TR 5 7 2 e [ B

1 [Wdigrg

AR

QR 5 fif#

At S o i

e/ el R T ik
Ine/ el RETHE) T B N H] -

SN N xR W

RARIAL AT (AR MRS ) |, Fdm ﬁ http://math.ecnu.edu.cn/~jypan
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41 HRE, TR ERTRFEIME
42 HRAEAKRER
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4.1 z5fi, Z5rRm i
T AE R (SVD) R R E e A AW T H 2z —.

EPL(SVD) K Ac C™" (m >n), MELEBEHEE U c C™" F2 V € CV°
%42

by
v
0

U*AV = xR A=U

0

£ F Y = diag(o1,092,...,0,) ER™™, H oy > ... >0, >0.
Lk SR A A TR (SVD) , 01,09,...,0, #A A 45F5E, €A1
RFEME A*A t 4R 4E4A 04 F A AR #&B)

o FEAMEA B BTEOLT, BRONERBE 01 > 02>+ >0, > 0.
“ R A e R ZIHERE, W U, V o #inr DU AR FE.
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FFE U = [ur,ug, ..o u] BNV = [u1, 02, ... vn] BIBIEIESS BIFR R A B
Jedrsemar M Avarken  BIFEER R
Av, =ou;, 1=1,2,...,n,
A*uizawi, i:1,2,...,n,

Au; =0, i=n+1,n+2,...,m.

http://math.ecnu.edu.cn/~jypan
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SVD 11 HARIE X

A=U V* = o1u1v] + oougvs + - - - + opun vy,

0
W Un = [u1,ug, ... up] € C™ U Uy JEBALHIIERZHRE, B

A=U,XV* (3.1)

XHRATE 41SVD  (thin SVD ) 8k %y SVD  (reduced SVD ), £ I SCHik
¥ (3.1) BR M2 FAE 50

W k< n b, BATFR
A = Jlulvf + O'Q'UQ'U; + -+ Ukuk’l);:

A AR KW SVD (truncated SVD).

http://math.ecnu.edu.cn/~jypan 5/38



4.2 5RUAR

b

CH &k A=U V& A e C™™ (m>n) 4 A0/, N

(1) A*A W4 1EER of, st R MFIER R v;

(2) AA* BFIEER 02 Fem — n AR, A BHHFERER u;
3) lAlla = o1, [|Allr = Voi + 03 +--- + 0%

(4) # rank(A) = r < n, M Ran(A) = span{uq,ug, ..., u},

Ker(A) = span{v;4+1, Up42, ..., Un}

6) (BAREM) & X € C™ FaY € C%" REAEME, M oy(X*AY) = 0,(A).

(5) ®axeC A |zl =1, M o, < |Az|s < o1;

EH G4 )

http://math.ecnu.edu.cn/~jypan 6/38



ERL K A=USV* & Ac CV" ¥ FE2 M, N

(1) [det(A)| = o102 op;

2 £ AEFHE M Ao =0, wo(A) = 01/0n;

(3) % A & Hermite #1, B A = UAU* % A W BEHAEEN M, & |\ >

Mo| > - > [\, Ml A = USV & AFHFFELMR £F 0 = |\,
v; = sign()\i)ui, F XN =0, ME v; = uy;

0 A* @-
4) JEH MRAEAE R top, stR S adEmE | .
A0 V2 | 4w,
GER B4R 3])

%o S R S AR BT 30 L A RRHIEAEL, WU SCE Rl
CRAAEAE AR 1, (ELHG % A P S A 6 0 R M Py 8 K T BRI A2 K).

http://math.ecnu.edu.cn/~jypan 7/38



4.3 sniimEern
E (RPGED) K A=U,2XV* & Ac C™" thm¥ur A 4
k

%
A = g o;UiV; ,
i=1

m oA, &
¥ min |A — Bl
BeCmxn, rank(B)=k

o — AN, B

A= Agllz = op41-
SLBE, AV Ay & A 0§ — A kB

#) %} Frobenius Ju.2%, FATH B ILS

T AN AR TR
http://math.ecnu.edu.cn/~jypan 8/38



A

IR GEEAER) R AeCm A, 2 A Xt rFl (orf7) BREMF
46 1%, M|

0i(A) > 0i(4y) > 0irr(4), i=1,2,...,min{m,n}.

