JUMPING LOCI IN DEFORMATIONS OF VECTOR BUNDLES ON
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ABSTRACT. Let m : Y = P(V) — X be a projective bundle over an n-dimensional smooth
projective manifold X, where V is a vector bundle of rank m + 1 on X. For a holomorphic
vector bundle FE on Y, we investigate the jumping loci of global sections along the projec-
tive fibers Fy & P™. We approach this problem by translating the fiberwise cohomological
jumping condition into a rank-drop problem of morphisms of vector bundles on the base man-
ifold. Specifically, to overcome the obstruction of infinite homological resolutions, we leverage
relative Castelnuovo-Mumford regularity. By applying an appropriate twist, we canonically
compress the derived direct image complex R, E(k) in the derived category D?(Coh(X)) into
a two-term complex of locally free sheaves. Applying the Giambelli-Thom-Porteous formula
to the resulting determinantal degeneracy locus, and combining this with the Grothendieck-
Riemann-Roch theorem and Gysin pushforward integrations, we explicitly compute the cycle
classes, dimensions, and geometric degrees of these jumping loci. Ultimately, we demonstrate
that these geometric invariants are rigidly and completely determined by the Chern classes of
E, the base bundle V, and the tangent bundle of X.
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1. INTRODUCTION

A central theme in modern algebraic geometry and vector bundle theory pioneered by Barth,
Hartshorne, Horrocks, Hulek, etc. is understanding the degeneration and stratification of vector
bundles along parametrized families of subvarieties. Over the past few decades, this field has
been extensively developed across multiple frontiers. A systematic framework for global cohomo-
logical jumping loci was established by Green-Lazarsfeld ([10]), who connected the deformation
of local systems and Picard varieties to topological invariants of algebraic varieties. In the realm
of moduli spaces, researchers such as Atiyah, Drinfel’d, Hitchin, Friedman, etc., demonstrated
that the jumping behavior of vector bundles restricted to lines, planes, or rational curves serves
as a fundamental detector for the geometric and boundary structures of moduli spaces. More
recently, the study of jumping loci has found profound applications in the Higgs bundle and
non-abelian Hodge theory by Simpson ([15]), as well as in the degeneration of vector bundles
on higher-dimensional projective varieties and Fano manifolds. Despite these extensive develop-
ments, explicitly computing the algebraic cycles and numerical degrees of these jumping loci has
remained a challenging problem.

Let X be a smooth projective manifold of dimension dim(X) = n defined over the complex
numbers C. Let V be a vector bundle or locally free sheaf of rank m + 1 on X, and consider the
projective bundle projection

m: Y =PV) — X.
For any closed point ¢t € X, the fiber F} = 7~1(t) is isomorphic to the projective space P™. Let
FE be a holomorphic vector bundle of rank r on the total space Y.

While the restriction E; := E|p, exhibits a generic splitting behavior (or generic cohomology

dimensions) for a general point ¢t € X, there exists a Zariski-closed subscheme of X where the
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topology of F; mutates dramatically. We define the s-th jumping locus of global sections as
Jo={te X | n°(F,, E(k)) > s},

where E(k) := E®Oy (k) is a suitable twist by the tautological line bundle Oy (1). Our objective
is to compute the cycle class [Js] in the Chow ring A*(X) and its corresponding degree with
respect to a fixed polarization, using only the Chern classes of ' and V.

Theorem 1.1. Let X be a connected, smooth projective manifold of dimension dim(X) = n
over C, endowed with a fived polarization H = ¢1(Ox (1)) € AY(X). Let V be a vector bundle of
rank m + 1 on X, and consider the projective bundle projection 7 :Y =P(V) — X with fibers
F, =771(t) 2 P™. Let E be a holomorphic vector bundle of rank r on Y.

e Then there exists some k € Z such that the higher fiberwise cohomology vanishes:
h'(Fy, Ei(k)) =0 for all i > 1 and for all t € X.

o Let x := x(Fy, Ey(k)) = hO(Fy, Ey(k)) — h' (Fy, Ec(k)) denote the constant fiberwise Euler
characteristic. Then there exists a globally defined two-term complex of vector bundles
A — B on X such that:

]RT('*E(]G) ng(Coh(X)) 0—)Ai>B—>O .

Moreover, the associated degeneracy locus Js is the determinantal degeneracy locus of
the vector bundle homomorphism ¢ : A — B.
o Assuming that the associated degeneracy locus Js achieves its expected codimension (e.g.,

via generic transversality of the defining morphism), then:

(1) The expected codimension of Js in X is s(s — x). Specifically, if s(s — x) < n, its
actual dimension is dim(Js) =n — s(s — x); if s(s — x) > n, then Js = 0.

(2) In the Chow ring A**=X)(X), the fundamental cycle class [J,] is given by the s x s
determinant:

[Js] = det(coyrj—i(W))1<ij<s € AV (X),

where W := —Rm,(E(k)) = —m(E(k)) € K(X) is the virtual vector bundle repre-
senting the negative of the derived pushforward.

