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Abstract

There is a long-standing conjecture which states that every uniform algebraic vector
bundle of rank r < 2n on the n-dimensional projective space Pn over an algebraically closed
field of characteristic 0 is homogeneous. This conjecture is valid for n ≤ 3. In this paper,
we classify all uniform vector bundles of rank r < 8 over P4 and show that the conjecture
holds for n = 4.

1 Introduction

Algebraic vector bundles on a projective variety X are fundamental research objects in al-
gebraic geometry. By Grothendieck’s well-known result, if X = P1, then any vector bundle over
X splits as a direct sum of line bundles. However, when X is a projective space of dimension
greater than one, determining the structures of vector bundles on X is not as straightforward.
Since projective spaces are covered by lines, it is a natural approach to consider the restriction
of vector bundles to the lines within them. If the splitting type of a vector bundle E remains
the same when it is restricted to any line in the projective space Pn, then E is called a uniform
vector bundle on Pn.

Let k be an algebraically closed field of characteristic 0. All objects are considered over the
field k, and in the following context, we simply use “vector bundles” instead of “algebraic vector
bundles” and use r-bundle instead of “vector bundle of rank r”.

In 1972, Van de Ven ([Van72]) proved that for n > 2, uniform 2-bundles over Pn split, and
uniform 2-bundles over P2 are precisely the bundles OP2(a)⊕OP2(b), TP2(a), and Ω1

P2(b), where
a, b ∈ Z. In 1976, Sato [Sat76] proved that for 2 < r < n, uniform r-bundles over Pn split.
In 1978, Elencwajg [Ele78] extended Van de Ven’s investigations and showed that, up to dual,
uniform vector bundles of rank 3 over P2 are of the forms

OP2(a)⊕OP2(b)⊕OP2(c), TP2(a)⊕OP2(b) and S2TP2(a),

where a, b, c ∈ Z. Previously, Sato [Sat76] had shown that for odd n, uniform n-bundles over
Pn are of the forms

n⊕
i=1

OPn(ai), TPn(a) and Ω1
Pn(b),

where ai, a, b ∈ Z. The results of Elencwajg and Sato thus provide a complete classification
of uniform 3-bundles over Pn

k . In particular, all uniform 3-bundles over Pn
k are homogeneous,
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meaning they retain their structure under the automorphism pullback of the projective spaces.
Later, Elencwajg, Hirschowitz, and Schneider [EHS80] showed that Sato’s result also holds for
even n. Around 1982, Ellia [Ell82] proved that for n+ 1 = 4, 5, 6, uniform (n+ 1)-bundles over
Pn are of the form

n+1⊕
i=1

OPn(ai), TPn(a)⊕OPn(b) and Ω1
Pn(c)⊕OPn(d),

where ai, a, b, c, d ∈ Z. Later, Ballico [Bal83] showed that Ellia’s result remains valid for any n.
Therefore, uniform (n+ 1)-bundles over Pn are homogeneous.

One can observe from Ellia and Ballico’s papers that the classification problem becomes more
difficult when the rank of a vector bundle is greater than n.

It is obvious that homogeneous vector bundles are also uniform. Initially, based on the
classification results of uniform 2-bundles and 3-bundles over projective spaces ([Van72], [Sat76],
and [Ele78]), there was a widespread belief that all uniform bundles are homogeneous. However,
in 1979, Elencwajg disproved this belief by constructing a non-homogeneous uniform 4-bundle
over P2 ([Ele79]). Subsequently, Hirschowitz provided examples of uniform non-homogeneous
bundles of rank 3n − 1 over Pn for n ≥ 3 ([OSS11]). In 1980, Drézet proved the existence of
uniform non-homogeneous bundles of rank 2n over Pn for n ≥ 3 ([Dré80]).

Then, according to the classification results of uniform vector bundles of rank less than or
equal to n + 1 on Pn, Drézet conjectured in his paper ([Dré80]) that uniform vector bundles of
rank greater than n+ 1 and less than 2n on Pn are homogeneous (or see [EM16]).

Conjecture 1.1. Uniform vector bundles of rank r such that n + 1 < r < 2n over Pn are
homogeneous.

In 1983, Ballico and Ellia ([BE83]) demonstrated that the conjecture holds true for n = 3.
However, to the best of our knowledge, over the past four decades, despite the concerted efforts
of the research community, there has been a dearth of significant progress in higher-dimensional
cases. As the value of n increases, the complexity of the problem appears to grow exponentially,
presenting formidable challenges that have hitherto proven difficult to surmount.

In this paper, we attempt to contribute to this long-standing problem. We aim to provide a
positive solution for the case of n = 4, fully aware that this is but a small step in the face of the
overwhelming difficulties that come with higher-dimensional scenarios. We hope that our work
might inspire further research and help pave the way for more comprehensive solutions as we
continue to grapple with the increasing complexity associated with larger values of n.

Theorem 1.2. Uniform r-bundles with r < 8 on P4 are homogeneous.

2 Preliminaries

In this section, we present some basic concepts and theorems that will be used. General
background information can be found in [EHS80].

2.1 Chern polynomial

Definition 2.1. The Chern polynomial of a vector bundle E of rank r over variety X is

cE(T ) = T r − c1(E)T r−1 + c2(E)T r−2 + · · ·+ (−1)rcr(E).

Theorem 2.1. For short exact sequence of vector bundles over X

0 −→ F −→ G −→ E −→ 0,

we have cG(T ) ≡ cE(T )cF (T ) mod A(X), where A(X) is the Chow ring of X.
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2.2 Uniform vector bundles

Theorem 2.2. (Grothendieck 1956) For every vector bundle E over P1, E ∼=
k⊕

i=1
O⊕riP1 (ui).

Definition 2.2. A vector bundle E over Pn is uniform if for every line L ⊂ Pn,

E|L ∼=
k⊕

i=1

O⊕riL (ui),

where u1 > · · · > uk.
The splitting type of the uniform vector bundle E is (k; r1, · · · , rk;u1, · · · , uk).

Theorem 2.3. ([Ell82],Proposition 1-4.1) The uniform vector bundle E is an extension of two
uniform vector bundles when ui − ui+1 ≥ 2 .

2.3 HN-filtration

There is a standard commutative diagram :

F (1, 2, n+ 1)
q //

p

��

F (2, n+ 1)

Pn,

(1)

where F (1, 2, n+ 1) and F (2, n+ 1) = G(1, n) are flag variety. The morphisms in this diagram
are all projective. As a result, F (1, 2, n+1) = P(TPn(−1)). For the sake of brevity in the context,
we further define Fn := F (1, 2, n+ 1) in the context for shorten the notation. Denote the Hopf
relative bundle by HTPn (−1) := OP(TPn (−1))(−1).

For any uniform vector bundle E over Pn with splitting type (k; r1, · · · , rk;u1, · · · , uk), there
is a HN-filtration of p∗E:

p∗E = HNk ⊃ HNk−1 ⊃ · · · ⊃ HN1 ⊃ HN0 = 0.

Moreover, there is a short exact sequence

0 −→ HN i−1 −→ HN i −→ q∗Ei ⊗ p∗OPn(ui) −→ 0,

where Ei is a vector bundle over F (2, n+ 1) for 0 < i ≤ k.
Thus,

cp∗E(T,U) =
k∏

i=1
Si(T + uiU,U, V ) in A(F (1, 2, n+ 1)),

where U = c1(p∗OPn(−1)), V = c1(HTPn (−1)), cp∗E(T,U) is the Chern polynomial of p∗E,
Si(T,U, V ) which is symmetric about U and V is the Chern polynomial of q∗Ei and A(F (1, 2, n+
1)) is the Chow ring of F (1, 2, n+ 1). See [EHS80] for more details.

The following theorem is about the Chow group of F (1, 2, n+ 1).

Theorem 2.4. ([Guy85]Theorem 3.1.) A(F (1, 2, n+1)) ∼= Z[U, V ]/ < Rn(U, V ), Un+1 >, where

Rn(U, V ) =
n∑

k=0
UkV n−k.

Lemma 2.1. For a point x ∈ Pn, if HN i|p−1(x)
∼= Op−1(x)⊕G, where G is a vector bundle over

Pn−1 with H0(p−1(x), G) = H1(p−1(x), G) = 0, then E has OPn(l) as its subbundle, where l is
determined by the Chern polynomial of HN i.
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Proof. Given that H0(p−1(x), HN1|p−1(x)) = 1 and H1(p−1(x), HN1|p−1(x)) = 0, we can con-
clude that there exists an integer l ∈ Z such that p∗HN

i ∼= OPn(l) and R1p∗HN
1 = 0.

Now, consider the following exact sequence:

0 −→ HN i −→ p∗E −→ F i −→ 0,

where F i is a vector bundle. By applying the push forward functor p∗ to this sequence, we
obtain the following exact sequence:

0 −→ OPn(l) −→ E −→ p∗F
i −→ 0.

Furthermore, when we apply the pull-back functor p∗ to the above exact sequence, we get the
following commutative diagram:

0 // p∗OPn(l) //

��

p∗E //

id

��

p∗p∗F
i //

��

0

0 // HN i // p∗E // F i // 0.

By the snake lemma, we can infer that HN i has p∗OPn(l) as a subbundle. So E has OPn(l) as
a subbundle.

Lemma 2.2. If HN i/HN i−1 is trivial on all the p-fibers, then p∗(HN
i/HN i−1) ⊗ OPn(−ui)

is trivial bundle of rank ri over Pn and HN i/HN i−1 ∼= p∗O⊕riPn (ui).

Proof. Since HN i/HN i−1 is trivial on the p-fiber, we know that p∗(HN
i/HN i−1) = P is a

vector bundle over Pn. It is evident that the canonical morphism from p∗P to HN i/HN i−1 is
an isomorphism.

Meanwhile, according to Proposition 3.3 in [EHS80], there exists a vector bundle Ei over
G(1, n) such that HN i/HN i−1 ∼= q∗Ei ⊗ p∗OPn(ui). From this, we can conclude that both
P ⊗OPn(−ui) and Ei are trivial.

Corollary 2.5. Let E be a uniform vector bundle of splitting type (k;u1, · · · , uk; r1, · · · , rk). If
HN i/HN i−1 are trivial over the p-fibers for 1 ≤ i ≤ k, then E is direct sum of line bundles.

Proof. By above lemma and induction, the HN -filtration is given by

HN1 ∼= p∗O⊕r1Pn (u1)

and
0 −→ HN i −→ HN i+1 −→ p∗O⊕ri+1

Pn (ui+1) −→ 0

for i = 1, . . . , k − 1.

So HN i ∼=
i⊕

j=1
p∗O⊕rjPn (uj), and E = p∗p

∗E = p∗(
k⊕

j=1
p∗O⊕rjPn (uj)) =

k⊕
j=1
O⊕rjPn (uj).

If k = 1, it is a well-established fact that the uniform bundle E can be expressed as the direct
sum of identical line bundles. When k = 2, Ellia managed to prove the following result.

Lemma 2.3. ([Ell82] Proposition IV-2.2) Any uniform r-bundle E with splitting form (2; 1, r−
1, u1, u1 − 1) over Pn is homogeneous.

