BT E

o5 Wb gelbUited AR

Gauss {H 231501 LU 5
ek 7 et oK i
Peahsrbr

RZZ5 P *

iR +

Wi N N =

& @ MATH.ECNU K http://math.ecnu.edu.cn/~jypan/Teaching/MatrixComp



iR IR T ik

N ik

& WY LU 43, Cholesky 4, ...

& BANTE: BARIERIE, Keylov 125 &R
HA%L

TERL: Rl 4, AR &L — 7E TRAMZ R

(CBER eIk 45 K i R S BR A1)



1

Gauss {5 2:15M1 LU 4@
1.1 LU %

1.2 LU 5 figity sl

1.3 )it g

1.4 jEFIC LU 4R

1.5 HifERis
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1.1 wsm

VR YR il
Ax =b

Hrp A e RV JEAr 5, b € R™ 9208 B A i .

Gauss JH EEARRR _EEXN REUERE A #17 LU 40

A=LU

Hop LR =FAERE, U A 1Ear s b=

http://math.ecnu.edu.cn/jypan
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Gauss {251 |

Ly=25
Amb<:>{ Vo0 o nmrmmiA =il

B 1 Gauss 3 &%
1 ¥ AT LU MR A= LU;
2: [AIEGER: SRAF Ly = b, G y = L0
3 W JEIEAR: R Ur =y, (ifF 2 = U1y = (LU) b= A"'h.

http://math.ecnu.edu.cn/jypan 5/98



| Lo s |

SERR (LU S RIAETENERIME k) Z A e RV, M ABAER— 2T A4EE L4
ALEZAEEU, %85 A=LU AAEFRGZ AMTAIRF ZFEE A, = A(1:k,1:k)
HEFxR, E=1,2,...,n.

(& H)
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A ARFF MNBAELEE— 2HR—FHE LU 5

i LDU 4rfid) % A € RV 4P AR £ F /AR 7, MG EEL T =ZA%ER L
Fodfs E= f4EM U, UREF RS AES D, #4135 A= LDU, £% L, U, D # 24—
B, RZ, % AHELDU M, N A P ARG T EMAE 4 R

7/98
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S PUEERER LU 4
R A R MR AEAE LU AMIR, A5 A XA 0, W — R4 LU AMR.

ERL & A e RV AEFHFBI3 A B4R, M A £ LU oM E L FHTE e LsH{afnr
A1 (BAE4 1, B F %)
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1.2 vusimisem — siseoysism

aixp - A1n
A= | 1 | eRvn
anl1 -+ dpn

B E— BUE ay A 0 MEERE (= 22 i=2,...,n)

ai

1 0 0

l 1 0 , _
Li=|% , A Lyl =

lnl 0 1 '_lnl

http://math.ecnu.edu.cn/jypan
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FI LU Zedfe A, KR8  AEREE A AW, )

a1

AW = 1714 = ;
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2
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BB W FERAEEIAE AD TR ADQ2 0,2 n) b BB —FIRE A
LHMIAS N 0: L alh) # 0, My g

1 0 0 ---0
O 1 0 --- 0 (1)
a:
Lo= 10 I35 1 --- 0|, Hrp [p= g),z’:3,4,...,n.
o - 22
0 lpp 0 --- 1
F L' Z2dk AW, 3K S B WA RET A AR, )
_all ai2 aiz - aln_
1 1 1
0 agy ay oo ay
AD — ' A=1;' A= 0 0 af . o
0 0 a(23) aﬁﬁ%
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BRI BE ol ) A0k =3,4,...,n— 1),
BATTDIME — RPNV HiRE Ls, La, ..., Ly—1, 15

ail a2 a3 e A1n ]
1 1 1
0 G;Q) ag3) e agn)
LY L'rtA=0 0 0 oY o o | 2U - L
0 0 0 - aliV
TR/ A=LU Hp
(1 0 o0 0]
lor 1 o --- 0
L=1IL1Ly---Lp1=|l3g1 l32 1 --- 0
_lnl ln2 ln3 1_
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| Lusmsis |

Wik 2 LU 5%

1: fork=1ton—1do
2 fori =k+1tondo
3 ik = ag/ark % VWL ZE k5|
4 end for

5: for j = kton do
6

7

8

9

ukj =ag; % WEU B k1T
end for
fori=k+1tondo
forj=k+1ltwondo

10: aij = aij — liguk; % BT Ak+1:n,k+1:n)
11: end for

12: end for

13: end for

http://math.ecnu.edu.cn/jypan 13/98



| srsirm |

© PRI A — AN TR bR R TIRHR], (ELX ROV FAVEE £ Fn g R B 2 %, FISLE
g AT I R A KBS, B ARATIE = G vk h SIS T Okt
BR) %L

© TEHAEFEA, RS RIMBER AT I8 5. — e, s 5k s ikia
FLRBEAMIE R, mBRI%E FATF 78 Fk A EARR 2.