(8) If s(s—x) < n, the degree of [Js] with respect to the polarization H is computed by
the intersection number

degr () = [ (1] HY 60 = [ det(eajosWhisipe. - HY SO,
X X

The core idea of the proof of our main theorem is to translate a fiberwise cohomological

jumping condition into a rank-drop problem on the morphisms of vector bundles, and then

apply classical intersection theory. By leveraging Grauert’s base change theorem and the van-

ishing of higher cohomology, the derived direct image complex Rx, E(k) in the derived category

DP(Coh(X)) can be represented globally on the base manifold X by a two-term complex of lo-

cally free sheaves A 2 B. Using an elementary theorem in linear algebra, the condition that the
space of global sections has dimension at least s is recast as a constraint on the rank of the bundle
homomorphism ¢, thereby identifying the jumping locus J,; scheme-theoretically with a determi-
nantal degeneracy locus D,_;(¢), where a is the rank of A. Geometrically, this generic condition
ensures that the bundle morphism ¢ varies sufficiently generally over X such that the minor de-
terminants defining the rank-drop impose independent conditions. Under generic transversality,
this locus achieves its expected codimension s(s— x), which allows the Giambelli-Thom-Porteous
formula to explicitly express the Chow cycle class [J;] as an s X s Schur determinant of Chern
classes of the virtual difference bundle W = —Rx, E(k). Finally, the numerical degree of the
locus relative to a fixed polarization is computed by taking the intersection product of this de-
terminantal cycle class with the complementary power of the hyperplane section class H"~5(s=X)
and integrating over the fundamental class of X.

The study of jumping loci is not merely a technical pursuit of exceptional fibers; it is a funda-
mental gateway to understanding the stratification of moduli spaces of vector bundles and the
geometry of parameter spaces. Historically, computing the exact algebraic cycles and numerical
degrees of these jumping loci has been a formidable challenge due to the infinite homological
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resolutions required to track fiberwise cohomological mutations. The main contribution of this
paper lies in establishing a deterministic and computationally rigid bridge between relative sheaf
cohomology and classical intersection theory. By introducing the technique of homological com-
pression via Castelnuovo-Mumford regularity, we bypass the need for infinite resolutions. Our
main result demonstrates a striking geometric rigidity: despite the wild local topological varia-
tions of the bundle restricted to individual fibers, the global Chow cycles and degree invariants
of these jumping stratification loci are completely, universally, and explicitly governed by the
Chern classes of the initial bundle and the base manifold. This provides algebraic geometers
with a powerful and explicit computational machinery, which we successfully apply to classical
mysteries such as the Horrocks-Mumford bundle on P* ([11]). Moreover, this theorem can also be
used to assist in classifying uniform bundles on higher dimensional projective spaces or general
rational homogeneous spaces (see [13], [5] or [4] for the introduction of the uniform bundles)
such as [7] Proposition 3.4 and [6] Lemma 3.4 without complicated arguments.

The remainder of this article is organized as follows. In Section 2, we establish the theoretical
foundation of homological compression. We show that by enforcing a suitable twist governed by
relative Castelnuovo-Mumford regularity along the fibers, the higher direct image sheaves vanish
identically. Using Grothendieck’s derived base change theorem and the perfection of complexes,
we canonically compress the derived pushforward complex R, E(k) in D*(Coh(X)) into a glob-
ally defined two-term complex of locally free sheaves, translating cohomological jumps into linear
algebraic rank-drop conditions. In Section 3, we synthesize our two-term complex representa-
tion with classical intersection theory. By identifying the jumping loci scheme-theoretically with
determinantal degeneracy loci, we apply the Giambelli-Thom-Porteous formula. Combining this
with the Grothendieck-Riemann-Roch theorem and Gysin pushforward integrations, we derive
the explicit determinantal formulas for the Chow cycle classes [Js] and their numerical degrees
for proving Theorem 1.1. Finally, in Section 4, we demonstrate the power and computational
effectiveness of our machinery through three concrete, progressively complex examples: a rank-2
extension bundle over P! x P!, the pullback of instanton bundles over P? parameterized by the
Grassmannian G(1,3), and notably, the pullback of the celebrated indecomposable Horrocks-
Mumford bundle over P* onto G(2,4), where we rigorously prove the vanishing of global sections
on generic 2-planes via monad cohomology and conormal filtrations.

2. HOMOLOGICAL COMPRESSION VIA CASTELNUOVO-MUMFORD REGULARITY AND DERIVED
BASE CHANGE

Let X be a smooth projective manifold of dimension n over C, and let 7 : Y =P(V) — X be
a projective bundle associated to a vector bundle V of rank m 4+ 1 on X. For any closed point
x € X, the fiber is a projective space F, := 7~ !(z) = P™.

Let E be a holomorphic vector bundle on the total space Y. To analyze the geometric loci
where the fiberwise cohomology jumps without becoming entangled in infinite free resolutions,
we must compress the derived direct image complex R, F (k) into a finite, highly manageable
algebraic form. This section establishes how Castelnuovo-Mumford regularity along the fibers
allows us to reduce this complex to a simple two-term homomorphism of vector bundles on X.

2.1. Relative Castelnuovo-Mumford Regularity. On a single projective space P™, a co-
herent sheaf F is said to be p-regular in the sense of Castelnuovo-Mumford if its cohomology
groups satisfy:

H'(P™, F(p—1i)) =0 foralli>1.

A celebrated property of Castelnuovo-Mumford regularity is that if F is p-regular, then it is
also (p + 1)-regular, and more generally, H*(P™, F(k)) =0 for all i > 1 and k > p — i.

We extend this notion relatively to the fibration 7 : ¥ — X. For each point x € X, let
E, := E|p, denote the restriction of E to the projective fiber F, = P™. Because the base
manifold X is compact and  is a proper flat morphism, the families of vector bundles {E, }.c x
are bounded. Consequently, by Semicontinuity Theorem, there exists an integer kg such that for
every fiber F,, the restricted sheaf F, is kg-regular.
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Now, choose an integer k > ko — 1. By the definition of p-regularity (with p = ko), for any
index ¢ > 2, we have:

k>ko—1>ko—i = H'(F,, E,(k)) =0 forallz€ X and all i > 2.

In other words, by selecting an appropriate twist k& by the relative tautological line bundle
Oy (1), we force the vanishing of all fiberwise cohomology groups of degree 2 and higher, across
every fiber of the bundle. Thus, we have proved the first part of Theorem 1.1.

