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1. INTRODUCTION

The Bismut-Cheeger eta form serves as the family extension of the eta invariant in index
theory, which originally comes from the adiabatic limit of eta invariants. This limit is initiated
by E. Witten [24] for physical consideration and well studied by Bismut-Cheeger [6] and Dai
[11]. In the general case of the adiabatic limit for Dirac operators in [[11], a global spectral term
arises from the (asymptotically) very small eigenvalues. If we consider the signature operators,
this spectral term can be constructed by Leray spectral sequences.

In [[10], in order to discuss the secondary index theory for flat bundles with duality, Bunke
and Ma generalize the signature operators to the flat case and the adiabatic limit formula to
the family case. In this case, the spectral terms are generalized to the finite dimensional eta
forms constructed by spectral sequences.

In [15, [16, 17], for Dirac operators, the first author generalizes the adiabatic limit formula
to the equivariant family case for a fiberwise Lie group action. In [[17], the spectral terms are
explained as equivariant Dai-Zhang higher spectral flows [12]. But those higher spectral flow
terms cannot degenerate to the terms in [11] directly for the Dirac operator and the formula
there cannot be used directly for the signature operator.

In this paper, inspired by [10], we build a framework to unify the Dirac operator case and
the signature operator case and extend this construction to the equivariant family version by
introducing a series of vector bundles over the base manifold which can be taken as the analogy
of spectral sequences. When the base manifold is a point, our formula yields the classical
adiabatic limit formula for the Dirac operator and the signature operator in [[11]. Moreover,
the part of our formula for “spectral sequences” can also be considered as the refinement of the
remainder terms in [[17].

Now we explain our result in some details.

Let mx : W — V be a submersion of two closed spin manifolds with oriented closed fiber
X. Let TX :=ker(nx. : TW — TV) be the relative tangent bundle over W with Euclidean
metric ¢g?*. Then TX is also spin. Let T#W be a horizontal subbundle of TW such that
TW =THW @TX. Let S(TX) be the spinor bundle over W associated with the spin structure
of TX and V%) be the induced connection on it. Let DY be the family of Dirac operators
along the fiber X twisted by a Hermitian vector bundle F' with a Hermitian connection V.
Assume that ker D forms a vector bundle over V. Under this assumption, the Bismut-Cheeger
eta form 7(mx, S(TX) ® F) € *(V) (non-equivariant version of Definition @ for R =0) is
well-defined.

1
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Let "V be a Riemannian metric on TV With Levi-Civita connection VTV, Let S(TV) be the
spinor bundle with induced connection V"V), For T' > 0, let ¢V := 7%.¢™" @ T-2¢"X and
VTWT e the Levi-civita connection of the metric g, Let CIT(TW) be the Chfford algebra
bundle associated with gZ". Then S(TW) = 7%S(TV)®S(TX) is the spinor bundle with a
Clifford action ¢ : Clp(TW) — End(S(TW)) (see (B.11)). In this case, the induced connection
associated with VIW-T on S(TW) is

(11) VS(TW),T — 7_{_;(vS(TV) R1I+1® VS(TX)

1 1 H
—l-ﬁ(cg( )€z7f > ( ) (fp) 4T2<S( )praf > (fp) (fq)»

where {e;}, {f,} are locally orthonormal frames of TX, TV, fr is the horizontal lift of f,
and S is defined in (@) Let D{fuT be the Dirac operator associated with VW) and V¥,
Let D" PX be the Dirac operator associated with VErPx (see (@) for the definition). Let
n(Dfy ;) and n(DyTPX) be the corresponding Atiyah-Patodi-Singer eta invariants in [1].

The famous adiabatic limit formula for Dirac operators is stated as follows.

Theorem 1.1. [6, 11] If dim W is odd,

(1.2) lim 7 (Dfyr) = 2/ ATV, V™ Vii(nx, S(TX) @ F) + n(DEPX) + R,
T—5+o0 v e
where R is an integer-valued remainder term and A(-) is the corresponding A-form (see [2,
§1.5 and §4.1] for the definition). Moreover, if ker DX forms a vector bundle over V, and if
dim ker D{}%T is independent of T, then

(1.3) R=> sgn()), A= {A € Sp(Dfyr) : A=0 (%) } ,

where Sp(D{/?VyT) is the set of the spectrum of D{;V’T. In particular, if D% is invertible, then
R=0.

Note that if dim V is even, then the term n(Di"P*) in (@) vanishes.

Remark 1.2. (1) In [, 11], the authors use the rescaling g% = g™ + 2 27%¢*", x — 0.
Here we consider T = z7!'. Then ¢gi" = 2?¢I"W. Note that when we multiply a
constant on the metric, the eta invariant does not change. For the reminder term R
in (@), in [11, Theorem 0.1], the summation runs over all eigenvalues )\, decaying at
least quadratically in x. After taking 7' = 27!, these eigenvalues correspond to the

eigenvalues in A, which decays at least linearly. So ([l.2) is the same as the results in

6, 11].
(2) Let °V™W = a3 VTV @ VIX. Then by [15, Proposition 4.5] (cf. also [21, (4.30))),
Thm A(TW VTWT 07" = 0, where A(-) is the Chern-Simons form for the A-form
—+oe

(cf. [22, Definition B.5.3]). The formula () can also be formulated as an equality:

(14) 5 (DEy) =2 /V ATV, V™V)ii(rx, S(TX) @ F)

_ 9 / A(TW, VTV OYTW)eh(F, VF) 4+ (DX PX) + R.
w

We usually take 7" = 1.

In fact we can drop the spin conditions and replace S(T'X) ® F and S(TV') by Zs-graded
Clifford modules £x and &, with Clifford connections V¢* and Vv respectively. On Clifford
module £ = 15y REx, as in (|L.1)),

(15) VT = O b (S0 fOelenely) + g (SO FIelf)elfy)
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is a Clifford connection associated with V-7 Here V¢ = 75, VE @ 1 + 1 ® VéX. Let D§,
be the Dirac operator associated with the Clifford connections V7T, Let D3 be the fiberwise
Dirac operator. Then if ker D5 is a vector bundle and dim ker DY, 1 is independent of T, ()
can be naturally extended to the Clifford module case with reminider term (|L.3).

For the assumptions about ker Df{‘ and dim ker D%T, an important example is the case for
signature operators. For Ex = A*T*X @ C, &y = A*T*V ® C and € = A*T*W @ C, if dim X
and dim V' are both even, then the kernel of the signature operator Dix = dx + d% forms a
vector bundle, and D, is conjugate to dw + djy;, whose kernel is stable. Here dj, ; is the
adjoint of dy with respect to g-"'. For this case, the Clifford connection is

(1.6) VoI ="V + i<5(-)6u o) (c(ed)e(fy) + clen)e(flx))

2T
¥ o (SO SN )el ) + UIEf))

where ¢(U) = U* A +iy for U € TW. Observe that () is slightly different from () In
[11], Dai also studies this example when dim X is even and dim V' is odd. For this case, the
assumptions for ker D_‘;:(X and ker D%T are also satisfied. See also Section @ for details. In [11,
Theorem 0.3], Dai shows that the adiabatic limit formula also holds for signature case (when
dim V' is odd, the Clifford connection is (3.93)).

Note that if V' is a point and dim X is odd,

(17) il £x) = 3n(DF).

Thus the Bismut-Cheeger eta form can be considered as the higher degree version of the eta
invariant. If V is a fibration over a closed manifold S with closed fiber, then W is also a
fibration over S. We generalize the eta invariants in ([l.4) to the Bismut-Cheeger eta forms.
In fact, we can generalize them directly to the equivariant eta forms for fiberwise compact Lie
group action.

Let G be a compact Lie group. Let W, V, S be closed G-manifolds. Let mx : W — V,
my : V — S be equivariant submersions with closed oriented fibers X, Y. Then 7z = my omx :
W — § is an equivariant submersion with closed oriented fiber Z. Assume that G acts on S
trivially. We have the diagram of fibrations:

(1.8) X—>7—>W

TZ
TX TX

y —~VvV- 2.8

Let my = (mx, TEW, ¢™X), 7y = (7y, TY¥V,¢") and 7z = (72, TEW, g*#) be equivariant
geometric data with respect to mx, my and 7z as in (R.10). Assume that THW C THW and
g7% = wi g™ @ g™, Let VIX VTY and V7% be the corresponding connections on TX, TY
and TZ as in E) Set V% .=, VTY @ VX,

Let Ex = (Ex,h"x, V) (resp. & = (Ey,h®, V) be a Zj-graded G-equivariant self-
adjoint Clifford module of CI(T'X) over W _(resp. Clifford module of CI(TY") over V') with
a G-invariant Clifford connection as in (@) Set £ = 1 EyREx. For T > 0, let g57 =
gty @ T72g™ and VI%T be the connection on T'Z as in (ﬁ) associated with g-Z. Then
with respect to g-#, the Clifford connection

(1L9) V5T = OFF 4 o (SChew i dele)el) + g (SO SIelf)elfy) + Ar,

where Ay € QY(W,End(€)) is G-invariant and supercommutes with the Clifford action. So
(&, m5htY @ hEx V& = V&) is a Zy-graded G-equivariant self-adjoint Clifford module_of
Cl(TZ) over W. In order to obtain reasonable results, we add assumptions for Ar in (B.17),
which are satisfied for connections in (@) and ()

Let D5 and D% 1 be the families of Dirac operators along the fibers X and Z associated

with (¢7%, Vx) and (gh?, V&T) respectively. Assume that ker D%¥ forms a vector bundle over
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V. Let Dy be the limit operator of the restriction of D%T on & ® ker Df(x when 7" — oo (see

() for the definition). Then if Ay = 0, Dy is the fiberwise Dirac operator. We assume that
the equivariant eta form for Dy, 7 (1y, &y ® ker Dix ), is well-defined.
The purpose of this paper is to establish the following result, which we state in Theorem @

Theorem 1.3. Under Assumptions and @, for g € G, modulo exact forms on S, we have

(L10) y(mz,) = Ty{my. & @ ker D)+ | Ry (TY, V™)l (€ /5. V)i (k. £x)

Y9

- / A (TZ,NV"Z ONT%)ch, (£/S,VE) — / A (TZ, 'V %)ch, (£)8,VE, °VF)
Z9 VA

To
+ Z ﬁg(EM Br) + Chg(ker D§7 voo’ VkerDZ).
r=2
Here 1 s defined i )’ Y9 and Z9 are the fized point sets of g € G on'Y and Z respectively,

which are assumed to be oriented, Kg(-) and ch,(E/S,N¢) are the equivariant A-form and the
equivariant relative Chern character form (see, e.qg., [19, (1.32), (1.33)] for the definitions) and

.Kg(~) and gizg(-) are the corresponding equivariant Chen-Simons forms, which are the natural
equivariant extension of [22, Definition B.5.3]. The definitions of the last two terms above follow

from @) and )

In [17, Theorem 1.6], the first author proved that if A7 = 0 and the kernels of all fiberwise
Dirac operators are vector bundles, for g € GG, modulo exact forms,

(L11) Tylmz,) = Ty, & @ ker D)+ | Ry (TY, V™)l (Er /5. V)i (k. £x)
Y9

- / A(TZ.V"%, 09" )ch, (£/5,VF) + R,
79

where R € chy(K&(S)) is the image of the equivariant Chern character for some equivariant
higher spectral flow.

In [10, Theorem 5.11], Bunke and Ma state an analogous result for generalized signature
operators (without group action). The term corresponding to R is the sum of finite-dimensional
eta forms associated to the higher pages of the Leray-Serre spectral sequence.

If S is a point, the setting in Theorem satisfies Assumptions @ and B.5. In this case,
our theorem degenerates to previous result (see Proposition @)

This paper is organized as follows. In Section 2, we review the definition of the equivariant
eta form and define the equivariant finite dimensional eta form. In Section 3, we state our main
result in Theorem B.6. In Section 4, we use Theorems §.2-4.5 to prove Theorem @ Section 5
is devoted to the proof of Theorem W{.5.

Notation. All manifolds in this paper are smooth and without boundary. All vector bundles
in this paper are smooth. All fibrations in this paper are submersions with closed oriented
fibers. We denote by d the exterior differential operator and dg when we like to insist the base
manifold S.