XE, 3 TAFkE KT4EE £, K414 0, = 0.
FH—F R BecCmr)x(n=s) B AwgF4EHE, N

0i(A) > 0i(B) > 0itr+s(A).

http://math.ecnu.edu.cn/~jypan 9/38



A

Sl Z AeC 1 <k<n M3tHiEEWEL5| ERER U, € CF Fo
Vi € CF A
oi(UpAVy) < 0i(4), i=1,2,... k. (3.2)

B 2,
‘ det(U;:AVk)’ < 01(14)02(14) s Jk(A> (33)

EH (Weyl N, 1949) & A € CV, R HF R{AF4F B2 R A 01 > 00 >
>0 >0 A > A > > A, W

|/\1>\2“')\k|§010'2"‘0'k7 k:1,2,...,n
BE k=nt, £ R

http://math.ecnu.edu.cn/~jypan 10/38



5 | wereren -k

5.1 EHFFEE
5.2 QR o f#ik
5.3 FRIENMEE

http://math.ecnu.edu.cn/~jypan
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N
5.1 epre

R R A € R™ (m > n), M 2, € R REKZR I —RFMHAMYS B Y
HEr=b— Az, 5 Ran(A) EX, B z, & T @ 84 F )7 FLe4

AT(b—Az) =0 2 ATAz = ATb.

(& H)

http://math.ecnu.edu.cn/~jypan 12/38



N ﬁ

A™h € Ran(AT) = Ran(ATA)

PIBLIEMUT 2 ATAz = ATo BURAA ), Bl —Sefif B AERy, HY A i
RIS, XA it — .

EH & A€ R (m > n). M ATA SHHREZ S BARE A Z7|#H40, Bp
rank(A) = n. i, KR =R FAEH £ —

z=(ATA)"1ATh

20 % A GURRIR, T DA Cholesky 4MFK R ARTE BT R, 332 51 B k2
Jo 4 20+ O(n?), Fesb Kby () SEFIRISE AT A

http://math.ecnu.edu.cn/~jypan 13/38



e/ SRR LAl & 3L
R AR b SR

b= Az, +r, Hr rlRan(A).

FitPh Az, hJ& b #E Ran(A) ERIERHE:

“o S/ T IRMFE AT REIF A ME—, fH R (3.4) B IE—RY.

http://math.ecnu.edu.cn/~jypan
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5 .2 QR /iR

e A € R™ (m > n) Wk, BSOS R 7 25k 5.

(1) % Q W¥ FH—AELHRE, iEH [Q, Q) e R™ ™. FRA4
2 2
2 2

2
Ra — QTb]

Az = b3 = [[1Q. Q" (A — 1) = [|[@. Q" (QRz - b)

—QTb

~ 2 ~
= IRz = QTel3 + Q™| = @

2

2
)
2

SO0 Y HAXY Re = QTb. it bAl/N IR fifh
z. = R7'Qb

http://math.ecnu.edu.cn/~jypan 15/38



2) K bHW b= (QQT+1-QQT)b, M

Az —b= Az — (QQT + I — QQ)b
= (Az — QQ™b) — (I — QQM)b.

T QQT & Ran(A) EMIERER, Fit Ar — QQTv 5 (I — QAT IER.
Jit A

| Az — b]|3 = [[Az — QQTb|3 + (I — QQ")b|3
= | Rz — QTb|3 + [[(I — QQMb|3 > (I — QQT)b]3,

S orY HAXY Re = QTb. Bl —kfifHh

z, = R'Q"b

http://math.ecnu.edu.cn/~jypan 16/38



(3) MRIERLTTFE. HIERL T RPN, o/ — AR A ﬁ
z, = (ATA)1AT™b = (RTQ"QR)'R™Q™b
— (RTR)flRTQTb
= R7'Qb.