2.2. Vanishing of Higher Direct Image Sheaves. We now transition from fiberwise co-
homology to global sheaves on the base X. By definition, the higher direct image sheaves
Rim,E(k) are the right derived functors of the pushforward m,, associated to the presheaf
U Hi(x=Y(U), E(k)), where U is an open set on X.

Because 7 : Y — X is a proper morphism of Noetherian schemes and E(k) is flat over X
(as it is locally free), the Base Change Theorem asserts that for any point z € X, there is a
canonical base change morphism:

¢'(z) : R'm.E(k) ®o,, k(x) — H (Fy, Ey(k)),
where r(z) = C is the residue field at . Because we chose k such that H'(F,, E,(k)) = 0
for all « > 2 and all x € X, the fiber cohomology vanishes identically. By Nakayama’s Lemma

applied to the stalk (Rim,E(k))., the vanishing of the fiber modulo the maximal ideal implies
the vanishing of the stalk itself:

(R'm.E(k)), =0 forall z € X and all i > 2.

Since a coherent sheaf with zero stalks everywhere is the zero sheaf, we conclude:

Rir,E(k) =0 foralli>2.

2.3. The Derived Direct Image Complex and Perfectness. We recall the classical defi-
nition of the higher direct image functors Rz, within the framework of abelian categories of
sheaves. Let Mod(Oy) and Mod(Ox) be the categories of Oy-modules and Ox-modules, re-
spectively. The pushforward functor 7, : Mod(Oy) — Mod(Ox) is left-exact but generally fails
to be right-exact. The higher direct image sheaves Rim,E(k) are defined as the right derived
functors of 7., evaluated through an injective resolution of the sheaf E(k). Specifically, we
choose an acyclic resolution of E(k) by injective Oy-modules, denoted by I°:

0 1
0— Bk —I1I°-Sm 42—
Applying the left-exact pushforward functor 7. to the complex I*® (omitting the initial term
E(k)) yields a complex of sheaves on the base manifold X:

o d° wdt
I 00— 7m0 S a1V TS 12—

By definition, the classical i-th higher direct image sheaf is the i-th cohomology sheaf of this
pushed-forward injective complex:

ker (7, d?)
im(m,di-1)’

In modern algebraic geometry, rather than tracking individual derived sheaves Rir,E(k)
scattered across different degrees, Grothendieck’s derived category D(X) := D(Mod(Ox)) em-
beds the entire homological history into a single object. The derived pushforward functor
Rm, : D(Y) — D(X) is constructed by mapping a complex to the pushforward of its injec-
tively resolved counterpart. For the single sheaf F(k), viewed as a complex concentrated in
degree 0, its image under R, is defined precisely as the complex 7, I* itself:

R'm.E(k) == H' (7 I*) =

R E(k) := 7w I* € D(X).
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By returning to the definition established above, taking the standard i-th cohomology sheaf
functor H(—) of this derived object directly recovers the classical higher direct image sheaf.
This yields the fundamental tautological identification:

1) H' (Rr, E(k)) = H'(mI®) = R'm. E(k).

The injective complex 7, I°® is a purely theoretical tool; its components are infinitely large,
non-coherent, and utterly incompatible with intersection-theoretic operations like Chern class
assignments. To bridge the gap between theory and computation, we invoke the property of
“perfectness”.

Because the projection m : Y — X is a proper, flat morphism and E(k) is locally free, it
follows from the relative finiteness theorems in SGA 6 ([3] Exposé III, Cor. 4.8.1) that the
derived direct image Rm, E(k) is a perfect complex (meaning it is locally quasi-isomorphic to a
bounded complex of locally free sheaves of finite rank) in D®(Coh(X)). Consequently, there exists
a bounded complex of finite-rank locally free sheaves £* on X that is isomorphic to R, E(k)
within the derived category D?(Coh(X)):

L® Zpocon(x)) RmE(k).

Therefore, we obtain:

H(L®) = W (Rm.E(k)) foralli€ Z.

Combining with (1), we have

HI(L®) = Rin E(k).

Let us examine the cohomology sheaves H'(L®) of this complex. For i < 0, H'(L®) =
Rim,E(k) = 0 because E(k) is a sheaf whose cohomology vanishes in negative degrees. For
i > 2, H (L) = R, E(k) = 0 by our Castelnuovo-Mumford regularity construction. Thus, the
entire homological content of the complex R, F (k) is strictly concentrated in degrees 0 and 1.

2.4. Geometric Consequences of the Two-Term Representation. Next, we claim that
a perfect complex whose derived fiber cohomology is concentrated in degrees 0 and 1 can be
globally represented by a two-term complex of vector bundles. To execute this rigorously, we
rely on the fundamental results from [3] (or the local version in [12], Chapter II, Section 5,
Lemma 1) regarding strictly perfect complexes.

Theorem 2.1. (c¢f. [3], Exposé II, Lem. 2.2.8) Let X be a quasi-compact scheme equipped
with an ample family of invertible sheaves (e.g., a smooth projective manifold), and let K® be a
perfect complex of Ox-modules. Assume that for every closed point x € X, the cohomology of
the derived fiber satisfies:

HY(K®* ®¢, r(z)) =0 for alli¢ [a,b],

where k(x) is the residue field at x. Then there exists a globally defined strictly perfect complex
of finite-rank locally free sheaves £* concentrated in degrees a <i < b (i.e., E =0 fori < a and
i >b) such that £* is isomorphic to K*® in the derived category D°(Coh(X)).