We use the Einstein summation convention in this paper: when an index variable appears
twice in a single term and is not otherwise defined, it implies summation of that term over all
the values of the index.

We use the superconnection formalism of Quillen [23]. If A is a Zs-graded algebra, and if
a,b € A, then we will note [a,b] := ab — (—1)3°&@de)pg as the supercommutator of a,b. If
F,F'" are two Zy-graded spaces, we will note FQF' as the Zo-graded tensor product as in 2,
§1.3]. If one of F, F” is ungraded, we understand it as Z,-graded by taking its odd part as zero.
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For the fiber bundle 7 : W — S, we use the sign convention for the integration of the
differential forms along the oriented fibers Z as follows: for o € Q°*(S) and 5 € Q*(W),

(1.12) /Z(W*a)/\ﬁza/\/zﬂ.

2. EQUIVARIANT ETA FORM

In this section, we introduce the basic object of this paper — eta forms. In Section 2.1, we
describe the geometry of a fibration and introduce the Bismut superconnection to define the
equivariant Bismut-Cheeger eta forms. In Section 2.2, we introduce the equivariant version of
finite dimensional eta forms for a vector bundle.

2.1. Equivariant Bismut-Cheeger eta form. In this subsection, we introduce the definition
of the equivariant Bismut-Cheeger eta form. Since we want our main result to contain the
signature operator case, the definition in [15] needs to be properly generalized.

Given a submersion of closed manifolds 7 : W — S with closed oriented fiber Z, let G be a
compact Lie group which acts on W with mo g = w, Vg € G. In this case, the G-action on S
is trivial. We denote by TZ := ker(m, : TW — T'S) the relative tangent bundle and THW a
horizontal subbundle of T'W such that

(2.1) T™W =T'WaTZ.

Then THW and TZ are both vector bundles over W. We assume that the G-action preserves the
orientation of TZ. We assume that TH#W is also G-equivariant. Then the G-action preserves
the splitting (2.1). For U € TS, let U7 € THW be its horizontal lift in THIW such that
m U =U. Let PT? : TW — TZ be the projection with respect to (El])

Let ¢4 and ¢7° be G-invariant metrics on 7'Z and T'S respectively. Then

(22) gTW — W*gTS D gTZ

is a G-invariant metric on TW.
Let VI'W be the Levi-Civita connection associated with (TW, g™") and

(2.3) viZ .= progtVvptz,

Then V77 is a G-invariant Euclidean connection on T'Z depending only on (THW, g*%) (cf. 4,
Theorem 1.9]). Let VZ¥ be the Levi-Civita connection on (T'S, g7%). Let

(2.4) OWIW = m*v?¥ @ V%
be a connection on T'W, which is also G-invariant. We define
(2.5) S = VW oyt

Then S is a 1-form on W with values in antisymmetric elements of End(TW). Let T be the
torsion of °VTW. Then by [4, (1.30)], for U,V € TS,

(2.6) T, vy = —PT2[UH v e TZ.

Let CI(TZ) be the Clifford algebra bundle of (T'Z, g7%), whose fiber at x € W is the Clifford
algebra Cl(T,Z) of the Euclidean vector space (1,7, g"%). A Zs-graded self-adjoint Clifford
module of CI(T'Z),

(2.7) E=E, @E_,

is a Zo-graded complex vector bundle equipped with a Hermitian metric A preserving the split-
ting (@) and a fiberwise Clifford multiplication ¢ of C1(7'Z) such that the action ¢ restricted
to TZ is skew-adjoint on (€, h¢) and anticommutes (resp. commutes) with the Zy-grading if
the dimension of the fibres is even (resp. odd). Locally, the Clifford module £ can be written
as

(2.8) E=S(T2)®F,
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where S(T'Z) is the (possibly nonexistent) spinor bundle and F = F, & F_ is a Zy-graded
complex vector bundle. In this case, if dim Z is even, S(TZ2) = S, (T'Z) & S_(TZ) and

£ =(SL(TZ)®F) @ (S_(TZ) @ F.), & =(Si(TZ)@F.)® (S_(TZ)® F.);
if dim Z is odd,

E,=ST2)®F,, & =STZ)®F-_.

Let V¢ be a Clifford connection on & associated with V7%, that is, V¢ preserves h® and the
splitting (@) and for any U e TW, V € C*(W,TZ),
(2.9) V5, c(V)] =c(V{7V).

As in [2, Proposition 3.40] and (@), locally, the connection V¢ is uniquely determined by a
connection on F'. We assume that the action of G can be lifted on £ such that it is compatible
with the Clifford action and preserves the splitting (@) We assume that h® and V¢ are
G-invariant.

Notation 2.1. We denote by
(2.10) = (n, THW,¢"%), &£ .= (& 1%, V%)
the corresponding geometric data of the fibration 7 and the Clifford module £ of CI(T'Z7)

introduced above.

On Clifford module &€ of CI(T'Z), we define a family of Dirac operators over S by
dim Z

(2.11) DS =" cle)VE,
i=1
for {e;}¢™Z a local orthonormal frame of (T'Z,g”%). This definition is independent of the
choice of {e;}8Z. we see that D$ commutes with the G-action.
Let E, be the space of smooth sections of £ over Z;,, b € S, equipped with the L*inner

product
(2.12) (Vg = / BE (-, Ydug.
Zp

As in [4], we take (E,(-,-)g) as an infinite dimensional vector bundle over S. Let V¥ be the
(-, ) p-preserving connection on E with respect to V¢ defined by (cf. [, (1.16)])

1
(2.13) Vi =V — §<S(ei)ei, Uy, YU € C=(S,TS).
Let {f,} be a local frame of T'S and {f?} be its dual. By (@), we denote by

(2.14) o) = SeTUL TN A Jon = e PP FEP A FOA.
Let B be the Bismut superconnection defined by (cf. [2, P.336])
o(T)
4
on C®(S, E) ~ C>®(W, &), which only depends on geometric data (THW, g74,V¢). For u > 0,

we denote d, the operator on AY(T*S)®FE by multiplying differential forms by 12, Then for
u > 0, we define the rescaled Bismut superconnection by

(2.15) B:=D%+ V¥ -

o(T)
4v/u

For a trace class element P € A(T*S)®&End(E), we denote by Tr24/¢¥"[P] the part of Tr,[P]
which take values in odd or even forms. Set

(2.17) T;[P] - Tfs([lf]a %f d%mZ %s even;
Tro%[P], if dim Z is odd.

Here Tr[P] denotes the supertrace of P as in [2, §1.3].

(2.16) B, = /ud, 0 Bod;t = \/uD5 + V¥ —



For a € Q'(S), set

(2.18) b(a) = (5vm1)” o e
\/%? <27r—\1ﬁ> * L, iisodd,

and

~ ——hs(a), 1 is even;

_ v

(2:19) Ysla) = {—Qﬁﬁ%(a), i is odd.
For g € Q°(S x R,), if we write 5 = 5y + du A By, with Sy, 51 € Q°(5), we set
(2.20) {81 1= 6,
Then by ()-(), we have
(2.21) {¥sxr(B)}™ = ¥s(B).

For g € G, let W9 be the fixed point set of g-action on W. Then 7|yq : W9 — S is a fiber
bundle with fiber Z9. We assume that T'Z9 is oriented.

Definition 2.2 (Compare with [[15, Definition 2.3]). For G-equivariant self-adjoint R € C*(W, End(E)),
we set

(2.22) 'y = By + uR.
For g € G, the equivariant Bismut-Cheeger eta form ny(m, R,E) € Q°(S) with respect to R is

defined by
P 9 du
g exp (— (3;2 +du A —) )] } du
ou

—+00 __
(T RE) = — / {wsXRTr
0

(2.23) - -
Jo 7 g T [g S exp(—(B;g)Q)] du € Q%" (B;C), ifdimZ is odd;
U T 9752 exp(—(Bl)?)| du € Q9(B;C),  ifdim Z is even,

if the integral term in () converges absolutely at 0 and +o0. If R = 0, we will simply
denote the equivariant eta form by 7),(x, £).

In general, The absolute convergence of the integral term in () at 0 and +oo require
additional conditions. As in [[15, (2.77)], if ker(D% + R) forms a vector bundle over S, then
the integral term converges absolutely at +oo. By [15, (2.72)], if R = 0, from the equivariant
version of the local family index theorem, the integral term converges absolutely at 0. There
are also other cases for the absolute convergence at 0 for nontrivial R. See the discussion for
the signature operators in Section B.4. In fact, in order to get a well-defined eta form, we can
also use a cut-off function x(u) of u and multiply it by R in () such that x(u) is equal to
0 near © = 0 and equal to 1 near u = +o00. But we will not use this trick in this paper.

2.2. Finite dimensional eta form. In this subsection, we introduce the definition of the
equivariant finite dimensional eta form.

Let ' — S be a G-equivariant Zs-graded vector bundle with Hermitian metric A, which
preserves the Z,-grading. We assume that the G-action on S is trivial and hf" is G-invariant.
Let V¥ be a G-invariant connection preserving hf’. Take V € C*°(S, End(F)) commuting with
the G-action. We assume that V' either commutes or anticommutes with the Zs-grading. Set

(2.24) F':=kerV.

We assume that dimker V' is locally constant. Then F’ — S is a G-equivariant Zs-graded
vector bundle. We define the equivariant geometric data on F” by the orthogonal projection
PV [ F'as

(225) hF’ — PkerV o hF o PkerV’ VF’ — PkerV o vF o PkerV‘

/. . . /
Then V" is a connection preserving hf".
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Based on Quillen’s work [23], we define the superconnection as follows.

Definition 2.3. Let o be a quantity which commutes with Q°*"(S) and anti-commutes with
Q°dd(S). We define superconnection L : Q°(S, F') — Q°(S, F) by:

VE+V, if V anticommutes with the Z,-grading;
VE + 0V, if V commutes with the Z,-grading.

(2.26) L= {

Remark 2.4. In the sequel, in order to simpify the notations, when V' commutes with the Zo-
grading, we also usually omit ¢ and regard V' as a quantity commutes with differential forms
of even degree and anti-commutes with differential forms of odd degree.

For u > 0, set
(2.27) Ly :=ud, o Lod;* = uV + V.

Definition 2.5. For g € GG, we define the equivariant finite dimensional eta form by

too 2 du
ng(F, L) := —/ {@DSX]RTrs g exp (— (Luz + du N %) )] } du
0

+oo

OL,2 )
=/ YgTr [QW exp(—Luz)] du.

The legitimacy of the definition follows from the equivariant version of [2, Theorem 9.7].
Moreover, by the equivariant version of [2, (9.2)],

(2.29) diy(F, L) = chy(F', V") — chy(F, V).

(2.28)

3. FUNCTORIALITY OF ETA FORMS

We will present our main result in this section. In Section 3.1, we investigate the geometry
of a composition of fibrations, then define the Dirac operators. In Section 3.2, we construct
a series of bundles for the composition of fibrations by means of Dirac operators in Section
3.1, which is an analogy of [3, (6.9)] and [21, (2.13)]. In Section 3.3 we state our main result,
which can be seen as the relation of the equivariant Bismut-Cheeger and finite dimensional eta
forms associated with the composition of fibrations under some assumptions. In Section B.4]
we discuss the case for signature operators, which satisfies all assumptions in our main result.

3.1. Composition of fibrations. In this subsection, we introduce the geometry settings of
our main result. We revisit the geometric setting in Section m to make the definitions clear.

Let W, V, S be closed G-manifolds. Let nx : W — V, 7y : V — S be equivariant
submersions with closed oriented fibers X, Y respectively. Then 7y :=ny oy : W — S is an
equivariant submersion with closed oriented fiber, which we denote by Z. Assume that G acts
on S trivially.

We denote by T'X, TY, TZ the corresponding relative tangent bundles for nx, my, 7z,
and TEW, THV, THW the horizontal G-equivariant subbundles respectively. For U € T'S,
U' € TV, we shall denote by U'Y € THW, U}l € THV, UY € TZW the corresponding
horizontal lifts of U’, U, U such that mx.(U'%) = U, ny.(Uf) = U, 77.(U}) = U. We
assume that THW C THW  such that for U € T'S, (UL = UL, Let THZ :=THEW NTZ.
We have a splitting TZ = THZ & TX such that THZ ~ 7% TY .