So by Ellia’s result, we only need to consider the cases of k > 2 and k = 2 with r1 > 1.
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3 Uniform 6-bundles over P4

3.1 k = 2, r1 = r2 = 3

Now

cp∗E(T ) =
2∏

i=1

Si(T + uiU,U, V ) (2)

in A(F (1, 2, 5)), so we have

T 2P (T,U) +A(T,U, V )R4(U, V ) +B(T,U, V )R5(U, V ) =
2∏

i=1

Si(T + uiU,U, V ),

where P (T,U), A(T,U, V ) and B(T,U, V ) are homogeneous polynomials of degrees 4, 2 and 1
respectively. Assume that

P (T,U) = T 4 + c1UT
3 + c2U

2T 2 + c3U
3T + c4U

4,

A(T,U, V ) = a1T
2 + (a2U + a3V )T +A2(U, V ),

and
B(T,U, V ) = b1T + b2U + b3V,

where A2(U, V ) is of degree 2, a1, a2, a3, b1, b2, b3 and c1 . . . c4 are all constants.
Suppose that

S1(T,U, V ) = T 3 + t1(U + V )T 2 + [t12(U2 + V 2) + t22UV ]T + [t13(U3 + V 3) + t23(U2V + UV 2)]

and

S2(T,U, V ) = T 3 + n1(U + V )T 2 + [n12(U2 + V 2) + n22UV ]T + [n13(U3 + V 3) + n23(U2V +UV 2)],

where t1, t
1
2, t

2
2, t

1
3, t

2
3, n1, n

1
2, n

2
2, n

1
3, n

2
3 are all constants.

Without loss of generality, we may assume u1 = 1 and u2 = 0 .
Using software Mathematica 11.3 (See the Appendix (3, 3)-case), we get only four solutions

of the equation (2).

(t1, t
1
2, t

2
2, t

1
3, t

2
3, n1, n

1
2, n

2
2, n

1
3, n

2
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(−1, 1, 1,−1,−1, 1, 0, 0, 0, 0),

(−1, 0, 0, 0, 0, 1, 1, 1, 1, 1),

(−2, 2, 3, 0,−1, 2, 2, 3, 0, 1). (3)

Proposition 3.1. If (t1, t
1
2, t

2
2, t

1
3, t

2
3, n1, n

1
2, n

2
2, n

1
3, n

2
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0), then

E ∼= O⊕3P4 (1)⊕O⊕3P4 .

Proof. The restriction of HN1 to a p-fiber at some point x ∈ P4, HN1|p−1(x), is subbundle of
the trivial bundle with c1 = 0. Thus HN1|p−1(x) is trivial bundle (cf. [OSS11] Corollary after

Theorem 3.2.1). By Corollary 2.5, E ∼= O⊕3P4 (1)⊕O⊕3P4 .

Proposition 3.2. If (t1, t
1
2, t

2
2, t

1
3, t

2
3, n1, n

1
2, n

2
2, n

1
3, n

2
3) = (−1, 0, 0, 0, 0, 1, 1, 1, 1, 1), then

E ∼= TP4(−1)⊕O⊕2P4 (1).
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Proof. Now S1(T,U, V ) = T 2(T − (U + V )), so the Chern polynomial of HN1 is

cHN1(T,U, V ) = (T + U)2(T − V ) = T 3 + (2U − V )T 2 + (U2 − 2UV )T − U2V.

By the definition of HN -filtration, for a point x ∈ P4, HN1|p−1(x) is subbundle of trivial bundle

with c1(HN1|p−1(x)) = OP3(−1). So HN1|p−1(x)
∼= OP3(−1) ⊕ O⊕2P3 . Denoting M = p∗HN

1

which is a rank 2 vector bundle and applying p∗ to the exact sequence

0 −→ HN1 −→ p∗E −→ F −→ 0,

we have the exact sequence
0 −→M −→ E −→ p∗F −→ 0,

where F is some vector bundle over F (1, 2, 5). Then we have the following commutative diagram

0 // p∗M //

��

p∗E

id

��

// p∗p∗F //

��

0

0 // HN1 // p∗E // F // 0.

By the snake lemma, the following exact sequences hold:

0 −→ p∗M −→ HN1 −→ G −→ 0

and
0 −→ G −→ p∗p∗F −→ F −→ 0,

where G = HN1/p∗M is the quotient bundle. Comparing the Chern polynomials of G, p∗M
and HN1, we can get cG(T,U, V ) = T − V and cp∗M (T,U) = (T + U)2. Thus p∗p∗F has
HTPn (−1) as its subbundle. By Proposition 3.5 in [EHS80], p∗F has TP4(−1) as its subbundle.
So p∗F ∼= TP4(−1) whose splitting type is (2; 1, 0; 1, 3). Then M is a uniform vector bundle over
P4. Thus, we have the following exact sequence

0 −→ O⊕2P4 (1) −→ E −→ TP4(−1) −→ 0.

Since Ext1(TP4(−1),O⊕2P4 (1)) = 0, we get that E ∼= TP4(−1)⊕O⊕2P4 (1) .

Proposition 3.3. If (t1, t
1
2, t

2
2, t

1
3, t

2
3, n1, n

1
2, n

2
2, n

1
3, n

2
3) = (−1, 1, 1,−1,−1, 1, 0, 0, 0, 0), then

E ∼= Ω1
P4(2)⊕O⊕2P4 .

Proof. By the same argument above, E∗(1) ∼= TP4(−1)⊕O⊕2P4 (1). So E ∼= Ω1
P4(2)⊕O⊕2P4 .

Proposition 3.4. If (t1, t
1
2, t

2
2, t

1
3, t

2
3, n1, n

1
2, n

2
2, n

1
3, n

2
3) = (−2, 2, 3, 0,−1, 2, 2, 3, 0, 1), then

E ∼=
2∧(
TP4(−1)

)
.

Proof. Put X = F (1, 2, 5) and H = HN1. Since u1 = 1, the Chern polynomial of H is

cH(T ) = S1(T + U,U, V )

= T 3 + (U − 2V )T 2 + (U2 − UV + 2V 2)T + U3 + UV 2.

In particular, for every x ∈ P4, the bundle Hx := H|p−1(x) is a rank-three subbundle of O⊕6P3

with Chern classes

c1(Hx) = −2h, c2(Hx) = 2h2, c3(Hx) = 0.
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The classification of globally generated bundles with first Chern class two in [SU09], applied to
H∨x , gives

Hx
∼= TP3(−2) or Hx

∼= N(−1)⊕OP3 ,

where N is a null-correlation bundle. Their cohomology is

Hi
(
TP3(−2)

)
= 0 for all i,

and
h0
(
N(−1)⊕O

)
= h1

(
N(−1)⊕O

)
= 1, h2 = h3 = 0.

Let
J = {x ∈ P4 | h0(Hx) = 1}.

Semicontinuity shows that J is closed. Suppose first that J is a proper closed subset. The
inclusion H ↪→ p∗E induces p∗H ↪→ E. Since p∗H vanishes over the dense open set P4 \ J , it is
a torsion subsheaf of the locally free sheaf E; hence p∗H = 0. The above fiber cohomology also
gives R2p∗H = R3p∗H = 0.

We now compute the remaining derived image. The Chern character of H is determined by
cH(T ), so GRR gives

ch(p!H) = p∗
(
ch(H) td(Tp)

)
.

For the homogeneous bundle

E0 =
2∧(
TP4(−1)

)
the corresponding first HN term has the same Chern polynomial and restricts to TP3(−2) on
every p-fiber. It is therefore p-acyclic. Applying GRR to this model yields ch(p!H) = 0 for
every H with the above Chern polynomial. Since in the present case p!H = −[R1p∗H], we
obtain ch(R1p∗H) = 0. A nonzero coherent sheaf on P4 has a nonzero Hilbert polynomial, so
R1p∗H = 0. Cohomology and base change now implies H1(Hx) = 0 for every x, and hence
J = ∅.

It remains to exclude J = P4. In that case h0(Hx) = 1 for all x, so Grauert’s theorem shows
that L := p∗H is a line bundle and base change holds. The evaluation map

p∗L −→ H

restricts on each fiber to the unique nonzero section of N(−1) ⊕ O; this section is nowhere
vanishing. Consequently the evaluation map is a line subbundle. Writing L ∼= OP4(i), the
polynomial cH(T ) must be divisible by T + iU . Substitution of T = −iU shows that the
coefficient of UV 2 is 1 − 2i, which cannot vanish for an integer i. This contradiction excludes
J = P4.

Thus Hx
∼= TP3(−2) for every x. If Q = p∗E/H, then the fiber sequence

0 −→ TP3(−2) −→ O⊕6P3 −→ Qx −→ 0

is the evaluation sequence of Ω1
P3(2); hence Qx

∼= Ω1
P3(2). The characterization theorem of

Ballico–Ellia [BE82] now applies to this relative HN sequence and gives

E ∼=
2∧(
TP4(−1)

)
.

So we prove the following proposition.

Proposition 3.5. The uniform vector E over P4 with the splitting form (2; 3, 3;u1, u1 − 1) is

O⊕3P4 (u1)⊕O⊕3P4 (u1 − 1), TP4(u1 − 2)⊕O⊕2P4 (u1), Ω1
P4(u1 + 1)⊕O⊕2P4 (u1 − 1) or∧2(TP4(−1))⊗OP4(u1 − 1).
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3.2 k = 2, r1 = 2, r2 = 4

Similarly, we suppose that

cp∗E(T ) = T 2P (T,U) +A(T,U, V )R4(U, V ) +B(T,U, V )R5(U, V ) =
2∏

i=1

Si(T + uiU,U, V ) (4)

in A(F (1, 2, 5)), where P (T,U), A(T,U, V ) and B(T,U, V ) are homogeneous polynomials of
degrees 4, 2 and 1 respectively.

Without loss of generality, we set u2 = 0. Suppose that

S1(T,U, V ) = T 2 +m1(U + V )T + (m0
2(U2 + V 2) +m1

2UV )

and
S2(T,U, V ) = T 4 +N1(U, V )T 3 +N2(U, V )T 2 +N3(U, V )T +N4(U, V ),

where Ni(U, V ) is homogeneous polynomials of degrees i for i = 1, 2, 3, 4. Using computer
calculation, we get only following two solutions of equation (4).

(m1,m
0
2,m

1
2) = (0, 0, 0),

(m1,m
0
2,m

1
2) = (−1, 0, 0).

If (m1,m
0
2,m

1
2) = (0, 0, 0), by the similar arguments in the proof of Proposition 3.1, E ∼=

O⊕2P4 (1)⊕O⊕4P4 .

Proposition 3.6. If (m1,m
0
2,m

1
2) = (−1, 0, 0), then

E ∼= OP4(1)⊕OP4 ⊕ TP4(−1).

Proof. Clearly, cHN1(T ) = T 2 + (U − V )T − UV = (T + U)(T − V ). So c1(HN1) = V − U
and c1(HN1|p−1(x)) = OP3(−1), for each point x ∈ P4. It is easy to see that HN1|p−1(x) is a
subbundle of the trivial bundle. Thus, HN1|p−1(x)

∼= OP3 ⊕OP3(−1), for each point x ∈ P4. By
Lemma 2.1, we have the exact sequence

0 −→ OP4(1) −→ E −→ E
′
−→ 0,

where E′ is the quotient bundle. By cohomology calculation, it is not hard to get that E′ is a
uniform bundle with splitting form (1, 0, 0, 0, 0). By the classifying result in [Ell82] and Chern
polynomial of E′, E′ ∼= TP4(−1)⊕OP4 . So E ∼= OP4(1)⊕OP4 ⊕ TP4(−1).