In our setting, we take K®* = R, E(k). As demonstrated by Lemma 2.1 below, Grothendieck’s
derived base change theorem ensures that the derived fiber of our complex computes exactly
the sheaf cohomology of the geometric fiber: H!(Rm,E(k) @ k(x)) = H(F,, E,(k)). Due to
our Castelnuovo-Mumford regularity twist, these cohomology groups vanish for all ¢ ¢ [0, 1].
Therefore, setting [a, b] = [0, 1] in Theorem 2.1, we conclude that there exists a globally defined
two-term complex of locally free sheaves A — B (where A := £° and B := £!) such that:

RT(*E(]C) ng(Coh(X)) [O — A i) B — 0:|7

with A sitting in degree 0 and B sitting in degree 1. Thus, the second part of the Theorem 1.1
has been proved.

By replacing the abstract derived functor Rm,E(k) with the concrete vector bundle homo-
morphism ¢ : A — B, we translate topological deformation phenomena into elementary linear
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algebra. For any point « € X, restricting our two-term complex to the fiber over  (which corre-
sponds to taking the derived tensor product ®"“k(r)) yields a correspondence between the linear
map of finite-dimensional vector spaces ¢(z) : A, ® k(x) = B, ® k(x) and the sheaf cohomology
of the fiber F,.

Lemma 2.1. Let 7 : Y — X be a proper, flat morphism of smooth algebraic varieties, and
let E be a locally free sheaf on'Y. Suppose the derived direct image Rm.E(k) is represented in
DP(Coh(X)) by a perfect complex L* of locally free Ox-modules. Then, for any closed point
x € X, there is a canonical isomorphism of C-vector spaces:

HY(F,, E,(k)) = H'(L* @0y K(2)),
where F,, = m=1(z) is the geometric fiber over x, E,(k) = E(k)|r,, and k(z) is the residue field
at .

Proof. We proceed by analyzing the derived functors via the Cartesian fiber square. Let z € X
be a closed point. We construct the following Cartesian diagram:

F,— Ly

| B

Spec k(x) BLIENS'¢
where i, is the natural closed immersion of the point x, j, is the induced inclusion of the fiber
F,, and 7, is the structure morphism of the fiber over the point. By Grothendieck’s Derived
Base Change Theorem, (see [3], Exposé IV, Proposition 3.1.1]) since = is proper and flat, and the
base extensions are Tor-independent, there exists a canonical quasi-isomorphism in the derived
category D®(Spec k(z)):
(2) Liy (Rm. E(k)) = Rag, (LjzE(k)).
We now evaluate both sides of the isomorphism (2) independently. Since E(k) is a locally free
sheaf on Y, and thus it is flat over Oy. Because E(k) is flat, its derived pullback along j,.
requires no higher homological corrections (i.e., all higher Tor sheaves vanish). Consequently,
the derived pullback coincides with the ordinary geometric restriction:
LjzE(k) ~ j,E(k) = E(k).
Furthermore, since the target of m, is simply Speck(x), the derived pushforward R, corre-
sponds exactly to the derived global section functor RI'(F,, —). Thus, the right-hand side of (2)
simplifies to:
(3) Rﬂ'w*(]Lj;E(k» = ]RI’(FQC7 Ez(k))
By our initial hypothesis, the derived direct image R, E(k) is quasi-isomorphic in D?(Coh(X))
to the bounded complex L£°®. Therefore, applying the derived pullback yields:
L} (R?T*E(k})) >~ LarLe.
Crucially, because £® is a perfect complex chosen such that each of its terms £ is a locally free
Ox-module, the complex itself is a complex of flat O x-modules. The derived pullback of a flat

complex is simply computed by the ordinary term-wise tensor product. Taking the pullback
along i, is algebraically equivalent to tensoring with the residue field k(z):

(4) LifL® ~ L°®%, k(z) ~ L°®oy Kk(T).

Note that £* ® x(x) is now a bounded chain complex of finite-dimensional C-vector spaces.
Substituting the simplified results (3) and (4) back into the base change quasi-isomorphism (2),
we obtain an isomorphism of complexes in the derived category of vector spaces:

L* @0y k(x) = RT(Fy, Ey(k)).
Since two complexes are isomorphic in the derived category if and only if they are quasi-

isomorphic, their cohomology groups in every degree i must be strictly isomorphic. Applying
the i-th cohomology functor H*(—) to both sides, we yield the final result:

H'(L* @0y K(z)) = H'(F,, Ey(k)).
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In our setting, R, E(k) is represented in D®(Coh(X)) by {0 — A% B O], SO

HO(Fy, Eo(k) = HY(A®oy r(z) ™ B oo, wlx)) = ker (¢(x))
and
HY (Fr7 ET(k)) ~ il (A Roy k(T) M B ®oy H(I)) = coker(qﬁ(@) - W

Let a = rank(A) and b = rank(B). Then
X = X(Fo, Ex(k)) = b (Fy, Ex(k)) — h' (Fy, Ep(k)) = a —b.

So the dimension of the space of global sections is tied directly to the rank of the linear map
p(x):
n° (Fr, Ey(k)) = dimker(¢(x)) = a — rank(¢(z)).

Therefore, the condition that the jumping locus occurs is equivalent to a rank-drop condition on
the bundle morphism ¢:

teJ; < a—rank(¢(t)) > s < rank(¢(t)) <a-—s.

This recognizes Js as the determinantal degeneracy locus of the vector bundle homomorphism
¢:A— B.

3. JumMPING Locus PROBLEM

From last section, any “jump” in the dimension of the fiberwise sections h®(F,, E,(k)) corre-
sponds strictly and deterministically to a drop in the rank of the matrix ¢(z), paving the way
for the exact calculation of jumping loci via the Giambelli-Thom-Porteous degeneracy formulas.

3.1. Giambelli-Thom-Porteous formula. Giambelli-Thom-Porteous formula (see [8], Chap-
ter 12) is a foundational result in algebraic and intersection theory that computes the funda-
mental class of a degeneracy locus in the Chow ring of a smooth manifold.

