (1357)

Set a(x,y,£) = xi1(z)p(x,&)x2(y) in Lemma 1.3.6, we obtain Proposition
1.3.9. 0

Proposition 1.3.10. Let P be a pseudodifferential operator and v € H?
for some s € R. Then for any open subset U C R"™, if uly € €, then
PU|U S E.

Proof. For x € U, choose x1,x2 € 65°(R",R) such that x € supp(x1) C
supp(x2), X1 = 1 near z and y3 = 1 on a neighborhood of supp(yi1). By
Proposition 1.3.2, we have P(xou) € €*°. Thus x1P(xau) € €. Since

AP((=xu)(e) = (20" [ (e, (1 - xa)wulo)duds
(1.3.58)

and x1(x)(1 — x2)(y) vanishes in a neighborhood of the diagonal, by Remark
1.3.7, we have x1 P((1 — x2)u) € €. Therefore, x1 Pu € €°°, which means
that Pu is smooth near x. []

Note that the pseudodifferential operator is not local. Sometimes, in
order to define it on manifolds, we need some conditions to guarantee that
we can do analysis on a local chart.
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Definition 1.3.11. For P € YDO,,, if there exists a compact subset K C R"
such that for any u € 65°, supp(Pu) C K and Pu = 0 whenever supp(u) N
K =, we say P has support in K. The set of such operators is denoted by

UDOg .

If P is an m-th order differential operator with the supports of all coeffi-
cients in K, then P € VDOg ,.

Let K" C K be a compact subset such that there exists € > 0 such that
dist(K',0K) > €. Let ¢ € €5°(R™ x R",R) such that ¢¥(z,y) =0if x ¢ K’
or |t —y| > e. Then for any p € Sym™, the pseudodifferential operator
associated with ¢ (x, y)p(x, &) in (1.3.35) is an element of WDO ,.

Definition 1.3.12. For P € YDOg ,,, its formal adjoint P* is defined by
(Pu,v)p2 = (u, P*v) 2, (1.3.59)
for any u,v € G5°(K).
Proposition 1.3.13. For P € VDOg,, with symbol p, its formal adjoint
P* € YDOg ,, has symbol p* with formal development
P~y %'D?Dg‘ ol (1.3.60)

where (-)T denotes the transposed matriz. In particular, the formal adjoint
is unique up to smoothing operators.

Proof. For u,v € 65°(K),

Puvt = [ (@0 [ [ eyt iy, ote) ) da
—en [ [ / I p(a, €)uly) o)) dydeda
(27)" / / / —ife-ye) (:):,f)Tv(:)s)>dyd§d:v. (1.3.61)

Formally, we could write P*v = T Jon Jgn €7V p(2 §) v(z)dédz.

But usually, p(z,€) ) does not satlsfy (1.3.34)the condition of Lemma 1.3.6.
We use the following trick to overcome this obstruction. Fix ¢ € €5°(R", R)
such that ¢ =1 on K. Then ¢u = u. From (1.3.61), we have

(Pu,v)p2 = (27)~ "/n /n /n z<x—y,£>mTv(x)> dydeda
/ . / . / et ¢(y)p(x>€)Tv(x)>dyd5dx. (1.3.62)
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In this case, from (1.3.10), we have

D2 DEDIG(y)p(w,) | < Cogy (L + [y, (1.3.63)
Thus from Lemma 1.3.6,
(P*v) (27m)~ // =28 g (y)p(, ) 5) v(z)déde, (1.3.64)

satisfying (Pu,v)r2 = (u, P*v)2, is a pesudodifferential operator with sym-
bol

T

iled
p*(x,f>~2 — DDy o()p(y,€) Z D?D p(,€) . (1.3.65)

r=

The last equality holds because p(z, &) has z-support in K.

If P} is another formal adjoint of P, then the symbol of it has the same
formal development as p*. Thus P — P* is a smoothing operator.

The proof of Proposition 1.3.13 is completed. ]

From Proposition 1.3.13, we could obtain another formula of 152(5) as
follows. For u,v € .&,

(Pl = (P = [ (ule).m 2 [ o9y gu@rie ) do
- / n<(27r)_”/2 / ne_i<x’§>mTu(x)dx @<g)>d5 (1.3.66)

Therefore, we have

Pu(e) = (2r)""2 / D) u(a)d (1.3.67)

Proposition 1.3.14. For P € UYDOgk; and Q) € YDOg,, with symbols p
and q respectively, the composition P o () € YDOg 14, has symbol

Sym(Po Q) ~ )  —(D¢p)(Dia). (1.3.68)

«

Proof. By (1.3.11) and (1.3.67), we have
(PQu)a) = (2m) 7% [ (o, €)Quie)ie
= [ e T8 s (1:309)
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Since P € YVDOg,; and € YDOg,,, there exists Cnp, > 0, such that

D2 DEDp(, ) (5. €)' | < Clasiy(1+ )™, (1.3.70)

Thus by Lemma 1.3.6, P o Q) € YDOgk 14 ,.
Since (P*)* = P, by (1.3.36) and (1.3.60), we have

iled R
Sym<PQ>~Z F(DEDyp(, )¢ (1,€) o=y

i jlal
2T y 5,, Dip(e, )(DI DS (@,€)' )

© Bty=a

P> T (Dl DI DEDLT )

= ;ilﬁ—ilwfp(x,@wf (Z o —D{D)q*(x,€) )
Z“ﬁ,'( ol ) (Dla(r,€)). (1371)
The proof of Proposition 1.3.14 is completed. O

Proposition 1.3.15. Let ¢ : U — V be a diffeomorphism between two
open sets of R™. Then for each compact subset K C U, ¢ induces a map
(;5* : \I/DOKJn — \I!DOd,(K),m by

(6. P)(u) :== P(uop)op . (1.3.72)
Proof. Let i = ¢~1. For x € ¢(K), write 2/ = ¢(). Then

1

Y= =) = 0(0) = [ Golta+ (1= On)at

= /01 Vi(te + (1 —t)y)dt - (x —y). (1.3.73)

Set U(x,y) = fo Vi(te + (1 — t)y)dt. Then it is a smooth matrix-valued
function. Smce U(x,x) = (0Y'/027), and v is a diffeomorphism, the matrix
U(z,y) is invertible in a neighborhood U of the diagonal.

Let J(x) := | det(9¢?/dz7),| denote the Jacobian of 1. Let x € 65°(U)
such that xy = 1 on a smaller neighborhood of the diagonal. Then for P &€
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UDOg,, and u € 65°(p(K), CP),

(6 Pyl () = [P(uo §))(2)
/ eV (5 x + ¢* (1 — ))&,y (', E)ul(y'))dy' de

— /Rn /n el(x—y,\P(w,y)T§>X(I,y)p(@b(iv),g)u(y)J(y)dydg

b [ e @ e ulot)dy s
=: (Pyu)(z) + (Pou)(z). (1.3.74)

By Remark 1.3.7, since P has compact support, P is a smoothing operator.
Let ¢ = U(x,y)T¢. Then

Pte) = [ [ @O gplv(o), (V) 0T
| det (U (z, y)") Huly)dyd¢. (1.3.75)
Write

a(z,y,¢) = x(z,y)p(¥(x), (¥(z,y)") ') ()] det(¥(z,y)")~"|. (1.3.76)

Then by Lemma 1.3.6, we see that P, € UDO,,. It is easy to verify that
Py, P, have compact supports in ¢(K).
The proof of Proposition 1.3.15 is completed. ]

Now we define the pseudodifferential operator on manifolds.
Let M be a smooth manifold. Let E and F' be complex vector bundles
over M.

Definition 1.3.16. A continuous' linear map P : €°(M, E) — €>~(M, F)
is called a pseudodifferential operator of order m if for each coordinate sys-
tem {U;, ¢;}, for any o, € €°(U;), (¢; )" (pPy) is a pseudodifferential
operator of order m. The linear space of all such operators is denoted by
UDO,,(E, F). The element in YDO_,(F, F) is called a smoothing opera-
tor. Two pseudodifferential operators are called equivalent if they differ by
a smoothing operator.

Nk} C 65° tends to 0 if there exists a compact subset K C R™ such that supp(¢x) C
K for any k and for any a, D%¢p; — 0 uniformly on z € K. With this topology, €;° is
usually denoted by 2. {pr} C € tends to 0 if for any compact subset K C R™, for any
e > 0 and «, there exists N > 0 such that if k > N, supy | D%y | < . With this topology,
%° is usually denoted by &. We assume that P : ¥ — & is continuous.
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By this definition, a differential operator is a pseudodifferential operator.

Proposition 1.3.17. Let P € VYDO,,(E, F). For any open set U C M,
uly € € implies Puly € €°°.

Proof. Take x € U. Choose a local coordinate system {U;, ¢;} such that
x € Uy, and @ ¢ U;x,U;. Let {h;} be a partition of unity with respect
to {U;}. Let W = U N (Uizi, U;)¢. Tf w is smooth near , then so is hy,u.
Therefore, Pu(y) = hi,(y)Phi,(hi,u)(y) is smooth near x.

The proof of Proposition 1.3.17 is completed. [

Proposition 1.3.18. (1) If for any s,m € R, any compact set K C M, P
extends to a bounded linear map P : H{(K,E) — H* "™ (K, F), then P is a
smoothing operator.

(2) Let p,vb € €5°(M). If supp(p) N supp(y) = O, then Py is a
smoothing operator for any P € YVDO(E, F).

Proof. (1) For any v € H{(K, E), Pu € €>°(K,F). Thus for any ¢,¢ €
¢5°(Us), pPyu € €°(U;, F). Thus ¢P1 is a smoothing operator. By
Definition 1.3.16, P is a smoothing operator.

(2) For any v € H{(K, FE), for any = € supp(y), Yu = 0 near z. By
Proposition 1.3.17, ¢ Pyu is smooth near z. If = ¢ supp(y¢), ¢Pvu(z) = 0.
Thus @Piyu is smooth on M. So P is a smoothing operator. [

Given a Riemannian volume element dv on M, we can define a for-
mal adjoint P* : 65°(M, F*) — €>°(M, E*) of operator P : 65°(M,E) —
¢ (M, F) by

/M (Pu, vydv — /M (u, P*0)do (1.3.77)

for u € €5°(M, E) and v € 65°(M, F*).

Theorem 1.3.19. Let E, F and G be vector bundles over a smooth manifold
M and let P € YDO,,(E, F) and Q € VDO,(F,G) with the compact support
K. The following statements hold:

(1) The operator P extends to a bounded linear map P : H{(K,E) —
H*"(K, F) for any s € R.

(2) Qo P € UDO,(E,G).

(8) P* € ¥DO,,(F*, E*) for any dv.

(4) A diffeomorphism ¢ : M — M induces a linear map ¢, : YDO,,(¢*E, ¢*F) —
UDO,(E, F) by ¢*[(¢.P)u] = P(¢™u).
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Proof. (1) Let {U;,¢;} be a local coordinate system. We only consider
the part which covers K. We could assume that U; = ¢; ' (By(4)), Vi =
¢;*(Bo(1)) and K C UV;. Let {h;} be a partition of unity with respect to
{V;}. For u € 65°(K, E),

[Pulls =Y |Ih;Pully <Y |k Phihiul. (1.3.78)
J 1,5,k

If supp(h;) Nsupp(h;) # O, supp(h;) C U;. So ||h;Phihiulls < |[hiuls—m. If

supp(h;) Nsupp(h;) = 0, hjPhyh; is a smoothing operator. Thus

|Pulls < l1h Phihiulls < C (it s—m = Clltlsm. (1.3.79)

1,5,k i

(2) follows from QP =", gth;/Qh}/QPw.

(3) follows from @ P*y = (Y Pyp)*.

(4) follows from ¢*[(¢. PY)u] = ((671) ) P((671) ) (" u).

The proof of Theorem 1.3.19 is completed. [

In the rest of this section, we study the symbol of pseudodifferential op-
erator on the manifold. We want to glue the symbols on each chart together.

We start from the differential operators. Let P : €°(M, E) — €>°(M, F)
be a differential operator such that on a coordinate chart U;,

Ply,= > AQ(%W). (1.3.80)
loo|<m
What is the relation between AS;') and Ag)?
From (1.1.5), for example,

o o) 9
8x(1i) a'zcgi) 81:,(3 )’
. T (1.3.81)
0° o [0z o Oz ox))  9?
- =2 T P . il N AR
8965’)(%%1) 893;’) @argz) 8:}5,(51 ) 8:1:%1) 8:178) Gx,(é )Ox,(jl )

If the order is higher than one, terms are more and more crazy. We have to
do the coordinate transformation modulo the (m — 1)-th order terms. That
is,
m () j
5 C o) o)) o
(4) (i) 9.0 () 9,..0) ()
O, -0z, Ox), dx,” Oxy) - - - Oxy)

+ (m — 1)-order terms.

(1.3.82)
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Thus the only transformations of the top order are meaningful,

o) oal)

AD = A M (1.3.83)
bt = Ao 55 ot
As in (1.3.2), we write
oe(P)|y, = > iAD (2)ex V), (1.3.84)
|a|=m
If o¢(P) is globally defined, the necessary condition is
©)
et = Ok (1.3.85)
ax(i)
l
From (1.1.14), we have
g = POz, (1.3.86)

Thus if £ = F = C, we can regard o¢(P) as a function on { € 7*M. In fact,
let {U; x CP} be an atlas of T*M with diffeomorphisms

O, T*Mly, = U; x CP, (x,€) > (¢(x), &Y. (1.3.87)

Then the transition function is diag{¢;;, (D(¢:;;)~")"}. By (1.1.2), o¢(P) is
a function on £ € T*M. For smooth map f: M — N, if 7’ : E — N is a
vector bundle over N, we can define the pull-back bundle by

fA(E)={(m,v) e M x E: f(m)=7"(v)}. (1.3.88)

Easy to see that f*FE is a vector bundle over M.
Let m : T*M — M be the natural projection. In general, o¢(P) €
€ (T*M,Hom(7*E, 7*F)), i.e., o¢(P) is a bundle map?

o¢(P) : m"E — 1" F, (1.3.89)

which is called the principal symbol of P. From (1.3.75), it is obvious that
for differential operators P, P’ : €*°(M,E) — €>*(M,F), Q : €°(M, F) —
€ (M,G) and tq,ts € C, we have
O’g(tlp + tgpl) = tlo'g(P) + tng(P’),
0e(Q o P) = 0¢(Q) o 0¢(P).

2A bundle map is a map between two bundles over the same manifold which restricts
to one point on the base manifold is a linear transform.

(1.3.90)
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Now we extend the definition of the principal symbol to the pseudodif-
ferential operator on manifold.

Let P = Y P, € UYDO,,(E,F) and P, is defined on U; from the map
¢i : U; — R™. From (1.3.36) and (1.3.76), after a diffeomorphism ¢;;, since
X(x,y) = 1 near the diagonal, we have

4 . il . .
Sym(¢f;P) (e, §9) ~ 3 =L DD I(y)| det O]p(@35(2), 06V,

(1.3.91)

where © = [(0x®/029)T]71 and J(y) = |det(02®/9z9)),|. Then Since
|det ©] = J(z)~!, we have

Sym(¢};P)(zD, £9)) ~ p(a®, ©¢Y))  mod Sym™ ", (1.3.92)

Therefore, as in (1.3.89), we could define the principle symbol o¢(P) €
> (T*M,Hom(r*E, m*F)).

Definition 1.3.20. We say p € ¢°°(T*M,Hom(r*E,7*F)) is a symbol of
order m if p defines an element of Sym™ in each local coordinate chart. From
Proposition 1.3.15, the definition is independent of the choice of the atlas.
The vector space of all such symbols of order m is denoted by Sym™(E, F').

If P € ¥DO,,(E, F), then o¢(P) € Sym™(E, F)/Sym™ ' (E, F).
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1.4 Elliptic operator

1.4.1 Parametrix

Definition 1.4.1. Let P be a differential operator. We say P is elliptic if for
any non-zero cotangent vector & € T*M, the principal symbol o¢(P) : E — F
is invertible.

Definition 1.4.2. Let P € ¥DO,, with symbol p. We say P is elliptic if
there exists a constant ¢ > 0 such that for all || > ¢, the matrix inverse of
p(x, &) exists and satisfies

p(z, )7 < CA+Eh™ (1.4.1)
for some constant C' > 0.

Definition 1.4.3. Let P € ¥YDO,,,(E, F'). We say P is elliptic if its principal
symbol o¢(P) € Sym™(E, F)/Sym™ (E, F) has a representative p and for
some Riemannian metric, there exists a constant ¢ > 0, such that for all
€] > ¢, the matrix inverse of p(x, &) exists and satisfies

PO <Ca+ g™ (1.4.2)
for some constant C' > 0.

Remark that the symbol p(z, ) in conditions (1.4.1) and (1.4.2) could be
replaced by the principal symbol o¢(P).

It is easy to see that if P is a differential operator, Definition 1.4.3 is
equivalent to Definition 1.4.1.