So we prove the following proposition:

Proposition 3.7. The uniform vector bundle E over P4 with splitting form of (2; 2, 4;u1, u1−1)
is isomorphic to either O⊕2P4 (u1)⊕O⊕4P4 (u1 − 1) or OP4(u1)⊕OP4(u1 − 1)⊕ TP4(u1 − 2).

3.3 k = 3, r1 = 1, r2 = 2, r3 = 3

We suppose that

cp∗E(T ) =
3∏

i=1

Si(T + uiU,U, V ). (5)

Without loss of generality, we may assume u3 = 0. We also assume that

S1(T,U, V ) = T + a(U + V ),

S2(T,U, V ) = T 2 + b1(U + V )T + b02U
2 + b12UV + b02V

2

and

S3(T,U, V ) = T 3 +n1(U+V )T 2 +(n02U
2 +n12UV +n02V

2)T +(n03U
3 +n13U

2V +n13UV
2 +n03V

3),

where a, b1, b
0
2, b

1
2, b

2
2, n1, n

0
2, n

1
2, n

0
3, n

1
3 are all constants.

Using computer calculation, we get only following three solutions of equation (5).
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(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0),

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0,−1, 0, 0, 1, 1, 1, 1, 1),

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (−2, 0, 0, 0, 2, 4, 4, 8, 8).

If (a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0), then by the similar arguments in the

proof of Proposition 3.1, E ∼= OP4(2)⊕O⊕2P4 (1)⊕O⊕3P4 .

Proposition 3.8. If (a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0,−1, 0, 0, 1, 1, 1, 1, 1), then

E ∼= OP4(2)⊕OP4(1)⊕ TP4(−1).

Proof. Now S1(T,U, V ) = T and cHN1 = T + 2U . So for a point x ∈ P4, HN1|p−1(x)
∼= OP3 .

By Lemma 2.2 and the Chern polynomial of HN1, HN1 ∼= p∗OP4(2). Applying p∗ to the exact
sequence

0 −→ HN1 −→ p∗E −→ F −→ 0

for some quotient bundle F , we get the exact sequence

0 −→ OP4(2) −→ E −→ p∗F −→ 0.

It is not hard to see that p∗F is a uniform bundle. Thus p∗F ∼= TP4(−1)⊕OP4(1) by the result
in [Ell82]. Thus, E ∼= OP4(2)⊕OP4(1)⊕ TP4(−1).

Proposition 3.9. If (a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (−2, 0, 0, 0, 2, 4, 4, 8, 8), then there does not

exist a uniform vector bundle.

Proof. In this case, S1(T,U, V ) = T − 2(U + V ), S2(T,U, V ) = T 2, cHN1 = T − 2V and cHN2 =
(T − 2V )(T + U)2. So HN1|p−1(x)

∼= OP3(−2), c1(HN2|p−1(x)) = OP3(−2), c2(HN2|p−1(x)) = 0
and c3(HN2|p−1(x)) = 0 for each point x ∈ P4. Since HN2|p−1(x) is a subbundle of the trivial
bundle, its dual is globally generated. By the main theorem in [SU09], HN2|p−1(x)

∼= OP3(−2)⊕
O⊕2P3 .

So restricting HN -sequence to p-fiber, we have the exact sequence

0 −→ Op−1(x)(−2) −→ Op−1(x)(−2)⊕O⊕2p−1(x) −→ HN2/HN1|p−1(x) −→ 0.

Denote M := HN2/HN1|p−1(x). Then M is a rank 2 bundle with c1 = c2 = 0. So M ∼= M∨.
Clearly, H1(p−1(x),M(k)) = 0 for all k. By Horrocks’ theorem (cf. Theorem 2.3.1 in [OSS11]
chapter 1), M ∼= O⊕2P3 . Thus by Lemma 2.2, p∗(HN

2/HN1) ∼= O⊕2P4 andHN2/HN1 ∼= p∗O⊕2P4 (1).
Since we have the exact sequence

0 −→ HN1 −→ HN2 −→ HN2/HN1 −→ 0

and HN1 = OP(TP4 (−1))(−2), so we have the exact sequence

0 −→ OP(TP4 (−1))(−2) −→ HN2 −→ p∗O⊕2P4 (1) −→ 0.

Since

H1(P(TP4(−1)),OP(TP4 (−1))(−2)⊗ p∗O⊕2P4 (−1)) = H1(P4, p∗OP(TP4 (−1))(−2)⊗O⊕2P4 (−1)) = 0,

we have
HN2 ∼= OP(TP4 (−1))(−2)⊕ p∗O⊕2P4 (1).

By the same method used in Lemma 2.1, applying p∗ to HN -sequence, we have the following
commutative diagram.
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0 // p∗O⊕2P4 (1) //

��

p∗E //

id

��

p∗W //

��

0

0 // OP(TP4 (−1))(−2)⊕ p∗O⊕2P4 (1) // p∗E // p∗E/HN2 // 0,

where W = p∗(p
∗E/HN2) .

By the snake lemma, the following sequence is exact:

0 −→ OP(TP4 (−1))(−2) −→ p∗W −→ p∗E/HN2 −→ 0.

According to the splitting type of E, the restriction of p∗E/HN2 to the q-fiber at any point
l ∈ G(1, 4), p∗E/HN2|q−1(l) is trivial. Moreover, OP(TP4 (−1))(−2)|q−1(l)

∼= Oq−1(l)(2). Since
Hom(Oq−1(l)(2),Oq−1(l)) = 0, we have

Hom(TP(TP4 (−1))/P4 ,Hom(OP(TP4 (−1))(−2), p∗E/HN2)) = 0.

So by Descente-Lemma (cf. Lemma 2.1.2 in [OSS11] chapter 2), there is a vector bundle E′ over
P4 such that p∗E′ ∼= OP(TP4 (−1))(−2), which is a contradiction.

So we prove the following proposition:

Proposition 3.10. The uniform vector bundle E over P4 with splitting form of (3; 1, 2, 3;u1, u1−
1, u1 − 2) is isomorphic to either

OP4(u1)⊕O⊕2P4 (u1 − 1)⊕O⊕3P4 (u1 − 2)

or
OP4(u1)⊕OP4(u1 − 1)⊕ TP4(u1 − 3).

3.4 k = 3, r1 = 2, r2 = 1, r3 = 3

We suppose that

cp∗E(T ) =
3∏

i=1

Si(T + uiU,U, V ). (6)

Without loss of generality, we may assume u3 = 0. We also assume that

S2(T,U, V ) = T + a(U + V ),

S1(T,U, V ) = T 2 + b1(U + V )T + b02U
2 + b12UV + b02V

2

and

S3(T,U, V ) = T 3 +n1(U+V )T 2 +(n02U
2 +n12UV +n02V

2)T +(n03U
3 +n13U

2V +n13UV
2 +n03V

3),

where a, b1, b
0
2, b

1
2, b

2
2, n1, n

0
2, n

1
2, n

0
3, n

1
3 are all constants.

Using computer calculation, we get only following three solutions of equation (6).

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0),

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (−1, 0, 0, 0, 1, 1, 1, 1, 1),

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0,−2, 0, 0, 2, 4, 4, 8, 8).

If (a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0), then by the similar arguments in the

proof of Proposition 3.1, Proposition 3.8, Proposition 3.9, we have the theorem as follows.
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Proposition 3.11. The uniform vector bundle E over P4 with splitting form of (3; 2, 1, 3;u1, u1−
1, u1 − 2) is isomorphic to either

O⊕2P4 (u1)⊕OP4(u1 − 1)⊕O⊕3P4 (u1 − 2)

or
O⊕2P4 (u1)⊕ TP4(u1 − 3).

3.5 k = 3, r1 = 1, r2 = 3, r3 = 2

We suppose that

cp∗E(T ) =
3∏

i=1

Si(T + uiU,U, V ). (7)

Without loss of generality, we may assume u3 = 0. We also assume that

S1(T,U, V ) = T + a(U + V ),

S3(T,U, V ) = T 2 + b1(U + V )T + b02U
2 + b12UV + b02V

2

and

S2(T,U, V ) = T 3 +n1(U+V )T 2 +(n02U
2 +n12UV +n02V

2)T +(n03U
3 +n13U

2V +n13UV
2 +n03V

3),

where a, b1, b
0
2, b

1
2, b

2
2, n1, n

0
2, n

1
2, n

0
3, n

1
3 are all constants.

Using computer calculation, we get only following three solutions of equation (7).

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0),

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (−1, 0, 0, 0, 1, 1, 1, 1, 1),

(a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 1, 0, 0,−1, 1, 1,−1,−1).

If (a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0), then by the similar arguments in the

proof of Proposition 3.1, E ∼= OP4(2)⊕O⊕3P4 (1)⊕O⊕2P4 .
If (a, b1, b

0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 1, 0, 0,−1, 1, 1,−1,−1), then by same arguments in

Proposition 3.8, E has OP4(2) as subbundle. Finally, it is easy to get that E ∼= OP4(2) ⊕
ΩP4(2)⊕OP4 .

If (a, b1, b
0
2, b

1
2, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (−1, 0, 0, 0, 1, 1, 1, 1, 1), then by the same arguments in

Proposition 3.2, we can get that E ∼= TP4 ⊕O⊕2P4 .
So the following proposition holds.

Proposition 3.12. The uniform vector bundle E over P4 with splitting form of (3; 1, 3, 2;u1, u1−
1, u1 − 2) is isomorphic to

OP4(u1)⊕O⊕3P4 (u1 − 1)⊕O⊕2P4 (u1 − 2),

OP4(u1)⊕ ΩP4(u1)⊕OP4(u1 − 2)

or
TP4(u1 − 2)⊕O⊕2P4 (u1 − 2).
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3.6 k = 3, r1 = r2 = 1, r3 = 4

We suppose that

cp∗E(T ) =
3∏

i=1

Si(T + uiU,U, V ). (8)

Without loss of generality, we may assume u3 = 0. We also assume that

S1(T,U, V ) = T + a(U + V ),

S2(T,U, V ) = T + b(U + V )

and

S3(T,U, V ) = T 4+n1(U+V )T 3+[n02(U2+V 2)+n12UV ]T 2+[n03(U3+V 3)+n13(U2V +UV 2)]T

+ [n04(U4 + V 4) + n14(U3V + UV 3) + n24U
2V 2],

where a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, n

0
4, n

1
4, n

2
4 are all constants.

Using computer calculation, we get only following three solutions of equation (8).

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−2, 0, 2, 4, 4, 8, 8),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0,−1, 1, 1, 1, 1, 1).

If (a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0), then by the similar arguments in the proof of

Proposition 3.1, E ∼= OP4(2)⊕OP4(1)⊕O⊕4P4 .
If (a, b, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0,−1, 1, 1, 1, 1, 1), then by same arguments in Proposition 3.8, it

is easy to get that E ∼= OP4(2)⊕ TP4(−1)⊕OP4 .
If (a, b, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (−2, 0, 2, 4, 4, 8, 8), by the same argument in Proposition 3.9,

there does not exist such a uniform bundle.
So the following proposition holds.