“ JI QR 3R SR BB/ — e 938 R R LN 2mn® (SR House-
holder A4 3, B 5B KLAH 2mn? — 5n°).
“ M m > n b, RARIEMTRMFME. 25 m =n i, JLPHFE.

s BH QR YRR, BRI N — TN R 7, B A
AR RS 1.

http://math.ecnu.edu.cn/~jypan 17/38



5.3 vtk

: ‘ b -
WA e R™T BIHFK A=U 0 VT RAFESE U = [Uy, U], W

_- 2 2

|Az —b||3 = ||U ? Ve —b|| =|||Z]vTe- U, U]b
i 2
2
_[|ZVTz —UTb
~UTb

= |SVTz — Ugbl3 + IUTB]3 > IUT]3,
Y HMNY VT2 — UTb = 0 B OL, B

= VWU =VESUTy | = S/ TS 1R

http://math.ecnu.edu.cn/~jypan 18/38



6 | swn i st -

6.1 JEN| 445 AeAR iE N 4L

6.2 ARJI=R

6.3 %A HEMS

6.4 ZRPETRM

6.5 EFRE

6.6 SVD: E{}JE% — AW SVD

6.7 SVD: H#&Ef Rigid Alignment / Shape Registration

T ARYWARRTG T
http://math.ecnu.edu.cn/~jypan 19/38



N
6.1 e snkEL

ST =T, BRI RAOTEAEE R ERME |22, R
min SAz — b3+ Lf2l3 | Ea >0 BEMERY
r€ER" 2 2

5 F A

7(@) = 3 (1Az — bl + all=]3) .
BT J () ™M B U eR B, DR b A A e — 1 B /MEL A
Xt KT, IS HETER

(ATA+al)zx=ATb | = M—fF z, = (ATA+al)1ATh

http://math.ecnu.edu.cn/~jypan 20/38



IELENIE
L S LA T 4 AL 0 A

1 «
in —||Az — b||5 + = ||Wz|3
min SllAz = bz + S [Wel |,

Horp W e RP™ G SCIBUE RS, W] AR S0 A3 R, X AR IE 2 MR, thm] A
R (—MZA 0T, “HEL ). ERE W AR .

Z1d J AL T, 190 R A
(ATA+aW™W)z = ATh.
R ATA + oWTW HERT 5, A7 A M — i
Ty = (ATA+ aWTW) =1 ATh

http://math.ecnu.edu.cn/~jypan 21/38



6.2 vk
A 2 N eI
min Az — b3
st. Br={
Sth B = RS, REBIH Lagrange BCH
T(@) = 3l|Az — b3 + AT(Bx — ).
SRR o A1 RIS AT, T

il

http://math.ecnu.edu.cn/~jypan 22/38
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6.3 zuitmme
e n A { (£} MBS TIRAR AR AR,

BRALZHRN | p(t) = ao + art + ast® + - + apt™

HHE m < n B Bk n MERNTE

1ty 83 - P ao f1

1ty t2 -t ai fa .
? 2 = X EE Ax = j;
2 .. m

_1 bn 1o t"- nx(m+1) L] —fn—

Hp A e RHD 2 = [ag, aq, ..., am]".

http://math.ecnu.edu.cn/~jypan
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A

T m < n, ZIRAUE E K, B R A FER. L, FS5H— b
i, BEARERE || f — Azl /by, BISRAgR /N —Seimls

. _ 2
min_ || = Ad|3

http://math.ecnu.edu.cn/~jypan 24/38



N
6.4 wr:Him

T — A B 3 B R AR SR A T8, — A~ T SR G P T B AE ¢, B
16 fr GAEABT BT m AWZIBE fr1, .-, foom, B

e =a1fr—1+azfp—2+ -+ amfr—m- (3.5)