From Theorem 1.3.13, if P € YDO,,(E, F), P* € ¥YDO,,(F*, E*). Since

oe(P*) = ag(P)T, P is elliptic if and only if P* is elliptic.

Lemma 1.4.4. Let P € WDO,, be a elliptic operator. Then there exists an
operator () € YDO_,,, unique up to equivalence, such that

PQ=1d-S, QP =1d-S, (1.4.3)
where S, S" € YDO_,.

Proof. We only need to prove that for any compact subset K C R", on
¢5° (M, E), (1.4.3) holds. Since the composition of a smoothing operator
and a pseudodifferential operator is a smoothing operator, by Proposition
1.3.8, we may assume that P and () have compact support.
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Let ¢ be the constant in Definition 1.4.2. Let x : Rt — [0, 1] be a smooth
cut-off function such that x(¢) = 0 for ¢ < ¢ and x(¢) = 1 for t > 2¢. For
r € K, set

qo(, ) = x(1¢))p(, &)~ (1.4.4)
We claim that
go € Sym™ ™. (1.4.5)
In fact, for a = =0, from (1.4.1), on [{| > ¢, we have
DS D p(w, &)1 < C(1+[¢))~ 1P (1.4.6)
We write v = (a, 8) € N*" and D7 = D;‘D? On |€| > ¢, we have

|

_ v ’ ", _
0=D"p-p )= > o DD (p7h). (1.4.7)
=y T
Thus we have
_ _ '}/' ’ ", _
Dpt=—p " Z 7/|,y//|D7p D" (p 1)' (1.4.8)

Yy =y #0

Now we take induction on |y|. If |y| = 0, (1.4.6) holds. We assume that
(1.4.6) holds for |y| < k — 1. Then by (1.4.8), we have

D HI<C YT @)+ )™+ fef)
|18"1+18" =I5
<C+ gL (1.4.9)

Therefore, on [£] > ¢, (1.4.6) holds for any «, . Thus the claim (1.4.5)
follows from

! / "
Dz, &)l < > S DXID (T < G+ g (14.10)

I A

Y=y
By induction, we set

T2 > T (DEa)DEp) ¢ o (1.4.11)

qx =
=0\ la[+i=k

<
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From (1.4.5), we have
qr € Sym™ . (1.4.12)

Let Qr € ¥YDO,,,_; be the pseudodifferential operator with symbol p,. Then
we have

Sym(QoP ~1—|—Z 00)(Dgp) + Z D¢qo)(Dgp) + -+
lo|=1 . |a|=2 :
jlal N
Sym(Q1P) ~  — lIZIJ(Dg ) (D5p)qop + |Zl i Dg @) (Dgp) + -+
! el .
Sym(Q2P) ~ - Z Z J(Dg q;)(Dgp) ¢ - qopo + - -+
7=0 |\ |a|+j=2
(1.4.13)

From (1.4.13), letting

g~ (1.4.14)

and @) € YDO_,, be the pseudodifferential operator with symbol ¢, we have
Sym(QP) = 1. Thus QP — Id is a smoothing operator. Remark that all
constants in this proof are independent of the compact subset.

From the same argument, we could construct ' € WDO_,, such that
PQ’ — 1d is a smoothing operator. Thus

Q~QPQ) ~ (QP)Q" ~ Q. (1.4.15)
The proof of Lemma 1.4.4 is completed. Il

Theorem 1.4.5. Assume that P € VDO,,(E, F) is elliptic. Then there
exists Q) € YDO_,,,(F, E), up to equivalence, such that

PQ=1d-S', QP=1d-5, (1.4.16)

where S, S" are smoothing operators. The operator Q) is called a parametriz
of P.

Proof. We take a coordinate system {Uj;, ¢;} such that E, F are trivial on U;.
Let {1} be a partition of unity with respect to {U;}. By Definition 1.4.3,
for any compact subset K of U;, P : 65°(K, E) — €>(K, F) is elliptic. By
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Lemma 1.4.4, there exists Q; € ¥YDO_,, : 65°(U;, E) — €>(U;, F), such
that PQ; = Id—S;, where S; : ¢5°(U;, E) — €>°(U;, F') is a smoothing
operator. As in the proof of Lemma 1.4.4, we may assume that Q;1); has
compact support K; such that supp(y;) C K; C U;. Let ¢,¢; € 65°(U;)
such that ¢ =1 on K; and ¢; =1 on supp(p). Then

0iPpQiti = pi PQiyi = i — 0iSithi. (1.4.17)

Note that ¢;S;1; € VDO_(E, F). By Proposition 1.3.18 (2), (1—¢;) PQ;v; =
(1 — i) PpQitb; € YDO_(FE, F). Thus

Q' =) Qb € YDO_,(E,F),
Then

PQ' = P(Z Qithi) = ZPini = Z i PQii + Z(l — i) PQi;
=D =Y @S+ (1— ) PQu =1d =5 (1.4.19)

From (1.4.19), For P* € WDO,,(F*, E*), there exists Q* € UDO_,,(E*, F*¥)
such that P*Q* = Id —S*, where S € YVDO_(E*, E*). Taking the adjoint,
we have QP =1d —S. Asin (1.4.15), we have Q ~ @'.

The proof of Theorem 1.4.5 is completed. ]

Let L2 (M, E) be the space of locally L?-integrable sections of E on X

(L*-integrable on any bounded subset of X).

Theorem 1.4.6 (Elliptic regularity). Let P € VDO,,(E, F) be a elliptic
operator.
(1)Let u € L} (M, E) with compact support K. If Pu € Hy(K, F), then

loc
we H (K, E).
(2) For any open subset U C M, if Pu € €>*(U, F), thenu € €=U, E).

(3) If Pu= Au for some A € C and m > 0, then u is smooth.

Proof. (1) From Theorem 1.4.5, there exists ) € VDO_,,(F, E), such that
Id =QP + S, where S is a smoothing operator. So

||u||s+m < ||QPU||s+m + ||SU||s+m < C“PUHS + OHUHO < 0. (1.4.20)

Thus v € Hj"™(K, E).

(2) For U ¢ M, if Pu € €>(U,F), by Proposition 1.3.17, QPu €
¢>°(U,E) and Su € ¢°(U,E). Thus by Id = QP + S, u € ¢°(U, E).

(3) If m >0, P—\Id € YDO,,(E, F). By (2), since (P — AId)u =0 is
smooth, u is smooth.

The proof of Theorem 1.4.6 is completed. ]

(1.4.18)
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Theorem 1.4.7 (Fundamental elliptic estimate). Let P € WDO,,(E, F) be
a elliptic operator. For any s € R, there exists C > 0 such that for any
ue Hy"™ (K, E), we have

[ullstm < CUIPulls + [lulls)- (1.4.21)

Thus the norms || - ||s4m and |P - ||s + | - ||s are equivalent.

Proof. From Theorem 1.4.5, there exists @) € VDO_,,(F, E), such that Id =
QP + S, where S is a smoothing operator. So

[wlls4m < NQPUl|spm + [1SUllsym < C||Pulls + Cluls. (1.4.22)
The proof of Theorem 1.4.7 is completed. [
Obviously, Theorems 1.4.6 and 1.4.7 hold for M = R". We state it here.

Theorem 1.4.8. Let P € YDO,, be a elliptic operator.
(1)Let w € L*. If Pu € H?, then u € H™™.
(2) For any open subset U C R", if Pu € €>°(U,CP), thenu € €>°(U, CP).
(3) If Pu = Au for some A € C and m > 0, then u is smooth.
(4) For any s € R, there exists C;C" > 0 such that for any u € H¥™,
we have

[ullstm < CUIPulls + llulls) < Clullsm. (1.4.23)

Thus the norms || - ||s4m and ||P - ||s + || - ||s are equivalent.

Corollary 1.4.9 (Inner gradient estimate). Let P be an elliptic differential
operator of order m > 0 defined on an open subset ) of R™. Then for any
compact subset K C Q and k € N, there exists Ck, > 0 such that for any
solution u of the equation Pu = 0, we have

lullker < Crpllullogo, lullker < Crpllulla.re. (1.4.24)
Proof. Choose ¢ € 65°(£2) such that ¢ =1 on K. Then
P(pu) = ¢Pu+ P'u = P'u, (1.4.25)

where P’ is a differential operator of order m — 1. By Theorem 1.4.7,

[ulle.s < l[eullas < CUIP(eu)llos—m + l[eullas—m)
= C(IIP"ullas—m + llptllas—m) < C'luflqs-1. (1.4.26)

Take a sequence K CC Q) CC Qy CC -+- CC Qy = Q. Using (1.4.26) re-
peatedly, by Sobolev embedding theorem, we get the inner gradient estimate
(1.4.24).

The proof of Corollary 1.4.9 is completed. [
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1.4.2 Laplacian

In this subsection, we introduce the most important elliptic operator: Lapla-

clan.
For vector fields X, Y on manifold M, we define the vector field [X,Y]
by

X, Y]f = X(Yf) — Y(X]), (1.4.27)

forany f € €°°(M). Assume that M is a Riemannian manifold with Rieman-
nian metric g”*. Then there is a canonical connection V™ : (M, TM) —
C>°(T*M ® TM), called the Levi-Civita connection defined by

2(VXY7 Z) = ([X7Y]’Z) - ([Y7 ZLX) + ([ZaXLY)
Y X(Y,Z)+Y(Z,X) - Z(X,Y), (1.4.28)

where XY, Z are vector fields and (-,-) = g?*(-,-). It is the unique connec-
tion which preserves the Riemannian metric:

d(X,Y)=(VX,)Y)+ (X,VY) (1.4.29)
for vector fields X, Y, and which is torsion free:
VxY - VyX = [X,Y]. (1.4.30)
On R", the Laplace operator is defined by

2
A= —%. (1.4.31)

(2

Let E be a vector bundle over a Riemannian manifold M, with connection
VE. Let {e;}; be an orthonormal basis of (T, M, g"™), i.e., locally e; is a
vector field and at = € M, (e;,e;) = d;;. Then naively we want to define the
Laplace operator on vector bundles by

AF = VEVE, (1.4.32)

As usual, we need to check that the operator is independent of the basis
chosen. Let {e/}"_, be an orthonormal basis of (T, M, g"™) such that e} =
hije;, where (h;;) is an orthogonal matrix. Then using this basis,

— VEVE = —hgVE (hi;VE) = —hyphyVEVE — hyVE
— EoFE E
- jkvekve]- - h’tkvvgk (hijej)—hijvgkej
= —VIVE Vg, 0+ Vg, ., (1.433)

%
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where V is any connection on 7'M. Thus
-VEvE+vE ., (1.4.34)

does not depend on the choice of the basis. For the convenience and the
uniqueness, we take V = VM the Levi-Civita connection.

Definition 1.4.10. The Laplacian A on ¥>(M, E) is the second order
differential operator

AP =-VIVE 4 VVTMQ (1.4.35)

Locally, the second order term of the Laplacian is just (1.4.31). So the
principal symbol

oe(AF) = €] - 1dg . (1.4.36)
By Definition 1.4.1, A¥ is a elliptic operator.

Proposition 1.4.11. For uy,us € 65°(M, E), if VE is a Hermitian connec-
tion, then we have

/(AEul,UQ)dv:/ (Viul,vgm)dv:/ (uy, APuy)dv. (1.4.37)
M M M

Proof. Take a € € (M, T*M) such that
a(X) = (Viuy, up), (1.4.38)
for vector field X. Then
ei(ale;) = (VEur, VEus) — (APuy,up) + (VY e)). (1.4.39)

Note that a(e;)e; is a vector field which is independent of the choice of the
basis. Then

B = ta(e)e,dV = Z(—l)ia(ei)el Ao NE N Ne™. (1.4.40)

%

is a global defined differential form. Since e /\VT M gatisfies three conditions
in Proposition 1.1.11 by replacing d to e' A VT M we have an important
formula

d=e AVEM (1.4.41)
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Thus
dB = e;(afe;))et Ao Ne" + Z(—l)ia(ei)ek AVEM(E AN A NeT)
ik
=ei(afe))e A A"+ ) ale)VEM(e A Ae)

- Z a(ei)(VETI:Mek, e)et Ao Ae (1.4.42)

ik
Note that
(Ve, Meeh) = %((VET:Mek? e") + (", Ve, Meh)) = ei((ef, ef)) = ei(1) = 0.
(1.4.43)
Thus
VI A ne™) =) (VEMeR eFyel Ae Aet =0 (1.4.44)
k
Since
(VeTk*Mek,e,») = —(ex, VZ;MeZ-) = <VeTkMek,ei>, (1.4.45)
from (1.4.42)-(1.4.44), we have
dB = (ei(a(e;)) — a(VIMe))e Ao Aem (1.4.46)
From (1.4.39) and (1.4.46), we have
(VEuy, Vi) dv — (APuy, ug)dv = dp. (1.4.47)

Therefore, our proposition follows from (1.4.47) and the Stokes formula.
The proof of Proposition 1.4.11 is completed. O

Definition 1.4.12. The generalized Laplacian (Schrodinger operator) H
associated with V¥ is of the form

H=A"+Q, (1.4.48)

where @ is a section of End(E) = E*® E on M with lower bound, i.e., there
exists C' > 0, such that for any u € 65°(M, E),

(Qu,u)r2 > —C|lul*. (1.4.49)
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We say H is symmetric if V¥ is a Hermitian connection and Q* = Q.
From Proposition 1.4.11, for symmetric H, we have

/M (Huy, up)dv = / (ur, Huy)dv. (1.4.50)

M

Theorem 1.4.13 (Garding’s inequality). Let K C M be a compact subset.
For symmetric H, there exists C' > 0 such that for any u € 65°(K, E),

Jull} < C((Hu,u)2 + [Jullf). (1.4.51)

Proof. From Proposition 1.4.11, (1.4.48)and (1.4.49), we have

(Hu,u)r2 = (Au,w)r2 + (Qu,uw) 2 = [[ul|f + (Qu,w) 2 — |Jull3
> lullf = (C+ Dullf. (1.4.52)

The proof of Theorem 1.4.13 is completed. [

1.4.3 Fredholm operator

Let T': Hi — Hs be a bounded linear map between Hilbert spaces. The
kernel of T is

Ker(T):={ve H,: Tv=0}. (1.4.53)
The range of T is
Im(T) :={Tv e Hy:v € Hi}. (1.4.54)

The cokernel of T is the quotient space

Coker(T) := Hy/Im(T). (1.4.55)

Definition 1.4.14. We say a bounded linear map 7" : H; — H, is a Fred-
holm operator if its kernel and cokernel are finite dimensional and its range
is closed. The index of the Fredholm operator is defined by

ind(7) := dim Ker " — dim Coker T'. (1.4.56)

Lemma 1.4.15. Let P: Hy — Hs and () : Hy — Hy be bounded linear maps
such that QP =1 — 57 and PQ) = 1 — Sy, where S; and Sy are compact
operators. Then P and () are Fredholm operators.
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Proof. 1f Ker(P) is infinite dimensional, we can choose an orthonormal basis
v1, Vg, -+ of Ker P. Since Si|kerp = Id, we can not find a convergent sub-
sequence of {S1(v;) = v;}. It is a contradiction with the fact that S is a
compact operator. Thus ker P is finite dimensional.

Let V be the orthonormal complement of ImP in Hy. Then V' ~ Coker(P).
Let P* be the adjoint of P. If v € Ker P*, then for any u € Hy,

0= (P*v,u) = (v, Pu). (1.4.57)
Thus v € V. If v € V, by (1.4.57) v € Ker P*. So we have
Ker P* ~ Coker P. (1.4.58)

Since S, is compact, S3 is compact?. Since Q* P* = Id —S;, we have dim(Coker P) =
Ker(P*) < +o0.
At last, we prove that ImP is closed. Let v, = Puy, k € N be a sequence
such that v, — v in Hy. We need to prove that v = Pu for some u € H;.
We may assume that u;, € (Ker P)*.
We claim that {uy} is bounded. Otherwise, by passing to a subse-

quence, we can assume that ||ug|| — oco. So P(ug/|ukll) = wvi/||ukl| —
0. Since S is compact, by passing to a subsequence, limy_,o (ug/||ug||) =
limg oo S1(ur/||ug||) = w. Note that ||w|| = 1. However, by continuity,

Pw = 0. Since P|ke p)+ is injective, w = 0. It is a contradiction. Therefore,
{ux} is bounded.

Since {ux} is bounded, by passing to a subsequence, Sjug — Uso. Since
Qur — Qu and Qu,, = QPuy, = uy, — Siuy, we have PQu = limy_, o (Puy —
PSiuy) = v — Pus. Thus v = P(us + Qu) € ImP. Therefore ImP is closed
and P is Fredholm.

By symmetry, () is also Fredholm.

The proof of Lemma 1.4.15 is completed. O]

Theorem 1.4.16. Assume that M is compact. Let P € VDO,,(E, F) be an
elliptic operator. Then for each s € R, Py : H*(E) — H*~™(F) is Fredholm
and ind(Py) is independent of s € R.