Proposition 3.13. The uniform vector bundle E over P4 with splitting form of (3; 1, 1, 4;u1, u1−
1, u1 − 2) is isomorphic to either

OP4(u1)⊕OP4(u1 − 1)⊕O⊕4P4 (u1 − 2)

or
OP4(u1)⊕ TP4(u1 − 3)⊕OP4(u1 − 2).

3.7 k = 3, r1 = r3 = 1, r2 = 4

We suppose that

cp∗E(T ) =
3∏

i=1

Si(T + uiU,U, V ). (9)

Without loss of generality, we may assume u3 = 0. We also assume that

S1(T,U, V ) = T + a(U + V ),

S3(T,U, V ) = T + b(U + V )

and
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S2(T,U, V ) = T 4+n1(U+V )T 3+[n02(U2+V 2)+n12UV ]T 2+[n03(U3+V 3)+n13(U2V +UV 2)]T

+ [n04(U4 + V 4) + n14(U3V + UV 3) + n24U
2V 2],

where a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, n

0
4, n

1
4, n

2
4 are all constants.

Using computer calculation, we get only following three solutions of equation (8).

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−1, 0, 1, 1, 1, 1, 1),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 1,−1, 1, 1,−1,−1).

By similar arguments, we can get the following proposition.

Proposition 3.14. The uniform vector bundle E over P4 with splitting form of (3; 1, 4, 1;u1, u1−
1, u1 − 2) is isomorphic to either

OP4(u1)⊕O⊕4P4 (u1 − 1)⊕OP4(u1 − 2),

TP4(u1 − 3)⊕OP4(u1 − 2)⊕OP4(u1 − 3)

or
Ω1

P4(u1 − 1)⊕OP4(u1 − 2)⊕OP4(u1 − 1).

3.8 k = 4, r1 = r2 = r3 = 1, r4 = 3

We suppose that

cp∗E(T ) =
4∏

i=1

Si(T + uiU,U, V ). (10)

Without loss of generality, we may assume u4 = 0. We assume that

S1(T,U, V ) = T + a(U + V ),

S2(T,U, V ) = T + b(U + V ),

S3(T,U, V ) = T + c(U + V )

and

S4(T,U, V ) = T 3 + n1(U + V )T 2 + [n02(U2 + V 2) + n12UV ]T + [n03(U3 + V 3) + n13(U2V +UV 2)],

where a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3 are all constants.

Using computer calculation, we get only following three solutions of equation (10).

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0,−1, 1, 1, 1, 1, 1),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0,−2, 0, 2, 4, 4, 8, 8),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−3, 0, 0, 3, 9, 9, 27, 27).

If (a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0), then by the similar arguments in the proof

of Proposition 3.1, E ∼= OP4(3)⊕OP4(2)⊕OP4(1)⊕O⊕3P4 .
If (a, b, c, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0,−1, 1, 1, 1, 1, 1), then by same arguments in Proposition

3.8, it is easy to get that E ∼= TP4(−1)⊕OP4(3)⊕OP4(2).
If (a, b, c, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0,−2, 0, 2, 4, 4, 8, 8) or (−3, 0, 0, 3, 9, 9, 27, 27), by the same

argument in Proposition 3.9, there does not exist such a uniform bundle.
So the following proposition holds.
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Proposition 3.15. The uniform vector bundle E over P4 with splitting form of (4; 1, 1, 1, 3;u1, u1−
1, u1 − 2, u1 − 3) is isomorphic to either

OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2)⊕O⊕3P4 (u1 − 3)

or
E ∼= TP4(u1 − 3)⊕OP4(u1)⊕OP4(u1 − 1).

3.9 k = 4, r1 = r2 = r4 = 1, r3 = 3

We suppose that

cp∗E(T ) =
4∏

i=1

Si(T + uiU,U, V ). (11)

Without loss of generality, we may assume u4 = 0. We assume that

S1(T,U, V ) = T + a(U + V ),

S2(T,U, V ) = T + b(U + V ),

S4(T,U, V ) = T + c(U + V )

and

S3(T,U, V ) = T 3 + n1(U + V )T 2 + [n02(U2 + V 2) + n12UV ]T + [n03(U3 + V 3) + n13(U2V +UV 2)],

where a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3 are all constants.

Using computer calculation, we get only following three solutions of equation (11).

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−2, 0, 0, 2, 4, 4, 8, 8),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0,−1, 0, 1, 1, 1, 1, 1),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 1,−1, 1, 1,−1,−1).

If (a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0), then by the similar arguments in the proof

of Proposition 3.1, E ∼= OP4(3)⊕OP4(2)⊕O⊕3P4 (1)⊕OP4 .
If (a, b, c, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0,−1, 1, 1, 1, 1, 1), then by same arguments in Proposition

3.8, it is easy to get that E ∼= TP4 ⊕OP4(3)⊕OP4 .
If (a, b, c, n1, n

0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 1,−1, 1, 1,−1,−1), then by similar arguments in Proposi-

tion 3.8, it is easy to get that E ∼= Ω1
P4(2)⊕OP4(3)⊕OP4(2).

If (a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−2, 0, 0, 2, 4, 4, 8, 8), by the same argument in Proposition 3.9,

there does not exist such a uniform bundle.
So the following proposition holds.

Proposition 3.16. The uniform vector bundle E over P4 with splitting form of (4; 1, 1, 3, 1;u1, u1−
1, u1 − 2, u1 − 3) is isomorphic to

E ∼= OP4(u1)⊕OP4(u1 − 1)⊕O⊕3P4 (u1 − 2)⊕OP4(u1 − 3),

E ∼= TP4(u1 − 3)⊕OP4(u1)⊕OP4(u1 − 3)

or
E ∼= Ω1

P4(u1 − 1)⊕OP4(u1)⊕OP4(u1 − 1).
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3.10 ri ≤ 2 for all i and the conclusion for rank 6 uniform bundles

In this case,

cp∗E(T ) =
k∏

i=1

Si(T + uiU,U, V ), (12)

where k ≤ 6. Since the degree of Si(T,U, V ) is less than or equal to 2, we calculate all the
cases one by one to get that there is only the zero solution of equation (12) if we set the similar
assumption as before. Thus by the similar arguments in the proof of Proposition 3.1, the bundle
E is the direct sum of line bundles.

So we can get the following theorem.

Theorem 3.17. Any uniform 6-bundle with k ≥ 5 over P4 is a direct sum of line bundles.

For other cases, we only need to take dual and tensor a suitable line bundle to boil down to
the cases in the former sections.

In conclusion, we have proved the following theorem.

Theorem 3.18. Any uniform 6-bundle over P4 is homogeneous.

4 Uniform 7-bundles over P4

4.1 k = 2, r1 = 2, r2 = 5

In this case, we may assume

S1(T,U, V ) = T 2 + t1(U + V )T + [t02(U2 + V 2) + t12UV ],

where t1, t
0
2, t

1
2 are all constants.

There are only two solutions for the Chern polynomial equation if we set u2 = 0.

(t1, t
0
2, t

1
2) = (0, 0, 0) and (−1, 0, 0).

Proposition 4.1. The uniform vector bundle E over P4 with splitting type (2; 2, 5;u1, u1 − 1)
is either

O⊕2P4 (u1)⊕O⊕5P4 (u1 − 1)

or
TP4(u1 − 2)⊕OP4(u1)⊕O⊕2P4 (u1 − 1)

.

Proof. If (t1, t
0
2, t

1
2) = (0, 0, 0), then by the similar arguments in the proof of Proposition 3.1,

E ∼= O⊕2P4 (u1)⊕O⊕5P4 (u1 − 1).
If (t1, t

0
2, t

1
2) = (−1, 0, 0), then by the similar arguments in the proof of Proposition 3.2,

E ∼= TP4(u1 − 2)⊕OP4(u1)⊕O⊕2P4 (u1 − 1).
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4.2 k = 2, r1 = 3, r2 = 4

Suppose that

S1(T,U, V ) = T 3 + t1(U + V )T 2 + [t02(U2 + V 2) + t12UV ]T + [t03(U3 + V 3) + t13(U2V + UV 2)].

There are four solutions for the Chern polynomial equation if we set u2 = 0 (See the Appendix
(3, 4)-case).

(t1, t
0
2, t

1
2, t

0
3, t

1
3) = (−2, 2, 3, 0,−1),

(t1, t
0
2, t

1
2, t

0
3, t

1
3) = (−1, 0, 0, 0, 0),

(t1, t
0
2, t

1
2, t

0
3, t

1
3) = (−1, 1, 1,−1,−1),

(t1, t
0
2, t

1
2, t

0
3, t

1
3) = (0, 0, 0, 0, 0).

Proposition 4.2. The uniform vector bundle E over P4 with splitting type (2; 3, 4;u1, u1− 1) is

O⊕3P4 (u1)⊕O⊕4P4 (u1 − 1),

TP4(u1 − 2)⊕O⊕2P4 (u1)⊕OP4(u1 − 1),

(
2∧
TP4(−1))⊗OP4(u1 − 1)⊕OP4(u1 − 1)

or
Ω1

P4(u1 + 1)⊕O⊕3P4 (u1 − 1).

Proof. If (t1, t
0
2, t

1
2, t

0
3, t

1
3) = (0, 0, 0, 0, 0), then by the similar arguments in the proof of Proposi-

tion 3.1, E ∼= O⊕3P4 (u1)⊕O⊕4P4 (u1 − 1).
If (t1, t

0
2, t

1
2, t

0
3, t

1
3) = (−1, 0, 0, 0, 0), then by the similar arguments in the proof of Proposition

3.2, E ∼= TP4(u1 − 2)⊕O⊕2P4 (u1)⊕OP4(u1 − 1).
If (t1, t

0
2, t

1
2, t

0
3, t

1
3) = (−2, 2, 3, 0,−1) ,then by the similar arguments in the proof of Proposition

3.4, HN1|p−1(x)
∼= Tp−1(x)(−1) and p∗E/HN1|p−1(x)

∼= Op−1(x) ⊕ Ω1
P3(2). Finally, we can get

that E ∼= (
∧2 TP4(−1))⊗OP4(u1 − 1)⊕OP4(u1 − 1).

If (t1, t
0
2, t

1
2, t

0
3, t

1
3) = (−1, 1, 1,−1,−1), then by the similar arguments in the proof of Propo-

sition 3.2 for E∗, we can get E ∼= Ω1
P4(u1 + 1)⊕O⊕3P4 (u1 − 1).

4.3 k = 3, r1 = r2 = 1, r3 = 5

We may assume
S1(T,U, V ) = T + a(U + V )

and
S2(T,U, V ) = T + b(U + V ),

where a, b are constants.
There are two solutions for the Chern polynomial equation if we set u3 = 0.

(a, b) = (−2, 0), (0, 0), (0,−1).

Proposition 4.3. The uniform vector bundle E over P4 with splitting type (3; 1, 1, 5;u1, u1 −
1, u1 − 2) is either

E ∼= OP4(u1)⊕OP4(u1 − 1)⊕O⊕5P4 (u1 − 2)

or
TP4(u1 − 3)⊕OP4(u1)⊕O⊕2P4 (u1 − 2).

16



Proof. If (a, b) = (0, 0), then by the similar arguments in the proof of Proposition 3.1, E ∼=
OP4(u1)⊕OP4(u1 − 1)⊕O⊕5P4 (u1 − 2).

If (a, b) = (0,−1), then by the similar arguments in the proof of Proposition 3.2, we have
E ∼= TP4(u1 − 3)⊕OP4(u1)⊕O⊕2P4 (u1 − 2).