© g TR AT REH R D8 B, AR BRI, B 1R ORI S N R S IR T
WA Seit HECE BRI, R AR S BRI, BaA i HERE S48
R Hy R 3.
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| Gauss iti2sisitics |
HI3E 2 AL LU M S OnsiaRER) o

n—1 n n n n—1
Z(.Zl+, : 2)2("i+2(ni)2)§n3+0(n2).

=1

1 E R FLR O(n?), BTN gn?’ +Om?)
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| s £ o modz i

I N A WS FIBHT I L W5 BlJs, A2 e BT A e .

l FIRE, A B ¢ BT T U W55 i 155, 26 T b Bost R R .

R TR AEBA, LS RAS L 0SS ¢ SITERAE A RIS 6 B4 U 55 4 (710K
16 A WY 17, SKRERAR T S50 R AR L U
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WAL LU

Wik 3 LU 5%
1: fork=1ton—1do
2: fori=k+1tondo

3: Qi = Qi / Ak

4: forj=k+1tondo
5: Qjj = Q5 — QjkQkj
6: end for

7: end for

8: end for

http://math.ecnu.edu.cn/jypan 17/98



1| % Matlab code : LU % /#

2| function A = mylu(A)

3l n = size(A,1);

4| for k =1 : n-1

5 if A(k,k) == 0, return; end
6 for i = k+l : n

7 A(i,k) = A(i,k)/A(k,Kk);
8 for j = k+1 : n

9 A(i,3) = A(L,3) - AL, K)*ACk,]);
10 end

11 end

12| end

http://math.ecnu.edu.cn/jypan
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BT IR Madab [ 5SSO0 38, SR X0%, FTICE %

1

2

3

IS

function A = mylu(A) )
n = size(A,1);
for k =1 : n-1
if A(k,k) == 0@, return; end
A(k+1:n,k) = A(k+1:n,k)/A(k,k);
A(k+l:n,k+1:n) = A(k+1l:n,k+1:n) - A(k+l:n,k)*A(k,k+1:n);
end
L J

http://math.ecnu.edu.cn/jypan
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| R )5t e BN 5ok |

© RIETAREEIRA A, Fik 3 LARA KIJ & LU 45 /#.
A IR, TR TR GBRVER, AEZEH ANE E+1 25 n 47, TR
TR G R A AR B R B — AR R A BUE R

Xy

http://math.ecnu.edu.cn/jypan 20/98



IK] % LU 4y fi%

MR BAR R HATAEE, @0 C/Cors, R T A 1K) % LU 43

Bk 41U o (K] A
1: fori =2tondo
2: fork=1to7—1do

3 ik = @i/ Ak

4: forj=k+1tondo
5: Qi = Qjj — GifQk;
6: end for

7: end for

8: end for

http://math.ecnu.edu.cn/jypan 21/98



SRS AR T R A

Emmm,

d

http://math.ecnu.edu.cn/jypan

Accessed but not
modified

Accessed and

~ modified

Not accessed

W T RBARHES 174, 41 FORTRAN/MATLAB, Qnfaf et k2

N
ANEEEEEEEEEEEEEEE NN EEEEEEEEEE NSNS EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEER?®

>
a
L}
u
n

22/98



1.3 —mymrm
B3 AW LU Rie, AR e HEHBERESREHRAN= /AT

Ly=5b Ux=y.

Wiks AT E AR KM Ly =b (BR L2 — 4R T = A%EMHE)
Iy = b1/l

2: fori =2:ndo

3: forj=1:i—1do

4: bi = b; — lijy;
5 end for

6 yi="0bi/lii

7: end for

http://math.ecnu.edu.cn/jypan 23/98



BT
ISR R BB, WU PG R 07 SRR 2 — 2.

Wik cmEmREMUr =y

1: fori=n:—-1:1do

2: Ti = Yi/ Wi
3: forj=i—1:—-1:1do

4 Yj = Yj — Tig
5: end for
6: end for

XFANEIERE RN n® + O(n).

http://math.ecnu.edu.cn/jypan 24/98



1 4 FI¢ LU MR

V54 /B Co

© 15 LU SMREE 2 b, BATRR ol g 358 .
s oY = 0, MR T %,

© Bt ali Y Ron R, st oY | BERAN, BTN R B, t T AR
%«n%?ﬁ’ﬂé1ﬁjﬁﬂglﬂé%.
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Bl A LU 2 RBERMEAIZE Ax =0, £
0.02 61.3 61.5
‘4':: ) b = )
!3.43 8.5] {25.8]
BPREZHESEZPRYE 3EA%EF.