Proof. By Rellich Theorem, the smoothing operator is compact. Thus by
Lemma 1.4.15, P, is Fredholm.
By Theorem 1.4.6 (3), Ker P consists of smooth sections. Thus its di-
mension is independent of s. The same is for dim Coker P = dim Ker P*.
The proof of Theorem 1.4.16 is completed. O]

3”Functional Analysis” by Zhang gongqing, Theorem 4.1.5.
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Since ind(P%) is independent of s, we denote it by ind(P).

Add some properties of Fredholm operators, especially ind(7T + R) =
ind(7") for R compact. We could use it to prove that if ind(P) # 0 for
elliptic operator P, then o(P) = C.

Remark that the famous Atiyah-Singer index theorem explains ind(P) as
a topological formula.



Chapter 2

Spectral Theory

In the first chapter, we show that the operators we studied are bounded
between two Sobolev spaces. However, if we want to study the eigenvalues
of an operator, we must assume that it is a linear operator on one Hilbert
space. Unfortunately, if the operator has a positive order, it is not bounded
on a Hilbert space. But for elliptic operator, we could prove that it is a
closed unbounded operator on the canonical L?-space. In this chapter, we
will study the spectral theory, roughly speaking, the eigenvalues, of the closed
unbounded operator.

2.1 Compact operator

spectral theory, Hilbert-Schimidt, Trace class, kernel function, Schatten norm...
"Classes of linear operator I” "PDE I” Taylor, APP A.

2.2 Symmetry and Self-adjoint

2.2.1 Closed operator

As we discussed in Section 1.2.1, for a closed unbounded operator T': H — H
on a Hilbert space H, from the closed graph theorem: Theorem 1.2.11, T" will
only be defined on a linear subspace of H. This subspace, which we denote
by D(T), is called the domain of the operator 7" (for the definition of the
domain, we don’t need T is closed).

Warning: To study an unbounded operator on a Hilbert space, we must
first fix the domain and then see how it acts on that space.

67
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Definition 2.2.1. The graph of the linear operator 7' is the set of pairs
{{u,Tu) € H xH : uw € D(T)}. The graph of T, denoted by I'(T), is a
Hilbert space with inner product

((ur, v1), (U2, v2)) = (u1, uz) + (v1,v2). (2.2.1)

The corresponding norm is denoted by || - ||r. From (2.2.1),
[, T [[F = flull® + | Tl (2.2.2)

Recall that in Definition 1.2.9, we say T is closed if for u;, € D(T),
up — u, Tup — v, we have u € D(T') and v = T'u. The following proposition
follows directly from Definition 1.2.9. In fact, in many literatures, this is the
definition of the closed operator.

Proposition 2.2.2. The linear operator T is closed if and only if T(T') is a
closed subspace of H x H.

Proof. Assume T is closed. If (uy, Tug) converges in H x H with respect
to the norm (2.2.1), since |[(ug, Tug) || = [Jug|* + ||Tur||*, we see that uy
and T'uy converge. Let up — w, Tur, — v, since T is closed, u € D(T') and
Tu =v. Thus (ug, Tux) — (u,Tu) € T'(T).

Assume that I'(T) is closed. If for u, € D(T'), up — w, Tup, — v, since
[(T) is closed, the limit of (uy, Tug) exists in I'(T"), which is (u,v). Thus T
is closed.

The proof of Proposition 2.2.2 is closed. [

Definition 2.2.3. Let 7} and 75 be linear operators on H. We say T3
is an extension of 77, which we write Ty C Ty, if D(T7) C D(Ty), i.e.,
D(Ty) € D(T3) and for any v € D(1y), Tou = Tiu.

Definition 2.2.4. An operator T is closable if it has a closed extension. The
smallest closed extension, which exists obviously, is called the closure of T,

denoted by T

In the followings, we will prove that the elliptic pesudodifferential oper-
ators on R™ or compact manifolds are closable. This is our main purpose to
study closed operators here.

Proposition 2.2.5. If M is compact, the elliptic pesudodifferential operator
P:E>*(M,E) — €>°(M,FE) of order m > 0 is closable. We will also denote
the closure by P for the simplicity. In this case, D(P) = H™(M, E).
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Proof. From the elliptic estimate (1.4.21), the norms ||P - |jo + || - ||o and
| - [|m are equivalent. From Definition 2.2.1, the norm [|[P - ||o + || - || is
equivalent to the norm of the graph I'(P). Thus the closure of I'(P) is
{(u, Pu) :w e H™(M, E)}.

The proof of Proposition 2.2.5 is completed. O]

In the same way, we have the corresponding result for M = R".

Proposition 2.2.6. The elliptic pesudodifferential operator P : €*° — €
of order m > 0 is closable. We will also denote the closure by P for the
simplicity. In this case, D(P) = H™.

Remark 2.2.7. (1) If M is a general noncompact manifold, the case is
complex. We need additional conditions to obtain the elliptic estimates. We
will not discuss it in this note.

(2) If m = 0, by Proposition 1.3.2, P is bounded. If m < 0, by Rellich’s
theorem and Proposition 1.3.2, P is compact operator. They are easier to
handle than closed operator.

(3) From Propositions 2.2.5 and 2.2.6, we see that in general, even if T is
closed, D(T) may be not a closed space.

Proposition 2.2.8. If T is closable, then I'(T) = I'(T). Thus we could
obtain the closure of T be taking the closure of I'(T).

Proof. Suppose that S is a closed extension of 7. Then T'(T') ycr '(S) =T1(9).
Thus if (0,v) € T(T), v = 0. Let A = {u : v, s.t.(u,v) € € I'(T)}. Thus for
u € A, there exists unique v € H such that (u,v) € I'(T). Define R by
Ru =wv. Then I'(R) = T'(T"). So R is a closed extension of 7. Since R C S
for any closed extension S, we have T = R.

The proof of Proposition 2.2.8 is completed. ]

Remark that for general linear operator 7', the closure of I'(T") may not
be a graph of an operator.

Proposition 2.2.9. A linear operator T is closable if and only if for uy €
D(T), u, — 0, Tu, — v, we have v = 0.

Proof. If w, € D(T), ur, — 0, Tuy, — v, then (0,v) € T(T). Since T is
closable, by Proposition 2.2.8, (0,v) € I'(T). Thus v = 0.

For the other direction, if (u,v;), (u,vs) € T(T), then there exist ugx — u,
u), — u such that Tuy — vy and T'u), — vy. Note that uy —uj, € D(T'). Thus
up —up — 0 and T'(u, — u)) — v1 — va. So v1 = vyo. Thus we could define
a operator R such that for any (u,v) € I'(T), v = Ru. Since I'(R) = I'(T)
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is closed, by Proposition 2.2.2, R is a closed operator, which is a closed
extension of T
The proof of Proposition 2.2.9 is completed. 0

Now we summarize some properties of the closed operator.

Proposition 2.2.10. (1) If T is a 1 — 1 closed operator, then T~ is closed.
(2) If T is closed, then Ker(T) is a closed space.
(3) If T is closed, D(T) = H, then T is bounded.

Proof. (1) Rotate I'(T") and use Proposition 2.2.2.
(2) If uy, € Ker(T'), uy, — u, then Tuy, = 0. Since T is closed, Tu = 0.
(3) It is the closed graph theorem (Theorem 1.2.11).
The proof of Proposition 2.2.10 is completed. [

2.2.2 Symmetric and self-adjoint

Now we study the adjoint of a linear operator. In order to get a well-defined
adjoint operator, we need the condition that the domain is dense in H.

Definition 2.2.11. We say T is densely defined if D(7T') is dense in H.

From the closed graph theorem, for unbounded closed operator, D(T') #
H. We can always assume that D(T') is dense in H. If not, we consider the
Hilbert space D(T).

Remark that since the space of the smooth functions is dense in the
L?-space, all elliptic operators and pseudodifferential operators are densely
defined.

Definition 2.2.12. Let T be a densely defined linear operator on H. Let
D(T*) be the set of v € H for which there exists w € H such that for any
ue D(T),

(Tu,v) = (u,w). (2.2.3)

For each such u € D(T™), we define T*v = w. The operator T is called the
adjoint of T

Obviously, T™ is linear. Since 7' is densely defined, 7™ is well-defined: if
for any u € D(T), (u,w) = (u,w’), then w = w’. In general D(T*) may not
be dense.
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Proposition 2.2.13. Let T, S be a densely defined linear operators on H.
(1) The element v € D(T*) if and only if there exists a constant C, > 0
such that for any uw € D(T), (Tu,v) < Cyl|ul|.
(2) The adjoint T* is closed.
(3) IfSC T, then T* C S*.
(4) T is closable if and only if D(T*) is dense, in which case T = T**.
(5) If T is closable, then (T)* = T*.
(6) T is closed if and only if T* is densely defined and T = T**.

Proof. (1) If w € D(T*), by (2.2.3), (Tu,v) < ||w||||ul|. If for any u € D(T),
(Tu,v) < C,llul|, then by Riesz representation theorem!, since (Tw,v) is
bounded linear on u, there exists w € H such that (T'u,v) = (u, w).

(2) We define a operator V on HxH by V (u,v) = (—v,u). Then V(I'(T"))
is a linear space. We claim that

D(T") = (V(D(D))", (2.2.4)

where -+ is the complement with respect to the inner product (2.2.1). In
fact, if u € D(T*), for any (w, Tw) € T'(T'),

((u, T*u), V{w, Tw)) = ({u, T*u), (—Tw, w))
= —(u,Tw) + (T"u,w) = 0. (2.2.5)

Thus T'(T*) C (V(I(T)))*. On the other hand, if (u,v) € (V(I'(T)))*, then
for any (w, Tw) € I'(T),

0= ((u,v), V{w,Tw)) = ((u,v), (—Tw,w)) = —(u, Tw) + (v,w). (2.2.6)

Thus (u,v) € I'(T*). Then (2.2.4) holds.

Note that (V(I'(T)))* is a closed subspace. Sois I'(T™). From Proposition
2.2.2, T is closed.

(3) Since I'(S) c I'(T"), V(I'(S)) ¢ V(I'(T')). Thus (3) follows from
(2.2.4).

(4) We claim that for any subspace A in H x H,

V(AT =V(A)*. (2.2.7)

This follows from

(<u7 U>’ V<wvt>) = (<u7v>’ <_t7w>) = _(u’ t) + (Uv w)
= ((v, —u), (w,t)) = (V(u,v), (w,t)), (2.2.8)

!Theorem 2.2.1 in ”Functional analysis” by Zhang
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for any (w,t) € A.
If D(T™) is dense, by (2), T** is well-defined and closed. By (2.2.4) and
(2.2.7),

rr) = (v ey = (v (vemyt)) = v o)

— (M) =T(T). (22.9)

From Proposition 2.2.8, T is closable and T = T™**.

If D(T*) is not dense, take v € D(T*)*, v # 0. Then (v,0) € T'(T*)*.
So V(I'(T*))* is not a graph of an operator. Since by (2.2.9), I'(T
V(D(T*))*, we see that T is not closable.

(5) If T is closable, from (2) and (4),

~—

*

T"=T=T"=T". (2.2.10)
(6) follows directly from (4).
The proof of Proposition 2.2.13 is completed. 0

Definition 2.2.14. Let T be a densely defined linear operator on H. If
T CT7, wesay T is symmetric. If T'=T", we say T is self-adjoint. If T
is closable and T is self-adjoint, we say T is essentially self-adjoint.

If T is symmetric, D(T) C D(T*). Thus T* is densely defined. By
Proposition 2.2.13 (2) and (4), we have

Proposition 2.2.15. (1) Symmetric operator is closable.
(2) Self-adjoint operator is closed.

The following proposition is obvious.

Proposition 2.2.16. A densely defined linear operator T is symmetric if
and only if for any u,v € D(T),

(Tu,v) = (u, Tv). (2.2.11)

Proposition 2.2.17. A densely defined operator T is essentially self-adjoint
if and only if T C T =T*.

Proof. Since T is closable. By Proposition 2.2.13 (4), T' = T**.

If T is essentially self-adjoint, T is self-adjoint. By Proposition 2.2.13 (5),
T —T = (T)* = T*.

UTCT*=T (T)"=T*=T*=T. Thus T is self-adjoint.

The proof of Proposition 2.2.17 is completed. [
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Proposition 2.2.18. Let T be a densely defined symmetric operator. The
following statements are equivalent.

(1) T is self-adjoint.

(2) D(T) = D(T™).

(3) T =T =T*.

Proof. Obvious. ]

Remark 2.2.19. We compare the properties of closed, essentially self-adjoint
and self-adjoint for a densely defined symmetric operator. Let T be a densely
defined symmetric operator. Then

e Tisclosed <= T =T" C T~
o T is essentially self-adjoint <= T C T** = T*;
o T is self-adjoint <= T =T =T".
For symmetric operator T" on H, for u > 0, we have
T +ipld)z|)? = (T +ipld)z, (T +ipld)z) = @)|z|® + | Tz|® (2.2.12)
So for any p > 0, we have
Ker(T £ ip1d) = 0. (2.2.13)

Lemma 2.2.20. IfT is a closed symmetric operator, then Im(T + ip1d) is
closed.

Proof. If (T +ipld)zy — y, since |[(T +ipld)(xy — x))||* = ||z — 25])* +
\T(xr — z)||? @ — z, Txp, — w. Since T is closed, w = Tx. Thus
y=w ~+iux = (T +ipld)z. The proof for T — ipId is the same.

The proof of Lemma 2.2.20 is completed. ]

Lemma 2.2.21. Let T be a densely defined symmetric operator. Then for
any >0,

Ker(T* +ipl1d) = Im(T F ipId)*. (2.2.14)
Proof. 1t v € Ker(T* + ip1d), v € D(T*). For any u € D(T),
(T —ipld)u,v) = (u, (T* + ipld)v) = 0. (2.2.15)

Thus v € Im(T — ipId)*.
If v € Im(T —ipld)*, also as in (2.2.15), v € Ker(T* + i 1d).
The proof for T* — i Id is the same.
The proof of Lemma 2.2.21 is completed. ]
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Proposition 2.2.22. Let T be a densely defined symmetric operator. Then
the following statements are equivalent:

(1) T is self-adjoint;

(2) T is closed and there exists y > 0 such that Ker(T* £ ip1d) = 0;

(3) there exists p > 0 such that Im(T Fipld) = H.

Proof. For (1) = (2), we use Proposition 2.2.15 and (2.2.13).

For (2) = (3), we use Lemmas 2.2.20 and 2.2.21.

For (3) = (1), by Lemma 2.2.21, Ker(T* £ ipld) = 0. For any v €
D(T*), there exists u € D(T) such that (T* Fipld)v = (T F ipld)u. Since
T C T*, we have (T* Fipld)(v —u) = 0. Thus v = w € D(T). So
D(T) = D(T*). By Proposition 2.2.18, T is self-adjoint.

The proof of Proposition 2.2.22 is completed. 0

Proposition 2.2.23. Let T be a densely defined symmetric operator. Then
the following statements are equivalent:

(1) T is essentially self-adjoint;

(2) there exists > 0 such that Ker(T* £ ipuld) = 0;

(3) there exists p > 0 such that Im(T Fipld) = H.

Proof. For (1) = (2), by Proposition 2.2.17, T* is self-adjoint. From
(2.2.13), we get (2).

(2)<(3) is obvious.

For (3) = (1), for any v € D(T™*), there exists {u,} C H such that

nll_)IIQlo(T Fipld)u, = (T" Fipld)v. (2.2.16)
It implies that lim, oo (7™ F ipld)(u, — v) = 0. Thus lim, . [[(T* F
ipId) (u, — 0)|1* = limy, oo g2 ]Jun — v||? + limy, oo | T (u, — 0)]|> = 0. So
Un — v, T, — T*v. Thus (v, T*v) € I(T) = I(T). So v € D(T) = D(T**),
which means that T C T™*.
On the other hand, from Proposition 2.2.13, T C T*. So T* = T**.
From Proposition 2.2.17, T' is essentially self-adjoint.
The proof of Proposition 2.2.23 is completed. [

Theorem 2.2.24 (von Neumann). Let T' be a densely defined closed sym-
metric operator. We have

D(T*) = D(T) @ Ker(T* —i1d) ® Ker(T* + ¢ 1d). (2.2.17)

Moreover, for u = uy+ uy +u_ € D(T*) with decomposition as in (2.2.17),
we have T"u = Tug + tuy — tu_.
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Proof. Denote by D := Ker(T* Fild).

We first claim that D(T"), Dy and D_ are linear independent. In fact,
if ugp +uy +u_ = 0, where ug € D(T), ugx € Dy, since (T* — i1d)u_ =
—2iu_, we have (T' — ild)ugp = 2iu_. But from Lemma 2.2.21, we have
u_ € Ker(T*+ilId) = Im(T —41d)*. Thus u_ = 0. Similarly, we get u, = 0.
Therefore, D(T'), Dy and D_ are linear independent.