Let ¢, ¢V be two G-invariant Euclidean metrics on relative tangent bundles TX, TY
respectively. We define

(3.1) g7% = 7T;(gTY & gTx

on 77, which is also G-invariant. Let VX, VY V7% be G-invariant connections defined in
() on TX, TY, TZ respectively. Let °V7Z be the connection

(3.2) VA S VARG B VA
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In the following, we write {k.}, {e;}, {f,} the local orthonormal frames of (T'S, "),
(TX, g™), (TY, gTY) correspondingly, and {k®}, {e}, {fP} the dual frames.

Let Ex = (Ex,h"x, V) (resp. & = (Ey,h®, V) be a Zj-graded G-equivariant self-
adjoint Clifford module of CI(T'X) over W (resp. Clifford module of CI(TY) over V') with a
G-invariant Clifford connection. Then Ex is a Zs-graded G-equivariant complex vector bundle
over W and &y is a Zy-graded G-equivariant complex vector bundle over V. Set

(3.3) £ =i EyREx.

Then & is a Zs-graded G-equivariant self-adjoint Clifford module of

(3.4) CUTZ) ~ 7% CUTY)RCTX)

with Hermitian metric

(3.5) hf == T @ hex,

For U € TY, the Clifford action ¢(U) on Ey are lifted on 7%y as c(UL). Set
(3.6) 0Ve =14V @1 +1@ Ve,

Then °V¢ is the Clifford connection associated with °V7%, but not associated with V7.

Let Dix be the family of Dirac operators with respect to (g7, V&x). For any v € V, ker Di’i
is a finite dimensional G-representation. We assume that | |, ., ker Df{; forms a vector bundle
ker D5¥ over V.

Denote by Ex the infinite dimensional vector bundle over V' associated with £x. We shall
denote by (-,-)g, the L%inner product on Ex and VX the G-invariant (-,-)p,-preserving
connection as (R.12) and (R.13). Then (-, )g, induces a G-invariant Hermitian metric h¥erPx
on ker Df(x. Let P: Ex — ker D§(X be the orthogonal projection with respect to (-, )g,. We
define

(3.7) VkrDx .= poVFxo P,

which is a G-invariant Hermitian connection on ker D%¥. We define the inner product (-, )¢, o5y ,
based on A and (-,-)p, . Set

(3.8) VEOEx = V& 141 @ VX
on the bundle & QEy — V. Set

Ey Rker Dx — Ey ker Dx Ey ®ker Dx — Ey ker Dx
(3.9) h heY @ h .V V& 21+10V .

Note that all these data constructed on & ® ker DiX are G-invariant.
We define the G-invariant metrics over T'Z and TW for T > 1:

1
(3.10) gr” =mig @59, gr =mlg @ ar”
Let Cly(TZ) be the Clifford algebra bundle associated with g-Z. It is easy to see that the map
(3.11) (CI(TZ),917) = (CUTZ), "), for> for Te; e

is an isomorphism of Clifford algebras. Then we can regard £ as a Clifford module of Cly(7'27)
through this isomorphism and denote the Clifford multiplication by cr.

Let VI%T be the G-invariant connection in (@) associated with (T2 W, g-Z). Then by [21,
Theorem 5.1] (see also [15, (4.1)]),

1
(3.12) VIAL = OVT2 4 PTXS)PTY 4 S PTT S PTY,
where Sx is the tensor in (@) associated with 7y and PT"Z is the orthognal projection onto
THZ.
Let h?x be a G-invariant Hermitian metric on £x preserving the Z,-grading such that the

Clifford action ¢ restricted to TX is skew-adjoint and let hé := 74h& @ hEX as in (B.9).
Let V&T be a G-invariant Clifford connection on & associated with VT4 and hé. As in
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[2, Proposition 3.40], [15, (4.3)] and (@), there exists G-equivariant Ar € QY(W,End(€))
supercommuting with C1(T'Z) such that

(3.13) V&= ng+_<SX(>€uf x)ele)e(fy) + 4T2<3x()fp;<7f x)e(fp)elfo) + Ar(:).

Here c(e;) denotes the action of c¢r(Te;) on € through the map in () In fact, as in (@),
the Clifford modules £x, & and & can be locally written as

Ex = S(TX)®Fx, & = S(TY)®Fy,

3.14 ~ ~ ~ ~ ~

where S(TX) and S(TY) are the corresponding (possibly nonexistent) spinor bundles and
Fx and Fy are Zy-graded vector bundles. From the proof of [2, Proposition 3.40], a Clifford
connection on & can be locally uniquely splitted as the sum of the canonical connection V5T%).T
on S(TZ) with respect to V74T and a connection on 7% Fy®Fy. From [2, (3.13)] and (),

with respect to the metric V47,
(315) vS (TZ), XvSTY ®1+1®v3 (TX)
1
4 (SO F)eleel ) + e (Sx O FEel el .

Here V) and V¥TX) are the canonical connections on S(7Y) and S(TX) with respect to
V™Y and V¥ respectively. So there exists uniquely G-equivariant Az on 7% Fy & Fx such that
(B-13) holds locally. Since other terms in (@) are globally defined and preserve the metric

h%., so Ar is globally defined and skew-adjoint with respect to h%. If T = 1, we simply denote
by

(3.16) Vé = Vel

Let DY ;- be the family of Dirac operators with respect to (¢7#, V&), We assume that ker D%,

forms a vector bundle over S x [1,400)7. We simply denote by D¢ = D%l.

In order to obtain reasonable results, we must make additional assumptions about A7. On the
other hand, we expect the two most interesting examples, usual Dirac operator and signature
operator, to hold under the assumptions. In this paper, we assume that

Ar(U1) = Qx1(U)T P+ Qxo(U)T 72, for U, € TX;
(3.17) Ar(Us) = Qy (U)T 1, for Uy € TH Z;
AT(Ug) = O(Tﬁl), for Us € Té{VV, T — +o0,

where Qx 1(U1), Qx2(Uy) and Qy(Uz) are endomorphisms of £ over W. Since Az supercom-
mutes with the C1(T'Z) action and is skew-adjoint with respect to h%, we see that Qx1(Uy),
Qx2(U1) and Qy (Usz) supercommute with the C1(7°Z) action and are skew-adjoint with respect
to h{. For the case of Dirac operator, Ay = 0. Later in ( we will see that for the signature
operator, the Clifford connection satisfies the assumption (B-17).

Since Sxﬁ Sx(ej)e; and Sx(e;) fly — Sx(flx)e: € TX, from (), (), (@),
(m) and (B.17), we have

(3.18) D1 =cle) Vil +c(f,) Vi

—_

= TDY + S (Sx(eiej, fyix)ele ) ())elf,) + 17 (Sx eyl faxdelen)e(fy)e(fo)

+TC(6i)«4T(€i)+C(fp)OVgH + o7 (3x(fpx)6uqu> (fp)eleae(fy) + e fp) Ar(fly)
=TD + c(fp)VSY®EX + C(@)QXJ(Q’)

— S fll Fiele)el el f) + (cle)@xaled + el Qe (i)
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Set
(3.19) Dy = c(f,)VE P + c(e)Qxa(e)
on C®(V,Ey®Ex) ~ C®(W, ) and

(3.20) C:= ——<Tx(pr,ffx) ielee(fy)e(fq) + clen)Qxaled) + c(f)Qy (fox)-

Here Tx is the torsion tensor associated with 7y as in (@) Then by [4, (1.28), (1.30)], we
have

C
(3.21) D% =TD5 + Dy + T

By (), Dy and C are self-adjoint with respect to h.
Let D§Y®ker DX be the family of Dirac operators associated with (g7, V& ®krPx)  Then by
)

(B.1d) and (B.21),

(322) Ey = PDHP = D;S/Y@kerDX + PC(Q)QXJ(BZ‘) P.

We assume that ker ﬁy forms a vector bundle over S.

As in (), for U € C*(S,TS), we set
1 1

vil= Vi; - §<SZ(€i)€ia Uz — 5( 2(FIO U,
(3.23) . i 1 . 1 .
Vi = Vs — §<SZ(€i)€i7Uz> - §<Sz(fp,x) T Ug,

where Sy is the tensor in (@) associated with mz. From () and (), we have

1
(3.24) Vit = VG + o (Sx (U en Lxelenelfy) + Ar(UZ).

Let Br be the Bismut superconnection defined in () with respect to (TEZW, VET). By [15,
Proposition 5.5, we have

3.25) Br =D + V% 4 0" - W Zm (g g eeedetsy)el )

(Sl )e, FINele el o)k A = (T (ke WL, ) eek AR

+ %C(ei)QX,Q(ei) + lC(fp)QY(ffX) + k%A AT(k’oIiz)-

Here Tg and 7z are the torsion tensors associated with 7y and 7z. Let VEY be the connection

as in (R.13) with respect to my and V&®@kerPx  Then by [15, (5.42)], we have
(3.26) vE = pOVEP,
Let By be the Bismut superconnection associated with (my, &y). Set
(3.27) Bl := Dy + V" — @
Then by (M) and (ﬁl), we have
(328) Bgf = BY + Pc(ei)Qx,l(ei)P.
From () and ()—(), we have
1
(3.29) PByP =By + 0O (T) :

We assume that the equivariant Bismut-Cheeger eta form with respect to Pc(e;)Qx.1(e;)P:
(330) ’7];(7'('_}/, gy & ker Di—x) = ﬁg(ﬂ'_y, Pc(ei)QX,l (€Z‘)P, gy X ker Dix) S Q.(S)
is well-defined.
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3.2. The bundles of spectral sequence. With all these geometric data prepared, in this
subsection, we will define a series of bundles over S, denoted by {E, },—0 1, co-
Compared with [, (6.9)] and [21, (2.13)], we make the following definition.

Definition 3.1. For r = 0, let £y = FE be the infinite dimensional bundle over S with
fiber C*(Z,€). For r = 1, let E; be the infinite dimensional bundle over S with fiber
C®(Y, Ey@ ker D5X). For r > 2, we define the C(S)-module

& = {50 € C(S, E): There exist s1,---,s,_1 € C™(S, F), such that
(331) DiXSO = 0, DHS() -+ Dixsl = 0, CSO + DH81 -+ D}S‘(XSQ = O,
T 7687"73 + DHST'72 + DiXST,1 = 0}

We assume that &, is a finite generated projective C*°(S)-module. Then it is the space of
smooth sections of a vector bundle E, over S.

By () and (), for b € S, Eyp = ker l~7yb, which is a finite dimensional vector space.
Forr > 2, B, C Eyp. So for r > 2, dim £, < +oo. From the assumption in Definition B.1],
{E;p}bes constitute finite dimensional complex vector bundles E, for » > 2. Moreover, they
are G-equivariant and Zs-graded.

In Section B.4, we will see that when we consider signature operators, FE, is isomorphic to
&, in 21, (2.13)] . So for signature operator, £, can be interpreted as terms of Leray spectral
sequences [21, Proposition 2.1]. However, in our general case, there is no topological meaning
for E,.,r > 2. Hence we need the assumption in Definition @

Now we construct the geometric data and the equivariant eta forms for F,.

For r = 0, Ey = E. By abusing the notation, we write hg for (-,-)g, the metric defined in
() on E. We write V° := V¥ and Dy := D5¥. Let By be the Bismut superconnection
associated with (T#W, g™, Véx) as in (@)

Let V9 be the fixed point set of the g-action on V for g € G. Then 7x|ys : W|ys — V9 is
a fiber bundle with fiber X. We assume that T'X9 is oriented. For any g € GG, the equivariant
Bismut-Cheeger eta form

(3.32) My(mx: Ex) € (V)
is well-defined. Here ﬁ stands for
(3.33) 7% = (7xlve, TE (Wlye) := THW N T(Wys), ™) .
For r =1, F4 = ker Dy = ker Dix. Let p; := P : Ey — E; be the orthogonal projection. Let
hy be the metric on F, induced from hg. Set
(3.34) V= véorekrDx — ) vop,.