(x1 =~ —20.7, 220 ~ 1.01) (FHfE 21 = 10.0 #= 29 = 1.00)

(& H)

http://math.ecnu.edu.cn/jypan 26/98



firR. AR LU S50 2, RATAI#3

11 = 1.00, lo1 = ao1 /a1y = 1.72 x 10%, Iy = 1.00,

Uil = a11 = 2.00 x 10_2, U2 = a12 = 6.13 x 10,

U2 = G929 — lglulg ~ —8.5—1.05 x 104 ~ —1.05 x 104,
B

1.00 0 2.00x 1072  6.12x 10
1.72 x 102 1.00 0 —1.05 x 10*

A
R4 Ly = b W%
Y1 =6.15 x 10, 4o = by — la1yy ~ —1.06 x 10%.
fRITFEH Uz = y AJ 15
To = y2/u22 ~ 101, r1 = (yl — U2 * 1‘2)/’&11 ~ 70.413/1111 ~ —20.7

EREHfR 21 = 10.0 fl 20 = 1.00 ZHIRK. U

http://math.ecnu.edu.cn/jypan 27/98



EIIT LU i
T X AR k&7 NELBHIER P, P, AR T ZA%4E% L fd5F L

ZAESE U, #45 PLAPr = LU, 2% P Ao PR ¥ R A— /2L Fd.

(& H)
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55 k B, b EICE SRR P R P

WETE—. A3 T0 0 TR A R b A G B K, X PR B SRR “2 30 Gauss L7
W FR GECP (Gaussian elimination with complete pivoting)

Wik L AR EITCHEE K FISE k BI5E 0 ATCR P AOHE R K, XFNEBOTIERA T4k
FIC Gauss 1§ EIE”, #FR GEPP (Gaussian elimination with partial pivoting), I i} P}(%k) =1,
BB AR A B FIT Gauss TH 272

© E%K%SHENLT, GEPP £ wJa 7 69, 1236 LA G 18 K M Ay 6] F.
/A © GECP it GEPP 4%, 2 THZ X.
© Fxb XN EFREA T, GEPP 5 GECP A A B A 69 AL Z M.
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V7 oyt 20 LU 4

14:
15:
16:
17:
18: end for

Lp=1:n % HFidREREM
2: fork=1ton—1do

[Gmax, I = maxg<i<p |aix| % EBHNEIE, | FARFITCHAERIT
if | # k then
for j =1tondo
tmp = agj, ag; = ai;, a; =tmp % LT
end for
tmp = p(k), p(k) = p(l), p(l) = tmp % TR EWIEFE
end if
fori =k+1tondo
ai = air/arr % WH L W5 k5
end for
fori =k+1tondo
forj=k+1lwndo
Qij = Qg5 — Qi * Ok %E%}fA(k—&—l:n,k—i—l:n)
end for
end for




1| function [A,p] = myplu(A)
2| [n,n]=size(A); p=1:n;
3| for i=1:n-1
4 [a,k]=max(abs(A(i:n,i)));
5 if a==
6 error('Error: % %d F#5E£TA 0l\n', i);
7 end
8 k=k+i-1;
9 if k~=1i
10 tmp=A(1i,:); A(i,:)=A(k,:); A(k,:)=tmp;
1 tmp=p(1i); p(i)=p(k); p(k)=tmp;
12 end
13 A(i+l:n,i)=A(i+1:n,1i)/A(i,1);
14 A(i+l:n,i+1:n)=A(i+1:n,i+1l:n)-A(i+1:n,1i)*A(1i,i+1:n);
15| end
. Y,
http://math.ecnu.edu.cn/jypan 31/98



Bl REIEpiEL LU XMBRBERMEAIZE Az =0, L9
61.5

b b — b
{25.8]

(x1 =~ 10.0, 7o ~ 0.998) (KFHfE 21 = 10.0 #= 25 = 1.00)

0.02 61.3
3.43 =85

EREZHIRPHRE 3 LARHT.

(& H)
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- . 0 1 . .
fit. WF lax| > an |, FEEERNEHE 1755817, B P = Lo JREWHH A=PARK LU
SHR, AT A
Iy = 1.00, Iy = g1 /@11 = 5.83 X 1073, lpp = 1.00,
U1 = &11 = 343, U2 = 5112 = —850,

U = dga — la1ua ~ 6.13 X 10 +4.96 x 1072 ~ 6.13 x 10,

By
1.00 0 |[343 -850

5.83 x 1073 1.00 0 6.13x10

PA =~
fRFFEA Ly = PTh a8 vy = 2.58 x 10,  yo ~ 6.12 x 10.
RARRH Ur =y 0[5 | 22 = yo/ue ~ 0.998, =1 = (y1 — w12 * w2)/u11 ~ 34.3/us; ~ 10.0

Pt A, BUEARHA 3 AR O
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1.5 sk

TATAT L@ 1 R4 0 LU SR LA M58 3 PA = LU, W
Al =vu-tL7p,

ST R T 2n M=% T g

Lyi:Pei, Uxi:yi, iZl,Q,...,?’L.