Given a morphism of vector bundles ¢ : £ — £! over a smooth manifold X of ranks
rank(€%) = a and rank(€') = b, its p-th degeneracy locus is defined scheme-theoretically as the
closed subscheme where the rank of the bundle map drops to at most p:

Dp(¢) = {z € X | rank(¢(z)) < p}.

When 0 < p < min(a,b) and the degeneracy locus D,(¢) either is empty or has the expected
codimension d = (a — p)(b — p) in X in general case, the Giambelli-Thom-Porteous formula
expresses its cycle class [D,(¢)] € A4(X) as an (a —p) x (a — p) Schur determinant in the Chern
classes of the virtual difference bundle &' — £°:

Cb_p(gl - 50) cb_p+1(51 - 50) ce Cb+a—2p—1(51 - 50)
Cb_p_l(gl — 50) Cb_p(gl — 50) PN Cb+a—2p—2(51 — 50)
[Dp()] = det : : , :
Cb—2a+p—&-1(g1 - 50) Cb—2a+p+2(51 - 50) ce Cb—p(g1 - 50)

In condensed notation, the (i, j)-th entry of this matrix is cy—p4;—i(E1—E) for 1 < i,j < a—p,
where the total Chern class of the formal difference is defined by the ratio

c(EY = &%) :=c(EY)/c(EY).
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3.2. Jumping Locus Problem. To compute the cycle class [J;] of the s-th jumping locus and
its degree with respect to a fixed polarization, we apply the Giambelli-Thom-Porteous formula
to the derived pushforward of the twisted bundle E(k).

We have proved that J; is precisely the degeneracy locus D,_(¢#) of the vector bundle ho-
momorphism ¢. Setting the rank bound to p = a — s, the size of the Porteous matrix becomes
a —p = s. The subscript index for the matrix entries evaluates to:

b—p+j—i=b—(a—s)+j—i=s—(a-b)+j—i=s—x+j—1i.
The expected codimension of J; in X is d = s(b—a + s) = s(s — x). Let W be the virtual
vector bundle in the Grothendieck ring K (X) given by the negative of the derived pushforward:

W =[] = [£°] = —Rm. (E(k)) = —m/(E(k)).
By the Giambelli-Thom-Porteous formula, the cycle class [J,] € A*¢~X)(X) is given by:

CS_X(V[I//IZ' Cs—x—&-lI(/I‘;V) e CQS_X_l(E[//)
[Js] = det (Cs—x+j—i(W))1gi,jgs = det CS_X_:l( ! CS_X:( ! CQS_XTQ( )
c1—x (W) (W) ... s (W)

So we have finished the proof of Theorem 1.1.
Note: If s < x, then h° > x > s holds trivially everywhere, yielding J, = X and [J,] = [X] €
AY(X).

3.3. Explicit Chern Classes via Grothendieck-Riemann-Roch. To express the Chern
classes ¢;(W) purely in terms of the initial data E and V, we apply the Grothendieck-Riemann-
Roch (GRR) theorem to the projection m:

ch (mE(k)) = 7r*<ch (E(k)) - td(TTr)).

Let £ = ¢1(Oy (1)) € AY(Y). Using Hartshorne’s convention where P(V) = Proj(Sym V"), let
@1, ...,0n+1 denote the Chern roots of V.

Proposition 3.1. Let X be a smooth projective manifold and V be a vector bundle of rank m+1
on X. Consider the projective bundle w: Y = P(V) — X. Then the Todd class of the relative
tangent bundle T is given by:

m+1
_ §+aj
td(Tx) = 1_[1 1 — e (E+ay)”
j=

Proof. On the total space Y, the tangent bundle along the fibers is canonically described by the
relative Euler exact sequence:

0— Oy =7 VR0y(1l) — T — 0.

By the Whitney sum formula, the total Chern class is strictly multiplicative over short exact
sequences. Thus, we have:

(V@ Oy (1)) = ¢(Oy) - c(Tr).

Since Oy is the trivial line bundle, its total Chern class is ¢(Oy) = 1. Consequently, the total
Chern classand by extension, the set of non-zero Chern rootsof T} precisely coincides with that
of the middle bundle 7*V @ Oy (1).

To find the Chern roots of 7V ® Oy (1), we start with the Chern roots of V, which are given
as aq,...,amnt1. The pullback bundle 7%V retains these identical roots over Y. Then the Chern
roots of 7V ® Oy (1) are explicitly:

Bi=&+a; forj=1,2,... m+1.
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By the formal definition of the Todd class evaluated on a bundle with roots z;, td(E) =
Ti_—. Substituting our derived roots §; into this definition directly yields the desired relative

l—e %
Todd class:
m—+1
_ £+
t(T) = H1 T eEray”
]:

O

Substituting ch(E(k)) = ch(E)-e*¢, the Chern character of our virtual bundle W = —m(E(k))
is computed in A*(X) ® Q as:

m—+1 £+a
- _ . eRE . 7
ch(W) = —m, |ch(E) -e | |1 1_6(E+aj)] .
]:

The pushforward 7, : A*(Y) — A*"™(X) is evaluated via fiber integration: for any base
class 3 € A*(X) and exponent N, we have m,(7*(8) -&V) = B-sn_m(V) ([9], Chapter 3), where
51(V) denotes the [-th Segre class of V (with so =1 and s; = 0 for | < 0), defined via the inverse
relation s(V) = ¢(V) L.

Once each degree-p component ch,, (W) is calculated, the total Chern class ¢(W) = 1+c¢1(W)+
co(W) 4 ... is recovered via Newton’s exponential identities:

oo
¢(W) = exp (Z(ml(p —1)! chp(W)> :
p=1
Extracting the degree-l term from this expansion yields ¢; (W), which is substituted directly
into the Porteous determinant.