Then it is a co~nnect10n on F preserving h;.
Let Dy := Dy be the operator in (@) For g € G, we assume that TYY is oriented. We
have assumed that

(3.35) Ty, Ey @ ker DY) € Q°(S)
defined in () is well-defined.

For r > 2, let
(3.36) pr: By — E,

be the orthogonal projection with respect to hg. Let h, be the metric on E, induced from hg
and

(3.37) V" =p.Vp,.
Then V" preserves h,..
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Comparing with [3, (6.10)] and [21, (2.14)], for r > 2, we define D, on E, by
(3.38) D,so :==p.(Dys,—1 4+ Csp_2),

where s,_1, s,_o are the elements in () Then D, commutes (resp. anticommutes) with the
Zs-grading on E, when dim Z is odd (resp. even).

Theorem 3.2. The operator D, in ) is well-defined. That is, it is independent of the

choice of s1,--+ ,S,—1 in (|3.31). Moreover, D, is self-adjoint and

(3.39) ker D, = E, ;.

Proof. Since all operators in () are along the fiber Z, we may assume that S is a point.

For r =0.1, Dy = Dix and Dy = ﬁy are well-defined. Moreover, we have ker Dy = E; by
Definition B.1. Since Dy and D; are self-adjoint elliptic operators, by Hodge theory, we have
the orthogonal decompositions,

(340) EO = Im DO D ker D() = Im DO D El, E1 = Im D1 D ker Dl.

We first prove () for r = 1. If 59 € Ey, by (), there exists s; € Ey, such that
DHSQ -+ D081 =0. So by (),

(3.41) Diso = p1Dyso = P(—Dos1) =0,

which implies £y C ker D;. On the other hand, if sg € E; and Dysqg = p1Dgsg = 0, then by
(B.40), we see that Dysy € Im Dy. Thus there exists s; € Ey, such that Dysy = Do(—s1),
which implies ker D; C FE5. Therefore, we have ker D; = Es.

For r > 1, E, is finite-dimensional. We assume that for any 0 < ' < r — 1, D,s is well-
defined, self-adjoint and ker D,» = F,.,;. We will show that these assumptions imply that D,
is well-defined, self-adjoint and ker D, = E,. ;. Then Theorem follows by induction.

Since D, is well-defined and self-adjoint, as in (B.40), we have the orthogonal decomposition

(342) ET/ = Im DT/ D ker DT/ =Im Dr/ @D Er/+1.

For sg € E,, the (r — 1)-tuple (s1,---,s,_1) in () is called a suitable (r — 1)-tuple for
so € E,. Let (s1,---,8,—1) and (s},---,s._4) be two suitable (r — 1)-tuples for sy € E,. Set
ti = Si41 — 55,1, 0 <@ <r—2. Then by ( ), we have

(343) Doto = 0, DHtO + Dotl = O, ey, Ctr_4 + DHtT_g + Dgtr_g = 0,

which means that ¢ty € E._y and (¢;,--- ,t,_2) is a suitable (r — 2)-tuple for ¢, € E,_;. Since
D,_; is well-defined, by (E) and (),

(3.44) p.(Dgs,_1 +Cs,—2) — p,(Dys._; +Cs._,)
= pr<DHtr72 + Ctr‘fS) = prprfl(DHter =+ Ctrf?)) = prDrfltO-

By the inductive assumption, ker D,_; = E,. So from (), D, ity € (ker D,_1)*+ = E*.
Here (ker D, 1)+ and_E: are the orthogonal complements in E, with respect to hg. Thus
prD,_1tg = 0. From (Q), we see that D, is well-defined.

Now we will prove that D, is self-adjoint. For sg, s, € E,, let (s1,--+,$,—1) and (s}, ,s._;)

be the corresponding suitable (r — 1)-tuples. Then by (B.31)), since Dy = D%, Dy and C are
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all symmetric with respect to hg, we have

=(C$y_2,8¢) — {Sr_1, Dos})
=(Cs_2,54) — (DoSr—1,87) = (CSr—2,8y) + (Dusr—a, 1) + (Csr_3, 8})
=(Csr—2,80) + (CSr—3,81) + (sr—2, Dps})
(3.45) =(Csy—2,¢) + (CSy—3,81) — (Sr—2,Csp) — (Sr—2, DoS5)
(Csr—3,51) — (sr—2, Dos)

=(Cs0, $,_5) — (s1, Dos,_1)
=(50,Cs,_5) + (Drso, s,_1) = (s0, Ds,_1 +Cs,_3)
=(sg, D,sp).
So D, is self-adjoint. As in (), we have the orthogonal decomposition E, = Im D, @ ker D,.
At last, we will prove that ker D, = E,.;. We will use a downward recursion process which

is motivated by [3, (6.20)-(6.22)].
For 0 <k <r, set

EfH :={s¢ € Ey: There exist sq,---,s,_1 € Ey, such that
(3.46) Dysy =0, Dysg+ Dosi =0, Csg+ Dgsi + Dgsy =0,---,
Csr—3+ Dys,—o+ Dosr—1 =0, pr(Csy—2 + Dgs,—1) = 0}.
For k = r, by (M) and (@), we see that
(3.47) ET,, =ker D,.

For k = 1, by (), p1(Csr—o + Dys,—1) = 0 means that there exists s, € FEjp, such that
CST_Q + DHS'r—l + D()Sr = 0. We have
(3.48) E7}+1 = B4

We claim that for any 1 < k <r, E¥ | = Ef;ll Then E¥,, is independent of k. In particular,
by (M) and (B.48), we obtain ker D, = E,. ;.
By (B.46), it is easy to see that E¥,; D EFl. For sy € EF |, wesay (s1.--* ,8,_1),8; € Ey, is
a k-suitable (r —1)-tuple for s, € E¥,, if they satisfy the equations in () Let (s1,--+,84-1)
be a k-suitable (r — 1)-tuple for sy € EF, ;. From (), there exists s{, € Ej_1, such that
(349) CST_Q + DHS’I‘—I = Dk_lsg.

Let (s}, -+, s)_5) be a suitable (k —2)-tuple for s, € Ey_1. Then by () and (), we have

(3.50) Dosy =0, Dysy+ Dosy =0, Csy+ Dys| + Dosy, =0,
0, CShy + Dusj_g + Dosj,_y = 0,
Pi—1(Cs)_g + Dysy_y) =Csp—o + Dys,—1 = pi—1(CSp—2 + Dy s,_1).
Then by () and (), it is easy to see that (s{,s§,---,s" 1) = (s1,82, "+ ,8-1) —
(0,-++,0,8},-++,8_,) is a (k—1)-suitable (r — 1)-tuple for s, € EX/|. So we get EF,, = EF .

The proof of Theorem 3.3 is complete.
O

From the assumption in Definition @ for r > 2, E, is a G-equivariant Zs-graded vector
bundle over S. From (B.38) and Theorem B.2, D, € C*°(S,End(E,)) commutes with the group
action. By Definition P.3, we define the superconnection

(3.51) B.:=V"+D,, r>2.
By Definition @ and Theorem @, for any g € G, we define
(3.52) ny(Er, By) € Q%(S), r>2.
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As E. O E,; and dim E, < 400 for r > 2, there exists rg such that for » > rq, E, = E,,.
We denote by E., the convergent one.
We assume that ker D forms a vector bundle over S. Let

(3.53) Poo : Bo = Fso, p: Ey — ker DY
be the orthogonal projections associated with hg. We have the natural connection on ker D%:
(3.54) vkerPz . — V0.
We assume that ker D7 ;. is a G-equivariant vector bundle over S x [1,400)7. Let
(3.55) p" : Ey — ker Df

be the orthogonal projection associated with hg. The following lemma will be proved after
Theorem p.2.

Lemma 3.3. There exist C > 0, Ty > 1, such that for any T > Ty, s € Ey,

(3.56) %5 — peesll < sl
Here || - || is the L?-norm along the fiber Z associated with {-,-)r. Moreover, we have
(3.57) E. = ker D%

Compared with (), we write
(3.58) vherDar . T o BT o T
From (), () and (), limg_, o VETP2T exists. We denote the limit by
(3.59) V> = Do "V Do

We rearrange the parameter by s = 7!, Then ker D§,1 /s 18 @ G-equivariant vector bundle

over S x [0, 1];. Then we can define the equivariant Chern-Simons form &g(ker D%, V>, VkerDz)
as in [18, (1.29)]. Moreover (see e.g., [18, (1.30)]),

(3.60) dchy(ker DG, V>, V¥ Pz) = chy(ker D, V¥ P7) — chy(Eqo, V).

3.3. The main result. In this subsection, we collect all assumptions we made in this section
and state the main result.

We assume that THW C TEW, g7% = gTX @ % ¢g"Y. We assume that for g € G, TX9 and
TYY are oriented. So T'Z9 is also oriented.

Assumption 3.4. We assume that

o ker Dix is a vector bundle over V;

o Ap satisfies (@)7

e ker Dy is a vector bundle over S ;

e &.,r > 2 are finitely generated projective C*°(S)-modules;
e ker D ;. is a vector bundle over S x [1,4-00)r;

Assumption 3.5. We assume that 7, (1y, £y @ ker D5X) defined in () is well-defined.

Theorem 3.6. For g € G, under the assumptions above, modulo exact forms on S, we have
(3:61) Tz, £) = T my Ey ke DY)+ [ Ry (TY.V™ )by (€ /S, Vo) (k. Ex)
Y9 -
- / A (TZ, N7 °NVT%)ch, (£/S,VE) — / A, (TZ, °VT%)chy(£/8,VE, OVF)
79

Z9

T0
+ Z ng(Ey, By) + chy(ker Déj v, VkerDZ).

r=2
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3.4. Signature operator: an important example. In this subsection, we explain that_if
the Clifford module is the exterior algebra bundle, for the signature operator, Assumption
is satisfied when dim X is even. If dimY is also even, Assumption is satisfied. In this
case, Theorem is the equivariant family version of the adiabatic limit formula for signature
operators. If dimY and dim Z are odd, Assumption is satisfied when S is a point. In this
case we regain formulas in |11, §4.1] using the language of Clifford mudules and generalize [[11,
Theorem 0.3] to the equivariant case.
Let mx, my and mz be the fibrations with geometric data introduced in Section 3.1. We
assume that THW C THW , g7% = g% @ 1% ¢"Y and for g € G, TXY and TY are oriented.
Assume that dim X = 2k is even. For U € T X, let U* € T*X corresponding to U by the
metric g7, Set

(362) Cx(U) = U*/\—’iU, Ex(U) = U*A+iU.
Then
(3.63) Ex = A(T"X)®C

is a Zy-graded self-adjoint Clifford module of C1(TX) with induced metric h*T"* and connection
VAT™X associated with the Clifford multiplication cy. As in [2, Definition 3.57], we define the
chirality operator

(3.64) Iy = (vV=1)%e; ey € CU(TX) ® C,

where {e;}2*, is a locally oriented orthonormal frame of TX. Then I'y does not depend on the
locally oriented orthonormal frame and I'% = 1. For U € TX, we have 'y - U = —U - T'x. The
Zo-grading of Ex is defined by

(3.65) Ext ={aeéx:cx(Tx)a==xa}.

Let dx be the exterior differentiation along the fiber X and d% be its formal adjoint. Then by
[2, Proposition 3.58|, we have

(366) d;— = —CX(F)() dX C)((Fx).
In this case the Dirac operator
(3.67) D5X =dx + dy

is called the signature operator. If T'X is spin with spinor bundle S(7°X), then we have
Ex =S(TX)®S(TX) and

(3.68) Exi = S:(TX)® S(TX).

The signature operator is the standard fiberwise Dirac operator with twisted bundle S(7°X).
If dim X = 2k — 1 is odd, we consider the fiber bundle W x R — V with fiber X x R and
with trivial geometric structure on the R part. Then the dimension of the fiber X x R is even.