E 25 aT A L= fn UL, SRS Te. WkFh 5 kil 4 E
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AR S T

2.1 MR gert it
2.2 XFRAE LN
2.3 —Xfagertifed
2.4 A RERPE T REA

2.5 Toeplitz £ Jifidl
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2.1 srEsegrtit
| Cholesky 4 fi# |

EH (Cholesky 77fif) % A € RV" st #REZ, MAEE -t ARTEAEN T =A%
M L, 145
A=LL".

1% 5 fB# A Cholesky 53
(&)
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Cholesky TR SZE

WA=LLT B

air a2 - Qip i1 lip lor -+ I
a1 a2 -+ A2, lo1 o2 log -+ lno2
anpl QAp2 - Qpn 1 ln2 o lpn Inn

HZ AP R T 5

n 7j—1
Qi = Zlikljk :ljjlij+zlikljk) i,j=1,2,...,n.
k=1 k=1

http://math.ecnu.edu.cn/jypan 37/98



Cholesky 7 @514 |

$1): 8 Cholesky % 5%

1: forj =1tondo

)

3: forz:]—l—ltondo

4 lij = < lekljk> Jj

5: end for

»

6: end for

http://math.ecnu.edu.cn/jypan 38/98



JLAB]
© 55 LU SME—HE TR A B F = A ke bt L

© Cholesky 4 H:HIIE B Ky én?’ + O(n?), K% LU SHRA—%

© Cholesky 4MREVE R Y, BaAE 5 25T Gauss 1 UMM, BOR BBk 56
© T Cholesky JMERY R HFR A | T 7 Ak
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4 2 8 0]
2 10 10 9
B BukesElE A = , it & A #1 Cholesky 2. (A& #)
8 10 21 6
0 9 6 34]

M. ¥ A B Cholesky 4MiEH A = LLT, B

4 2 8 0 431 l11
Ao 2 10 10 9 _ lor a2 lor l22
8 10 21 6 ls1 ls2 33 l31 lz2 I3
0 9 6 34 lan laz lag laa| |lan laz laz lag

L S WL S —1T IR
lfl =4=11; =2, (l11 >0)
litlor =2 =12 =1,
li1lzgs = 8 = I =4,
l11lys =0 =127 = 0.

P R pa 58 AT A%

http://math.ecnu.edu.cn/jypan 40/98



o402, =10=12,=9= 1l =3, (laz >0)
lo1lsr + loolse = 10 = l30 = (10 — 4)/3 = 2,

Iorlyr + loolyo =9 = 14y = (9 —0)/3 = 3.
He A A MIIL B 5 =AT ) 4%

B+, 412, =21= 12, =21-16—-4=1=>1l33=1 (I3 > 0)

l31la1 + lsalas + lsglys = 6 = lys = (6 —0—6)/1 = 0.
WA Rl 55 AT T 5
B+, 40+, =34=12,=34-0-9-0=25=lgs = 5. (laa > 0)

BEPA A i Cholesky 40 f#A

S =N

w N W

o =~

o

S =N
[y

http://math.ecnu.edu.cn/jypan 41/98



LDLT 43 i St - i
K T RESRIFIT B, AT AR A S fRK: A= LDLT, B

air a2 v+ aip 1 dy 1 Iy
a1 G2 - G2n loy 1 do 1
Gnl Ap2 *** Anp lnl e hunfl 1 dn

SR R B A

n 7—1
ajj = Z likdkljk: = djlij =+ Z likdkljk, ,j=12,...,n.
k=1 k=1

FET %53 o A SRR R IE A2 Stk 5 R B SEIE AR N | SO~ 0 R

http://math.ecnu.edu.cn/jypan
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5

9 sk ey AR

L

1
2
3
4
5:
6
7
8
9
10:
11:
12:

13:
14:

: forj =1tondo % Jeitii i
= ag— 0 Bl
fori =j+1tondo
lij = (ay — Zi;ll lLidiljx)/d;
end for
: end for
sy =b1 % fFIHEA: Ly=0H DLz = y
: fori =2tondo
yi = b; — v Linyk
end for
fori=n—1t1do
T = Yi/di = > p—ii1 ik
end for

http

://math.ecnu.edu.cn/jypan

43/98



2.2 Al
A — &R, N B AE

¥ ATEAE LU 43, B0 A = LU, WA B | A= LDLT

OB, M A R, 3 LU SRR AEE.

AR AL FTC LU 430, DI HRT BRI K SR
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LDL" 4
T RFERAFRE, FEi% TR B AONAT AT AR B e, BIEICE WA P, 15
PAPT = LDL". 2.1
R (2.1) HXIFRAERER LDLT 4.