BLEWARHT 0 AME fo, i, foor, Fd 0> m, AT AR SR W E2
KA B BIARNR R (3.5 WG

-fm—l fm—Z fm—S fO -al- [ fm ]
an fm.—l f'm.—Z e f.l a.2 _ fm.-i-l % Av— /.
_fnf2 fa—3 fa—a --- fnfmfl_ (n—m)xm _am_ _fnfl_

IX A — A E TR R, PRI b T SR AR /N —F mingegnn || f — Az |3

http://math.ecnu.edu.cn/~jypan 25/38



6.5 s

{5 2t
TRWBAE T, BT EMEHENE R, BERREINES S a —E g
7, B

b=x+n
Hop o RESMNES, b BWERINES, n BMFSE.

2 RBCAE S ME R AL B g — AN B AR R, Hd— AN ROT B AL

/b3, B

1 1
min [l — b3 + S || Dz|3
z 2 2

b D REHE - SETFR TV 57

http://math.ecnu.edu.cn/~jypan 26/38



observed data

04 . . . n 04 L L . L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
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Ber PG 5 LB

Bor BG AR U R
f=B(x)+

Hrp o RESLER, [ RWERER, B() RERET BRIHLE), n R4S

| Tikhonov regularization model

min || B(z) — fII3 + p*|l[|3

| Weighted regularization model

min ||B(z) — f||3 + %/ Dx||3, with D being a diagonal matrix

http://math.ecnu.edu.cn/~jypan 28/38



(a) (b)

(a) The original satellite image; (b) the out-of-focus blurring function.

.

(a) The M“”Ui and noisy image  (b) the restored image using the spatial invariant model;
(c) the restored wmage using the spatial variant model

o] : p X AN TS S B RO (BL I B — AN MRS, M Sy v i e
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66 SVD: PE%E4s — #il SVvD

original image k=1, relerr=3e-01

* =

# JEEMEE: 809 x 900
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original image k=50, relerr=5e-02

LR

“ JEREMRZE : 809 x 900
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original image

“ JEREMRZE : 809 x 900
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original image k=200, rele_rr=1e-02

“ JEREMRZE : 809 x 900
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original image

k=50, relerr=1e-02

& JEEGE: 512 x 512
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CLEVE'S

CORNER

Professor SVD BY CLEVE MOLER

Stanford computer science professor Gene Golub has done more than anyone to
make the singular value decomposition one of the most powerful and widely used

tools in modern matrix computation.

Gene Golub

Popularized numerical computing with
matrices via the informal “Golub thesis”

i e

FORNIA

“anything worth computing can be

stated as a matrix problem”
THE $25,000,000,000° EIGENVECTOR
THE LINEAR ALGEBRA BEHIND GOOGLE

KURT BRYAN' AND TANYA LEISE!

William Kahan

Formalized IEEE-754 floating point arithmetic.

Make it possible to compute with probabilties
as ‘real numbers” instead of discrete counts.

Gene Golub’s license plate, pholographed by Professor P M. Kroonenberg of Leiden Universily.

35/38
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12

Rank 12, 50, and 120 approximations fo a rank 598 color photo of Gene Golub.
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A

6.7 SVD: K% cHE Rigid Alignment / Shape Registration
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Problem Formulation:

Given two sets points: {:cl} {y;},i=1..n in R3 Find the rigid transform:

Z IR + ¢ — yill3

Closed form solution W|th rotatlon matrices:
Construct: C = 1% (yi — 1Y ) (@i — p¥)T where X = %3, 2,

R, t that minimizes:

Compute the SVDof C: C' = UXVT W=y
If det(UVT) =1, Ropy = UVT
Else Ropy = USVT, Y = diag(1,1,...,—1)

Set 7fopt = ,UJY - Ropt/j'X
Note that C is a 3x3 matrix. SVD is very fast.

& http://www.lix.polytechnique.fr/~maks/Verona_MPAM/TD/TD1/index.html
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