In this case Ex := A*(T*(X xR)) @ C is a Clifford module of CI(T'(X x R)) with Clifford action
(3.69) HU) = U* A —iy

for U € T(X x R) and Zy-grading Ex = Ex, ® Ex._ as in () Then we have a natural

isomorphism
(3.70) fx i Exy = AMT*X®C

by sending o = a1 + dr A g € §X,+ to ai, where g, an € A*T*X ® C.
Now we explain the isomorphism in (@) explicitly. In odd case, by [2, Definition 3.57], the
chirality operator is defined by

(3.71) Ix =(V-1)fe;--ex € CTX) ® C.
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Then I'x does not depend on the locally oriented orthonormal frame neither and '3, = 1. For
UeTX, wehave 'y -U = U -I'x. Let 0, be_the unit vector in TR and dr be its dual. We
orient X X R by ey A---Aeg_1 AD,. Then by () and (), we have I'yygr = 'y - 0,. Since

(372) é(FXXR)Oé = E(Fx)é(&n)(al + dr A Oég) = é(FX)(dr Ny — Oég)7
by (), a € Ex4 is equivalent to
(3.73) a=a; —dr Né(Tx)ay.

Under the isomorphism (), we regard Ex 1= A*T*X ® C as a Clifford module of CI(T'X)
with the Clifford multiplication (compare with [14, (1.3.10)])

(3.74) cex(U) :=¢U)e(0,), UeTX,

on §X7+. From (), for a; € A*T*X ® C,

(3.75) cx(U)ay = é(U)e(0,)(ar —dr Né(Dx)ay) = e(U)(dr A ag + é(Tx)ay).
Soon Ex := A*T*X ® C, we have

(3.76) cx(U)=¢U)é(lx) =¢(Tyx)eU), UeTX.

By [2, Proposition 3.58], if dim X is odd,

(3.77) dy =¢(lx)dx é(Ty).

Since I'yx is parallel with respect to the Levi-Civita connection V7%, the connection VAT™X is
also a Clifford connection of cx in () So the fiberwise Dirac operator

(378) Dix = cX(ei)Vé\iT*X = E(Px)(dx + d}) = 6(Fx)dX + dxé(rx),

which is called the signature operator in odd case and is_the same as the signature operator A
in [11, §4.1] when V is a point. If TX is spin, then by (E),

(3.79) Ex = S (T(X xR)BS(T(X x R)) ~ S(TX)RS(T(X x R)).

The signature operator is the standard Dirac operator with twisted bundle S(7'(X x R)).

For my : V. — S, let & := A*T*Y ® C be the Clifford module of C1(TY") associated with the
Clifford multiplication ¢y in the same way as cx on Ex. Set £ := A*T*Z ® C over W. Then
£ = 1 Ey®Eyx is a Clifford module of CI(T'Z) = 7t Cl(TY)®CI(TX) with the graded tensor
product action. For the calculation, we express the graded tensor product by ungraded one as
in [6, (1.10), (1.11)] (see also [16, §2.1]). We first assume that dim Z_and dim Y are odd, which
is the case in [11]. By [6, (1.11)] (see also [16, (2.6), (2.7)]), from (@), the Clifford action of
CUTZ) on 7%y ®Ex is

cU):=cy(U)ex(T'x), forUeTY;
(3:80) c(U) :==cex(U), for U € TX.
Then the Dirac operator is
(3.81) Dy = c(fy)Vyn ” +cle) Ve
Let ¢z be the Clifford multiplication of CI(T'Z) on £ as in () Remark that in this case
D¢ is not the same as the signature operator

(3.82) Az = cg(f) V7 + eq(e) VAT

because cz(U) # ¢(U) for U € TX. But these two Clifford representations are isomorphic and
D% is the same as the signature operator Az up to a conjugation. In fact, from the isomorphism
b

), originally for the CI(T'Z) action, ¢z acts on £z and ¢ acts on %€y ® Ex. Note that
(383) gZ,Jr = (F}ngr X gX’+) (&) (W}EK, %) SX,,).
Then we obtain an isomorphism

(384) f : gZ,Jr — W}gy7+ ® SX
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by taking the —¢&(0,) action on the E,N'y7_ part in () By () and (), we have the

isomorphism

Sleld ~ -1~
(385) go:w}é'y@EX f}ﬁ W}SY’JF@(C/‘X f—>€Z7+ ﬁ)gz
and the Clifford action ¢ on 7% &y ® Ex is the same as cz on £;. So we have
(3.86) c=p ey

Explicitly, we can calculate that

(387) pla®B) = sa A (1+ETx))B+ peTy)a A (L - &Tx)5,
and
(3.88) o N anp) = %a ® (1+&Tx))B + %é(ry)a ® (1 —&Tx))B.

From (B.86)-(B.89), since I'x and Ty are parallel with respect to VA2 we know that ¢
commutes with V&2 for U € TZ. Thus by (B.78),

(3.89) Dy =¢ Ay =9 eTy)(dz +dy) o= " (c(Tz)ds + dze(T2)) ¢

where dz is the exterior differential operator along the fiber Z and d7 is its dual. Following
the same argument, we see that the equivariant eta form for the signature operator Ay is the
same as that for the Dirac operator D%.

Set VAT Z .= M VAT Y 1 + 1®VAT X. From (),
(3.90) VAT'AT = OV Z (S () e (f)T A,
——<5X() poxs Taod) ()" A (fah)" A =5 (Sx (Cews e A (fglx) ™A,

where (f;flx)* is the adjoint of f;’X. As in (m) and (M), with respect to g-Z, we denote by

coled = (e A =T ) eT). calh) = (50" A =ign, )2

(3.91) X
éz(es) = (?ei A +T¢ei) iTz), ez(fy) = ((Fh) A +ign )T z).

Since I'%, =1, by () and (), we have
3.92) VITET =07 L s (e, ) (caleen(h) + exle)ialf,)

—i—ﬁ(SX() p, X H >(CZ(fp)CZ(fq)+CZ(fP) z(fq))-

By () and (), since  commutes with VAT"ZT and OV,AT*Z , we have
. . 1 1. .
(3.93) VAT = OV ﬁ@X(‘)% o) (clea)e(fy) + 7 ezlen)ez(fp)9)

+ m(Sx() o> Janc ) (e(fp)e(fo) + 07 ez(fp)ez(fo) o).

Comparing with (), we have

Ar(U7) = %wx(m)ei,ffx>so—lez<ei>éz<fp>so
+_2<SX(U1)f£X7 qu[ Yo “le 2(fp)ez(fo)e, for Uy € TX,
(3.94) . AT
Ar(Uz) = 57 (Sx(Ua)e, Fihe ™ eglen)éz(fp)e, for Uy € T Z;
Ar(Us) = 21T (Sx(Us)e;, ffx>90_léz(€i)éz(fp)90, for Us € THW.

So the signature operator case satisfies the assumption in ()
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From () and (), we have
1 1. .
(3.95) Dgp=TDY +c(f,) V™ + §<5x(€i)€j> Fomx)eled)p™ ez (e;)ez(fy)e

+—<Sx(6z)fpx,ffx>(—6(6i)6(fp) (fo) +eled)e™ ez (fp)ez(fo)p+2e(fy)e ezlen)z(fo)0),

which is the same as [11], (4.6)], where the slightly difference comes from the different notations.
By (), in this case
(3.96) Dy = Déy®kerbx 4 p (

3 (Sx(e)e, )elenoerles)izl ) ) P

which is the same as Ap ® ker Ay in [11, P. 304].

Let H*(X) be the graded vector bundles over V' whose fiber over v € V is the cohomology
H*(X,,C) of X,. Let H*(Z) be the graded vector bundles over S defined similarly. By
(), (%) and Hodge theory, there are isomorphisms of smooth graded G-equivariant vector
bundles,

(3.97) H*(X) ~ker D%, H*(Z) ~ ker D%.

In particular, ker Dix and ker D§ form G-equivariant complex vector bundles over V_and S
respectively. Let d7 r be the adjoint of dz with respect to the metric g%Z. Then by (5.89), we
have

(3.98) D% =9 eTy)(dz + dyp) 9
From () and the Hodge theory,
(3.99) H*(Z) ~ker(dz + dy ) = ker D% ;.

So ker DY 1 is a vector bundle over S x (0, 00)7.
Recall that Ey is the infinite dimensional bundle over V whose fiber at v € V' is C*(X,,, £x|x, )-
For s € C*(V,Ex), and U € TV, put (cf. [9, Definition 3.2])
(3.100) Vs = Lyps,
where Lyu is the Lie differentiation operator on C*°(V, Ex) o= C*=(W, Ex).
Restricted on fiber Z, by [9, Proposition 3.4], on C*(Y, Ex),
(3.101) df = d} +V" +irgy,
where iz = 5(Tx(filx, fi%) e) ¥ A f' Nie,. We denote by d” the extension of v
Q*(Y,Ex) = Q*(Z, F) by Leibniz’s rule. Then on Q°(Z, F'), we have
(3.102) dy = d +d" +irg|py-
Let d™* and % | be the formal adjoints of d¥ and iz, ., with respect to (-,-)5 in (2.12).
Then by [21, (2.8), (5.28)], (B-21), (B.89), (B.101) and (), we have
(3.103) DH = ¢ C(FZ)(dH A" ), C =T T 2) (i7xlpy + U7y gy )¥-

So in this case, the vector bundles £, in Definition @ is isomorphic to E/ in [21, (2.13)]. By [21,
(2.9)], it is isomorphic to the Leray spectral sequence associated to the filtration in [21, (2.1)]
on the filtered complex (Q°(Z, F),d%), which are vector bundles over S by [21, Proposition
3.1]. Therefore, all assumptions in Assumption are satisfied in this case.

By [9, Propositions 2.5 and 3.14],

(3.104) vH .= PV P

is a flat connection on ker D5¥. In general, it is not unitary flat. Let d¥f be the induced exterior
differentiation along the ﬁber Y associated with the flat connection V¥, Let VZ* and dii* are
the formal adjoints of V7 and d¥ with respect to hy. From ([9, Proposition 3.14]), we have

(3.105) P(d" + d P = dl 4+ all*.
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From (), () and (), we have p D5 = &T'2) D% ¢. So we see that

(3.106) py = PopoP: & ®ker DY — & @ ker DY

is an isomorphism and ¢3! = P o ¢! o P. Since D5 commutes with &(I'),
(3.107) 7v = P& ;)P = P&Ty).

From (BZﬂ), (|37d), (BlOESI) and ()—(), we have

(3.108) Dy = ¢y v (dff + dy*)py = oy (rvdy! + dify )y

which is the same as [[11, (4.7)]. Note that D2 = ;' (d + d*)2py. So if S is a point, from
the equivariant index theorem for flat vector bundle, when ¢ — 0,

(3.109) Tr[Dy exp(—tD2)] = Tr[ry (d + d*) exp(—t(d + d*)?)] = O(1).

So in this case, we generalize [11, Theorem 0.3] to the equivariant case. We believe that if
S is a closed manifold, in this case, 7 (7y, &y ® ker Df{‘) is well-defined. If it works, we can

generalize [11, Theorem 0.3] to the equivariant family case.
If dim X and dim Y are all even, since we don’t need to compare two different Clifford action,
things are easier. In this case, D§ = dy + dy, DX = dx + d% and

m er 1 N ~ %
(3.110) Dy = Dy ®erPx 4 p (§<SX(€Z')€J‘= ffx)c(ez‘)c(@j)c(fp)) P =dyf +dy".

Therefore from the equivariant family index theorem for flat vector bundles (equivariant ver-
sion of [9, Theorem 3.15]), as in [15, (2.69)-(2.72)], 7, (7y, &y @ ker D5¥) is well-defined and
Assumption is satisfied. Thus Theorem holds for this case.

4. THE PROOF OF THEOREM @

In this section, we will prove our main result Theorem @ In Section 4.1, we define a second
layer of adiabatic limit, then obtain a 1-form on R x R. In Section 4.2, we follow the same
strategy as in [15, §4] combined with the first author’s work in [20] to prove the Theorem
There is one intermediate theorem we need to prove, which is left to the next section.