@) RS, SRR FHTRE T RS —SEAE0E, MM 2.1) A —AF .
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Bl &t ARIESE
01 1
A=11 0 1].
1 10

BT AMMTAZRTERL O, MEEZBHIEM P, 5% PAPT st A KT EREZ .
B, 454 A RA4 LDLT o /4.
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| it Ye LDLT 4y |
B A XFRARS b, WA B R P s

B ET
E C

PAPT = ., BeR#BeR>?, HIF R

& 1w i
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He LDLT 4 it |
F R PAPT $E47EE 4L, B

I 0
EB ! T

B 0
0 C—EB'ET

PAPT =

I B lET
o I |’

Hop C — EB'ET & Schur %b, 3 HRAE#F 7.

AWESE D B, ST SR A By LDLT 43 #:

[ PAPT = LDL" ]

et D RS AR | BB A 4R ELXE AR RNl 1 x 182 % 2.
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EAcH LDLT 4y figt

LG
© £FILHME: fy Bunch il Parlect 1971 4542 1, HUEW T K@itk (HFTEELT n°/6
BB ST, RAT LR 5t
© 4y FE I ME: B Bunch I Kaufman F* 1977 4E42 1, # b 558 558 24 FE K 21
O(n?) B2k, i HEA BRI e i e bk, B 268 /.
© Rook 5% M%: [ Ashcraft, Grimes FI Lewis F- 1998 4F42 4, Befk b 58540 3% E 0K, 10
AEIE IO Y — BE AR, KRR .

A BRI R R S5 ik £ 03 LDLT S5k
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2.3 skl

b1 C1
A=|m
. Cn—1
Gp—1 bn

FA M E

bi] > le1] > 0, [b] > lan_1] > 0, [bi] > ai 1| +]eil, i=2,....n—1  (@2)

aiciyéO, i:1,...,n—1. (23)
Bl A& Anj2y555 fa Ak .

# B WAL, EAMEE (AT, SXHAAETA? )
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LI, BATTRT DAA2] T v B = A 5

by o 1
ap .. ap o
A= =
Cp—1
Ap—1 bn an—1 Qn
1R A =K
o =bn, B = enjen = e,

oy = by —a;_168;1,
Bi = cifa; = ¢/ (bi — ai—18i-1),

Qn = bn - an—lﬁn—l-

http://math.ecnu.edu.cn/jypan

[3n——1

£ LU
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AT ERRERE IR AT R &, WATFEIEN o; # 0.
EP X EstAEE ABHREMG 22) A2 (23). M AEFRE B

(1) fa1| = [b1] > 0;
2 0< |8l <1,i=1,2,....,n—1;
(3) 0 < e < bi| = lai—a| < lag| < |bi| + |ai-1],i=2,3,...,m;

(& H)
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( R

Bk 10 AR K
1: f1=c1/b
2. y1 = f1/b1
3: fori=2ton— 1do
4: a; =b; —a;—18-1
5: Bi = ci/a;
6 yi=(fi—ai—1yi-1)/
7: end for
8: oy = bn — an_lﬁn_l
9 Yn = (fn — @n—1Yn—1)/an

10: Ty, = Yn
11: fori =n—1to1do
12: i = Y; — BiTit1
13: end for
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JLritm
ALY (FR K Thomas L) W2 5 & KL Sn.

HARTHHEN, TR Ly = f 548 LU 202 R 3T 8, B, o aTARRAE
fif. H B; T ZA7h.

BT [8i] < 1, PISEAEARSRAR z; I, BR22 7T DA 24 2% il
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A% S LS
B L, TATIHLRT DA% T 05

Ap—1 bn Tn—1 1

(2.4)

- Cp—1

Qg

fHULET |v;| PTRERT 1. Bt |b1| < |aa| B, || = Ja1/bi| > 1. B DAAE AR ARRT, %%
AR A BB R]. RN, T34 R AT RE S = A KR 25 ORBUR/INED). ik A B1%

AL, WA EABRIIE || < 1.

e R A& (7)) *F A & AR, WA A & 69 5 fF;

A o R A ZHRANIE, RRA 2 (2.4).

http://math.ecnu.edu.cn/jypan
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2.4 yirgert e
WA e RV BHRREFE, JRH YR b, BTN by, B
aj;j =0 for ©>j+b ori<j—by.

b,

—
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R AERERY LU 43 i

T E ARV ZREREME, R THREA D, EFFTA L, 2 A=LU ZAAEEILH
LU i, M L ATHTA b 3 IREMRE, U A LR A b, HFIRIERE.

%3 GRAFPRIERE Az = b B HR.
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A IREERRIR M 12T LU 53 fif
FRFWSHEEITCM LU SR, WA

TP i Ac R RHKER R THRTA L, EFEAD,. & PA=LU 5k Toc
B LU 2@, M U A LB FERABE b + b, W RERE, L ATHREA b 0 FEARNIRIE
B, Bp L &5 e E R E LA b + 14
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2.5 Toeplitz it )iH41

Toeplitz ¥hF% |

to  t_1 - t_ni
tq
T, =
t-1
tn1 0 to |

A B, T, ARG (persymmetric) 48 .
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JR I PR R

e Jn A B BRI B AR R -

A Bl =J1=J, J:=1,.