If a = −2, by the same argument in Proposition 3.9, there does not exist such a uniform
bundle.

4.4 k = 3, r1 = r3 = 1, r2 = 5

We may assume
S1(T,U, V ) = T + a(U + V )

and
S2(T,U, V ) = T + b(U + V ),

where a, b are constants.
There are three solutions for the Chern polynomial equation if we set u3 = 0.

(a, b) = (−1, 0), (0, 0), (0, 1).

Using the similar arguments, we have following result.

Proposition 4.4. The uniform vector bundle E over P4 with splitting type (3; 1, 5, 1;u1, u1 −
1, u1 − 2) is

OP4(u1)⊕O⊕5P4 (u1 − 1)⊕OP4(u1 − 2),

TP4(u1 − 2)⊕O⊕2P4 (u1 − 1)⊕OP4(u1 − 2)

or
Ω1

P4(u1)⊕OP4(u1)⊕O⊕2P4 (u1 − 1).

4.5 k = 3, r1 = 1, r2 = 2, r3 = 4

We may assume
S1(T,U, V ) = T + a(U + V )

and
S2(T,U, V ) = T 2 + b1(U + V )T + b02(U2 + V 2) + b12UV,

where a, b1, b
0
2, b

1
2 are constants.

There are two solutions for the Chern polynomial equation if we set u3 = 0.

(a, b1, b
0
2, b

1
2) = (−2, 0, 0, 0), (0, 0, 0, 0), (0,−1, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.5. The uniform vector bundle E over P4 with splitting type (3; 1, 2, 4;u1, u1 −
1, u1 − 2) is either

OP4(u1)⊕O⊕2P4 (u1 − 1)⊕O⊕4P4 (u1 − 2)

or
TP4(u1 − 3)⊕OP4(u1)⊕OP4(u1 − 1))⊕OP4(u1 − 2).
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4.6 k = 3, r1 = 2, r2 = 1, r3 = 4

We may assume
S2(T,U, V ) = T + a(U + V )

and
S1(T,U, V ) = T 2 + b1(U + V )T + b02(U2 + V 2) + b12UV,

where a, b1, b
0
2, b

1
2 are constants.

There are two solutions for the Chern polynomial equation if we set u3 = 0.

(a, b1, b
0
2, b

1
2) = (0, 0, 0, 0), (−1, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.6. The uniform vector bundle E over P4 with splitting type (3; 2, 1, 4;u1, u1 −
1, u1 − 2) is either

O⊕2P4 (u1)⊕OP4(u1 − 1)⊕O⊕4P4 (u1 − 2)

or
TP4(u1 − 3)⊕O⊕2P4 (u1)⊕OP4(u1 − 2).

4.7 k = 3, r1 = 2, r2 = 4, r3 = 1

We may assume
S3(T,U, V ) = T + a(U + V )

and
S1(T,U, V ) = T 2 + b1(U + V )T + b02(U2 + V 2) + b12UV,

where a, b1, b
0
2, b

1
2 are constants.

There are three solutions for the Chern polynomial equation if we set u3 = 0.

(a, b1, b
0
2, b

1
2) = (0,−1, 0, 0), (0, 0, 0, 0), (1, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.7. The uniform vector bundle E over P4 with splitting type (3; 2, 4, 1;u1, u1 −
1, u1 − 2) is

O⊕2P4 (u1)⊕O⊕4P4 (u1 − 1)⊕OP4(u1 − 2),

TP4(u1 − 2)⊕OP4(u1)⊕OP4(u1 − 1))⊕OP4(u1 − 2)

or
Ω1

P4(u1)⊕O⊕2P4 (u1)⊕OP4(u1 − 1).
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4.8 k = 3, r1 = r2 = 2, r3 = 3

We may assume

S1(T,U, V ) = T 2 + a1(U + V )T + a02(U2 + V 2) + a12UV

and
S2(T,U, V ) = T 2 + e1(U + V )T + e02(U2 + V 2) + e12UV,

where a1, a
0
2, a

1
2, e1, e

0
2, e

1
2 are constants.

There are three solutions for the Chern polynomial equation if we set u3 = 0.

(a1, a
0
2, a

1
2, e1, e

0
2, e

1
2) = (0, 0, 0, 0, 0, 0), (0, 0, 0,−1, 0, 0), (−2, 0, 0, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.8. The uniform vector bundle E over P4 with splitting type (3; 2, 2, 3;u1, u1 −
1, u1 − 2) is

O⊕2P4 (u1)⊕O⊕2P4 (u1 − 1)⊕O⊕3P4 (u1 − 2)

or
TP4(u1 − 3)⊕O⊕2P4 (u1)⊕OP4(u1 − 1).

4.9 k = 3, r1 = r3 = 2, r2 = 3

We may assume

S1(T,U, V ) = T 2 + a1(U + V )T + a02(U2 + V 2) + a12UV

and
S2(T,U, V ) = T 2 + e1(U + V )T + e02(U2 + V 2) + e12UV,

where a1, a
0
2, a

1
2, e1, e

0
2, e

1
2 are constants.

There are three solutions for the Chern polynomial equation if we set u3 = 0.

(a1, a
0
2, a

1
2, e1, e

0
2, e

1
2) = (0, 0, 0, 0, 0, 0), (0, 0, 0, 1, 0, 0), (−1, 0, 0, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.9. The uniform vector bundle E over P4 with splitting type (3; 2, 3, 2;u1, u1 −
1, u1 − 2) is

O⊕2P4 (u1)⊕O⊕3P4 (u1 − 1)⊕O⊕2P4 (u1 − 2),

TP4(u1 − 2)⊕OP4(u1)⊕O⊕2P4 (u1 − 2)

or
Ω1

P4(u1)⊕O⊕2P4 (u1)⊕OP4(u1 − 2).
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4.10 k = 3, r1 = 1, r2 = r3 = 3

We may assume
S1(T,U, V ) = T + a(U + V ),

S2(T,U, V ) = T 3 + b1(U + V )T 2 + (b02U
2 + b12UV + b02V

2)T + b03(U3 + V 3) + b13(U2V + UV 2)

and

S3(T,U, V ) = T 3 + c1(U + V )T 2 + (c02U
2 + c12UV + c02V

2)T + c03(U3 + V 3) + c13(U2V + UV 2),

where a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c1, c

0
2, c

1
2, c

0
3, c

1
3 are all constants.

There are five solutions for the Chern polynomial equation if we set u3 = 0.

(a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c

0
1, c

0
2, c

1
2, c

0
3, c

1
3) = (−2, 0, 0, 0, 0, 0, 2, 4, 4, 8, 8),

(a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c

0
1, c

0
2, c

1
2, c

0
3, c

1
3) = (−1, 1, 1, 1, 1, 0, 0, 0, 0, 0),

(a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c

0
1, c

0
2, c

1
2, c

0
3, c

1
3) = (0,−1, 1, 1,−1,−1, 1, 0, 0, 0, 0),

(a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c

0
1, c

0
2, c

1
2, c

0
3, c

1
3) = (0,−1, 0, 0, 0, 0, 1, 1, 1, 1, 1),

(a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c

0
1, c

0
2, c

1
2, c

0
3, c

1
3) = (0,−2, 2, 3, 0,−1, 2, 2, 3, 0, 1).

Using the similar arguments, we have following result.

Proposition 4.10. The uniform vector bundle E over P4 with splitting type (3; 1, 3, 3;u1, u1 −
1, u1 − 2) is

OP4(u1)⊕O⊕3P4 (u1 − 1)⊕O⊕3P4 (u1 − 2),

TP4(u1 − 3)⊕OP4(u1)⊕O⊕2P4 (u1 − 1)

or
Ω1

P4(u1)⊕OP4(u1)⊕O⊕2P4 (u1 − 2).

4.11 k = 3, r1 = r3 = 3, r2 = 1

We may assume
S2(T,U, V ) = T + a(U + V ),

S1(T,U, V ) = T 3 + b1(U + V )T 2 + (b02U
2 + b12UV + b02V

2)T + b03(U3 + V 3) + b13(U2V + UV 2)

and

S3(T,U, V ) = T 3 + c1(U + V )T 2 + (c02U
2 + c12UV + c02V

2)T + c03(U3 + V 3) + c13(U2V + UV 2),

where a, b1, b
0
2, b

1
2, b

0
3, b

1
3, c1, c

0
2, c

1
2, c

0
3, c

1
3 are all constants.

There are six solutions for the Chern polynomial equation if we set u3 = 0.

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−1, 1, 1,−1,−1, 1, 0, 0, 0, 0, 0),

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (0, 0, 0, 0, 0,−1, 1, 1, 1, 1, 1),

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−2, 4, 4,−8,−8, 0, 2, 0, 0, 0, 0),

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−2, 0, 0, 0, 0, 0, 2, 4, 4, 8, 8),

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−4, 8, 12, 0,−8, 0, 4, 8, 12, 0, 8).

Using the similar arguments, we have following results.
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Proposition 4.11. If (c1, c
0
2, c

1
2, c

0
3, c

1
3) = (0, 0, 0, 0, 0) or (b1, b

0
2, b

1
2, b

0
3, b

1
3) = (0, 0, 0, 0, 0), E is

O⊕3P4 (u1)⊕OP4(u1 − 1)⊕O⊕3P4 (u1 − 2),

TP4(u1 − 3)⊕O⊕3P4 (u1)

or
Ω1

P4(u1 + 1)⊕O⊕3P4 (u1 − 2).

Proposition 4.12. If (b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−2, 0, 0, 0, 0, 0, 2, 4, 4, 8, 8) or

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−2, 4, 4,−8,−8, 0, 2, 0, 0, 0, 0), there does not exist such

a uniform vector bundle.

Proposition 4.13. Assume

(b1, b
0
2, b

1
2, b

0
3, b

1
3, a, c1, c

0
2, c

1
2, c

0
3, c

1
3) = (−4, 8, 12, 0,−8, 0, 4, 8, 12, 0, 8).

There does not exist a uniform vector bundle E giving this numerical solution.

Proof. After twisting, we may assume that the splitting type of E is (3; 3, 1, 3; 2, 1, 0). Put

X = F (1, 2, 5), H = HN1, N = HN2, M = p∗E/N,

and set K = M∨. We write

H = HTP4 (−1), U = c1(p∗OP4(−1)), V = c1(H).

The middle HN factor is trivial after normalization, so Lemma 2.2 gives

0 −→ H −→ N −→ p∗OP4(1) −→ 0. (13)

For x ∈ P4, write Hx = H|p−1(x). The numerical solution gives

c1(Hx) = −4h, c2(Hx) = 8h2, c3(Hx) = 0,

and H∨x is globally generated. A general section of H∨x has empty zero scheme, and hence

0 −→ OP3 −→ H∨x −→ Gx −→ 0, (14)

where Gx is a globally generated rank-two bundle with c1(Gx) = 4h and c2(Gx) = 8h2. It
cannot split. Moreover, H0(G∨x ) = 0: otherwise a nonzero morphism Gx → OP3 would be
surjective because Gx is globally generated, and the resulting extension would split, contrary to
c2(Gx) = 8h2. By [CE12, Proposition 1.6], a general section of Gx gives

0 −→ OP3 −→ Gx −→ IC(4) −→ 0, (15)

where C is either a smooth irreducible elliptic curve of degree eight or the disjoint union of two
smooth elliptic quartic curves.