Obviously, D(T) @ Dy @& D_ C D(T*). We claim that D(T*) C D(T) @
D, @ D_. In fact, from Lemmas 2.2.20 and 2.2.21, H = Im(T —iId) & D_.
For any uw € D(T*), v = (T* — i1d)u has decomposition v = v; + vy, where
vy € Im(T — i1d), v € D_. Take ugp such that (T" — ild)ug = v;. Let
u_ = —(2i)"'vy. Since T*u_ = —iu_, (T* —ild)u_ = —2iu_ = vy. Then
(T* — i1d)(ug + u_) = v. So (T* —ild)(u —up —u_) = 0. Let u, =
u—uy—u_ € Dy. We obtain the claim.

The proof of Theorem 2.2.24 is completed. O

2.2.3 Friedrichs extension

Proposition 2.2.25. Essentially self-adjoint operator has unique self-adjoint
extension.

Proof. Let T be a essentially self-adjoint operator, then T = T* = T* is a
self-adjoint extension. If Ty be another self-adjoint extension, then 7T C Ty.
Since Ty = Ty C T** = T*, we have T = Ty,

The proof of Proposition 2.2.25 is completed. 0

In general, a symmetric operator may have many self-adjoint extensions.
In this subsection, we introduce the Friedrich extension.

Definition 2.2.26. Let V be a dense linear subset of H. Let a : V xV — C
be a sesquilinear form, i.e., for any b,c € C, u,v € V,

a(bu, cv) = be - a(u,v), (2.2.18)

such that a is positive definite, i.e., there exists a > 0, such that for any
veV,

a(v,v) > allv|)?. (2.2.19)

Lemma 2.2.27. If a is positive definite, a is symmetric, i.e., for any u,v €
v,

a(u,v) = a(v,u). (2.2.20)



76 CHAPTER 2. SPECTRAL THEORY

Proof. For any \ € C,
0 < a(Mu+ v, u+v) = |M?a(u, uv) + a(u,v) + Aa(v,u) + a(v,v). (2.2.21)

Thus Aa(u,v) + Aa(v,u) € R. Tt is equivalent to

Aa(u,v) — Aa(v,u) = Ma(u,v) —a(v,u)) € R. (2.2.22)

Since A € C is arbitrary taken, we have a(u,v) = a(v, u).
The proof of Lemma 2.2.27 is completed. [

Lemma 2.2.28 (Schwarz inequality). If a is positive definite, for any u,v €
v,

la(u,v)]* < a(u,u)a(v,v). (2.2.23)
Proof. From (2.2.21), for any A € C,
IN?a(u, u) + 2Re(Aa(u, v)) + a(v,v) > 0 (2.2.24)

If a(u,v) = e, we take A = te=. Then (2.2.24) is

a(u, w)t* + 2rt + a(v,v) > 0 (2.2.25)

for any ¢t € R. Thus
r? < alu,u)a(v,v). (2.2.26)
The proof of Lemma 2.2.28 is completed. [

From Lemmas 2.2.27 and 2.2.28, we see that a(-,-) is an inner product
on V. It induces a norm on V:

lollz = a(v, )" (2.2.27)

for any v € V. From (2.2.19), this norm is stronger than the normal norm
of the Hilbert space.

Definition 2.2.29. Let a be a positive definite sesquilinear form. We denote
by D(a) := V the domain of a. If D(a) is complete with respect to the norm
| - |la, we say a is closed. In this case, D(a) is a Hilbert space with respect
to the norm || - ||4-

For a symmetric operator 7', since for any v € D(T'), (Tu,u) = (u,Tu) =
(T'u,u), we have (Tu,u) € R. We say a self-adjoint operator T' is positive
definite if there exists o > 0 such that for any v € D(T), (Tu,u) > o ul*.
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Proposition 2.2.30. Let a be a closed positive definite sesquilinear form with
domain V. Then there exists unique positive definite self-adjoint operator T,
such that D(T) C V and for anyu € D(T), v €V,

(v,Tu) = a(v,u). (2.2.28)
Proof. Set
D(T):={ueV:3C, >0, st. Vv eV, |a(v,u)| < Cyllv]}. (2.2.29)
By Riesz representation theorem, there exists unique u* € H such that
a(v,u) = (v,u"). (2.2.30)

We define Tu = u* for any v € D(T).

Obviously T is linear. We claim that 7" is densely defined. Since || - ||, is
stronger than || - ||, for this claim, we only need to prove that D(T) is dense
in V' with respect to || - |la, which is equivalent to prove that if vy € V and
for any u € D(T'), a(vg,u) = 0, then vy = 0. In fact, for any w € H,

1
(v, w)| < lollflw] < ﬁl\w|l|lv|la~ (2.2.31)

From Riesz representation theorem with respect to the inner product a, there
exists ug € V,

(v,w) = a(v,uyp). (2.2.32)
Thus
Im(T) = H. (2.2.33)

So if 0 = a(vg, u) = (v, Tw) for any u € D(T), vy = 0. We obtain the claim.
For any w,v € D(T),

(v, Tu) = a(v,u) = a(u,v) = (u, Tv) = (Tv,u). (2.2.34)

So T' is symmetric.
Now we prove that T is self-adjoint. We only need to prove that D(T*) C
D(T). If w € D(T*), then there exists u* € H such that for any v € D(T),

(u*,v) = (u, Tv). (2.2.35)

From (2.2.33), there exists w € D(T) such that v* = Tw. Thus (w,Tv) =
(Tw,v) = (u*,v) = (u, Tv) for any v € D(T'). From (2.2.33) again, we have
u=w e D(T).
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Since a is positive definite, T is positive definite.

At last, we prove the uniqueness. If 7" be another self-adjoint operator
satisfying all conditions. For any v € D(T”), T'u € H = Im(7T"). Thus there
exists w € D(T') such that T"u = Tw. Thus for any v € V|

a(v,u) = (v, T'u) = (v,Tw) = a(v,w). (2.2.36)

Since a is positive definite, by taking v = u — w, we get u = w € D(T). So
T' C T. In the same way, T C T’". Thus T' =1T".
The proof of Proposition 2.2.30 is completed. [

Definition 2.2.31. Let 7" be a symmetric operator. If there exists ¢ € R
such that for any u € D(T),

(u, Tu) > c(u,u), (2.2.37)
we say T is bounded from below. We also write T" > c.

Theorem 2.2.32 (Friedrichs extension). Let T' be a symmetric operator. If
T > —M, then we can construct a self-adjoint extension T' of T', called the
Friedrich extension, such thatT > —M.

Proof. We assume that 7" > 1 first. In this case,
(u, Tu) > ||ul|® (2.2.38)
for any w € D(T). Let
a(v,u) = (v, Tu) (2.2.39)

for any uw,v € D(T). Let V be the closure of D(T") with respect to || - ||a-
Then a could be extended on V' x V', denoted by a(-,-). Then a is a positive
definite sesquilinear form.

We claim that V' C H. In this case, a is closed and we can use Proposition
2.2.30. In fact, let i : D(T') — H be the embedding. For any v € V| there
exists {u,} C D(T) such that lim,_,. u, = v with respect to || - ||o. Thus
{u,} is a Cauchy sequence with respect to || - ||, From (2.2.38), {u,} is
also a Cauchy sequence with respect to || - ||. Thus there exists v* € H such
that lim,, o, u, = v with respect to || - ||. So we can embed V into H by
identifying v with v*. This process is similar as we did in the proof of the
Sobolev embedding theorem.

Now a is a closed positive definite sesquilinear form. From Proposition
2.2.30, there exists a unique positive definite self-adjoint operator T such
that

~

(v, Tu) = a(v,u) (2.2.40)
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for any v € D(T) and v € V. Easy to see that 7' > 1.
For w € D(T), from (2.2.39), for any v € D(T),

la(v, w)| = [(v, Tw)| < [[Tul|[v]- (2.2.41)

This inequality also holds for any v € V. In fact, if u,, — v with respect to
|- |lay wn € D(T), then from (2.2.38), u,, — v with respect to || - ||. We could
take limit in (2.2.41). By (2.2.29), (2.2.41) holds for any v € V implies that
u e D(T). Since

A

(v, Tu) = a(v,u) = (v,Tu) (2.2.42)

for any v € D(T), we have Tu = Tu. So T C T, T is the self-adjoint
extension of 7.

In general case, if T' > —M, let 7" =T 4+ (M + 1)Id. Then 7" > 1. So
T’ has a self-adjoint extension 7" and 7" > 1. Then T := T’ — (M + 1) Id is
a self-adjoint extension of T" and T>—-M.

The proof of Theorem 2.2.32 is completed. ]

From Definition 1.4.12, the generalized Laplacian H is symmetric and
bounded from below. From Theorem 2.2.32, it has Friedrich extension. (This
is a reason why we need () is bounded from below in the definition of the
generalized Laplacian.) In fact, it is its unique self-adjoint extension.

Corollary 2.2.33. The symmetric generalized Laplacian H on a compact
manifold in Definition 1.4.12 is essentially self-adjoint. We also denote the
unique self-adjoint extension by H.

Proof. We only need to prove that the Friedrich extension H =H. Assume
that H > —M. Then the norm || - ||, we considered in the proof of Theorem
2.2.321s (-, H-) + (1 + M)|| - ||, which is equivalent to || - ||; from the Gard-
ing inequality, Theorem 1.4.13. Thus the dense subspace V in the proof of
Theorem 2.2.32 is H'. From (2.2.29), if u € D(H), there exists C,, > 0, such
that for any v € H, |(v, Hu)| < C,||v||, which means that

Vi) = sup HY <6 c oo (2.2.43)

vVEE > ”U”

So Hu € HY(E) = L*(M,E). From elliptic estimate, |jull, < C(||Hul| +
|u])) < +o0. Thus u € H2(E). Therefore D(H) C H*(E).

From Proposition 2.2.5, D(H) = H?(E). Since H is the smallest closed
extension of H, we have H%(E) = D(H) c D(H). So D(H) = D(H) =
H?(FE). Since H and H are completed with respect to the equivalent norms,
we have H = H.

The proof of Corollary 2.2.33 is completed. O]
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2.2.4 Perturbation

Definition 2.2.34. Let A and B be densely defined operators on H. If
D(A) C D(B) and there exist a,b > 0 such that for any v € D(A),

[Bull < all Aul] + bjul], (2.2.44)

we say B is A-bounded with bound a.

Theorem 2.2.35. Let A and B be densely defined operators on H and B is
A-bounded with bound a < 1. Then A+ B on D(A) is closable if and only if
A is closable. In this case,

D(A+ B) = D(A). (2.2.45)
Proof. From (2.2.44), for any u € D(A),

(1 - a)|Aul| - bllul] < |Aul| — | Bu]l < |[(A+ Byu]
< || Al + |Bull < (1 + a)|[Au]| + bjull. (2.2.46)

So if a < 1, for {u,} C D(A) converges, {Au,} is a Cauchy sequence if and
only if {(A + B)u,} is a Cauchy sequence. If u, — 0, Au, — 0 if and only
if (A+ B)u,, — 0. From Proposition 2.2.9, A+ B on D(A) is closable if and
only if A is closable.

If A is closable, A+ B is closable. If u € D(A), there exists {u, } C D(A),
u, — u and Au, convergences. From (2.2.46), (A + B)u, also convergences.
So u € D(A+ B). In the same way, D(A+ B) C D(A). So D(A+ B) =
D(A).

The proof of Theorem 2.2.35 is completed. [

Corollary 2.2.36. If B is A-bounded with bound a < 1. Then A+ B is
closed if and only if A is closed.

Proof. Obvious. O

Theorem 2.2.37 (Kato-Rellich Theorem). If A is self-adjoint, B is sym-
metric and B is A-bounded with bound a < 1, then A+ B is self-adjoint.

Proof. From Proposition 2.2.22, we only need to prove that there exists g >
0 such that Im(A + B £ iugId) = H.

For any p > 0, from (2.2.13), Ker(A £iuId) = 0. Since A is self-adjoint,
by Proposition 2.2.22, Tm(A + i 1d) = H. Then (A+iuId)~! is well defined
on H. For any u € H, taking x = (A £ iuId) u in (2.2.12), we get

1
JAA+ipld) Y| <1, [(Adipld)™t| < " (2.2.47)
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Note that
A+ B4ipld = (B(A £ipld)™! —Id)(A £ ip1d). (2.2.48)

From Definition 2.2.34 and (2.2.47),

IB(A % i) 1) | < al|A(A £ ip1d) ™| +bJ[(A £ ip1d) | a+ 2,
1
(2.2.49)

Since a < 1, we could take zo > 0 large enough such that a+bpuy " < 1. In this
case, (B(A4iuId)~' —1d) is invertible. From (2.2.48), since Im(A+iugId) =
H, we have Im(A + B £ ipgId) = H.

The proof of Theorem 2.2.37 is completed. ]

2.2.5 Hodge decomposition

Proposition 2.2.38. Let P : €°(M, E) — €>°(M, E) be an essentially self-
adjoint elliptic differential operator over a compact Riemannian manifold of
order m > 0. Then there is an L*-orthogonal direct sum decomposition

¢>*(M,E) =Ker P& ImP. (2.2.50)

Proof. With respect to the L2-decomposition L?(M, E) = Ker P& (Ker P)*,
for any u € €°(M, E), we can write u = ug + u; and Puy = 0. From the
elliptic regularity Theorem 1.4.6, ug is smooth. So is u.

Since P is essentially self-adjoint,

(Ker P)* = (Ker P)* = ImP" = ImP = P(H™(E)). (2.2.51)

Thus there exists v € H™(E) such that P(v) = u;. From the elliptic
regularity Theorem 1.4.6 again, v is smooth. So €*(M,E) C Ker P &
P(€*>(M,E)). The other direction is obvious.

The proof of Proposition 2.2.38 is completed. O]

For more details of Hodge decomposition, please see my another note on
Kéhler Geometry.

Lemma 2.2.39. For any s € R, there exists Cs > 0, such that for any
u € ImP,

|Pulls > Cullull.. (2.2.52)
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Proof. We assume s > 0 first. If (2.2.52) does not hold, there exists {u;} C
ImP such that ||u;||s = 1 and || Pu,||s — 0. We may assume that ||Pu;||s <1
uniformly. From the elliptic estimates, [|u;||stm < c(||Pujlls + [u;lls) < 2e.

From Rellich theorem, there exists a subsequence of {u;}, which we also
denote by {u;}, converges to u € (Ker P)* with respect to || - ||s. Since P

is closable, Pu = 0. So v = 0 and limu; = 0 with respect to || - ||. Since
||lujlls converges, it must converge to u = 0, which is a contradiction with
[Jujlls = 1.

If s <0, for any v € ImP, from (1.2.56) and (2.2.50),

||U|| = Sup M: sup M: sup M
s velmP ||U||—s weImP ||PUJ||_S welmP ||Pw”—s
WPullwll e _

= C7Y|Pulls. (2.2.53
o welmP Ous”fs H H ( )

The proof of Lemma 2.2.39 is completed. 0

Let P : €*(M,E) — €°°(M,E) be an essentially self-adjoint elliptic
differential operator over a compact Riemannian manifold of order m > 0.
From (2.2.50), P : ImP — ImP is an isomorphism. Then it has an inverse
Pl Let S : €*(M,E) — Ker P be the orthogonal decomposition with
respect to the decomposition (2.2.50). Set

G:=P'o(d—-S):¢*(M,E)— €<(M,E), (2.2.54)
called Green operator. It is easy to see that
PG =GP =1d-5. (2.2.55)

Proposition 2.2.40. For any s € R, there exists C' > 0 such that for any
u€ €2 (M,E),

1Gullsm < Cllulls. (2.2.56)
Then it extends a continuous map G : H*(E) — H*T™(E).

Proof. From Proposition 2.2.38, for any u € €>°(M, E), there exists uy €
Ker P, u; € ImP such that u = ug + u;. There exists v; € ImP such that
Pv; = uy. From the elliptic estimate, Lemma 2.2.39 and (2.2.55),

1Gullstm = 1GPO[s4m = [[or]lsgm < c([Poalls + [Jor]]s)

<c(1+CH|Pvils = c(1 4+ Co Y Jur|ls < (1 + CoH|Julls. (2.2.57)

The proof of Proposition 2.2.40 is completed. [
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2.2.6 Spectrum
Definition 2.2.41. Let T be a closed operator. Define
p(T):={AeC:Ker(A-Id-T) =0, Im(\-1d-T) = H,
(A-Id—T)""' is bounded}. (2.2.58)

It is called the resolvent set of T. The inverse (A - Id —T)"! is called the
resolvent of 7" at A\. The set

o(T) := C\p(T) (2.2.59)

is called the spectrum of T". If T" is only closable, we define

o(T):=0o(T). (2.2.60)
Definition 2.2.42. Let T be a closed operator. Define
op(T) :={A e C:Ker(\-1d-T) # 0};
0. (T) = {AeC:Ker(A-1d—=T) =0, Im(A-Id —T) # H};
0.(T) :=={A € C: Ker(A\-1d=T) = 0, Im(\-Id —T) = A,
(A-Id—T)"" is unbounded},

(2.2.61)

which are called point spectrum, residual spectrum and continuous
spectrum respectively. Obviously,

o(T)=o0,(T)Uo.(T)Uo.(T). (2.2.62)
Proposition 2.2.43. If T is self-adjoint, then o(T) C R.