4.1. The fundamental form. Take S := Ryr xR, xS, W= ]R+T x Ry, x W such that
Tz : W = Sis 1dent1ty on Ry 7 xRy, and is mz on W. Let PW W — W be the natural
projection and & := Pﬁ/g. Let B, r be the rescaled version of By defined in () as in ()
Let B be a superconnection defined by

~ 0 0
4.1 B =B dT' N — +du N —
(4.1) (7 ) w2+ al A T + du N\ v

Then by the equivariant version of [2, Theorem 9.17],

(4.2) dTr [g exp(—gg)] = 0.

Definition 4.1. Let v := du A v* + dT A ~T be the part of @DATr[g exp(—§2)] of degree one
with respect to the coordinate (7', u) with functions y*, 77 : Ry r x Ry, — Q°(S).

It follows from [15, Proposition 4.2] that there exists a smooth family o : Ry 7 xR, ,, — Q°(S)
such that

0 0
(4.3) (du/\a—+dT/\a—T>’y—dT/\du/\dga.

We take ¢, A, Ty € Rsuch that 0 <e < A < +00,1 < T < 4+00. Set I' =I'; 4 73, the contour
in R, » x Ry, with four parts I';, I'y, I's, I'y and U the domain enclosed by I', as in the Figure
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Af-— T

1 ]_"4 1

F1GURE 1. The contour I'

We denote by I? := [, 7. Then by (@) and Stokes formula,

(4.4) i:[ioz/auvzdS(/uadT/\du).

We take the limits A — +00,Ty — 400 and then ¢ — 0 in the indicated order. Let IF,
1 <i<4, 1<k <3 denote the value of the part IZ-O after taking the k-th limit if they exist.

4.2. Intermediate results. In this subsection, we use some intermediate results to prove our
main result. With all these superconnections B,., r > 0, we build the bridge between the form
~ and equivariant eta forms 7, for E,.

For r = 0, we consider the fibration wx|ye := W|ye — V9. Let By be the rescaled Bismut
superconnection associated with (TH (W |y,), g7%, VEX) as in () Set

dt
. 9\ 2
(45) ’}/o(t) = {@DngRTI" g exp (— (BO,tQ + dt N\ a) >] } .
Then by [15, (2.72), (2.77)] and [15, Definition 3.3],
(4.6) Y0(t) = O(1), when t — 0, 7(t) = O(t %), when t — +oo0,
and
(47) Birkgx) = - [ (o
0

Note that 7o here is the same as 4" in [15, (2.83)], which is different from « in [15, (2.78)] by
changing the variable.
For r = 1, we consider the fibration my : V' — S. Let B;; be the rescaled version of By

defined in () as in () Set

N dt
(4.8) 7(t) = {I/JSXRTI" g exp (— (Buz +dt A §> )] } .
Since ker Dy forms a vector bundle, similarly we have
(4.9) 71(t) = O(t™?), when t — +oo0.
Then

+00
(4.10) m,(ry, &y @ ker D5Y) = —/ 1 (t)dt.
- 0
For r > 2, set

(4.11) B,; = VtD" +V"
on E, as in () Set

N dt
(4.12) Y(t) = {¢5XRTrS g exp (— (Br,t2 + dt A a) >] } )
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By the equivariant version of [2, Theorem 9.7], we have

(4.13) Y- (t) = O(1), when t — 0, ~,(t) = O(t"?), when t — +o0.
By Definition @,
+o0o
(4.14) WEB) =~ [
0

From Definition 4.1,

9 du
(4.15) YT, u) = {ngRTr g exp (— (Bu2,T + du A %) )] } :
By [15, (2.72), (2.77)], for T > 1 fixed,
(4.16) (T, u) = O(1), when u — 0, ~“(T,u) = O(u"?), when u — +oo0.
From [15, Definition 3.3],
+oo
(4.17) inz &) = [ (L udu
0

Since A, (TX,V7X) only depends on g € G and RTZ, we can denote it by A,(RTX). Let
RTZ be the curvature of VIZ4T. We define (cf. [15, (4.19)]),

a 8VTZ,T
 0s oT ) '

By [[15, Proposition 4.5], when T' — +o00, 74(T') = O(T~?), and modulo exact forms on W9,

(4.18) Va(T) =

:&g (R;Z +s
s=0
= Fo0
(4.19) A(TZ, VT2, 0vT7) = — / va(T)dT.
1

Since () holds, we have the following theorem, the proof of which is the same as [15,
Theorem 4.3 (i),(ii)] except for replacing Dy by Dy-.

Theorem 4.2. (1) For any u > 0,

(4.20) Aim (T ) =m(u).
(2) For fized 0 < uy < ug < 400, there exists C > 0 such that, for u € [uy,us], T > 1, we
have
(421) (T W) < C.

The following theorem is the analogue of |15, Theorem 4.6].

Theorem 4.3. (1) For fized 0 < uy < ug < 400, there exist 6 € (0,1],C >0 and Ty > 1,
such that for any u € [uy,us], T > Tp, we have

C
(4.22) Y (T, u)| < T
(2) For any T > 0, we have
(4.23) lglé ey (Tete) = /Y KQ(TY, V) ch, (Ey /S, VE )yo(T).

(3) There exists C > 0, such that for e € (0,1], e <T <1,

(4.24) g!

”yT(Tel,s)jL/ Ya(Te M)chy (£/8,VETE)| < C.
Z9

(4) There exist § € (0,1],C > 0 such that fore € (0,1], T > 1,
C

(4.25) e Y (Tete)| < TiTs"
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Proof. We only need to point out the parts that are different from the proof of [15, Theorem
4.6]. Set

0B.2 T
4.26 "y =B% ., +e T N —=
( ) e,T/e e2T/e o1 S
By [15, (7.2)], we have
-1.T T ' a
(427) e (T/E,E) = {@DSTI'[g eXp(_Be,T/eﬂ} :

Compare with [[15, (7.31)], after a careful calculation, we have

2
Loz = (T°vi + S (Sx(eess fily)e(es)elf,) +£Qxale) + =Qxale)
2

+_<SX(61)JC > (fp)e(fe) + <83(61)ej,/€52> (e)E*A

+ﬁ<SZ(€i>ffX7 aZ> (fp)E" A +

2
L SeAeL KLk A )

A ()9 = g (U8 L edelenel el )
(S (K g )ew S)eleeUh A+ 1 K ) edele)h A KA)
£2 OA (k2 ) )

(4.28) — g (cle)@xalen) + () Qv (Fix) +e7 kA —
— e (095, + g Sxliden i )elenely) + g (Sl den KEA)eeken

2
(S ) Fy K el R A +4%2<Sy(fp>k§y7 IR A A2 (125

T2
+ 4 KT/E + 73?/5(61‘7 ej)c(es)c(e;) + T5R§1//§(€u f;ﬂ)c(@z‘)c(ffﬂ
1
?éf(fpl,fqo (f Delfih) +5 R:i;f(kfg,kﬁ,g)kaAkﬁA

E/S @ E/S a,

where K# is the scalar curvature for g%Z and Ri/ % is the twisting curvature (see [2, Proposition
3.43]) associated with V&7, Note that from the assumption in (), the differences between
(@é and [15, (7.31)] are uniformly bounded for small €. So all estimates in [15, Section 7]
hold in this case.

From (@) and (), we have

(4.29) hII(l) R%‘: T REY/S 4 REX/S
e—
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where R®/S and REx/S are twisting curvatures associated with V& and V&* respectively. Let
) E 9

fi,-+-, fr be alocally frame of TY 9. Compare with [15, (7.58)], by (4.2§) and (4.29),
. 1
lim L2 7 = — (Tovi +3 D (Sxlenes, £l )ele;) fF A
1<p<V
1 1
+ o7 D (Sxle il F) A FTA+5(Sz(ees, ki g)e(ep)kn
1<p,q<l’
1 H a H a ’
T o7 Z (Sz(e) fylx s kol z) P N KA +4T<SZ(6Z)kaZ7kBZ>k kﬂ/\)
1<p<¥
1
+dT A (DX— TP ( > A D eelen) 2 A fIA
1<p,q<l’
4 Y (Sx (ke )en ok ele) f? NRS A (ke 5. kE ] en)e (6i)k°‘/\k’3/\>)
1<p<l’
(4.30) )
Dy +— > (R ) o F)FON A
l<qr<l’
2
1
—<RTY(U fp)’ffy,kgﬁka/\kﬁ/\Jr D AR™U, fo) Fas RE Y FEN RN )
1<q<l/
T X4 T? exss Ex /S H
+ T KY+ R X (e e5)cleq)cley) + T Y - RE/S(ey, il )e(es) fo1

1<p<l

1
+ TR e kil g)e( ek At D0 (RS 4 RS, FR) 7 A JA
1<p,q<V

+ ) (RS RS (I K ) 7 A KA

1<p<l’

1
+ é(W}RSY/S + REIS)(KH R R N EP A

Notice that in () the terms from Ay do not appear here. So we obtain Theorem @ (2) in

the same way as in [[15, Section 7].
By () and (4.28), the proofs of Theorem @ ) and (4) are the same as those in [15].
U

Compared with [15, Theorem 4.4], by [15, (4.5)], (), (B-58) and the equivariant version

of [2, Theorem 9.19], we have
512 T
ker D, dT N — '
gexp< <V T + /\aT) > }

The last section will be devoted to prove the following theorem, which is the analogue of [15,
Theorem 4.3 (iii)].

Theorem 4.4. ForT > 1,

uU——+00

(4.31) lim A7(T,u) = {%X]R’T?

Theorem 4.5. We have the following identity:

400 0

400
(4.32) lim YT, u)du = /1 7y (w)du — Z ng(Ey, By).

T—+o0 1
r=2
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By Theorems @—@, we can calculate I? to prove the main result Theorem @ From the
same approach in [15, §4.3], we have

To

(433) I} = =i (xy. & @ ker DY) = Y 7 (B, By),
r=2

and

(4.35) I¥ = —/Yg Ay (TY, V" )chy(Ey /S, VE )iy (%, Ex)

+ / A (TZ, N7 ONT%)ch, (£/S,VE) + / A (TZ, V)b, (£)8,VE, OVF).
Z9 79
By Theorem @ and (),
A

I3 =— lim lim (T, u)dT

A—+00 u—~+00 1

A 9 dT
i Tr 0
(4.36) =— b {¢SXRTF gexp (— (VkerDsz +dT A _aT) ) } AT
> J1
= — Ahrf éltlg(k@f D§7 Vker DZ,A’ Vker DZ)
—+00

— —chy(ker DE, V>, V' Pz),
By (Q) and [13, §22, Theorem 17], we have

4
(4.37) Y IP=0 mod dQ*(S).
i=1
Therefore we complete the proof of Theorem @
5. THE PROOF OF THEOREM @

The purpose of this section is to prove Theorem @ In Section 5.1, we analyze the resolvents
of Dirac operators D . and D, to establish the relations. In Section 5.2, we follow what Ma
has done in [20] for the functoriality of holomorphic analytic torsions to give the proof.

5.1. Limits of resolvent. For b € S, we set
(5.1) Eop := O%(Zy, Ty A(T*S)RE).

For p1 € R, we will make use of geometric structures to define Sobolev space Ef, of order f.
Taking ¢ > 0, for r > 2, set

(5.2) U, :={X € C:infuegpiny|A — | > ¢}
The proof of the following theorem parallels that of [3, Theorem 6.2].

Theorem 5.1. Forr > 2, A € U,, there exist linear maps

(53) ’QDT)\ : EQ — (Eo)r—i_l,
such that for s € By, we write 1, x(s) = (s, -, S), which satisfies
D5¥ s = 0,

DHSO + DiXSl = O,
(5.4)
Déj‘(xsrfl + Dps,—o + CSr73 = 07

—ng‘sr — Dys,—1 —Csp_o+ Asg = s.
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And for any p € R, .\ can be extended to a bounded linear map from Ef to (Ef)"*t. Moreover,
we have sy € E,., which can be given by

(5.5) so=(A—D,) " 'p,s

Let ap, T € [1,400] be a family of tensors or differential operators. We denote by a the
derivative of ap — o, of order i. Here we only consider the spatial derivatives, excluding the
T-derivative. If for any p € N, there exists C' > 0 such that when 7' > 1, sup || || < C/T*,i =
0,1,---,p, we write aT:aC,O%—O(#).