Let H ′x = G∨x . Twisting (15) by OP3(−4) and using Serre duality gives

h0(H ′x) = h3(H ′x) = 0, h1(H ′x) = h2(H ′x) = r − 1,

where r = 1 or 2 is the number of connected components of C. Dualizing (14) gives

0 −→ H ′x −→ Hx −→ OP3 −→ 0. (16)

It follows that exactly one of the following occurs:

1. h0(Hx) = 1, h1(Hx) = h2(Hx) = 0;
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2. h0(Hx) = h1(Hx) = 0, h2(Hx) = 1;

3. h0(Hx) = h1(Hx) = h2(Hx) = 1.

In all cases h3(Hx) = 0 and χ(Hx) = 1.
Put

JH = {x ∈ P4 | h0(Hx) 6= 0}.

The set JH is closed by semicontinuity. If JH = P4, then h0(Hx) = 1 for every x. Grauert’s
theorem and the same evaluation-map argument as in Proposition 3.4 produce a line subbundle
p∗OP4(j) ⊂ H. This is impossible because the Chern polynomial of H has no factor T + jU .
Hence JH 6= P4.

Since H ↪→ p∗E and p∗H vanishes away from JH , we have p∗H = 0. On the dense open
set P4 \ JH the second case above occurs, so h2(Hx) = 1. Semicontinuity rules out the first
case at points of JH ; consequently h2(Hx) = 1 for every x. Grauert’s theorem now shows that
R2p∗H is a line bundle and that base change holds, while R3p∗H = 0. In particular, the curve
C = C1 t C2 is the disjoint union of two elliptic quartics for every x. The exact sequence used
in [CE12, Lemma 1.12],

0 −→ IC2
−→ 2IC2

(2) −→ IC(4) −→ 0,

and the Koszul resolution of C2 give

h0(IC(4)) = 4, h1(IC(4)) = 1.

Thus (14) and (15) yield

h0(H∨x ) = 6, h1(H∨x ) = 1, Hi(H∨x ) = 0 (i ≥ 2). (17)

We shall also use the GRR class of H. From cH(T ) = S1(T + 2U,U, V ) we obtain

c1(H) = −2U + 4V,

c2(H) = 4U2 − 4UV + 8V 2,

c3(H) = −8U3 − 8UV 2.

Using p∗(V
3) = −1, p∗(V

4) = U , and p∗(V
m) = 0 for m ≥ 5, Grothendieck–Riemann–Roch

gives

ch(p!H) = 1 + η +
η2

2
+
η3

6
+
η4

24
= ch

(
OP4(1)

)
.

Here η = c1(OP4(1)) = −U . Since K0(P4) is torsion-free,

[p!H] = [OP4(1)].

Dualizing (13) and using (17), we find

h0(N∨x ) = 7, h1(N∨x ) = 1, Hi(N∨x ) = 0 (i ≥ 2).

Consequently P := p∗N
∨ is a rank-seven vector bundle, base change holds, and the relative

evaluation map is surjective. Let R be its kernel:

0 −→ R −→ p∗P −→ N∨ −→ 0. (18)

For every x, this is the complete evaluation sequence of N∨x . Therefore

h0(Rx) = h1(Rx) = 0, h2(Rx) = 1, h3(Rx) = 0, (19)
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and
c1(Rx) = −4h, c2(Rx) = 8h2, c3(Rx) = 0.

We claim that
0 −→ OP3(−4) −→ OP3(−2)⊕4 −→ Rx −→ 0 (20)

for every x. Indeed, dualizing the evaluation sequence shows that R∨x is globally generated.
Moreover, H0(Rx) = H1(Rx) = 0. From (15) and G∨x ' Gx(−4) one obtains

H1(G∨x (−2)) = H1(Gx(−6)) = 0.

Using (16) and (13), it follows that H1(Nx(−2)) = 0. The dual evaluation sequence then gives
H0(R∨x (−2)) = 0. We may therefore apply [ACM18, Proposition 6.3 and Remark 6.4] to R∨x .
Since c3(R∨x ) = 0 and h2(Rx) = 1, the instanton case is excluded and case (ii) of that proposition
gives (20).

Twisting (20) by OP3(2) shows that h0(Rx(2)) = 4 and Hi(Rx(2)) = 0 for i > 0. Hence

A := p∗(R⊗H−2)

is a rank-four bundle, and its relative evaluation map onto R⊗H−2 is surjective. Its kernel is a
line bundle whose restriction to every p-fiber is OP3(−2). Since Pic(X) = p∗ Pic(P4)⊕Z[H], the
kernel is p∗D⊗H2 for a line bundle D = OP4(l). Tensoring the evaluation sequence by H2 gives

0 −→ p∗D ⊗H4 −→ p∗A⊗H2 −→ R −→ 0. (21)

We next identify R. Since K = M∨ ⊂ p∗E∨, each K∨x is globally generated and Kx has the
same Chern classes as Hx. Moreover, direct substitution shows that the Chern polynomial of K
has no factor T + jU . Thus the preceding fiber and semicontinuity argument applies verbatim
to K:

p∗K = R3p∗K = 0,

LK := R2p∗K is a line bundle, and BK := R1p∗K is a torsion sheaf. Notice that K has the
same Chern character as H ⊗ p∗OP4(−2). Hence GRR and the projection formula give

[LK ]− [BK ] = [OP4(−1)] in K0(P4). (22)

Write LK = OP4(d). Then
c1(BK) = (d+ 1)η = −(d+ 1)U.

Pushing forward
0 −→ K −→ p∗E∨ −→ N∨ −→ 0

gives
0 −→ E∨ −→ P −→ BK −→ 0.

Since c1(E∨) = 7U , we get
c1(P ) = (6− d)U. (23)

We now compare Chern classes in (18) and (21). First,

c1(N∨) = 3U − 4V, c2(N∨) = 6U2 − 8UV + 8V 2.

It follows from (18) and (23) that

c1(R) = (3− d)U + 4V,

and the UV - and V 2-coefficients of c2(R) are, respectively,

[c2(R)]UV = 8− 4d, [c2(R)]V 2 = 8. (24)
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Write ci(A) = aiU
i. Comparing degree one in (21), and then comparing the UV -coefficient in

degree two, gives
a1 + l = 3− d, l = d− 1,

so that
l = d− 1, a1 = 4− 2d. (25)

Twisting (21) by H−2 gives

0 −→ L := p∗OP4(d− 1)⊗H2 −→ p∗A −→ R⊗H−2 −→ 0.

Put
λ = c1(L) = −(d− 1)U + 2V.

The quotient has rank three, so its fourth Chern class is zero:

a4U
4 − λa3U3 + λ2a2U

2 − λ3a1U + λ4 = 0 in A4(X). (26)

The only relation in degree four is

R4(U, V ) = U4 + U3V + U2V 2 + UV 3 + V 4 = 0.

The V 4-coefficient in the left side of (26) is 16; hence that side, as a polynomial, is 16R4(U, V ).
By (25), its UV 3-coefficient is

−8a1 − 32(d− 1) = −16d.

Comparing this with the UV 3-coefficient of 16R4(U, V ) gives

d = −1. (27)

It now follows from (22) that [BK ] = 0. A nonzero coherent sheaf has a nonzero Hilbert
polynomial, so BK = 0. Consequently E∨ ' P ; under this identification the evaluation map in
(18) is the dual of N ↪→ p∗E. Thus

R ' K. (28)

Finally, (25) and (27) give l = −2 and a1 = 6. We have

c1(K) = 4U + 4V, c2(K) = 8U2 + 12UV + 8V 2.

Using (28) in (21), comparison in degree two gives

c2(p∗A⊗H2) = c2(K) + (2U + 4V )(4U + 4V )

= 16U2 + 36UV + 24V 2.

On the other hand, twisting a rank-four bundle and using c1(A) = 6U gives

c2(p∗A⊗H2) = c2(A) + 36UV + 24V 2.

Therefore
c2(A) = 16U2. (29)

Restrict the sequence twisted by H−2 to the q-fiber corresponding to a line ` ⊂ P4. Since
K|q−1(`) ' O⊕3` and H|q−1(`) ' O`(1), we obtain

0 −→ O` −→ A|` −→ O`(−2)⊕3 −→ 0.

This sequence splits because H1(O`(2)) = 0. Hence A is uniform of splitting type (0,−2,−2,−2).
The classification of uniform rank-four bundles on P4 [Sat76, EHS80] shows that A must split:
the tangent and cotangent cases have adjacent splitting degrees. Thus

A ' OP4 ⊕OP4(−2)⊕3,

which gives c2(A) = 12U2, contradicting (29).
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Proposition 4.14. Let E be a uniform vector bundle over P4 with splitting type

(3; 3, 1, 3;u1, u1 − 1, u1 − 2).

Then E is isomorphic to one of

O⊕3P4 (u1)⊕OP4(u1 − 1)⊕O⊕3P4 (u1 − 2),

TP4(u1 − 3)⊕O⊕3P4 (u1),

or
Ω1

P4(u1 + 1)⊕O⊕3P4 (u1 − 2).

Proof. After twisting, assume u1 = 2 and u3 = 0. The Chern-polynomial equation has the six
solutions listed above. The solutions for which one of the rank-three HN factors is trivial give the
three displayed homogeneous bundles. The two solutions treated in the preceding nonexistence
proposition do not occur, and the final solution

(−4, 8, 12, 0,−8, 0, 4, 8, 12, 0, 8)

is excluded by Proposition 4.13.

Thus, all cases with k = 3 have been classified.
When k = 4, we divided this case into two parts.

1. ri = 2, rj = 3 for some i, j such that i < j without loss of generality.

2. ri = 4 for some i.

4.12 k = 4, ri = 2, rj = 3 for some i, j and i < j

In this case, we may assume rl = rk = 1, ul > uk,

Sj(T,U, V ) = T 3+m1(U+V )T 2+(m0
2U

2+m1
2UV +m0

2V
2)T +m0

3(U3+V 3)+m1
3(U2V +UV 2),

Si(T,U, V ) = T 2 + n1(U + V )T + (n02U
2 + n12UV + n02V

2)

and

Sl = T + a(U + V ), Sk = T + b(U + V )

where a, b,m1,m
0
2,m

1
2,m

0
3,m

1
3, n1, n

0
2, n

1
2 are all constants.

4.12.1 i = 3, j = 4

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(a, b, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (−3, 0, 0, 0, 0, 3, 9, 9, 27, 27),

(a, b, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0,−2, 0, 0, 0, 2, 4, 4, 8, 8),

(a, b, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0,−1, 0, 0, 1, 1, 1, 1, 1),

(a, b, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

Proposition 4.15. The uniform vector bundle E over P4 with splitting type (4; 1, 1, 2, 3;u1, u1−
1, u1 − 2, u1 − 3) is either

OP4(u1)⊕OP4(u1 − 1)⊕O⊕2P4 (u1 − 2)⊕O⊕3P4 (u1 − 3)

or
TP4(u1 − 4)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2).