Proof. 1t is easy to see that if we replace +iu by A = v+ip € C, Proposition
2.2.22 also holds. From (2.2.47), if ImA # 0, A € p(T).

The proof of Proposition 2.2.43 is completed. ]
Proposition 2.2.44. If T is self-adjoint, then o,.(T) = ().
Proof. From Proposition 2.2.43, if A € 0,.(T), A € R. So Ker(A-1d-T) =
Im(\-1d -T)*.

The proof of Proposition 2.2.44 is completed. ]
Definition 2.2.45. Let T be a self-adjoint operator. Define

Oess(T) == 0.(T) U{\ € 0,(T) : dimKer(A - Id =T") = +oo}; (2.2.63)
0a(T) :={X € 0,(T) : 0 < dimKer(A - Id -T) < +oo}, o

which are called essential spectrum and discrete spectrum respectively.
The element of 04(T") is called an eigenvalue of 7. Obviously,

0(T) = 00ys(T) L og(T). (2.2.64)
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Theorem 2.2.46 (Spectral theorem for compact operators ). 2 Let H be a
infinite dimensional Hilbert space. Let B be a compact self-adjoint operator
on H. Then there exists a complete orthonormal basis {p;}32, of H and
a real sequence {A1,--+ , An,---} (at most countable) such that Bp; = \jp;
and lim;_, ;oo A\; = 0 (if the real sequence is not discrete).

Theorem 2.2.47. Let P : €°(M,E) — €*(M,E) be an essentially self-
adjoint elliptic differential operator over a compact Riemannian manifold of
order m > 0. Then

(1) for A € 04(P), the A-eigenspace E\ = Ker(A\1d —P) is finite dimen-
stonal and consist of smooth sections;

(2) there is a direct sum decomposition

L*(M,E)= € En (2.2.65)
A€oy (P)
(3) the spectrum
o(P) = oq(P) (2.2.66)

and it is discrete.

Proof. (1). Since A1d —P is elliptic, (1) follows from Theorem 1.4.6 (3).

(2). Let E; be the closure of ImP with respect to ||« ||s. Then L?(M, E) =
Ker P @ Ej and from the Rellich theorem and Proposition 2.2.46, the Green
operator

is a compact self-adjoint operator. From Theorem 2.2.46, since ker G = 0,
there exists a complete orthonormal basis {(;}32, of Ey and a real sequence
(AT - AL - ) such that Gy, = /\j_lgoj and lim;_, 4 )\j_l = 0. So we get
(2).

(3) From Proposition 2.2.38, (M, E) = Ker(P — A1d) & Im(P — A 1d).
If Ker(P—AId) =0, (M, E) = Im(P — A1d). From Lemma 2.2.39, there
exists C' > 0, such that for any u € € (M, E), ||(P — A1d)u|| > C||lul|. So
for any u € € (M, E), ||(P — A1d) || < C7|u||. So a.(P) = 0.

The proof of Theorem 2.2.47 is completed.

O]

2.2.7 Hodge decomposition on non-compact manifold

[IMM] Chapter 3.
2Theorem 4.4.7 in "Functional analysis I” by Zhang Gongqing
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2.3 Functional Calculus

2.3.1 Functional calculus for bounded operators

In this subsection, we suppose that A : H — H is a bounded linear operator
on Hilbert space H. Note that all results in this subsection hold for Banach
spaces. Let B(H) be the algebra of bounded linear operators. In expressions
like A Id — A, we usually write A— A, omitting the symbol Id for the simplicity.

Definition 2.3.1. The resolvent set p(A) is defined by
p(A) :={\ € C: A — Ais invertible}. (2.3.1)
If A € p(A), (A\— A)~! is called the resolvent of A. The spectrum is

og(A) =C\p(A). (2.3.2)
Proposition 2.3.2. The spectrum o(A) is a bounded closed subset of C.

Proof. It r > ||A||, then » — A = r(1 — A/r) and ||A/r| < 1. Since
S A/ < oo, then 1+ 300, (A/r)f € Hand 1 1(1+ S5 (4/r))
is the inverse of r — A. So o(A) C By(||A]|) is bounded.

Let U be the set of invertible elements in B(H). Then U is open. Since
the map f : C — B(H), A — A — A, is continuous and p(A) = f~1(U), we
have p(A) is open. So o(A) is closed.

The proof of Proposition 2.3.2 is completed. 0

In the proof of Proposition 2.3.2, we consider a continuous map f : C —
B(H). The norm of the bounded linear operator makes B(#) a Banach space,
which is a topological space with topology induced by the norm. We need to
say more here.

Differentiation
For )\ € C, we could define the derivative of f at Ay by
/(%) = lim 27 (f (X + 2) = f (X)) (2.3.3)

if the limit exists with respect to the operator norm. Let €2 be an open
subset of C. The function f is called differentiable if for each Ay € €1, the
derivative of f at A\ exists. It is called differentiable on (2 if it is differentiable
at each \g € Q.



86 CHAPTER 2. SPECTRAL THEORY

Integral

Let I' = {I'(t) : ¢t € [0,1]} be a rectifiable curve in Q. Then [, f(A\)dA is
defined as the limit in B(H) of sums of the form

SO(0(t) — Tt ) F(T(E)) € BH) (2.3.4)
j
as we did in the course of Mathematical Analysis, where {to,--- ,t,} is a
partition of [0,1]. In the same way, we could show that if f is continuous,
the limit exists.

An open subset A C C is called a Cauchy domain if it is a disjoint union
of a finite number of open connected sets Ay, -+, A,, such that EOKJ =0
if © # j and for each j the boundary of A, consists of a finite number of
non-intersecting closed rectifiable Jordan curves which are oriented in a way
that A; belongs to the inner domains of the curves. The oriented boundary
of a bounded Cauchy domain in C is called a Cauchy contour. Usually
we integrate a continuous function on a Cauchy contour. In fact, for any
compact subset K C C and its any open neighborhood 2, there exists a
Cauchy domain A such that K ¢ A cc Q3.

Analyticity

The function f is said to be analytic at A\ € (2 if in some neighborhood
U of )\ in €,

o0

FO) =D (A= X)fa, A€EU. (2.3.5)

n=0

Here fo, f1--- € B(H) and the series (2.3.5) converges with respect to the
operator norm. We say f is analytic on 2 if it is analytic at each Ay € Q2.

Theorem 2.3.3 (Cauchy Integral Formula). Assume that f : Q — B(H) is
analytic on 2. Let T be a Cauchy contour such that I' and its inner domain
A are in Q. Then for any \g € A,

1 A
Fon =5 [ Aff ))\Od/\. (2.3.6)
In particular,
1

3¢f. GTM 011, Proposition VIII.1.1 "Functions of one complex variables” by Conway.
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Proof. Take an arbitrary continuous linear functional F' on B(#). Then Fo f
is an analytic function in the usual sense. From the usual Cauchy integral
formula, we have

L [FIf]
Flf(h)|=— | ———d\ 2.3.
Oy (238)
On the other hand, from the definition of the integral (2.3.4), we have
L[ 1 / FIf(N)]
Fl|l— | ——d\| = — | ———=d\ 2.3.9
|:27TZ F)‘_AO 1 271 r )\—>\0 ( )

Since F is an arbitrary continuous linear functional on B(H), from the Hahn-
Banach theorem?, (2.3.8) and (2.3.9), we obtain (2.3.6).

If we replace f(A) in (2.3.9) by f(A)(A — A), we get (2.3.7).

The proof of Theorem 2.3.3 is completed. ]

Theorem 2.3.4. The function f is analytic on ) if and only if f is differ-
entiable on 2.

Proof. We only need to prove that differentiable implies analytic, which is a
classical result in complex analysis in the usual sense.

Assume that f is differentiable on €2. For any Ay € €2, we could choose
an oriented circle I' C 2 with center at A\q and radius r such that its inner
domain is also in €. Let F' be an arbitrary continuous linear functional on
B(H). Then the function F o f is differentiable on €2, and hence analytic on
Q2. From the Cauchy integral formula,

1 [FfV)] 1 / f)
F — d\=F dA —A -
(2.3.10)
So the Hahn-Banach theorem implies that
L[ f)
= — [ —=d)\ - . 2.3.11

Since

- - : _y o 2.3.12
A= p (A—AO)(1—§*—§E) ;(A—Ao)”ﬂ’ ( )

4Corollary 2.4.5 in "Functional Analysis I”
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we have
1= 20020 (55 [ L) (2.3.13)

So f is analytic on €.
The proof of Theorem 2.3.4 is completed. 0

Lemma 2.3.5. For A\, i € p(A), we have the resolvent equation

A=A = (= A = (=N - A (u— A (23.14)
Proof. Multiply (A — A) on the left and (u — A) on the right. O
Corollary 2.3.6. The resolvent (A — A)~! is analytic on X € p(A).
Proof. By Theorem 2.3.4 and Lemma 2.3.5, obvious. [

Definition 2.3.7. Let Q2 be an open neighborhood of o(A). If f: Q — C is
analytic, for a Cauchy domain A with boundary I" such that o(A) C A CC
Q, we define f(A) € B(H) by

1
Comi

f(A): / FOYN = A) A (2.3.15)
r
From the Cauchy integration formula, f(A) is independent of the choice
of the Cauchy domain satisfying o(A) C A CC Q.
Let Hol(A) be the set of complex-valued functions which are analytic in
a neighborhood of o(A). From the definition, it is easy to see that For any
f € Hol(A), a € C,

(af)(A) = af(A). (2.3.16)
Theorem 2.3.8 (Riesz Functional Calculus). (1) For any f,g € Hol(A),
(f +9)(A) = f(A) +9(A), (- 9)(A) = F(A)g(A). (2.3.17)
(2) If f =1, then f(A) =1d, i.e.,
% A—A)ldx=1d. (2.3.18)

(3) If f(z) = 2% for any z € C, f(A) = AF, i.e.,

1
— [ M\ = A)td) = AP (2.3.19)

2m Jr



2.3. FUNCTIONAL CALCULUS 89

(4) If f, f1, f2,- -+ are analytic on Q, and f, — [ uniformly on compact
subsets of Q, then || f,(A) — f(A)]| = 0 as n — +o0.

(5) If f(z) = >_p2yarz® has radius of convergence R > ||Al|, then f €
Hol(A) and

o0

F(A) =" apA*. (2.3.20)

k=0

Proof. The proof of the first equation of (2.3.17) is obvious. Let € be the
open neighborhood of o(A) such that f and g are all analytic on Q. Let
I’y and 'y be Cauchy contours such that 'y = dA, T'y = 0Ay and o(A) C
A; CC Ay CC Q. Then from Lemma 2.3.5,

f<A>g<A>:(1 - A7) (5 /F29<u><u—A>—1du)

o
= (= FNg() (A = A) 7 (e — A) " dpd A
<27”> /F1 Iy

O A) 1

u A~ _
(27”) /F [ 10 H S dndy = A~ B. (2321
So
1
/ JA=A)MdA = (f-9)(4) (2.3.22)
and
1 1 A)d\

(2) and (3). Let f(2) = 2%, k > 0. Let ['(t) = Re*™® 0 <t <1, R > || 4]
Then

1
271

1

271

flA) = — /)\’“(A A)ldd = — /F)\’“ (1 —A/N)"tdA

An
k=1 . (2.3.24
27rz )\ Z 3 )
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Since the infinite series converges uniformly on T,

[e.9]

f(A) = nz:; (% /F ﬁd/\) A", (2.3.25)

(4). Let A be a Cauchy domain such that o(A) C A CcC Q. Let I' =
OA = UiI'y, where I'y’s are closed rectifiable Jordan curves. For k fixed,
[ awn-ato- [ oo -7
I'g Ty

Since ||(T'x(t) — A)~!] is continuous on ¢ € [0, 1] and bounded for any ¢, there
exists C' > 0 such that for any ¢ € [0,1], ||(Tr(t) — A)7'|| < C. Let || be
the length of I'y. Then from (2.3.26), we have

From the conditions, we have || f,(A) — f(A)|| = 0 as n — +o0.

(5). Let fu(z) = Yo7 ;axz". Then from (1)-(3), fu(4) = > p_, arAF.
Since f(z) = > po,axz” has radius of convergence R > ||A||, f € Hol(A)
and f,(z) — f(z) uniformly on compact subsets of {z : |z| < R}. From (4),
FulA) = F(4).

The proof of Theorem 2.3.8 is completed. [

/ <fn<rk<t>>—f<rk<t>>><rk<t>—A)*drk(wH (2.3.26)

[ oo [ f<A><A—A>-1dA\

< ClFk[max|fo(A) = (M. (2.3.27)

Corollary 2.3.9. Let 0 C 0(A) be a closed subset such that T := o(A)\o is
also closed. Let I' be a Cauchy contour such that o is in the inner domain
of I' and 7 is out of I'. Then the operator

1
P,i=— [ (A= A)"ld\ 2.3.2
3 A=) (2:3.28)
1S a projection, i.e.,
P?=P,. (2.3.29)

Furthermore, we have

P,+P =1d, PP, =0. (2.3.30)
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Proof. We co_uld ta_ke a Cauchy domain A = A; U Ay such that ¢ C Ay,
TCAyand A;NAy=0. Let I'; = A, for i = 1,2. Take f =1 on A; and
=0 on A,. Then f € Hol(A). So
1 1
A) = — NN —A)tdy = — A—A)tdr=P,. (2.3.31
F =5 [ s - a7t = o [0 . (2331)
Then from the second equality of (2.3.17), P2 = P,.

Take g = 1 on Ay and = 0 on A;. Then g € Hol(A4) and g(A) = P;.
Then from the first equality of (2.3.17), P, + P, = Id. In this case, P, P, =
P(1-P)=P,— P, =0.

The proof of Corollary 2.3.9 is completed. ]

Theorem 2.3.10 (Spectral Mapping theorem). If f € Hol(A), then

o(f(A)) = f(a(A)). (2.3.32)
Proof. 1f \g € 0(A), let
_ S = ()

If f(Xo) & o(f(A)), then f(A) — f(Xo) is invertible. From (2.2.31), (Ao —
A7t = g(A)(f(Xo) — f(A))~! is bounded, which is a contradiction of \y €
o(4). So f(o(A)) C o(f(A).

For the other direction, if u ¢ f(o(A)), then g(A) = (f(\) — u)™' €
Hol(A). So g(A)(f(A) — p) =1d. So & a(f(A)).
The proof of Theorem 2.3.10 is completed. 0

Corollary 2.3.11. Let 0 C o(A) be a closed subset such that T := o(A)\o
is also closed. Let M = ImP, and L = Ker P,. Then B(H) = M & L, the
spaces M and L are A-invariant and

o(Aly) =0, o(AlL) =T (2.3.34)

Proof. From (2.3.30), L = ImP; and B(H) = M @ L. The spaces M and L
are A-invariant. Take f = z on A; and = 0 on A,. Then f € Hol(A). So
Aly = AP, = f(A). So (2.3.34) follows from Theorem 2.3.10.

The proof of Corollary 2.3.11 is completed. [

2.3.2 Functional Calculus for unbounded operators

In this subsection, we assume that A is an unbounded operator on H with
domain D(A). Remark that we don’t need A is self-adjoint in this subsection.
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Proposition 2.3.12. The resolvent set p(A) is open. If p(A) # 0, then the
resolvent (A — A)~! is analytic on X\ € p(A). Moreover, if \g € p(A) and
A= Xol <I[(A—=A)7H, then A € p(A) and

(A=A =D (=)A= Ag)"(Ag — A)" "D, (2.3.35)

n=0

Here this series converges in the operator norm. For A\, u € p(A), we have
the resolvent equation

A=A = (= A = (= NA= A=A (2:336)
Proof. The proof is the same as the bounded case. [

If A is unbounded, the spectrum o(A) is closed but unbounded. We need
to compactify o(A) as follows.

Let Cy be the Riemann sphere, C,, = CU {0}, endowed with the usual
topology. The set C, is a compact topological space and for any A € C, the
Mobius transformation

m(z) = (A —2)7" (2.3.37)
is a homeomorphism on C.

Proposition 2.3.13. Let A be an unbounded linear operator with non-empty
resolvent set p(A). Then for A € p(A),

m(o(A) U {oo}) = a((A - A)7). (2.3.38)

Proof. Note that n,(00) =0 € a((A— A)™!), because (A—A))t=X—-A
is unbounded. For z # A, z # oo,

z—A=MA—2)((A=2)""=(A=4)7") (A-A). (2.3.39)
So z € o(A) if and only if ny(2) = (A —2)" € (A — A)7).
The proof of Proposition 2.3.13 is completed. [

Since 7 is a homeomorphism and o((A — A)™!) is compact, we have
0(A) U {oo} is compact in C.