S|Pl 4EFE A € RV 2 R AT AR 4EME S HAR 4

A=J,A"T, & J,A=A"J,.
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JR IR BRAERAR 115

A A RE, WA

At =gt (ATy1 Tt =J, (A g,

B IR PRAERE PRt SR TR PR

Toeplitz JaFEI1)
Toeplitz % R4 il 33 S I 1) X AR AR B, AEAR— & J& Toeplitz 4 F%.
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Yule-Walker J7F22H

fBE T MFRIERE, %5 B2t 7 FR4

Ty = —t™

Hop ) = [ty,ta, .. b1, ta) T IXRRIE T FRAFRA Yule-Walker R4, Hob ¢, HEE
24 e B SR
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IS VLSV IBE 1))
M T WFRIERE, B to > 0. BLBRATAT XY T, BOXS AR TT R AT LA
A Ge— ek, TATMBAE T, HIXFFALITR N L, Bl

1t -ty

t

T, =] "
t
_tn—l ey 1 ]

I 05 FRALA SR R IR, AT AT DA S AT B2 53Rk A
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W RfiR Yule-Walker JRAHMIAE )71

i | Thy = —t0 | ik v — BECSRE

Ok

(k)
I8 | Ty = —t D | &y v+ = [u ] .

R ET WA

e — (0T g k)
o = ast ( 1)- ad ; ul®) = y(k) + oszky(k) k=1,2,....
1+ (t®) " yk)

PR, T Yule-Walker 772t %, AR AR Ty = —1) HOfR.

&0 BEEE R RS NIRIE ) KL
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WDIERT i — BT A
SINHIBER | 214 (1) |y

T
Tor1 =1+ (t(k+1)> y (kD)

093

:1+[WMf mﬂ}[

— 1+ (t(k)>T y® 4 ay <tk+1 + (t““))T Jky(k))

s HIBTERIEN 20,
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I Durbin %)

B 11 M Yule-Walker 77 #2484 Durbin J %
AN ¢ = [t o, ta] % VXL fo = 1
22y(1)=—t1, 7=1a=—1;

3: fork=1ton—1do
4: T = (1 _ a2)7_
1 k
5: a:—; <tk+1+z;tiy(k+l—i)>
6 y(l:k)=y(1:k)+ayk:—1:1)

7: yk+1)=a

8: end for
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— AT IR PR IEE Toeplitz 2k i

FRR—BAwmBE TR T =0 | Hrp T, HFRIERE.
AR FB T iR fe: B =) Ay ™) R B T AR LAY AR

Tkx = [b17 b27 ey bk]T é b(k) s Tky — _b(k)

(k)

Bk

# k) = [ ] Bl Thqx =%t ayfi, 0iwrE

bprs — (80 Jea®
v(k) — fL'(k) + Bkay(k), ,Bk; _ k+1 ( )T k
1+ (t0) Ty
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Levinson .74

Fett 8 Tor = b F1 Thw = —t ) B, FAEF] Thpro = 0*HD HyfR.
W) 12 Levinson Foik (B2 24 4n?)

L EINBE: ¢ = [t1, b, .. b1 FTD = [b1,bo, ..., by] % X HAEE to =1

2: y(l)=—=ty,z()=b, 7=l a=—1t;

3: fork=1ton—1do

4: 7= (1-a?r, ﬁ—(karl Ztmk+1—z)>

—1
550 x(lik)=2(l:k)+pyk:-1:1), z(k+1)=p
: if Kk <n — 1 then

k
1
7: a=—= (tk+1 + th‘y(k +1- Z))

-
i=1
8: yl:k)=y(l:k)+ay(k:-1:1), ylk+1)=
9: end if
10: end for
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JEXFR Toeplitz Ltk JiFEH

% JEAEXI R Toeplitz etk 7 #24 T, = b, Horp

1 t1

51
T, =

B T BT MR 31 4 R AR A7 5.

RGBS A R T = b AR, ELHL I 75 V5 A B e ey

Tly=—t® M Thz=—[s1,50,...

Bl R 2 Wk 3L
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STL*l .« e

51

. tn—l

tq

1

» Sk

b1

bo

bn

T2 sk
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| e |
EBCFS TRV Z N R b4 BB Toeplicz 2k J5 FE4H.
Levinson 53y F %58 BLH Bty st 45322, {HL R HL AT 99 2 g k.

Tk B 1=
Fast stable > 20n2 >n?/2
Fast but unstable > 3n?2 > 4n

Superfast and “unstable” | O(n log2 n) | O(n)

Superfast preconditioner | O(nlogn) | O(n)

© Fast : Levinson-Durbin (1946), Trench (1964), ...