25



Proof. If (a, b, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0), then E ∼= OP4(u1) ⊕

OP4(u1 − 1)⊕O⊕2P4 (u1 − 2)⊕O⊕3P4 (u1 − 2).
If

(a, b, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (−3, 0, 0, 0, 0, 3, 9, 9, 27, 27)

or
(a, b, n1, n

0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0,−2, 0, 0, 0, 2, 4, 4, 8, 8),

by the same argument in Proposition 3.9, there does not exist such uniform vector bundles.
If (a, b, n1, n

0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0,−1, 0, 0, 1, 1, 1, 1, 1), then by the same argu-

ment in Proposition 3.2, E ∼= TP4(u1 − 4)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2) .

4.12.2 i = 2, j = 4

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(a, n1, n
0
2, n

1
2, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (−3, 0, 0, 0, 0, 3, 9, 9, 27, 27),

(a, n1, n
0
2, n

1
2, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0, 0,−1, 1, 1, 1, 1),

(a, n1, n
0
2, n

1
2, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0,−2, 0, 0, 0, 2, 4, 4, 8, 8),

(a, n1, n
0
2, n

1
2, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.16. The uniform vector bundle E over P4 with splitting type (4; 1, 2, 1, 3;u1, u1−
1, u1 − 2, u1 − 3) is either

OP4(u1)⊕O⊕2P4 (u1 − 1)⊕OP4(u1 − 2)⊕O⊕3P4 (u1 − 3)

or
TP4(u1 − 4)⊕OP4(u1)⊕O⊕2P4 (u1 − 1).

4.12.3 i = 1, j = 4

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(n1, n
0
2, n

1
2, a, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0,−2, 0, 2, 4, 4, 8, 8),

(n1, n
0
2, n

1
2, a, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0, 0,−1, 1, 1, 1, 1, 1),

(n1, n
0
2, n

1
2, a, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (−3, 0, 0, 0, 0, 3, 9, 9, 27, 27),

(n1, n
0
2, n

1
2, a, b,m1,m

0
2,m

1
2,m

0
3,m

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.17. The uniform vector bundle E over P4 with splitting type (4; 2, 1, 1, 3;u1, u1−
1, u1 − 2, u1 − 3) is either

O⊕2P4 (u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2)⊕O⊕3P4 (u1 − 3)

or
TP4(u1 − 4)⊕O⊕2P4 (u1)⊕OP4(u1 − 1).
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4.12.4 i = 2, j = 3

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(a, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (−2, 0, 0, 0, 2, 4, 4, 8, 8, 0),

(a, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (0,−1, 0, 0, 1, 1, 1, 1, 1, 0),

(a, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(a, n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (0, 0, 0, 0,−1, 1, 1,−1,−1, 1).

Proposition 4.18. The uniform vector bundle E over P4 with splitting type (4; 1, 2, 3, 1;u1, u1−
1, u1 − 2, u1 − 3) is

OP4(u1)⊕O⊕2P4 (u1 − 1)⊕O⊕3P4 (u1 − 2)⊕OP4(u1 − 3),

TP4(u1 − 3)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 3),

or
Ω1

P4(u1 − 1)⊕OP4(u1)⊕O⊕2P4 (u1 − 1).

4.12.5 i = 1, j = 2

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, a, b) = (−1, 0, 0, 1, 1, 1, 1, 1, 0, 0),

(n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, a, b) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, a, b) = (0, 0, 0,−1, 1, 1,−1,−1, 1, 0),

(n1, n
0
2, n

1
2,m1,m

0
2,m

1
2,m

0
3,m

1
3, a, b) = (0, 0, 0,−2, 4, 4,−8,−8, 0, 2).

Using the similar arguments, we have following result.

Proposition 4.19. The uniform vector bundle E over P4 with splitting type (4; 2, 3, 1, 1;u1, u1−
1, u1 − 2, u1 − 3) is

O⊕2P4 (u1)⊕O⊕3P4 (u1 − 1)⊕OP4(u1 − 2)⊕OP4(u1 − 3),

TP4(u1 − 2)⊕OP4(u1)⊕OP4(u1 − 2)⊕OP4(u1 − 3)

or
Ω1

P4(u1)⊕O⊕2P4 (u1)⊕OP4(u1 − 3).

4.12.6 i = 1, j = 3

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(n1, n
0
2, n

1
2, a,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (0, 0, 0,−1, 1, 1, 1, 1, 1, 0),

(n1, n
0
2, n

1
2, a,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (−2, 0, 0, 0, 2, 4, 4, 8, 8, 0),

(n1, n
0
2, n

1
2, a,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0),

(n1, n
0
2, n

1
2, a,m1,m

0
2,m

1
2,m

0
3,m

1
3, b) = (0, 0, 0, 0,−1, 1, 1,−1,−1, 0),

Using the similar arguments, we have following result.

Proposition 4.20. The uniform vector bundle E over P4 with splitting type (4; 2, 1, 3, 1;u1, u1−
1, u1 − 2, u1 − 3) is

O⊕2P4 (u1)⊕OP4(u1 − 1)⊕O⊕3P4 (u1 − 2)⊕OP4(u1 − 3),

TP4(u1 − 2)⊕O⊕2P4 (u1)⊕OP4(u1 − 1)

or
Ω1

P4(u1 − 1)⊕O⊕2P4 (u1)⊕OP4(u1 − 1).
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4.13 k = 4, ri = 4 for some i

In this case, we may assume uj > uk > ul,

Si(T,U, V ) = T 4 + n1(U + V )T 3 + (n02U
2 + n12UV + n02V

2)T 2+

(n03U
3 + n13U

2V + n13UV
2 + n03V

3)T + n04(U4 + V 4) + n14(U3V + UV 3) + n24U
2V 2,

Sj(T,U, V ) = T + a(U + V ),

Sk(T,U, V ) = T + b(U + V ),

Sl(T,U, V ) = T + c(U + V ),

where a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3, n

0
4, n

1
4, n

2
4 are all constants.

4.13.1 i = 4

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−3, 0, 0, 3, 9, 9, 27, 27),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0,−2, 0, 2, 4, 4, 8, 8),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0,−1, 1, 1, 1, 1, 1),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.21. The uniform vector bundle E over P4 with splitting type (4; 1, 1, 1, 4;u1, u1−
1, u1 − 2, u1 − 3) is either

OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2)⊕O⊕4P4 (u1 − 3)

or
TP4(u1 − 4)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 3).

4.13.2 i = 3

There are four solutions for the Chern polynomial equation if we set u4 = 0.

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c) = (−2, 0, 2, 4, 4, 8, 8, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c) = (0,−1, 1, 1, 1, 1, 1, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c) = (0, 0, 0, 0, 0, 0, 0, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c) = (0, 0,−1, 1, 1,−1,−1, 1).

Using the similar arguments, we have following result.

Proposition 4.22. The uniform vector bundle E over P4 with splitting type (4; 1, 1, 4, 1;u1, u1−
1, u1 − 2, u1 − 3) is

OP4(u1)⊕OP4(u1 − 1)⊕O⊕4P4 (u1 − 2)⊕OP4(u1 − 3),

TP4(u1 − 3)⊕OP4(u1)⊕OP4(u1 − 2)⊕OP4(u1 − 3)

or
Ω1

P4(u1 − 1)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2).

So we have finished classification of uniform 7-bundles over P4 with k = 4.
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4.14 k = 5, ri = 3 for some i

We may assume uj > uk > ul > um.

Si(T,U, V ) = T 3 +n1(U +V )T 2 +(n02U
2 +n12UV +n02V

2)T +(n03U
3 +n13U

2V +n13UV
2 +n03V

3),
Sj(T,U, V ) = T + a(U + V ), Sk(T,U, V ) = T + b(U + V ), Sl(T,U, V ) = T + c(U + V ),

Sm(T,U, V ) = T + d(U + V ).

where a, b, c, d, n1, n
0
2, n

1
2, n

0
3, n

1
3 are all constants.

4.14.1 i = 5

There are five solutions for the Chern polynomial equation if we set u4 = 0.

(a, b, c, d, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0, 0, 0, 0, 0, 0, 0),

(a, b, c, d, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0, 0,−1, 1, 1, 1, 1, 1),

(a, b, c, d, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0, 0,−2, 0, 2, 4, 4, 8, 8),

(a, b, c, d, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (0,−3, 0, 0, 3, 9, 9, 27, 27),

(a, b, c, d, n1, n
0
2, n

1
2, n

0
3, n

1
3) = (−4, 0, 0, 0, 4, 16, 16, 64, 64).

Using the similar arguments, we have following result.

Proposition 4.23. The uniform vector bundle E over P4 with splitting type (5; 1, 1, 1, 1, 3;u1, u1−
1, u1 − 2, u1 − 3, u1 − 4) is either

OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2)⊕OP4(u1 − 3)⊕O⊕3P4 (u1 − 4)

or
TP4(u1 − 5)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2).

4.14.2 i = 4

There are five solutions for the Chern polynomial equation if we set u4 = 0.

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3, d) = (0, 0, 0,−1, 1, 1,−1,−1, 1),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3, d) = (0, 0, 0, 0, 0, 0, 0, 0, 0),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3, d) = (0, 0,−1, 1, 1, 1, 1, 1, 0),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3, d) = (0,−2, 0, 2, 4, 4, 8, 8, 0),

(a, b, c, n1, n
0
2, n

1
2, n

0
3, n

1
3, d) = (−3, 0, 0, 3, 9, 9, 27, 27, 0).

Using the similar arguments, we have following result.

Proposition 4.24. The uniform vector bundle E over P4 with splitting type (5; 1, 1, 1, 3, 1;u1, u1−
1, u1 − 2, u1 − 3, u1 − 4) is

OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2)⊕O⊕3P4 (u1 − 3)⊕OP4(u1 − 1),

TP4(u1 − 4)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 4)

or
Ω1

P4(u1 − 2)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 2).
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4.14.3 i = 3

There are five solutions for the Chern polynomial equation if we set u4 = 0.

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c, d) = (0, 0,−2, 4, 4,−8,−8, 0, 2),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c, d) = (0, 0,−1, 1, 1,−1,−1, 1, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c, d) = (0, 0, 0, 0, 0, 0, 0, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c, d) = (0,−1, 1, 1, 1, 1, 1, 0, 0),

(a, b, n1, n
0
2, n

1
2, n

0
3, n

1
3, c, d) = (−2, 0, 2, 4, 4, 8, 8, 0, 0).

Using the similar arguments, we have following result.

Proposition 4.25. The uniform vector bundle E over P4 with splitting type (5; 1, 1, 3, 1, 1;u1, u1−
1, u1 − 2, u1 − 3, u1 − 4) is

OP4(u1)⊕OP4(u1 − 1)⊕O⊕3P4 (u1 − 2)⊕OP4(u1 − 3)⊕OP4(u1 − 1),

TP4(u1 − 3)⊕OP4(u1)⊕OP4(u1 − 3)⊕OP4(u1 − 4)

or
Ω1

P4(u1 − 1)⊕OP4(u1)⊕OP4(u1 − 1)⊕OP4(u1 − 4).

So we have finished the classification of uniform 7-bundle over P4 with k = 5.

4.15 ri ≤ 2 for all i

In this case, the solutions of the Chern polynomials can only be zero. So all Si(T,U, V ) are
T ri , by the same arguments, such a uniform vector bundle is the direct sum of line bundles.

So the following theorems hold.

Theorem 4.26. Any uniform 7-bundle over P4 with k ≥ 6 are direct sum of line bundles.

Theorem 4.27. Every uniform 7-bundle over P4 is homogeneous.

Finally, we have finished proving the following theorem.