We take c;, ¢y such that

(56) JUSpDE) € (en,en). (0,200 0| Sp(D%) = 0.

beSr>2 beS

Set
(5.7) UO::{)\G(C ‘/_ |)\|<\/_1,0r\/_<|)\|<2\/_}

Comparing with [3, Theorem 6.5], by Assumption @, we have the following relation of
resolvents of D  and D,. The proof follows closely [3, Theorem 6.5]. We write it here for the
completeness.

Theorem 5.2. Givenr > 2, for A € Uy, s € E, there exists C > 0, such that when T — +o0,
— _ _ C
(5.8) IA =T D% 2)""s = pr(A = Do) 'pps|l < sl

Proof. Set
M,z : (Eo)™' — Eq,

(5.9) s
(807”'787')'_>50+T+ +ﬁ
Define
(5.0) Nor = Myp oy,
where ), ) is defined in (@) By (@), we get
(5:11) (A= T""'D§ ) Nyrs = (A = "D = T Dy = T7-2C) (s + ot ;)
s Sy 1 1
= s+ A(F -+ 72 ) = = Dus, - Csr L= 750
Hence
(5.12) A=T""'D%;)"'s = N, ps+
B N B A ) 1 1
AN=T DZ’T) (A<T+ +T7“ +TDHST+ Cs,,l—l—TC )

Note that the resolvent of D satisfies the same estimate as [3, Theorem 5.28]. So for
T 1,

(5.13) USp(DZ71z) N[0,e1] € [0.c1/4).

Let Egﬁ)’g}, a > 0, be the eigenspaces of Dé%ﬂ z, associated with eigenvalues A € [0,a]. Then
by () Ocl/ 4= = Upes E[jg,’,fl/ “is a finite dimensional vector bundle over S. Let P#) /4 pe

the orthogonal projection onto E[jg’cl/ Y. From the same estimate as B, Theorem 5.28|, when
T — o0,

(5.14) PR .
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For A € C, if Im(\) # 0, [|(A = T7"'DF ;)" !|| is uniformly bounded. From () and (),
if Tm(\) # 0, when T — oo, in E§,

(5.15) P%O’CIM]()\ — T’”’lD%T)’lP%O’CIM]s — papr(A — D) " 'pppas = p, (A — D) 'pps

Take A\p € Sp(D% 1|z,) N [—v/c1/2,1/c1/2]. Then by [11, Theorem 1.5], Ar is analytic in 7.
From (), when T' — oo, Ar can be written as Ay ~ ;7! + a7~ +--- . From (), for
r > 2, the eigenvalues of D%T] 7, which are O(T"™") can be put in one to one correspondence

with the corresponding eigenvalues of D,p, i.e.,

(5.16) Ar ~ a, T 40,777 + -+ € Sp(DY 1l 7,)

corresponds to a,—1 € Sp(D,). Therefore, we can naturally obtain (@)
OJ

Theorem @ is essential for our analysis. It tells us that all eigenvalues of D%T which satisfy
O (1/T7*) obey == (Sp(D,) + O(1/T)). We depict the contours 8y, Ao in Figure

1]------ Ay

<% € Uy jcC2 .

S I

c1
4

F1GURE 2. Contours dg, Ag
From the correspondence in (), we know that when 7" > 1,
87
(5.17) Sp(D%7) N[0, 2¢1] C T2 5 U U T2 g

In the following, we give the proof of Lemma @
Proof of Lemma . Set

1
Por = (A=T""'D% )" dA
2mv =1 Jprecin=yer) o
(5.18) |

(A= Dg )" tdA.

T om/—1 V=1 Jpecin=-44
By Theorem @ and (@),

1
(519) Pi=— pr(/\ - Dr>_1prd/\ = Dr+1-
21V =1 Jprecin=yery
Recall that r( is the index from which E, converges. Hence P,,_y = P, = -+ * = Deo-

By Theorem p.2, when T" > 1,

C
(5.20) [Bro.rs = Fros|| < sl

By (), for r > ry, D, = 0. From the correspondence in (), we see that for T' large
enough, D%T has no eigenvalue in (—/c; 7", /e;T" ") other than the eigenvalue 0. So from
(@), we have P,, = p’. We obtain (@)

By Assumption B.4, dimker Df ;. is independent of 7. According to (), dimImP,, =
dim ker D%T. So dim ker D%OO = dim E. Under Assumption B.4, ker D%T >~ ker D are
isomorphic vector bundles. Hence ker D§ = .

The proof of Lemma is complete. O




28 BO LIU, MENGQING ZHAN

In the following proposition, we show that Theorem @ really extends Dai’s adiabatic limit
formula to the family case. Recall that by [[11, Theorem 1.5], along the fiber Z, the spectrum
A of D%T is analytic in 7.

Proposition 5.3. If S is a point, set

1
(5.21) A= {)\ €Sp(D57): A=0 (TH) } :
When T — +o0, for unity e € G,
(5.22) Te(En By)= > sgu()).
AEA/Ars1

Proof. By Definition @, when S is a point,
+oo

~ D,
(523) 7]@<Era Br) = 7vb{pt}']-jrs - 8Xp(-th):| dt.
0

v

+°° > dt
e :sgn)\ ,
f/ )

By Gauss integral, as

we have
Ne(Er, By) = Z sgn(\).
According to Theorem @, we see_that 7.(E,, By) = > yca,/a,,, 580(A). Note that in (@),
A=Ay So S i(E,,B,) = R in ([L.3). O
5.2. Proof of Theorem @ We start from the definitions of v*(7',u) and ~,(u). Set
8Bu2,T
OB 2
L /1 \2 -1 1u
(5.24) By = (By)"+dunoiz 5 Ou2,
aBru
B, = B2+ duhd ;o s, 1> 2,
“ Ou

BT,u,T = BTT'*lu,T-
Denote by Tzr the torsion of 73 VTS @ VT4, By (M) and (IBEI)7

(5.25) Bur = u’0,2B7.6," + du A (DZ,T + C(TZ’T)>

42

= u?d,e (B% +u2du A (DZ,T + @)) 5;21.

Note that By = B2 +duA (Dyr+c(Tyr)/4). Then by Definition 1.1, (£.8), (1.13) and (5.29),
— du
(T, 0) = {saTrlgexp(—Bur)] |

i e G O )18

— du
= {U_2¢5xR5u2Tl"[9 eXP(—UZBLT)]} ,

(1) = {u’QwSXRduz/Tvr[g exp(—uQBT)]}du, r>1.
The proof of the following theorem is similar to [5, Theorem 9.2] (see also [15, Lemma 5.8]).
Theorem 5.4. Foru > 0,T > 1, we have
Sp(Bur) = Sp(u*Bir) = Sp(u’Dy7),  Sp(Brar) = Sp(T*" D’ D7),

(5.27) _
Sp(Bi) = Sp(Dy.), Sp(B,) =Sp(D?), r>2.



Set
—~ 1 2
Frur = u"Ygxrd,2Tr |g- o1 e MA = BT,I,T)_ld)‘} , T =2
L —1 /A,
~ [ 1 2
Frvoo = 2hgyr02Tr | g ——— e AN — BT)_ld)\] .o > 2
b b 2 _ -
(5.28) - 7”1 ~
Grur = U hsxrd2Tr |g - /1 e M\ — Br,l,T>_1d)‘:| , r>1
L —1 /s,
~ [ 1 2
Gruoo = U 2gyr0,2Tr | g - e UM — Br)_ld/\} . or>1,
Y | 2myv =1 Js, B
and
ra,T = Fru du’ ru,00 Fruoo du7 T>27
(5.20) frawr = {Frur} fro, {Fruoct >

Gru,T = {Gr,u,T}dup Gru,co = {Gr,u,oo}dua r > 1.
Note that BLLT = BI,T- Set

— du
fl,u,T = {¢SxRTT[g eXp(_Bu,T)]} — 1,7

—~ du
fl,u,oo = {¢SXRTr[g exp(_Bl,uQ)]} — J1,u,00-

By (5.24)-(5.30), for T > 1,

(5.31)

(5.30)

,yu(Ta u) = fl,u,T + 91,07,
’77"<u> = fr,u,oo + Gru,00s r > 1.
When 7' > 1, by (), () and () (see also [20, (2.106)]), we have

70

(532) grur =) {U_2¢5xR5u2:fvr

r=2

M = Brr) ldA

-

'2¢_/

2(r 1)

+ {U_Q@/}SxRéusz\; g

\/_

T2( *1)
By (5.24) and (5.23), for r > 2,
7-
(5.33) Boig =T Dm0 1) (B% + T du A (DZ,T LA Af’T>>) Sk,
So taking X' = 720X by (5.24) and (5.29),
(5.34)
—22(r—1) . 1 —u2T2(-7) ) -1 "
fT7T17ru7T =u T ¢SxR5u2T2(1—r)Tr qg- m N (& ()\ — Br,l,T) d\
0

1 / 67u2)\/
2w/ —1 J_2a0__

72(r—1)

1 du
X <X — (B% + T du A (Dz,T + C(E’T) ) >) dX] }

= {MT““WSXR(SUJTY g

= {U_2TT_1¢SXR(SU2/T\;
By (5.33) and (5.34).
To

(5.35) Grar =Y forr—rar - T+ gymi—rour - T

r=2

du
e "M — Bl,T)—ldA] } .

du
. / MM = Bir) ld)\]} .
27\ — Q(Arol)

29
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From (), [15, Proposition 5.14 and Theorem 5.15] hold in our case. So there exist
0,¢,C, Ty > 0 such that for any u > 1,7 > Ty,

—cu —Ccu C —Cu
(536) |f1,u,T| S Ce ) |f1,u,oo| S Ce ) |f17u,T - f17u,oo| S ﬁe .
Following the same proof, there exist §, C', Ty > 0 such that for any v > 1,7 > Tp,

C
(537) |G1,u,T - Gl,u,oo| S ﬁ
Replacing u by su, by (), for su > 1,
< C

(538> ’{Gl,su,T - Gl,su,oo}d | S ﬁ
Note that for T' € [Tp, +o0],
(539> J1uT = {Gl,su,T}d(su)|s:1 = uil{Gl,su,T}dﬂs:l-
By (5.39) and (5.39). we have
5.40 wT — Jluco| < —.
( ) | 9107 — 91,u00] uT?®

Forr > 2, T > 1, we set
1
2V =1 Jn=ye

and ﬁ#T = 1—p,r. Let E,.,T be the image of p,r. Then p,r is the orthogonal projection
onto ET,T. From the correspondence in (), for T'> 1, ET,T are vector bundles over S and
dim E, r = dim E,. Let p,r(z,2’) and p,(z,2") (z,2" € Zy,b € S) be the kernels of p, 1 and p,
respectively.

5.41 Ppr 1= A —T7'DE )ldA
s Z,T

Proposition 5.5. For k£ € N, there exist § > 0 and C' > 0 such that for r > 2, T > 1,
r, 7' € Zy, b€ S, the C¥ norm

- , , C
(5.42) e, ') = pyl 2 ex < 5
Proof. The proof of this proposition is the same as [20, Proposition 2.12]. We only need to
notice that in our case pyr = pr, Qrr = Id and Dy = Dj. So although the Dirac operator
here cannot be decomposed into the sum of two nilpotent operators in general, () also
holds.

Let Bﬁ?ﬂT be the 0-degree part of B, 1 in AT*(S x R). Then by (), Bﬁ?ﬂT = T2-VDZ7.
Set Roir = Brar — 85?1)7T. Recall that p” is the orthogonal projection onto ker D%T. Let
pit :=1—pT. Asin [0, Definition 2.13], for 2 <r < n, T > 1, s € Ey, we define

(5.43) |57, = [Ip" s> + T|lp" sl + D | OV%{XSHQ + T2 |10V P s
p i
and
r—1
(5.44) ’8‘12",T,1 = ||ﬁr,T5‘|2 + Z T30 1 (ﬁk,T - ﬁk+1,T>5H2 + T2(T_1)|152,T5|%,1-
k=2

Proposition 5.6. There exist Cy, Cy, C5 > 0, Ty > 0 such that for T > Ty, s, s’ € AT*SREj,

BY) s, s)p > Cils2 s — Colls|?,
(5.45) B 15,8V | < Cslsrils'rra,

Re1rs, ) el < Cs(|slrra sl 4 11s]1|8|rr1)-
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Proof. Set Ry r = Byyp — T Vopa1) B3, ). From (), () and (), we have

(5.46) [(Rrars, ) el < Cs(|slrrlls' + lIsll]s'rra)-
The proof of other parts are the same as that of [20, Theorem 2.14]. O

Recall that we assume S is compact. There exists a family of C* sections of T'Y (resp. T'X),
Up,---,U, (resp. Uj,--- ,U.), such that for any y € V (resp. x € W), Ui(y),--- ,U,(y) (resp.
Ui(z), -, Upv(x)) span T,Y (resp. T, X).