© Fast stable: Bareiss (1969), Chandrasekaran and Sayed (1998), Gu (1998), ...

© Superfast: Brent, Gustavson and Yun (1980), Bitmead and Anderson (1980), Morf (1980), de Hoog (1987),
Ammar and Gragg (1988), ...

© Superfast Preconditioners: Strang, Chan, Chan, Tyrtyshnikov, ...
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3 | s

3.1 RS

3.2 YLahJitt

33 ox HaMRAR
34 x5 x MRHK
3.5 oz GEEACHK
3.6 HXTHLBh 5B *



3.1 misezns

B ZEEMFAZE Az =b L+ A=

,b=12,2.0001]T, ;T RIF L@ A
1 1.0001

z=[1,1]"

To R bt A E Ik R £, T A b= [2,2]T, MARRE A

x=12,0]"

B b TN, & 5% 0 i AR, S AR R eG4, B iz Rt A AR AR AN A,
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LTSS L

X RN RENE) £ EEZEAEE Az =b, 2R A KD @K EHEFHBE
é‘] Eki'ﬂ: }r“.lﬁll:bé& ifﬁiéﬂ% rol_‘\ é(] )iZJr“ a:m

X CEREARIED & ARH R, |- || RAE—FF84, M4k
R(A) & AT -]l

A A wl FAHEL
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TR 64 A R

ka(A) = [A7 2 All2, #1(4) £ A7 - 1Al Koo(A) £ 1A oo - [|Allo

Ko (A) WARA GIRMEL, S A *PARR, A

2 =

min |)\ |
1<i<n

—REHE LT, e REAHAIEE, W k(A) RIS A 69k S H40

FROEHF—NEIE R TR SN T RIBAF. B BOLE R, RATRARZAE S 2

= AN 6. e BB R AR, M LML IR 2 2 KBRS e Frash T ab 2k K.
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11
Bl A= —  ko(A) = 4.0002 x 10*
1 1.0001

5 Hilbert ¥ipf & — /R ym SR, £ 2 X T:

. 1
Hy, = [hij]t =, EF hiy= iti-1

[ ARNE H, 3 EZM, B A n #3EK, L5 4E SRR K:

n‘ 2 4 6 8 10

Hg(Hn)‘l.9e+Ol 1.6e+04 1.5e+07 1.5e+10 1.6e+13
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3.2 #ajire
E A YR ik
Ax =0»

a0 B xy SEREHAR, @ R I BUE T A2 R U

I R4

BAE & 1 R Leitk 5 PR 4H
(A+6A)E = b+ b

A FHEE 0 £ & — 2. lR/D.
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3.3 o 5imxs
AL R ||| RAEE—AmEREK (S LB AEEE LS EAEG FHEE) , 06
LHiHRTEAORXEZR

foall _ s (HMH o5 )
<||A™ A + — ).
e < A4 Gy ara

%50 =08 K

18]
1]

15A]
1Al

< k(A)

(& H)
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3.4 5050 005

PR & |- || RE—EFEHK BeR™. & ||Bl| <1, M I -BTi#, BA

1
1—|BI

<I—B>‘1=i3’“ # |U-B)Y <
k=0

(& H)
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TP ARV EERE (A 54 < 1, Ml

9zl ~(A) (HMH n H5bH>'

ol = 1y T AL el

do R |[6A] = 0, 1l

1 [jool] _ ljox|
r(A) ol = flesll

|150]]
2]

r(A)

(& H)
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EH & A e R EH R, MA

[ 164l . } 1
: A+ 0A 3 =
m“’{ fal, AT =0
(RS B )
f RSB AR p B R
o 184] 1
dist, (A) £ min P AL SASFTFS =
A o) { A, T %’r} o A)’

kT ASEB AL AR .
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3.5 s Germes
oEkE k2 hr=0— Az, WAH

br=f—z, =& —Ab=A"YA: —b) = —-A"1r,

Bt AT 13
o] < A=) - |1l

SRR r AT DAY, PRI PRSI AT.
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3.6 mxpiE -
I 4 iR ZE 0 548 x(A), 6A F1 0b B He ).
W BT, XA AR

EA A ZEARR, A RRARGF B SO S B S T g Y R 22
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- |y O
il ‘LxA—lO 11,

EANRA @ IR 0 ERARE 4y 4

EIE PR ERTUAREKR.
BB aHr oA = |00 , 0b =
5@22 (Sbg
by + by
T1—21 dai + a1z
ox= =
Zi'g — T2 5b2 + bQ
daga + age
2¢e
#H 10|00 < T R ob=0, M

-1

y ff"b"n; |5aij| < 5|a¢j|, |5bz| < 6|bz| )U'J
5b1 +y . (Sbl — (5a11
_ dai +y dai +y
B ($b2 +1 _ 5b2 — 5&22
i dage + 1 dags +1
3
[62oc < =