Theorem 4.28. Uniform r-bundles with r < 8 on P4 are homogeneous.

5 Appendix

All calculations mentioned in this paper were completed using Mathematica 11.3. However,
given the large number of classification cases and the similarity of the corresponding programs,
listing all codes here would significantly increase the length of the paper while adding little
substantive value. Therefore, we only present the calculation programs for the cases of rank
6 and 7 with k = 2, denoted as the (3, 3)-case and (3, 4)-case respectively. The remaining
programs are available at https://github.com/zhoyuhang/mathematica-code/tree/v1.0 or
https://math.ecnu.edu.cn/~rdu/mathcode.html.

(3, 3)-case:

In [1 ]= Solve [{
m11 + n1 == 0 ,
m21 + n21 + m11∗n1 + m10∗n1 == 0 ,
m22 + n20 + m11∗n1 == 0 ,
m31 + n31 + m10∗n21 + m11∗n20 + m21∗n1 + m20∗n1 == 0 ,
m32 + n31 + m10∗n20 + m11∗n21 + m22∗n1 + m21∗n1 == 0 ,
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m33 + n30 + m11∗n20 + m22∗n1 == 0 ,

m31∗n1 + m30∗n1 + m21∗n20 + m20∗n21 + m10∗n31 +
m11∗n30 − (m33∗n1 + m22∗n20 + m11∗n30 ) == 0 ,
m32∗n1 + m31∗n1 + m22∗n20 + m21∗n21 + m20∗n20 + m10∗n31 +
m11∗n31 − (m33∗n1 + m22∗n20 + m11∗n30 ) == 0 ,
m33∗n1 + m32∗n1 + m22∗n21 + m21∗n20 + m10∗n30 +
m11∗n31 − (m33∗n1 + m22∗n20 + m11∗n30 ) == 0 ,

n31∗m20 + n30∗m21 + n20∗m31 +
n21∗m30 − ( n30∗m21 + n31∗m22 + n21∗m33 + n20∗m32) == 0 ,
n31∗m20 + n31∗m21 + n30∗m22 + n20∗m32 + n21∗m31 +
n20∗m30 − ( n30∗m21 + n31∗m22 + n21∗m33 + n20 m32) == 0 ,
n30∗m20 + n31∗m21 + n31∗m22 + n20∗m33 + n21∗m32 +
n20∗m31 − ( n30∗m21 + n31∗m22 + n21∗m33 + n20∗m32) == 0 ,

n30∗m32 + n31∗m31 + n31∗m30 == ( n31∗m33 + n31∗m32 + n30∗m31) ,
n30∗m33 + n31∗m32 + n31∗m31 +
n30∗m30 == ( n31∗m33 + n31∗m32 + n30∗m31) ,

m10 − ( t1 + 3) == 0 ,
m11 − t1 == 0 ,
m20 − (3 + 2∗ t1 + t20 ) == 0 ,
m21 − ( t21 + 2∗ t1 ) == 0 ,
m22 − t20 == 0 ,
m30 − (1 + t1 + t20 + t30 ) == 0 ,
m31 − ( t1 + t21 + t31 ) == 0 ,
m32 − ( t20 + t31 ) == 0 ,
m33 − t30 == 0} ,
{n1 , n20 , n21 , n30 , n31 , m10 , m11 , m20 , m21 , m22 , m30 , m31 , m32 , m33 ,

t1 , t20 , t21 , t30 , t31 } , I n t e g e r s ]

Out [1 ]={{n1 −> 0 , n20 −> 0 , n21 −> 0 , n30 −> 0 , n31 −> 0 , m10 −> 3 ,
m11 −> 0 , m20 −> 3 , m21 −> 0 , m22 −> 0 , m30 −> 1 , m31 −> 0 , m32 −> 0 ,
m33 −> 0 , t1 −> 0 , t20 −> 0 , t21 −> 0 , t30 −> 0 , t31 −> 0} ,

{n1 −> 1 , n20 −> 0 , n21 −> 0 , n30 −> 0 , n31 −> 0 ,
m10 −> 2 , m11 −> −1, m20 −> 2 , m21 −> −1, m22 −> 1 , m30 −> 0 ,
m31 −> −1, m32 −> 0 , m33 −> −1, t1 −> −1, t20 −> 1 , t21 −> 1 ,
t30 −> −1, t31 −> −1} ,

{n1 −> 1 , n20 −> 1 , n21 −> 1 , n30 −> 1 ,
n31 −> 1 , m10 −> 2 , m11 −> −1, m20 −> 1 , m21 −> −2, m22 −> 0 ,
m30 −> 0 , m31 −> −1, m32 −> 0 , m33 −> 0 , t1 −> −1, t20 −> 0 ,
t21 −> 0 , t30 −> 0 , t31 −> 0} ,

{n1 −> 2 , n20 −> 2 , n21 −> 3 ,
n30 −> 0 , n31 −> 1 , m10 −> 1 , m11 −> −2, m20 −> 1 , m21 −> −1,
m22 −> 2 , m30 −> 1 , m31 −> 0 , m32 −> 1 , m33 −> 0 , t1 −> −2,
t20 −> 2 , t21 −> 3 , t30 −> 0 , t31 −> −1}}

(3, 4)-case:

In [1 ]= Solve [{
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n10 − n11 == 0 ,
n20 − n22 == 0 ,
n30 − n33 == 0 ,
n31 − n32 == 0 ,
n40 == n44 ,
n41 == n43 ,
m10 − ( t10 + 3) == 0 ,
m11 − t10 == 0 ,
m20 − (3 + 2∗ t10 + t20 ) == 0 ,
m21 − ( t21 + 2∗ t10 ) == 0 ,
m22 − t20 == 0 ,
m30 − (1 + t10 + t20 + t30 ) == 0 ,
m31 − ( t10 + t21 + t31 ) == 0 ,
m32 − ( t20 + t31 ) == 0 ,
m33 − t30 == 0 ,

m11 + n11 == 0 ,

m21 + n21 + m11∗n10 + m10∗n11 == 0 ,
m22 + n22 + m11∗n11 == 0 ,

m31 + n31 + m10∗n21 + m11∗n20 + m21∗n10 + m20∗n11 == 0 ,
m32 + n32 + m10∗n22 + m11∗n21 + m22∗n10 + m21∗n11 == 0 ,
m33 + n33 + m11∗n22 + m22∗n11 == 0 ,

m31∗n10 + m30∗n11 + m21∗n20 + m20∗n21 + m10∗n31 + m11∗n30 +
n41 − (m33∗n11 + m22∗n22 + m11∗n33 + n44 ) == 0 ,
m32∗n10 + m31∗n11 + m22∗n20 + m21∗n21 + m20∗n22 + m10∗n32 +
m11∗n31 + n42 − (m33∗n11 + m22∗n22 + m11∗n33 + n44 ) == 0 ,
m33∗n10 + m32∗n11 + m22∗n21 + m21∗n22 + m10∗n33 + m11∗n32 +
n43 − (m33∗n11 + m22∗n22 + m11∗n33 + n44 ) == 0 ,

n41∗m10 + n40∗m11 + n31∗m20 + n30∗m21 + n20∗m31 +
n21∗m30 − ( n44∗m10 + n43∗m11 + n33∗m21 + n32∗m22 + n21∗m33 +
n22∗m32) == 0 ,
n42∗m10 + n41∗m11 + n32∗m20 + n31∗m21 + n30∗m22 + n20∗m32 +
n21∗m31 + n22∗m30 −
( n44∗m10 + n43∗m11 + n33∗m21 + n32∗m22 + n21∗m33 + n22∗m32) == 0 ,
n43∗m10 + n42∗m11 + n33∗m20 + n32∗m21 + n31∗m22 + n20∗m33 +
n21∗m32 +n22∗m31 −
( n44∗m10 + n43∗m11 + n33∗m21 + n32∗m22 + n21∗m33 + n22∗m32) == 0 ,

n42∗m20 + n41∗m21 + n40∗m22 + n30∗m32 + n31∗m31 +
n32∗m30 − ( n44∗m20 + n43∗m21 + n42∗m22 + n31∗m33 + n32∗m32 +
n33∗m31) == 0 ,
n43∗m20 + n42∗m21 + n41∗m22 + n30∗m33 + n31∗m32 + n32∗m31 +
n33∗m30 − ( n44∗m20 + n43∗m21 + n42∗m22 + n31∗m33 + n32∗m32 +
n33∗m31) == 0 ,

n40∗m33 + n41∗m32 + n42∗m31 + n43∗m30 −
( n41∗m33 + n42∗m32 + n43∗m31 + n44∗m30) == 0 } ,

32



{n10 , n11 , n20 , n21 , n22 , n30 , n31 , n32 , n33 , n40 , n41 , n42 , n43 ,
n44 , m10 , m11 , m20 , m21 , m22 , m30 , m31 , m32 , m33 , t10 , t20 , t21 ,
t30 , t31 } ]

Out [1 ]={{ n10 −> 2 , n11 −> 2 , n20 −> 2 , n21 −> 3 , n22 −> 2 , n30 −> 0 ,
n31 −> 1 , n32 −> 1 , n33 −> 0 , n40 −> n43 , n41 −> n43 , n42 −> n43 ,
n44 −> n43 , m10 −> 1 , m11 −> −2, m20 −> 1 , m21 −> −1, m22 −> 2 ,
m30 −> 1 , m31 −> 0 , m32 −> 1 , m33 −> 0 , t10 −> −2, t20 −> 2 ,
t21 −> 3 , t30 −> 0 , t31 −> −1} ,

{n10 −> 1 , n11 −> 1 , n20 −> 1 ,
n21 −> 1 , n22 −> 1 , n30 −> 1 , n31 −> 1 , n32 −> 1 , n33 −> 1 ,
n40 −> n43 , n41 −> n43 , n42 −> n43 , n44 −> n43 , m10 −> 2 , m11 −> −1,
m20 −> 1 , m21 −> −2, m22 −> 0 , m30 −> 0 , m31 −> −1, m32 −> 0 ,
m33 −> 0 , t10 −> −1, t20 −> 0 , t21 −> 0 , t30 −> 0 ,
t31 −> 0} ,

{n10 −> 1 , n11 −> 1 , n20 −> 0 , n21 −> 0 , n22 −> 0 ,
n30 −> 0 , n31 −> 0 , n32 −> 0 , n33 −> 0 , n40 −> n43 , n41 −> n43 ,
n42 −> n43 , n44 −> n43 , m10 −> 2 , m11 −> −1, m20 −> 2 , m21 −> −1,
m22 −> 1 , m30 −> 0 , m31 −> −1, m32 −> 0 , m33 −> −1, t10 −> −1,
t20 −> 1 , t21 −> 1 , t30 −> −1, t31 −> −1} , {n10 −> 0 , n11 −> 0 ,
n20 −> 0 , n21 −> 0 , n22 −> 0 , n30 −> 0 , n31 −> 0 , n32 −> 0 ,
n33 −> 0 , n40 −> n43 , n41 −> n43 , n42 −> n43 , n44 −> n43 , m10 −> 3 ,
m11 −> 0 , m20 −> 3 , m21 −> 0 , m22 −> 0 , m30 −> 1 , m31 −> 0 ,
m32 −> 0 , m33 −> 0 , t10 −> 0 , t20 −> 0 , t21 −> 0 , t30 −> 0 , t31 −> 0}}
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