As in [20, Definition 2.15], let Dy be a family of operators on Ejy,

(5.47) Dy = {pT “Viu pt+ p OV ptt OVISJ_/pT’L} :
P, D, k3
For T' > 0, Let D be a family of operators on Ey,
(5.48) Dy = {ﬁQ,TQﬁQL,T - QeDr}.
Note that in the formula above [20, Definition 2.15], the corresponding set of operators is
stated as

A(T*0.1) 7 ® L A(T*0.1) 7 ®E | n AT*0.1) 7 ®E |
{pTOVUg{ : Sp » Pr Ole(H e 75 Pr OVUE : E]9T :

We need to read it as
0 AT+ Z)®¢ Lo AT ONDRe | | o AT*ODZ)RE |
Dr =A{pr VUZ(HI “pr + pr VUle pt, pr VUE "SprY.

Proposition 5.7. For any k£ € N fixed, there exists C}, > 0, Ty > 1 such that for T > Ty,
Q1, - ,Qr € D and s, 5" € AT*S®E,, we have

(5-49) ’<[Q1, [Q% T [Qk; Bm,T], e ']]8, 5/>E‘| < Ck|8\r,T,1|5/\r,T,1-

Proof. Note that the corresponding commutator [Q1,[Q2, - - - [Qr, Rrar],---]] has the same
structure as R, ;. So we have

(5'50) ‘<[Q1, [Qz; T [le Rr,l,T]; o 'HS, 3/>E| < Ck|3’r,T,1|S/’r,T,1-

The proof of other parts are the same as that of [20, Theorem 2.16]. U

For r > 2, T € [T}, 00|, set
— 1
5.51 Fovp e —
(5:51) w1 Ao
Let F,,r(z,2') (x,2' € Z,) be the kernel of the operator F,, 1.

The proof of the following proposition is the same as that of [20, Theorem 2.17] (see also [15,
Proposition 5.14]).

Proposition 5.8. (i) For uy > 0 fixed, for m € N, b € S, there exist C,C’" > 0, Ty > 1, such
that for z, 2’ € Zy, u > ug, T > Ty,

5.52 @|Oé|+|a’\ F /
o \Ocl,s\oltl’lém o™ rur(T, )

(ii) For ug > 0 fixed, for m € N, b € S, there exist C,C" > 0, such that for x, 2’ € Z;, u > uy,
lal+al| _

Z  F !
awaaw/a/ T,u,OO('Z‘7 X )

e M\ = Buyp) N,

< Cexp(—C'u?).

(5.53) sup < Cexp(—C'u?).

|al,|/[<m

Let quT be the orthogonal space of EnT in Ey. we write B, r in matrix form with respect

to the splitting Ey = E.r & E,p,

B.ir1 Brire
5.54 B.1r= b S .
( ) BT ( B.irs Brira
For s € Ey, set

/
(5.55) 8|7 —1 = sup M
0#s’ \S ’T,l
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For T>>1.r>2let Q.r: E — ET,T be the linear operator defined by Q) 7s := p,rs. From
Theorem @, for T'>> 1, Q; 1 is an isomorphism. Set

(5.56) Jrr = Q;,T((Q;,T)*Q;;T)_l/z-

Then J,r: B, — ET,T is a linear isometry.
The proof of the following proposition is the same as that of [20, Theorem 2.18].

Proposition 5.9. There exist §,C' > 0, Ty > 0 such that for A € Uy, T' > Tg, v > 2,
N _ 1 C
(557> |<Br,1,T,1 + Br,l,T,2()\2 - Br,l,TA) 1B1",1,T,3 - pr,TJr,TBrJrJl"pr,T) 8|T,T,—1 S ﬁb'r,T,l-
Comparing with [20, (2.98), (2.105)], we have the following lemma.

Lemma 5.10. (1) There exist §,c,C, Ty > 0 such that for any uw > 1,T > Ty, r > 2,
|f'r,u,T| S Oe—cu’ |f7‘,u,oo| S Ce—cu7

(5.58) c
|fr,u,T - fr,u,oo| < ﬁe Cu, \gm,T — gr,u,oo] < m
(2) There exist C,§ > 0, such that for any u € C,|u| < 1,7 > Ty, r > 1, we have
_ _ C _ _ C
(559) |u25u21Fr,u,T - u25u21Fr,u,oo| < ﬁa |u26u21G7’,u,T - u26u21G7",u,oo| < 775

Proof. (1) From Proposition @, we have |f,. 7| < Ce ", and |f, 40| < Ce . Using Propo-
sitions p.§, and the methods in [8, §11 §13 (0)-(q)], we have | frur — fruoo| < e
Following the same argument as in ( 5.40), we have |gr w1 — Gruco| < u—%

(2) B ), using Propositions 5.6-p.9 and the methods in [8, §11 (p), §13 (0)-(q)], we
obtain () O

Since

> 2)\ k
(5.60) e VN = Z(—l)’“(u )
k=0
by () and (), there exists N € N and there exist a,; 7, b.; 1, b1;r € Q°(S), depending
smoothly on T € [Ty, +oc], r > 2, —N < i <0, such that

0
frar =Y aniru' +0(u), r>2,
(5.61) i*;N
Gru,T = Z bni’TUi + O(u), r 2 1.
i=—N

Now we collect the properties of a,;r and b,.;r for T € [Tp, 4+00]. From (), when T —
+00, the functions {u?6 ;' F,., 7, u*0 5 G, 7} are uniformly bounded holomorphic functions on
{u € C: |u| < 1}. Hence they have uniform expansions in the domain of u. By (5.59) and
Cauchy formula, the coefficients of expansions of uzéu}l F, . rand u26;21 G, in w are convergent
in the sense of O ( 1 ) when T" — +o00. Therefore, for T'— 400,

TS
1 1
<562) ar,i,T = ar,i,oo + O ﬁ 3 br,i,T - br,z’,oo + O 775 .
By (5.33) and (.61, we have
T
(563) bl,i,T = Z ar’i,TT(l_r)(i—i_l) + bTQ,i,TT(l_TO)(i+1)-
r=2

By Theorem @, 0 is the unique eigenvalue of B, 17 in dy. For u € C, |u] > 1,

1 ) . du
A— B )
o/ T s € ( u,T) ]}

(564) gr07u7T - {IDSXRT; |:g '
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Then following the same argument as in [5, Theorem 9.29], we have

(5.65) Growr = Y broizti'.
i=—N

As in ()—(), we have
(5.66) bry o = 0.

For r > 2, from (M) and (lﬁl), we have
(5.67) frauoo + Gruco = O(1)  when u — 0.
So for 7 < 0,
(5.68) ri00 + by = 0.

By (), | fruoco] < Ce™® when u — +oo. For u € C, |u] > 1,

. 1 du
5.69 oo = T |g- AN = B,2) " ,
(509 e = {0 g 5 [ 0= 87

where B, 2 = BT2 2 T du A D,. Since 0 is the unique eigenvalue of B, in dy, following the same
argument as in [5, Theorem 9.29], we have

0
(5.70) Jraso = 3 brisot.

In fact, by counting the powers of u in [5, (9.152)], we have

(5.71) by 100 = bro0e = 0.
By (5.69) and (5.71),
(5.72) (r 100 = 0.

Now,. we will prove Theorem 4.5 as follows.
By (), (@), (ﬁ), (5.30), (%) and the dominated convergence theorem,

+oo +oo +oo
(5.73) Tl—lgloo 1 YT, u)du = TETOO 1 frurdu + Tgrfoo /1 g1,u,rdu
“+00 “+00
= frucodu 4+ lim g1urdu
1 T—+oo Jq
+oo T0 +00 +oo
= /1 {m(uw) — g1u00} du+ EIEOO Z / T - " frri—ryrdu +Tgr£m 1 Tl_mg,,mTkrou,Tdu

“+o00 “+o0 7"0 +o00
= / 71 (u)du — / Jlucodu + lim / frurdu+ lim GrourdU
1 1 T1-

T—>+oo T—+oo Tl-7r0

+o0
= /1 Y1 (u)du — /1 91,u,00dU + TEIEOO Qi1+ Tgffoo Qa2.1,

where

70 400 400
Ql,T = Z/ fr,u,Tdu +/ gro,u,Tdu>
1
1

= ru1d o TAU.
Qar = Z Tlrf77T U+/T Gro,u,T

1-rg

(5.74)

By (|55é§), (lSGj), (|56d) and the dominated convergence theorem, when T" — +o00,

70 +o00 +oo
(575) Tgr—lr-loo Ql,T = ;/1 fr,u,oodu+/1 gro,u,oodu~
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By (6.61), (5.69), (5.6d) and (5.74),

0 1 —1 0
7 7
Qa1 = E / frur — E ar;7u’ pdu+ E E QriT / u'du
r=p ST i——N r=2 i=— N T
—1

1
+/ E bro i’ du
Tl—ro .
1=

-N
(5.76) oot -1 ; A T —r)(i
: ; /TI_T Frer Z:Z—]V rair At z:Z_N 1+ 1 ; (arir — Qi T +1))
T0 L 1 |
+ 2 (r—1Da,_1rlogT + iZ_:N 1 (bro’i’T _ bro,z‘,TT(l_’”O)(’“))

+ (ro — 1)br0,—1,T 10g T.

From (), we have

0 1 -1 To
Qa1 = Z/ {fm,T - Z ar,i,TUZ} du + Z(T —1a,—17logT
r=2 T

(5.77) =N =2

-2

1 =
+ Z 1 (bro,i,T — b7+ Z am',T> + (1o — 1)bry—1,7log T.
r=2

i=—N

From () and (), we have a, 1. = 0 for r > 2 and b, _1 . = 0. Then by (), when

T — 400,

log T log T
(578) Qr —1,T lOgT =0 < 70 ) N bro,fl,T lOgT =0 ( 70 ) .

From (|55é), (|56j), (|5754) and the dominated convergence theorem,

0 1 -1
(579) TEI—POO Q2,T - Z/o {fr,u,oo - Z ar,i,ooul} du
r=2 i=—N
—2 1 70
+ Z i + 1 (bro,i,oo - bl,i,oo + Z ar,i,oo) .

i=—N r=2

From ()—() and (), we have

ro—1

) = [ - i — 1
T1—1>I—&I-loo QQ,T - ;/0 {fr,u,oo + Z:ZN br,i,oou } du — ZZN i+ 1 ; bT:i,OO

70 1 ro—1 400 -2
(5.80) => / {frace + Granse b du+ Y / { > boou} du
r=2 70 r=1 "1 i=—N
0 1 ro—1 +o0
= Z/ 7 (w)du + Z / Gr.u,00d.
r=2 "0 r=1 v1
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From (1.14), (6.73), (6.74) and (5.8d), we have

(5.81)
+o00 +o00 +o0 7o +o0
lim / 7u T7 u)du :/ T (U du — / gl,u,oodu + fr,u,oodu
T=+o0 Jy (T, u) 1 ) 1 ; 1
+o0 ro—1 4o
+/ Gro,uc0dt + Z/ Y (w)du + Z/ Jru,codtl
1 /1

+00 +o0
:/ 'yl(u)du + Z/ ’Y’I“ du + Z/ (fr,u,oo + gnu’oo)du
1 r=2 1

r=2"0
+00 Y
= [ wlwdu = 3 R(E, B
1 r=2
The proof of Theorem @ is complete.
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