Definition 2.3.14. Let 2 be an open neighborhood of o(A) in C. Let A be a
Cauchy domain such that 0 C A CC Q. Let I' = 0A be the Cauchy contour.
In this case, some connected components are not closed. Let f be an analytic
function on 2. We assume that on any open connected component I'; of T,

|f(Ti(2)] € Z(R) (2.3.40)
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is a rapidly decreasing function (cf. (1.2.22)). We define

£(A) = ZLM /F FOYO = A)1an, (2.3.41)

Proposition 2.3.15. The definition (2.3.41) is well-defined and does not
depend on the Cauchy contour satisfying (2.3.40). Moreover, for X ¢ A, we
have

FA) =2 [ e 0l — (A — A (2.3.42)

210 Jyy ()

Roughly speaking, we have f(A) = (f on " )((A— A)71).

Proof. We only prove (2.3.42). From (2.3.42), we could see that (2.3.41) is
well-defined and does not depend on the Cauchy contour satisfying (2.3.40).
Let B=(A—A)"', z€p(A), z# Xand = (A — 2)"'. From (2.3.39),

(2= A =uB(u—B)™ = p(p(p — B)™ —1d). (2.3.43)

By taking z = 0y (1) = A — p71, from (2.3.43), we have

-1
— d
27T2/f (2 :

T 2mi / FO () (e = B)™ = pHdp. (2.3.44)

Let I'. = 9(nx(A)\By(e)) for € > 0 small enough. Then from (2.3.40), we
have

S (U TES ey (O ) TR CE R

27 Sy e—0 21



94 CHAPTER 2. SPECTRAL THEORY

Since f ony "' is holomorphic on 7, (£2), by Cauchy integral formula, we have

1 -1 -1
— dp =0 2.3.46
e N CEXD)
for any € > 0. So
1 1

— —A) My = — ! — B) dp. 2.3.47

s SOC= A e = g |t ) e B) . 37
The proof of Proposition 2.3.15 is completed. ]

Remark 2.3.16. Remark that the assumption (2.3.40) is very strong. In
fact, from the proof of Proposition 2.3.15, we only need the condition that
the integral in (2.3.41) is well-defined.

From Theorems 2.3.8, 2.3.10 and Proposition 2.3.15, we obtain the fol-
lowing result.

Theorem 2.3.17. For f, g be the analytic functions in Definition 2.5.14, we
have

(f +9)(A) = f(A) + g(A), (2.3.48)
(af)(A) = af(4), VYaeC, (2.3.49)
(f9)(A) = f(A)g(A). (2.3.50)
o(f(A)) = f(o(A)). (2.3.51)

From Corollaries 2.3.9 and 2.3.11, we obtain the following result.

Theorem 2.3.18. Let A be a closed operator with spectrum o(A) = o UT,
where o is contained in a bounded Cauchy domain A such that AN T = ().

Let I' = 0A. Then

1
P,oi=— [ (AN=A)"ta\ 2.3.52

is a projection. Let M = ImP, and L = Ker P,. The spaces M and L are
A-invariant and

o(Aly) =0, o(AlL) =T (2.3.53)

Furthermore, M C D(A) and Al is bounded.
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2.3.3 Spectral decomposition for non-self-adjoint ellip-
tic operator

Now we extend the spectral decomposition theorem (Theorem 2.2.47) to the
non-self-adjoint case using the functional calculus.

Theorem 2.3.19. Let P : € (M, F) — €< (M, F) be an elliptic differential
operator over a compact Riemannian manifold of order m > 0. Then for the
spectrum o(P), there are two possibilities:

(a) o(P)=C;

(b) o(P) is a discrete (maybe empty) subset of C.

If (b) holds and Ny € o(P), then there is a decomposition L*(M,F) =
Ey\, © E), such that the following conditions are satisfied:

(1) E\, C €°(M,F), dim E,, < +o00, and E\, is an invariant subspace
of P such that there exists N € N, with (P — Xg)VE\, = 0, i.e., the operator
P’Exo has only the eigenvalue Ao and is equal to the direct sum of Jordan
cells of degree < N;

(2) E), is a closed subspace of L*(M, F), invariant with respect to P,
i.e., P(DH™(F) N E},)) C E},, and if we denote by P}, := ?’E/Ao as an
unbounded operator in E)\ ~with domain H*(F) N E)\ , then P\ — Ao has a
bounded inverse, i.e., A\ & O'(P)’E/AO.

Proof. Let \g € C\o(P), with loss of generality, assume that Ay = 0. So we
have a bounded inverse P . Since P has positive order, by Rellich theorem,

P is a compact operator. Since

P-A=(A\"'=P H\'P, (2.3.54)

A € o(P) if and only if A # 0 and ™! € U(F_l). From the spectral theory
of the compact operator, we see that o(P) is discrete.

Let o(P) # C, Ay € 0(A). Without loss of generality, we assume \g = 0
again. Let I' be the contour around 0 and not containing any other point of
0(A). From Theorem 2.3.18, Py = 5= [.(A — A)~'d\ is a projection, E), =
Py(L*(M, F)), E5, = (1= Py)(L*(M, F)) and E,,, E}  are P-invariant. From
(2.3.53), Ao ¢ 0(P>|E&0' Since P is elliptic, E,, C €*(M, F) and is finite
dimensional. From (2.3.53), o(P|g, ) = Ao So P|g,, is a linear transform
on finite dimensional linear space £\, with single eigenvalue )\y. From the
Jordan decomposition theorem in linear algebra, there exists N € N, with
(P—X)VE,, =0.

The proof of Theorem 2.3.19 is completed. ]

Remark that if ind(P) # 0, o(P) = C. Because ind(P — \) = ind(P).
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2.3.4 Complex powers of an elliptic operator

In this subsection, we introduce an important example of functional calculus
of unbounded operator: complex powers of an elliptic operator, P*, z € C,
Rez < 0.

Let P: € (M,F) — €>(M, F) be an elliptic differential operator over
a compact Riemannian manifold of order m > 0. We assume that 0 ¢ o(P).
From Theorem 2.3.19, o(P) is a discrete set. We assume that there exists
€ > (0 small enough and angle

A={ eC:m—2e<arg) <m+2} (2.3.55)
such that
a(P)NA=10. (2.3.56)
For A € C, z € C, we have
N = o0 = g2InAFizargd _ |y |zgizarg) (2.3.57)

Take p > 0 small enough that By(2p) No(P) = 0. Consider the contour

where
Ti: A=7re"9, 4o0>7r>p,
[y: A=pe¥, m—e>p>-m+e, (2.3.58)
y: A=re™9) p<r<4oo.
As in Definition 2.3.14, we define
1

P* = _— N (A — P)~td). (2.3.59)
27TZ I ulsUl's
Then
1 P . .
pPF = rRezefImz(ﬂ'fs)ez(Imz Inr+Rez(m—¢)) (rez(ﬂfa) . P)fldr
271 J 4 oo
1 —m+e ) ) )
+— pe—wlmzewRez(peup _ P)—lz'pewdso
21 S,
1 [

o TReze—Imz(—w—i—a)ei(Imz1n'r’+Rez(—7r+e))(Tei(—ﬁ—i-s) . P>_1d7" (2360)
™



2.3. FUNCTIONAL CALCULUS 97

Lemma 2.3.20. For \ € A,

C

(P =N < ouk (2.3.61)

Proof. Add it in the future. ]

From Lemma 2.3.20, Remark 2.3.16, (2.3.57) and (2.3.60), we see that
P? in (2.3.59) is well-defined for Rez < 0 and bounded.
From the functional calculus Theorem 2.3.17, we have the following result.

Theorem 2.3.21. (1) If Rez < 0, Rew < 0, then P*P¥ = P*tv.
(2) Ifk€Z, k>0, then PF = (P~1)k,
(3) If Rez < 0, P* is holomophic on Rez < 0.
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2.4 Spectral Theorem



Chapter 3

Heat Kernels

In this chapter, we assume that the manifold M is compact and the general-
ized Laplacian H is not necessarily symmetric.

Note that if M is non-compact and H is symmetric, we can study the
heat kernel following the lines of Spectral theorem and the Schwartz kernel
theorem. We will not discuss it here.

3.1 heat kernels

3.1.1 What is kernel?

Let H be a generalized Laplacian on a vector bundle E over a compact
Riemannian oriented manifold M.

Let E and F' be Hermitian vector bundles over M. Let p; and py be the
projections from M x M onto the first and the second factor M respectively.
We denote by

EXF :=piE®pyF (3.1.1)
over M x M.

Definition 3.1.1. A continuous section P(x,y) on F'IXE*) is called a kernel.
Using P(x,y), we could define an operator P : €°°(M, E) — €>°(M, F') by

(Pu)(x) = / (P ul)pdy (3.1.2)

The kernel P(z,y) is also called the kernel of P, which is also denoted by
(x| Ply).

99



100 CHAPTER 3. HEAT KERNELS

Proposition 3.1.2. If P has a kernel P(x,y), then the adjoint operator P*
has a kernel P*(z,y) = P(y,z)* € €°(M x M, E*X F).

Proof. For uw € L*(M, E), v € L*(M, F*), we have

Puve= [ { [ e u<y>>Edy,v<x>>F s

-[, (. [Py ololede) dy
_ / y <u(:1:), /y €M<P(y,x)*,v(y))pdy>Ed$:(u,P*v)Lz. (3.1.3)

So for any v € L?(M, F*),

P*v = /€M<P(y, z)*, v(y)) pdy. (3.1.4)

The proof of Proposition 3.1.2 is completed. [

Proposition 3.1.3. If P has a smooth kernel, then P is a smoothing oper-
ator.

Proof. For any m € R, o« € N", u € €°°(M, E), from Theorem 1.2.33 (3),
we have

D2 Pu(z)| = / (DEP(eg).uly)) edy| < IDEP G 9) ]
ye
(3.1.5)
So for any s,m € N, u € €*°(M, F),,
1Pully < 3 102 P, )y |, ] (3.1.6)

laf<s

Since P(z,y) is smooth on z and y, from (1.2.91), ||[[DSP(z,y)|lym]|, is
uniformly bounded. So P is a smoothing operator.
The proof of Proposition 3.1.3 is completed. 0

3.1.2 Schwarz kernel theorem

"Topological vector spaces, distributions and kernels ” by Treves

From (3.1.1), F X E* = Hom(p; E, p5F). For A € F X E* = Hom(p; E, p5F), we take
A* € Hom(psF,piE) = E* K F as the transpose of the matrix.
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3.1.3 Heat kernel for symmetric generalized Laplacian

Now we study the solution of the heat equation on manifold with initial
condition:

5+ H)u(t,z) =0, t >0,
{ fi?ﬂmo uzt,x) =u(x) € L*(M, E). (3.1.7)

If H is symmetric, from Theorem 2.2.47, there exists a complete orthonor-
mal basis {¢;} C L*(M, E) such that Hp; = \jp;, where {\;} = o(H). In
this case, if u = ;, then

u(t,z) = e u(x) (3.1.8)

is the unique solution of (3.1.7). In general, for u =Y, a;p; € L*(M, E), the
unique solution of (3.1.7) is

— Z ae” g (x). (3.1.9)

In spired of (3.1.8), for t > 0, we define the heat operator e~/ : [?(M, E) —
L2(M,E) by

u(t,z) = e u(x). (3.1.10)
For any s,t > 0, from (3.1.9) and (3.1.10), we have
e tHemsH — g=(s+DH (3.1.11)

which means that the heat operators form a semi-group.
Let

e

—tH (1 y) = Z e iy(z) B i (y)*. (3.1.12)

i

Then from (3.1.9)-(3.1.12), formally,
) = e ) = Y ae ) / <¢i<y>*,2ajgoj<y>>dy
i yeM j

/EM <Ze Py () B i )*,Zajsoj(y)>dy
= /€M<e_tH(m,y),u(y))dy. (3.1.13)
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Soif (3.1.12) is uniformly convergent in ¢"-norm for any r € N, i.e., e (z, y)

is smooth on x and y, e7*(z,y) is the smooth kernel of the heat operator
e ' called the heat kernel. In the followings, we will prove that (3.1.12)
is uniformly convergent in " -norm for any r € N.

Lemma 3.1.4. Let P be a self-adjoint elliptic differential operator of order
m > 0 on Hermitian vector bundle E over compact Riemannian manifold
M. If we order the eigenvalues |A1| < |Xo| < -+, then

(1) for anyl € N, there exists C; > 0 such that fork € N, s > (2l+n)/2m,
s € N, we have

lorllgr < Ci(1 + [Ae]), (3.1.14)

where @y, is the eigenfunction with respect to Ay such that ||k 2 = 1;
(2) there exist C > 0 and ¢ > 0 such that for any k € N,

Ae| > Cke. (3.1.15)

Proof. (1) From the Sobolev embedding theorem and the elliptic estimate,
there exist C],C" > 0 such that

lerller < Crllokllms < CiC([@ello + [|1P°@rllo) = CLC" (L + [Ael*). (3.1.16)

(2) If we replace P by P? we replace A; by Af. So we only need to prove
(2) for m > n/2. Set

F(k) == span,, {ypi} C (M, E). (3.1.17)

From Sobolev embedding theorem and the elliptic estimate, for ¢ € F(k),
for any x € M, we have

lp(@)| < Cllellm < CUIPolo + [lello) < O+ [A)l|ello- (3.1.18)
Let o=} cjp;. Then

> cips(x)

1<j<k

1/2
= |p(x)| < C(1+ |\&]) <Z |cj12> . (3.1.19)

Choose a local orthonormal frame of E and decompose ¢;(z) into com-
ponents ¢, ; for 1 < v < p, where dim £ = p. Then

@)= D | D conla)

1<v<p [1<j<k

(3.1.20)
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We fix v and take ¢; = ¢} ;(x). Then from (3.1.19) and (3.1.20), we have

1/2
D lpws(@)F < C(L+ M) (ZI%J > . (3.1.21)

1<5<k

So

D leug(@)F < C2(1+ )2 (3.1.22)

1<j<k
Taking sum over v, we have
D (@) < pC2(1+ [Akl)% (3.1.23)
1<j<k
Integral (3.1.23) over M, we have
k< pC?vol(M)(1 4 |\|)?. (3.1.24)

So we obtain (2).
The proof of Lemma 3.1.4 is completed. 0

Proposition 3.1.5. The heat kernel exists if H is symmetric. More precisely,
(3.1.12) is uniformly convergent in € -norm for any r € N, i.e., e " (z,y)
is smooth on x and y.

Proof. Since H is bounded from below, there are only finitely negative eigen-
values. Since we consider the convergence when ¢ — 0o, we may assume that
H > 0. From Lemma 3.1.4, for s > (I+1'+n)/m, s € N,

e 01 (2) B ox(0)" sy < CiCre™ (14 M) (3.1.25)
From (3.1.15), for any s’ < s, s € N, we have
e < Ot~ e T2 < Oyt e TIOR (3.1.26)

From (3.1.25) and (3.1.26), we have

Z le™ op(x) B oi(y) llgr e < CE* Y e < oo, (3.1.27)
k

Remark that the convergence of 3}, e~“*" is equivalent to that of [ 100 o=Ca gy —

C (et = 1) O+°o ye ' ~le~vdy, which is a Gamma function.

The proof of Proposition 3.1.5 is completed. ]
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Note that from (3.1.7) and (3.1.13), for any u(z) € L*(M, E),

(% + H) (e~ u)(z) = /yEM (% + Hx) e " (x, y)u(y)dy = 0. (3.1.28)

So we have

<% + Hm> e (z,y) = 0. (3.1.29)

3.1.4 Heat kernel on Euclidean space

Let M =R, E=Cand H=A = —%. From the knowledge of the PDE
course for undergraduates, the heat kernel is

1 (z=1)?
e B (x,y) = e At 3.1.30
)= o (3.1:30)
Thus for u € L*(R),
—tA 1 7(1*9)2
(e7u) (z) = - [ e 7 u(y)dy. (3.1.31)
(4rt)z Jr

Proposition 3.1.6. For even | € N, if ||uljgi1 < 400, then there exists
C > 0 such that

1/2 (—t)*
—tA, - k 1/2+1
e tu—Y" ARl < O (3.1.32)
k=0
This is another explanation why we write heat operator as e .
Proof. From (3.1.31),
1 v2
(e7"2u) (z) = : /e_4u(:c +Vtv)dv. (3.1.33)
(4m)z Jr

By Taylor expansion,

u(z +Vitv) = Z (\/;?)ku(’“)(m) + (\/ilﬁ /01(1 — 5)'uY (2 4 sv/tv)ds.
. (3.1.34)
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Since |Jul|g+1 < +o0,
L pk/2k
k!