4. EXAMPLES

To see the immense power of this machinery in action, we need some concrete, computable
examples where we can see both the geometric reality and the algebraic machinery working in
perfect parallel.

Before proceeding with the explicit computations, we make a crucial remark regarding the
actual dimension of the jumping loci in our examples. In all subsequent cases, we strategically
apply twists such that the fiberwise Euler characteristic vanishes (x = 0), and we investigate the
first jumping locus J; (s = 1). Under these parameters, the expected codimension of J; given
by Theorem 1.1 is s(s — x) = 1.

Scheme-theoretically, the locus J; is the degeneracy locus of a map between vector bundles of
the same rank, which means it is cut out by a single equation, det(¢) = 0, on the smooth base
manifold X. By Krull’s Principal Ideal Theorem, provided that the locus does not occupy the
entire space X, which we rigorously verify in each example by demonstrating that the generic
fiber does not jump, the actual codimension of J; strictly achieves the expected codimension 1.
This geometric transversality ensures that the virtual cycle computed via the Giambelli-Thom-
Porteous formula coincides exactly with the true fundamental geometric class [J1].

First, let’s drop down to one of the easiest and classic examples in algebraic geometry: the
trivial P!-bundle over a P! base.

4.1. Extension bundle over P' x P!. Let X = P! and Y = P' x P!. The Projection 7 :
P! x P! — P! (projection onto the first factor). The fiber F, over any point x € X is just the
second P'.

First, we construct a rank 2 jumping vector bundle F on Y via a global non-trivial extension
of line bundles. Let E be defined by the short exact sequence:

0— Oy(-1,1) — E — Oy(1,-1) — 0.
By the Kiinneth formula, the space of such extensions is

Ext'(O(1,-1),0(~1,1)) 2 H'(Y,0(-2,2)) = H*(X,0(2)) ® H' (F,0(-2)) = C>.
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This means any global extension class e uniquely corresponds to a global section s € H°(X, Ox(2)).
A section of O(2) on P! is a quadratic polynomial, which geometrically has exactly 2 zeros.

Let’s look at the fibers E, = E|r,. At generic points where s(x) # 0, the extension remains
non-trivial on the fiber. The only non-trivial extension of O(—1) by O(1) is the trivial bundle.
Thus, the generic splitting type is Fy =2 O & O. At the 2 roots where s(x) = 0, the extension
class vanishes. The sequence splits, meaning the fiber “jumps” to E, = O(1) & O(-1).

Now h%(O & O) = 2 and h°(O(1) ® O(—1)) = 2. The global sections haven’t jumped in
number, only in their distribution. To feed this into our formula, we apply the twist & = —1
along the fibers. Let E/ = E ® Oy (0, —1). For generic fiber,

E;=20(-1)®0(-1) = h%E}) =0, (E}) = 0.
For jumping fiber (2 points),
E. =208 0(-2) = h%E;)) =1,h"(E}) =1.
Now we have a generic h°(E}) = 0, a jump of s = 1 and x = 0.

The Chow ring of Y is given by A*(Y)) = Z[h, f]/(h?, f?), where h is the pullback of the point
class h, from the base space X, and f = ¢1(Oy(0,1)) is the pullback of the point class f, from
the second factor. The intersection product hf represents the class of a point in Y, satisfying
h? =0, f2=0, and hf is a point class.

The Gysin Pushforward m,: Integration along the fiber simply extracts the coefficient of f.
Thus

m(h) =0, m(f)=1, m(hf)=h,.
Since the total space is the trivial product Y = P! x P!, the relative tangent bundle

Tr =2 0y (0,2)
whose first Chern class is
a(Tz) =2f.
Using the power series expansion of the Todd class, we have
Td(T;) =1+ f.

Recall the construction of our rank 2 vector bundle E’:

0 — Oy(—~1,0) — E' — Oy(1,-2) — 0.
The Chern character is strictly additive over short exact sequences:
ch(E’) = ch(O(-1,0)) + ch(O(1, —2)).
Using the exponential expansion ch(L) = e1£) =14 ¢y + %C% + ..., we get
ch(O(-1,0) =e"=1-h
and
ch(O(l, —2)) =1+h—-2f—2hf.
Summing these two components, we get
ch(E') =2 —2f — 2hf.

We are now ready to compute the Chern character of the virtual difference bundle W = —m E’
on the base manifold X. By the Grothendieck-Riemann-Roch theorem:

ch(W) = 7, (ch(E’) .Tdm)).
First, we execute the algebraic multiplication inside the parenthesis:
ch(E") - Td(T;) = (2—2f —2hf)- (1 + f) = 2 — 2hf.
Now, applying the Gysin pushforward 7, we arrive at the final result:
ch(W) = 2h,.

By our main theorem,
codim(J1) = s(s — x) =1,
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which means the jumping locus consists of a set of discrete points. The cycle class of this jumping
locus in A*(X) is precisely given by

[J1] = 2h,.
So the jumping locus is just two points, which matches the above calculation.

Having verified our determinantal machinery on a baseline low-dimensional model where the
jumping locus consists merely of discrete points, we now advance to a higher-dimensional pa-
rameter space of fundamental importance in algebraic geometry : the parameter space of lines in
P3. While the projection still forms a P!'-bundle, moving the base manifold to the 4-dimensional
Grassmannian G(2,4) elevates the expected jumping locus from zero-dimensional points to a
codimension-one hypersurface. In this second example, we investigate the pullback of a classi-
cal instanton bundle of charge k, demonstrating how our homological compression effortlessly
captures the fundamental class of jumping lines without tracking individual local resolutions.

4.2. Pull back the instanton bundle over P3. Let base space X = G(2,4) be the parameter
space of all lines in P?, which is a manifold of dimension 4. Its Chow ring is generated by
Schubert cycles. Let o7 be the most fundamental Schubert class representing the set of lines
intersecting a given line. For the tautological rank 2 subbundle S on G(2,4), its first Chern class
is Cl(S) = —01.

Let total space Y be the incidence variety Y = {(z, L) € P? x G(2,4) | # € L}. Since there is
a P! over each point in X, ¢ : Y — X strictly forms a P!-projective bundle Y = P(S). Let the
relative hyperplane class be £ corresponding to the pullback of the hyperplane class p*h from
the projection to P3, where h is the hyperplane class in P3.

Let vector bundle E = p*€, where € is an instanton bundle of charge k on P? (see [1], [2]).
Its Chern classes are ¢1(€) = 0 and c3(£) = k. For the projective bundle ¢ : P(S) — X, the
dimensional reduction integration satisfies the relation &2 + ¢1(S)€ + c2(S) = 0. Therefore

(J*(l) =0, Q*(f) =1, Q*(£2) = 701(5) =01

For an instanton bundle on P3, its splitting type on a generic line L is trivial:

E,=20s0.
We apply a twist of £ = —1 along the fiber direction:

E(=¢) := E® Oy (=¢).
For generic fiber,
E(=§)lL = 0(-1) @ O(~1) = h*(E(=¢)|L) = W (E(=€)[L) =0 = x =0.

For jumping fiber (1st-order), the splitting type mutates to O(1) ® O(—1). After the twist, it
becomes

O®0(-2) = h(B(=§|) =h' (B(-€)|r) =1
Thus s =1 and x = 0.

The expected codimension of the jumping locus Jj is s(s — x) = 1, which means the jumping
lines form a hypersurface.

Since the base space is high-dimensional, we must retain terms up to degree 2 (codimension 2
in Y), because the integration ¢, will reduce it by one degree, perfectly matching ¢, (W) of the
virtual bundle.

Since ¢(E) = 1+ k&2, we have ch(E) = 2 — k&2

So

1
h(B(~)) = h(B) -e¢ = (2 he?) (1- £+ 2¢).
Expanding and truncating up to degree 2 yields
ch(E(—€) =226+ (1 — k)& +---.

For the projective bundle P(S), the Chern class of the relative tangent bundle satisfies ¢, (T};) =
c1(S) +2¢. Substituting this into the Taylor expansion of the Todd class Td(z) = 14 1z + La?:

Td(T,) =1+ %(cl(S) +2¢) + %(01(5) + 25)2.
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Extracting each degree component:

Td() = ].;

1
Td; = 501(5) +&;

1 1 1

Tdy = — 24 —£2,
dg 1201(5) +361(S)§+3£

By Grothendieck-Riemann-Roch theorem, we need to compute the degree 2 term of ch(E(—¢))-

Td(T;) in the total space Y, denoted as [ch - Td]. Then
[Ch . Td]g = Ch2Td() + Cthdl + ChOTdQ

=0-Re 1 - 2 (5as) 1) + 2(Gals? +ia®k e

1 1 1
= (5 k) taeEt as?

Now, we apply ¢. to push this complex second-order form forward to the 4-dimensional base
space X = G(2,4). According to the pushforward rules, the class ¢1(S) from the base space can
be factored out as a constant:

g (feh - Tao) = (3 — k) .(€) — 2er(S)au(6) + g (). (1)

= kCl(S)
= —kO’l.

Since the virtual bundle is W = —Rg, E(—¢§) = —qE(—¢), we have

cr(W) = chy (W) = —¢.([ch - Td]2) = koy.
By our main theorem, the cycle class of the jumping locus is
[Jl] = Cl(W) = kol.

While the previous example illustrated the computational effectiveness of our formula on a
higher-dimensional base, the integration along the P!'-fibers only reduced the homological de-
gree by one. To fully test the analytical limits and algorithmic power of our derived two-term
representation, we now escalate both the fiber dimension and the structural complexity of the
underlying vector bundle. In our final example, we examine the pullback of the celebrated
Horrocks-Mumford bundle-the only known indecomposable rank 2 vector bundle on P*-onto
the 6-dimensional Grassmannian G(2,4) = G(3,5). Here, the total space forms a P2-projective
bundle, meaning the Gysin pushforward ¢, drops the homological degree by exactly two. Con-
sequently, determining the first Chern class of the virtual difference bundle requires tracking
higher-order Todd and Chern character expansions up to degree three, combined with a rigorous
verification of section vanishing via monad cohomology and conormal filtrations.

4.3. Pull back the Horrocks-Mumford bundle over P*. The Horrocks-Mumford bundle £
is famously the only known indecomposable rank 2 vector bundle on P* (see [11] or [14], Chapter
1, Section 5 and Chapter 2, Section 3) with ¢; = 5,co = 10.

Let the base space X = G(2,4) be the Grassmannian of 2-planes in P*. Algebraically, this is
G(3,5) (3-dimensional vector subspaces of C%) of dimension 6. Let S be the tautological rank
3 subbundle on X. Its first Chern class is ¢1(S) = —o1, where o7 is the positive Schubert class
(the hyperplane class in the Pliicker embedding).

Let the total space Y be the incidence variety Y = {(z, P) € P* x G(2,4) | z € P C P*}.
The projection ¢ : Y — X has fibers isomorphic to P = P2. Thus, Y = P(S) is a P2-projective
bundle over X of dimension 8. Let & = ¢1(Op(s)(1)) be the relative hyperplane class.
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Let the vector bundle E be the pullback of the Horrocks-Mumford bundle, £ = p*&. Its
Chern classes are completely determined by &:

c1(B) = 5¢,  e(B) = 10¢%

Because the fiber is 2-dimensional, the integration ¢, reduces the homological degree by exactly
2. The governing relation is &2 + ¢;(S)¢2 + - -- = 0. Thus,

(1) =0, ¢.() =0, ¢() =1 ¢(&)=-cl(S).