FU41) /2,141

< g lullia (3.1.35)

u(r +Vtv) — u® ()

k=0
From (3.1.33) and (3.1.35), we have

l
—tA E

1 2 H1+1)/2
< /6_4’U+1d1} T llullix1. (3.1.36)
R .

Let
+oo

1t b2 1 w2
A(t) = / e~ Tufdy = 1/e4+t”dv. 3.1.37
Q Z (47r) k! (4m)z Jr ( )

Let uw = v — 2¢t. We have

1 u? | 2 2
A(t) = - [ e T du=¢". (3.1.38)
(4m)z Jr
So we have
1 o2 y it £ even;

“Tofdy = (k/2)" 3.1.39
(47r)% /6 ’ v { 0, if k£ odd. ( )

From (3.1.36) and (3.1.39), we obtain (3.1.32).
The proof of Proposition 3.1.6 is completed. O]

3.1.5 Non-symmetric heat kernel

In this subsection, the generalized Laplacian may be non-symmetric.
Compare with the symmetric case, we define the heat kernel by summa-
rizing the properties that the kernel of an operator e~*# must have.

Definition 3.1.7. A heat kernel for H is a continuous section e~ (xz,y) of

the bundle £ X E* over Ry x M x M, satisfying the following properties:

(1) e (z,y) is €* with respect to t and €* with respect to z, i.e.,
gte_tH (x,y) is continuous and e " (x,y) are continuous for any coor-
dinate system of x;

(2) (5 + Ho)e H(a,y) = 0;

(3) Let e *# be the operator defined as in (3.1.2), called the heat op-
erator. Then for any s € €(M, E), lim,_,oe s = s with respect to the
¢ -norm.

(93: Ox;
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We need to prove that the heat kernel in Definition 3.1.7 exists and is
unique. We first assume the existence and study the uniqueness. In the next
section, we will prove that for any generalized Laplacian, the heat kernel
always exists and smooth on ¢, z,y.

Lemma 3.1.8. Assume that H* has a heat kernel. If s(t,z) is a map from
R, to the space of sections of E which is €1 int and €* in x (in the meaning
of Definition 3.1.7 (1)), such that lim; o s(t,z) = 0 and which satisfies the
heat equation (2 + H,)s(t,z) =0, then s(t,z) = 0.

Proof. For any u € €°(M,E*), 0 <6 <t, let

f(Q):/M M(s(&,x),e_(t_e)H*(x,y)u(y»dmdy. (3.1.40)

From the heat equation in Definition 3.1.7, we have
0 0 .
—f(0) = —5(0,x),e”t-H dxd
89 ( ) /]\4><M<898( 7ZL'),€ (l’,y)U(y) ray

0 .
[ (s e () ) oy
MxM

Since limg_,o s(0, x) = 0, limy_,o f(#) = 0. So

0=f(t) = /M(S(Q,x),u(aj))d:v (3.1.42)

for any u € €°°(M, E*). Thus for any t > 0, s(t,z) = 0.
The proof of Lemma 3.1.8 is completed. 0

Proposition 3.1.9. (1) If H* has a heat kernel, then H has at most one
heat kernel.
(2) If H and H* have heat kernels, then
e (2, y) = e (y, )", (3.1.43)

(3) If H and H* have heat kernels, then {e " },oq form a semi-group.
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Proof. For any u € €°°(M,E*), s € €°(M,FE), 0 < 0 <t, let

£(0) = /M (e 5(z), -0y (1)) . (3.1.44)
Asin (3.1.41), f'(#) = 0. So
(e s u)e = f(t) = 11_{% f(0) = (s,e7 ™ u) . (3.1.45)
S0
exp(—tH") = exp(—tH)". (3.1.46)
From Proposition 3.1.2, we get (1) and (2).
For (3), set
sp = e He g _ o~ (tHOH (3.1.47)

Then (0; + H)s; = 0. Since lim;_,¢s; = 0, by Lemma 3.1.8, s, = 0 for any
t>0.
The proof of Proposition 3.1.9 is completed. ]

Proposition 3.1.10. Assume that H and H* have heat kernels. Let A be a
connected Cauchy domain with I' = OA such that lim;_, 1+ Re(I'(t)) = +o0.
Assume that [ e™"||(A — H) !{|dA < +o0. Then the heat operator

1
“tH— [ 7\ — H) ld). 1.4
e 2mi /- e (A )T dA (3.1.48)

tH

So our notation e is compatible with that in functional calculus.

Proof. Note that the operators on both sides of (3.1.48) are bounded for
t > 0. Let

ft) = %m,/re_t’\()\ — H) 'ax. (3.1.49)
Then we have
Hf(t)= f(t)H. (3.1.50)

By Cauchy integral formula and lim;_,+., Re(I'(t)) = +o0, [ e *dA = 0.
Since A(A — H)™' = (A — H)™'H +1d, for any s € €~(M, E),

e L 9 oy vty — L [y -t
Py (t)s = 5 /r 5 (A= H) "sd\ = i/ Ae” NN — H) “sdA
L [0 B)Y  Hsd\ = — f(0) Hs = —Hf(t)s. (3.1.51)

2m Jr
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So for any s € €°(M, E), f(t)s satisfies the heat equation.

For 0,t > 0, since f(f)e *Hs and e f(f)s satisfy the heat equation om
t, and limy_o f(0)e s = lim, ,oe " f(0)s = f(A)s, by Lemma 3.1.8, we
have

f(0)e ™ = e tH £(0). (3.1.52)
From functional calculus Theorem 2.3.17, for 6,t > 0, we have
fO+1) = f0)f() = f{t)f(0) (3.1.53)

From (3.1.53), lim; ¢ f(¢)f(0)s = f(#)s. So from Lemma 3.1.8 again, we
have

P £(8) = e 1(6). (3.1.54)
By (3.1.52)-(3.1.54), for ¢ > 0 fixed and any 6 > 0,
f@) (e — f(t)) = 0. (3.1.55)

Taking § — 0, we obtain (3.1.48).
The proof of Proposition 3.1.10 is completed. [
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3.2 Construction of the heat kernels

3.2.1 Toy model

In this section, we will construct the heat kernel for generalized Laplacian H
onV:=%"(M,FE).

We study the toy model first: let V' be a finite dimensional vector space
and H be a linear endomorphism; we construct P, = e .

Definition 3.2.1. The k-simplex
Api={(ty, - ,t):0<t; <--- <t <1} CRE (3.2.1)
We often parametrize Ay by the coordinates
og=1t,0;=1iy1—1t;, 1 <i<k-—1, op =1=1, (3.2.2)
such that oy +---+ 0, =1and 0 < og; < 1. For t > 0, the rescaled simplex
tA = {(ty, - tp) :0<t; < - <t <t} C R (3.2.3)

Let v, be the volume of Aj. since v = 1 and

1 1
Uk :/ VOl(tkAk_l)dtk :/ ti_lvk_ldtk == Uk—k_l, (324)
0 0
we have
1

Let K; : Ry — End(V) be an approximate solution of the heat equation
for small ¢ in the sense that for some small a > 0, there exists C' > 0 such
that

dK
R, = # + HK, < Ct°, (3.2.6)
and Ky = 1. The function K is also called a parametrix for the heat equation.
The function R; is called the remainder.
Let

t
Qi = / ththtldtl' (327)
0
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Then
d 1 t
% =R+ / Ry, Rydt; — HQ}. (3.2.8)
0
So from (3.2.6)-(3.2.8),
d 1 ' 20+1
a + H (Kt - Qt) = — Rt_thtdtl = O(t ) (329)
0

Following this way, we could make the error term smaller and smaller:

Theorem 3.2.2. Let ), : Ry — End(V) be defined by

Qf = ththtkftk,l s Rt2,tht1dt1 e dtk (3210)
tA

and QY = K;. Then

“+o0

P=c =3 "(-1)tQ; (3.2.11)
k=0
and
Pt - Kt + O(tlJra). (3212)
Proof. Let
R®(s) := / Ry 4, - Riy s Ryydty - dty. (3.2.13)
SAR_1
Then as in (3.2.8), we have
(% + H) QF = RV (1) 4 R (1), (3.2.14)
From (3.2.6) and (3.2.3),
RM(t) = O(th). (3.2.15)

Since vol(tAy) = tF/k!, there exists Cp > 0 such that

tk
Qff < CoCHt™e . (3.2.16)

So the right hand side of (3.2.11) converges. Since Q) = 1 and QF = 0 for
k > 0, we obtain (3.2.11). From (3.2.16) again, we have P, = K; + O(t'T%).
The proof of Theorem 3.2.2 is completed. [
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The original version of Theorem 3.2.2 is the Volterra series for the expo-
nential of a perturbed operator. If H = Hy + H, € End(V), for K; = et

Ry = <% + H) e o — [ e~ tHo, (3.2.17)

So from Theorem 3.2.2, we have

e~ (HotH) = e=tHo 1N 1)k, (3.2.18)
k=1
where
I, : = / e~ =te)Ho pr o=(te—ts—)Ho . fr e=tHoqy .. gt
tA (3.2.19)
- / e~ooto fr e=orto L e O g o doy.

tAg

So

6—t(HO+H1) _ (_t)ke—ootHoHle—U1tHo L. Hle—UktHOdo-l . dO’k

k=0

1
= ¢ tHo _ t/ eIt i o=otHogo 4 ... (3.2.20)
0

3.2.2 Estimates of the parametrix

For V. = %°(M, E), we study the kernel instead of the operator.
We leave the proof of the following theorem to the next subsection.

Theorem 3.2.3. For every N € Z., there exists a smooth one-parameter
family of smooth kernels kN (x,y), such that for every { € N,

(1) for every T > 0, there exists C > 0 such that for 0 < t < T,
u € €°(M, E), we have

1& N ulle < Clulle, (3.2.21)

where K} is the operator associated with kN (z,v);

(2) for u € €°(M, E),

15% | Kiu — ul|ge = 0; (3.2.22)
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(3) for any s € N, there exists C({,s) > 0 such that the kernel
i (2,y) = (0, + Ho) k)Y (2, y) (3.2.23)
satisfies the estimate
1077 e < C(8, 5)EN /2742 (3.2.24)

for N large enough.
In order to simplify the notation, we omit the symbols "N” and "dt; - - - dt;”
if there is no confuse.
Let K; and R; be the corresponding operators with respect to k; and r;.
As in (3.2.10) and (3.2.13), we consider

Qf = Kt,thtk,tk71 e Rt27t1 Rt17 (3225)
tAg

which is defined by the kernel

Qf(xa y) - / / kt—tk (ZL’, Zk)rtk—tkfl (Zkﬂ Zk—l) Ty (Zla y) (3226)
tA, J Mk
Let
rEtl(z,y) = / / Tety (T, 20) Tty (Zhs Z6—1) - - Ty (21,9). (3.2.27)
tAy J Mk
Lemma 3.2.4. For s e N, if N > (n+{)/2+ s, then ,

k
= (3.2.28)

t
[Ciras e arsar < ORIV =0 /2 =275 g0l (M )*

Proof. It N > (n + {)/2, by (3.2.24), r, and its derivatives up to order ¢
extend continuously to ¢ = 0. Using (3.2.24) again, we obtain Lemma 3.2.4.
The proof of Lemma 3.2.4 is completed. 0

Lemma 3.2.5. Assume that N > (n+ ()/2 and that ¢ > 1.
(1) There exists C > 0 such that for every k > 1,
tk:

16} ¢ arxary < CC* VOI(M)k_ltk(N_n/Q)_E/2m~

(3.2.29)

(2) The kernel ¢f(x,y) is €* on t and

(8 + Hy)gf (z,y) = iz, y) + ) (2, y). (3.2.30)
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Proof. Let
b(t,s,z,y) :/ ke o(, 2)r5 (2, y) = Kt (2, ). (3.2.31)
zeM

Then from (3.2.26) and (3.2.27),

t
o) = [ Weos.z)ds (3.2.32)
0

From Theorem 3.2.3 (1), Lemma 3.2.4 and (3.2.31), for 0 < s <,

tk*l

Hb(t, S) H‘KZ(MXM) S C/Ck VOl(M)k_ltk(N_n/2)_£/2m.

(3.2.33)

So we obtain (1) from (3.2.32) and (3.2.33).
From (3.2.23) and (3.2.31), b(t, s, z,y) is €' on s and ¢ and smooth on z.
From (3.2.23),

(O + Ho)b(t, 5,2, y) =/ reos(z, 2)ri(z,y) = " (2, y). (3.2.34)
zeM

Then (3.2.30) follows from (3.2.32) and (3.2.34).
The proof of Lemma 3.2.5 is completed. ]

Theorem 3.2.6. Assume that the kernel k¥ (x,y) satisfies the conditions of
Theorem 3.2.3 with N > n/2+ 1.
(1) For any ¢ such that N > (n+(+1)/2,

o0

Z Voqk (z,y) (3.2.35)

k=0

converges in the €Y (M x M)-norm and defines a €*-map from Ry to
€' (M x M, EX E*) such that

(O + Hy)pi(z,y) = 0. (3.2.36)
(2) When t — 0,
105 (pr = k) gt aaxary = O@EN /277240, (3.2.37)

(3) The kernel p; is a heat kernel for the operator H.
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Proof. From (3.2.29),

(e e}
g g arsan < Nkellees arxan

)

k=0

_'_écthn/27K/2+l/2€CVOI(M)thn/2+1 <+OO (3238)

So (3.2.25) converges in €“t1(M x M)-norm. From (3.2.28), (3.2.29) and
(3.2.30),

HatquW(MxM) < HTfHH‘ﬂ(MxM) + ||7"f||(ﬂ(MxM) + ||Qf|’(ﬂ+2(MxM)

k k—1
< OFHHD(N=n/2)~t/2 VOl(M)kt— T CREMN=R2)=/2 o] ()R- t
k! (k—1)!
~ tk
Cck (M k—ltk(N—n/Q)—Z/Q—l
+ vol(M) =]
< O P22 (Cvol (M2 [k 4+ 1 4 C)
tk*l
L R =DV =R/2) go] (V)R . (3239
vol(M) ! gy (32.30)

So there exist Cy, C; > 0 such that

o0
Z 10:0 | e areary < N|0ekell e
k=0

(ot N/ O )N /22 Crol Ny o (3.2.40)

Thus p; is € on t from R, to €“(M x M). As in Theorem 3.2.2, we have
(3.2.26).
As in (3.2.39), we have

105 qf

CE(Mx M) < HafilrfJﬂHch(MxM) + HafileHch(MxM)
11077 ) vz (arxany = O 2782751 = (3.2.41)

From (3.2.41), we get (3.2.37).

For (3), we only need to check the initial condition. Since k¥ satisfies the
initial condition, from (3.2.37), we get (3).

The proof of Theorem 3.2.6 is completed. O

3.2.3 Formal solution

In this subsection, we will prove Theorem 3.2.3. We will start from some
basic results in Riemannian Geometry.
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Let g™ be the metric on M. Usually we denote it by ¢ for simplicity.
we consider a smooth path z; : [0,1] — M and define its length as

Liz,) = /0 1 ||t (3.2.42)

The Riemannian distance between xq, z; € M is the infimum of L(x;) over all
smooth paths connecting them, denoted by d(x,y). Let V be the Levi-Civita
connection. A smooth path is a geodesic if for any t € [0, 1],

Vi, = 0. (3.2.43)

Given x = @9 € T,,M small enough, the solution of (3.2.43) is unique.

We write z; = exp,, x. Since the derivative exp, , is an isomorphism, by

the inverse function theorem, exp, defines a diffeomorphism from a small

ball around zero to a neighborhood of xy in M. Let inj, be the radius of

the largest ball such that exp, is a diffeomorphism. Let inj = inf,cys injy.

Since M is compact, inj > 0. Choose an orthonormal frame of 7, M, on
o

which the coordinate functions are x; and the partial derivatives are 3. On

B(0,¢) C Ty, M, we define the metric by exp; (g). If we consider B(0,¢) as

a chart of M at z(, we have % = %. Usually, we simply denoted it by 0;.

With respect to this coordinates, we have
(03, 05) = gij- (3.2.44)
Let
R = xi0; € Tu(To, M). (3.2.45)
Then exp, , R € Texpxo «M , which we also denote by R.
In order to distinguish the points on 7, M and those on M, we write

r = exp,, X. Let z; be the geodesic connecting ¢ and x, and let Y (¢) € T,,, M
be a vector field along x;. if for any ¢ € [0, 1],

V., Y(t) =0, (3.2.46)

we say Y (1) is the parallel transport of Y (0) along x;. Since x €
B(0,1inj), the solution of (3.2.46) is unique associated with initial condition.
So Y (1) is uniquely determined by Y (0). We write

Y (1) = 7(x,20)Y(0). (3.2.47)
Let
ei(x) = 7(x,x0)0;. (3.2.48)
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Lemma 3.2.7. (1) {e;(x)} is an orthonormal frame of T, M.
(2) ei(x) = 0 + O(|x]).