By Hirzebruch-Riemann-Roch on P2, the Euler characteristic for E(k) := EQQO(kE) restricting
to P is

x(EW&K)p) =2+ %(Cf —2¢o) + %cl.
Substituting ¢; = 5 + 2k and co = 10 + 5k + k2, it simplifies to
x = k* + 8k + 12.
For simplicity, we demand y = 0. Solving k% 4+ 8k + 12 = 0 gives roots at —6 and —2. We
twist the bundle to Ey, = E(—2£).
Proposition 4.1. Let £ be the Horrocks-Mumford vector bundle on IP(?:, defined by its standard
monad. For any generic 2-plane P = P2 c P*, H° (P,é'(—2)\p> =0.

Proof. By the classical construction of the Horrocks-Mumford bundle, £ is the cohomology
bundle of the following monad on P*:

0 — Opa(—1)® -2 02,(2)%2 25 0%F — 0.
To study £(—2), we tensor this entire monad complex with the line bundle Ops(—2) and get
a monad for £(—2):

0 — Opi(=3)® — 02,92 7D 0, (—2)®5 ¢,

Let P = P2 be a generic 2-plane in P*. Let us define the kernel subbundle on P as Kp :=
ker(3(—2))| -

This decomposes the restricted monad into two fundamental short exact sequences of locally
free sheaves on P:

D2
(5) 0— Kp — (QH%4|P) s Op(—2)% 0
and
(6) 0— Op(—3)%° — Kp — £(=2)|p — 0.

Taking the long exact sequence of cohomology for sequence (6) on P, we obtain
HY(P,Kp) — H° (P,e(—Q)\p) 0.
Next, taking the long exact sequence of cohomology for sequence (5):
®2
0 —s H(P,Kp) —s H° (P, Qﬂ%qp)

Thus, the proof thus strictly reduces to showing H° (P7 Q]%m ’P) =0.

To evaluate the global sections of 9%4\ p, we use the conormal exact sequence. The plane
P C P* is defined by two generic linear forms, meaning its conormal bundle is exactly N > /pa =
Op(—1)®2. The restriction of the cotangent bundle yields the second fundamental exact se-
quence:

0— Op(—1)®* — Qpi|p — Qp — 0.

Taking the second exterior power /\2 of the central bundle QHIM| p produces a canonical

filtration 0 ¢ F? c F! c F° = Q]%4| p. By multilinear algebra, the successive quotients

Qp = F?/FP*! (for p = 0,1,2) are computed as Q, = AP NV @ A\* 77 Qb.
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(1) p=0: Qo= A°NY @ A\*QL = Op @ wp = Op(—3).
(2) p=1: Q= A" NV A\ Q) = 0p(—1)2 @ Q) = Q) (—1)%2,

(3) p=2: Q2= N°NY @ \°Qp = \? (Op(-1)%%) © Op = Op(-2).
This filtration induces two short exact sequences:

(7) 0— F' — Qfi|p — Op(—3) — 0,
and
(8) 0 — Op(—2) — F' — QL(-1)%? — 0.

Taking the long exact sequence of (8), we have
0— H°(Op(—2)) = H(F') — H°(Qh(—1)%?).
By Bott formula, H%(P,Q}(—1)) = 0. Thus H°(F*') = 0.
Taking the long exact sequence of (7), we have

0 HO(FY) — H° (Q§4|p) 5 HY(Op(-3)) = H° (Q§4|p) —0.

Therefore, H° (P,g(—Q);p) ~0.

On a generic plane P, by Serre duality
12(Pe(=2)]p) =10 (P (E(=2)|p)Y © O(=3)) = h*(P.E(=6)[p) =0,

Thus h' (P, 5(—2)’1:) = 0. If k% jumps to 1 at a special plane (s = 1), the expected codimension

in the base space X is s(s—x) = 1. Thus, the jumping planes will form a hypersurface in G(3, 5).
The twisted bundle Ey, has new Chern classes ¢1(Fyy,) = ¢1 —4€ = € and ¢3(Fpy) = 2 —
2c1€ 4 4€2 = 4£2. Thus, the Chern Character ch(FE},):

1 1 7
chg = 2,ch; =&, chy = 5(cf —2c9) = 5(52 —8¢6%) = —552,

1 1 11
chs = 6(0? —3cic2) = 6(53 —126%) = ——

3
66.

From the Euler sequence
0-0—=¢S®0(¢ —T,—0,

we extract the Chern classes of the relative tangent bundle: ¢1(Ty) = 3§ + ¢1(S) and co(Ty) =
362 4 2¢1(S)€ + co(S). Expanding the Todd polynomial yields:
3 1 2
Tdo =1,Td; = 55 + 501(5)»Td2 =&+ gcl(S)f +.o
3 3
Td; = §§3 + gc1(5)52 4+
Because integration g, drops the degree by 2, computing ¢1 (W) in the base space X requires
isolating exactly the degree 3 cross-product I3 = [ch - Td]3 in the total space Y:
13 = Ch3Td0 + Ch2Td1 + CthdQ + Chong.

We multiply the coefficients, gathering only the £2 and c1(S)£? terms (any term containing
c2(5)¢ will be mercilessly annihilated because ¢.(§) = 0):

0.(1) = ~a. (5 € + 31 (S)E)
By the GRR formula, the first Chern class of the virtual difference bundle W = —Rq, Ey,, =
—q1 By 18
[J1] = a1 (W) = —q.(I3).
Injecting the Gysin integration rules q.(£2) = 1 and ¢.(€3) = —c1(S):
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)= e W) = |2 (—a(9) - sa($)(1)| = —5e(s) = sor
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