Proof. (1) Let Yy(t), Y1(t) € Ty, M be vector fields along x; satisfying (3.2.46).
Since VI'M preserves the metric,

£ (Yo(0), Yi(1) = (Vi Yo(t). Vi(1) + (Yo(t), Vo, Yi(1)) = 0. (3.2.49)

So (Yo(t),Y1(t)) is a constant along z;. Let Y;(0) = 0; and Y;(0) = 0;, we
get (1).

(2) Let GZ(ZE) = fzj(l’)a] Note that fZJ(O) = 5” So f”(l') = 5@‘ + O(|X|)
We get (2).

(3) Let z; = exp,, tx. Then R = |R|#;. Since V;,e; = 0, we get (3).

The proof of Lemma 3.2.7 is completed. ]

Lemma 3.2.8. (1) VRR =TR.

(2) R =", x;e;, and thus (R, R) = |x|?.

(3) (R,0;) = x;, and thus x; = ¢;;X;.

(4) d(xo,z) = |x|. (Note that |x| only depends on g(x¢) but d(xo,x)
depends on g(x;) fort € [0,1].)

Proof. (1) The curve x; = tx is a geodesic. Note that R(x;) = tx;. We also
simply denote by V = exp} (V). So by (3.2.43),

VR = tVs, (tX,) = t%; = R, (3.2.50)

For the second equality, we consider function f(z;) = ¢t and then Vgt =

Vi [ = %f(ft) =1
(2) From Lemma 3.2.7 (3) and (1),

R(R,ei) = (VrR, &) + (R, Vre;) = (R, ;). (3.2.51)

From Lemma 3.2.7 (2),

(R,e;) = ij(aj, e;) = x; + O(|x]?). (3.2.52)

Since R(x;, -+ X;,,) = kxy, - -+ X;,, from (3.2.51), there is no O(]x|?) term in
(3.2.52). So (R,e;) = x;. Since {e;(x)} is an orthonormal frame by Lemma
3.2.7 (1), we have R = >, x;¢; and (R, R) = |x/*.

(3) Note that

R, 8] = —0i(x;)9; = —0,. (3.2.53)
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Since V is torsion free,
(R,Vrd) = (R, VoR) + (R, [R,d]) = %amzﬁ C(R.B). (3.2.54)
So from (2) and (3.2.54),
R(R, D) = (VaR, ;) + (R, Vi) = %@my? ~x,. (3.2.55)

Since (R,9;) = >_,%,(0;,0;) = x;i + O(|x[*), by R(xi, -+ Xy,) = kXiy -+ Xy,
again, from (3.2.55), we have (R, 0;) = x;, and thus x; = ¢;;X;.

(4) We use the fact that locally the geodesic is the shortest path. Let
x; = tx. From (2),

1 1
d(z0, ) = / 5|t = / £ R, dt
0 0 1 1
= / t x| dt = / |x|dt = |x|. (3.2.56)
0 0
The proof of Lemma 3.2.8 is completed. ]
Let
7(x) = det'?(gi;(x)). (3.2.57)
Then the pull back of the volume form on 7, , M
dx = j(x)dx. (3.2.58)
In other words, we have
J(x) = | det(dx exp,,)|. (3.2.59)

Take ¢ < inj. Let V,, = Im(exp, |p(o,e)). For z € V,, we define a neigh-
borhood of the diagonal of M x M by

U.={(z,y) e M x M : z € V,}. (3.2.60)

If (z,y) € U, d(z,y) <e.
As in (3.1.30), let

1 _d(z.y)? 00
qt(.f,y> = W@ it €€ (R+ X UE)7 (3261)
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which is modelled on the Euclidean heat kernel. To construct an approximate
solution to the heat equation for H, we plan to find a formal solution to the
heat equation as a series of the form

ky(x, (x,y Zt’ z,y, H), (3.2.62)

where the coefficients (z,y) — W,(x,y, H) are smooth sections of the bundle
ENX E* over U..
We would like to have (0; + H)ki(x,y) = 0.

Proposition 3.2.9. For any time dependent section s; of E over U., we
have

O+ H)q-s1) =aq (O +H+t'VE+(2t)'R(logj))s.  (3.2.63)
Proof. From (1.4.35),
AP (gist) = =V oV (ase) + Vve e (@rst)

= _Ve,-(ei(Qt)St - Qtvei st) + (Veei)(qr)se + qtvgeieist
= (APq)s; — 2e;(q))VE sy + ¢ APs;. (3.2.64)

From (3.2.64),
(O + H)(q5¢) = ((0y + A)qy)se — 2(dqe, VFsy) + q0(0, + H)s,.  (3.2.65)

Write x = exp, x. Then from Lemma 3.2.8 (4),

a(z,y) = @t (3.2.66)
Then
n - |x?
Orqr = (_Q_t + %) - (3.2.67)
From (3.2.66),
1 I 2 1 T2
Ag=—r—vme | —e e — e 1 (Vee)(|x[?
! (47rt)"/26( e el “) (47rt)"/24t€ (Ve (<)

=gy () + i (alix?)?) . G208
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We calculate A(]x|?) first. Let g% = (¢71);;. Then ¢ g;x = d;x. From Lemma
3.2.8 (3),

ginj = gijgjkxk = X;. (3269)
For any ¢ € 65°(T,M), from (1.4.37), (3.2.58) and (3.2.69),

AA(|x]*)d / (do, d(]x|*) dsz/TM(ﬁm)gijxjj(x)dx

- £,<z@&ﬂ =2 [ 00,00
" =2 | on+ Rllogj)iz. (32.70)
So y
A(]x)?) = —2(n + R(log j)). (3.2.71)

On the other hand, from (3.2.69),
((IxP)? = 9O (IxPIOS (XP) = dg¥xix, = A, = AP, (3:2.72)
By (3.2.68), (3.2.71) and (3.2.72), we have

Ag, = <%(n + R(logj)) — %) Q- (3.2.73)
From (3.2.66),
Oi(qr) = —%ﬁfm% = _%%- (3.2.74)
So from (3.2.70),
(dgi, VFs;) = gijai(qt)vgjst = —%qtvgst. (3.2.75)
Therefore, (3.2.63) is obtained from (3.2.67), (3.2.73) and (3.2.75).
The proof of Proposition 3.2.9 is completed. ]
Let
B=j"?0Hoj 2 (3.2.76)
Let

®, = j1%s,. (3.2.77)
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Proposition 3.2.10. The following identity holds,

(0, + H + t7'Ve + (2t)'"R(log j)) se = G2 (O +B+t7'V3)®,.

(3.2.78)
Proof. From (3.2.76),
Hoj /% =;712pB, (3.2.79)
From (3.2.77),
_ _ 4 I _ 4
JPVED, = V2V i %5, = 5/ 'R(j)s: + VEs,. (3.2.80)
So (3.2.78) follows from (3.2.79) and (3.2.80).
The proof of Proposition 3.2.10 is completed. [

Definition 3.2.11. Let ®4(x,y) be a formal power series in ¢ whose coeffi-
cients are smooth sections of EXE* on U.. We say ¢,(x,y)j~/?(x)®,(x, y) is
a formal solution of the heat equation around y if x — ®,(z,y), considered
as a section of the bundle £ X E* over V,, satisfies the equation

(at Y B+ t*lv%g) (-, y) = 0. (3.2.81)

Let z; = exp, tx be the geodesic connecting y and z, and let Y (t) € E,,.
As in (3.2.46), if for any t € [0, 1],

VLY (t) =0, (3.2.82)

we say Y (1) is the parallel transport of Y (0) along x; with respect to
VE. As before, Y (1) is uniquely determined by Y (0). We write

Y (1) = 78(z, )Y (0). (3.2.83)
In this case, 78(x,y) : E, — E, is a linear isomorphism.

Theorem 3.2.12. There exists a unique formal solution k(x,y) of the heat
equation

(0 + Hy)ky(x,y) =0 (3.2.84)

of the form

kt(‘rvy> = Qt(x7y>j_1/2(x> thq)l(x7y)7 (3285)
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such that ®o(y,y) = Idg. Furthermore, we have the following recursive
formula for ®;:

()i (2, y) = — /0 S (e ) (By - B 1) (zay)ds.  (3.2.86)

In particular, ®y(z,y) = 75(z,y).
Proof. From Definition 3.2.11, k; in (3.2.85) is a formal solution if and only
if

(@4<B+f4v§>§§ﬂ¢x%y):o. (3.2.87)
=0

Note that the equation (3.2.87) is equivalent to the system of equations:

VE®y =0,

3.2.88

The parallel transport 77(z, y) along z, satisfies the equation VE7 =0
and 7€(y,y) = Idg. So from the uniqueness of the differential equation with
initial condition, we have ®¢(z,y) = 75(z, ).

Let {Y,;}; be a basis of E,. Since 7¥(z,,y) : E, — E,, is a linear
isomorphism, {Y,, ; = 7%(zs,vy)Y,; € E,.} is a basis of E,,. We could write

Qi (x5, y) = Xj()Ya, 5y —Ba®ici(ws,y) = Z;(s)Ya, ;. (3.2.89)

Since R(z,) = sis and VEY, ; =0, we have
VEPi(15,y) = R(X;(5))Ya,; = sX)(5)Ya, ;. (3.2.90)
So the second equation in (3.2.88) is equivalent to the differential equation
sX(s) +1X;(s) = Z;(s). (3.2.91)

The solution of X;(s) in (3.2.91) is
X;(s) = s_i/ v 7 (v)dv + Cs ™. (3.2.92)
0

Since X(s) is not singular for s — 0, we get C'= 0 in (3.2.92). Observe that
"2, ) 10z, y) = X;(1)Yy5 and 75(z,, ) (B, B 1) (20 ) = Z4(5)Y,
We obtain (3.2.86).

The proof of Theorem 3.2.12 is completed. ]
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Let ¢ : Ry — [0, 1] be a smooth cut-off function such that

1, ifs<e?/4,
ls) = { 0, ifs> e (3.2.93)

We write j(z,y) = j(x). Then we construct k¥ (z,y) in Theorem 3.2.3
by

kY (z,y) = ¥(d(z, y))a(z, )i (2,y) Ztii’i(w, y). (3.2.94)

The following theorem is stronger than Theorem 3.2.3.

Theorem 3.2.13. Let { be an even positive integer.
(1) For any T > 0, the kernels k¥, 0 < t < T define a uniformly bounded
family of operators KN on €“(M,E), and

lim |KNs — 8|l = 0. (3.2.95)
(2) There exist differential operators Dy, of order less than or equal to 2k
such that Dy is the identity and such that for any s € €***(M, E),

£/2—j

Ns— > t"Dys|| =0 (D) (3.2.96)
%2
(3) The kernel ¥ (z,y) = (0; + H, )k (x,y) satisfies the estimates
105N || oo < CHN—/D=k=t/2) (3.2.97)
where the constant C' > 0 only depends on ¢ and k.
Proof. We write y = exp,y, withy € T, M. Let
(2, y) = U(|ly )i (y)®:(z, exp, y)7E(z,9) ! € End(E,). (3.2.98)

Let s € €°(M, E). For y € B(x,¢), we write s(z,y) = 75(z,y)s(y) € E,.
Then from (3.2.58), for y = v/tv,

(K s)(x) = (dmt) /2 /M i) /‘“Zw (.92 (2, )y ) s() dy

= (4mt ”/2/ e WP/AEN T iy x,y)dy
(4rt) . Z )

— (4m)? / o “Zt’ 2, 120)s(z, 20)dv. (3.2.99)
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From (3.2.98), we see that ¥y(z,0) = Idg,.

Let {Y;} be a basis of E, and s(y) = s,Y;. Then s(z,y) = s;7%(z,9)Y}.
Let C' = maxyepe) 2jo<¢ | D5 (T7(2,9))]. Then [[s(z,¥)ller < Cls(y)] <
Cllsllgo < C|sllge. So from (3.2.99), there exists C’ > 0 such that for
0<t<T,

N
1K sllee < O W (Z Ti) ([ etrian) tolle. 2100
i=0 "
So K; is uniformly bounded on €*(M, E). In this case, for |a| < ¢,
2leincl) D*(K}Ns —s) = D" llm(K s —5). (3.2.101)
5
From (3.2.99),

lim KNs = (47r)_"/2/ e A (2,0)s(x, 0)dv = s(x). (3.2.102)
oM

t—0

Therefore, we get (3.2.95).
For (2), set o = t'/? and

flo,v) =) o™ Wi(x,00)s(x, ov). (3.2.103)

1=0

Taylor expansion at o = 0, from (1.3.43), we have

Z Z Z 215"’7' (x,0)s ('y)(gg,o)(av)“

|a| <l B+y=a i=0

N1l+1 !
CY Y e 2

|p|=1+1 B+y=p i=0

1
/ (1-— s)l\IJg'B)(x,3@)3(7)(3:,sv)d3. (3.2.104)
0
If |o| < £ 1is odd,
/ e 1Py dy = 0. (3.2.105)
oM

So we only need to consider the even case. In this case, let

Dy, := (4m) /2 Z Z Z @"Y' xO)/zMe_|”2/4v°‘dv-Dg.

2i+|a|=2k |a|<I B+y=a
(3.2.106)
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In particular, Dy = Id. Since s (z,0) = DYs(z), from (3.2.99), (3.2.104)
and (3.2.106), we have

/2
KNs=> t"Dys| =0 (t"97?). (3.2.107)
k=0 %0
In the same way, we have
0/2—j
KNs— Y t"Dys| =0 (D) (3.2.108)
k=0

%%

Note that in this case, s € €T (M, E), so our estimate is for O (¢“+1)/277).
From Propositions 3.2.9 and 3.2.10,

N
(2, y) = qlz, )i, y) (@ + B, + t”%@) <w(d(w, Y)Y i, y)) :
- (3.2.109)
If d(z,y) <e/2, 0%(d(z,y)?) = 0. If d(z,y) > /2, for any k, we have
O (d(x, y)?)e =4 < goup(d(x, y)?)e = /15 = O(tF). (3.2.110)

From (3.2.87), the terms on the right hand side of (3.2.109), which do not
involve a derivative of ¢ (d(z,y)?) cancel, except for one remaining term
tNg(z,y)(B,®x)(x,y), which may be bounded by tN~"/2. So we have

|0 < CtE—/2), (3.2.111)
The estimate of ||OFr} |4 is similar, once we observe that
Oe "t =t (22 /)t = OV, (3.2.112)
and
Dpe™ ™It = ¢712(—2z /1112t = O(t71/?). (3.2.113)

The proof of Theorem 3.2.13 is completed.
O

Now we summarize the properties of heat kernels.
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Theorem 3.2.14. Let p,(x,y) be the heat kernel of H. Then there exist
P, € €°°(M x M, EX E*) such that for every N > n/2, the kernel kN (z,y)
defined by

N
1 dewy? _ i
artyn® " Y(d(r,y)?)i 7 (2, y) Y tPi(z,y) (3.2.114)
i=1
is asymptotic to py(z,y):
10F (pele.y) = kY (2,y))llge = O(ENT/271/278), (3.2.115)

The leading term ®o(x,y) = 75 (x,y).
The following corollary is the generalization of Proposition 3.1.6.

Corollary 3.2.15. Let P, be the heat operator associated with p,(x,y). Then
forkeN, s € €°(M,FE),

= O(tFt1). (3.2.116)

o!

k .

—tH)

I
i=0

@i
Proof. The heat equation (0, + H)P,s = 0 implies that in (3.2.96), Dy =

(—H) /K.
The proof of Corollary 3.2.15 is completed. 0
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3.3 Trace of the heat kernel

We assume that H is symmetric in this subsection.

Definition 3.3.1. Let H be a separated Hilbert space and K be a bounded
linear operator on H. Let {e;} be an orthonormal basis of H. We define

Tr[K] := (Kej,e;). (3.3.1)

We say K is trace class if Tr[K] is finite and independent of the choice of the
orthonormal basis.

Theorem 3.3.2. The heat operator exp(—tH) is trace class and for t > 0,

Trlexp(—tH )] :/MTrE[exp(—tH(m,m))]dx. (3.3.2)

Theorem 3.3.3 (Weyl law). Let Ay < Ay < -+ be the eigenvalues of H. As
t — 0, we have

> e = (dnt) 2 dim E - vol (M) + O(t /). (3.3.3)

=1

Theorem 3.3.4 (Karamata). Let du(\) be a positive measure on Ry such
that the integral

/O N e du(N) (3.3.4)

converges fort > 0, and such that

lim ¢* / e Adu(\) =C (3.3.5)
0

t—0

for some positive constants « and C. If [ is a continuous function on [0, 1],
then

lim ¢* / fle™™)e P du(N) / fle™Ht*te tdt. (3.3.6)

t—0

Using Karamata’s theorem, we obtain the following restatement of Weyl’s
theorem.

Corollary 3.3.5. Let N(\) be the number of eigenvalues of H that are less
than \. When X is large enough,

dim(E) vol(M) ni2

N~ (4m)"/2T (n/2 + 1)

(3.3.7)
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3.4 Finite propagation
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3.5 Zeta function of a Laplacian