5by |

b= ’1y JEP > 10 Az = b A FARA 2.,
BB RZHRR D, AR BIEF R ESHEA ka(A) =7, B v BRKREE, ko(A) RIEKR, BT @

1,&@@@%&&%*
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FHR SRS
N T BB ELFRER, RATSINAIR SR kor (A), B
Ker(A) £ H |A_1| -4 H )

AR S Bauer AFEHE Skeel 7114

2 fBSE OA F ob WL |0A| < | A| F1|6b] < e]b|. B (A + 6A)E = b+ 0b A {5
|6x| = |A™Y (=0 A% + 6b)|
< |ATH - (16A] - |2] + |ab])
< AT - (el Al - 2] + e[b])

=elA7 - (JA] - |2] + [b]).
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# 0b =0, WA
6]l = Il || || < el [A7H] - Al - [2] | < el |ATY - AL - 12,
Bp

18]
1]

<|[ATH AL || - e = ker(A) - €

FHXF A5 T 1w PR
SIPL % A c RV de4F, D € R Ade 4 Fst A 460, N

Ker(DA) = Ker(A).
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TR & A€ RV IEA F 454 [5A] < e|A], |0] < £|b| B, A#R
(A+6A)E = b+ b

HIRg e > 0 AR A TR BRI GRS, £ AE XA

€ = max 4‘4‘4‘41f£L444447
12 (AT T+ o)

Hepr=p— Az

B2 BE R A Rl 207 T R AR, A2 A R BER
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4 | v

4.1 LU /s ARZE e
4.2 Gauss JH LM ARZZ 00T



4.1 vusimite Ao

RTF LU RS NIRZE S, BATA T HEMZER.

P BE A e RV ARG EFRELRA O, MFESNRELZMY LU SMRTEATA
A=LU+E,

HPiRZ2Z F#HRE
|E| < ylL| - |U].

. ne
KE Ay, =

u

1—n
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4.2 Gauss W LIENE AR H?
S5 3% g Ao & 2R d AT B R Ao 15 BARAF B 04 S4B AR, T

(L+0L)§ =0, [0L] < vn|L|
(U+U)E =g, [0U]<|U|.

25| BRI, 19 A AR SEIE A 10 i 1] AR A R A 1.

© A% K ZIEELT, 5L 0 Gauss HEE R G SHRENG, 2R E b G £ & K5 F.
A © A E7T Gauss kR BT 69, £ RIDEFREIA P, 5 ik £ T Gauss 1§ F k54
I 7T Gauss H 5 B B A 69 FABLAL T,
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5 | s

5.1 sk
5.2 HEFEICEL L (Scaling)
5.3 JARCIE:



5.1 mwan

FEZIRIE I, — M M 2 BRI R B A iSRS I T8 5
SR 252 2 SR P DORE JBE 420, 22 I 4 R P BAORS B o2 2K i B T
© K TI/NE N IR, AT DR A SR 55
Bl 2 5 B R BAORS BE 1y, AELAE P R FRDURS A2 425, ok 6 RS A2 42
GO {E T RS B 35 250 B R i T 465,
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5.2 HileELK (Scaling)

W A WURAEREE S LR, WAETH R R R TR & LR B 5 /AN URIs 57, 31X
HMATRES SINEZH& N IRE.

AT G T X RS DU B A N DR 2E, BATTRT DAL SR 2 B S A R T R AT 4
(Scaling), BJVAEHE R 322 [7) Pk 3fe DA a0 24 By %o AR

Az =b = D 'AD 'y =D, ', 2 =D 'y

c

“ BEIREARLE TREVH R 2 R E.
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5.3 mieecs
WAL R ¢, iR & R FIRE EEEUR, v A% B T IR
i=d 2
B _E—A~ & 2, 153057 B 3 RUAR 2.
E2IE ~
R TR ¢ RAJREHb R B AR, BANAYE 2 REflit Az =0, B

Al +2)=b< Az=r — REHE

g r=0— A7 BEE.
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FES B S, BT R BRAFEIE DR 2, 45 [|r — A2|| 2 HBUD, R, Pzt ||r|) B/, W
B 2 + 2 BriZbt & BERITRS IR

AEHT IR T = & + 2 AW RS EEZOR, W R DL . X R A ROk
iR FRORE JE.

Bk 13 il ad R PCHE R
1: & PA= LU, & & Az = b B3R PU#
2: while SR & A RAEEZIK, do
3 HEr=b- A2
4 Kf# Ly = Pr, By = L' Pr
55 RfFUz=y, Blz=U""y
6
7

Ai=1+z

: end while
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B EUGE R R B — R B AR AR A = A etk 7 AR 41, BIIZ SRR O(n?). BT
XERPFIE S LA B H.

A ARG A, T EAE r iR R HE A, Bt A M LU S ife S 2R B 4
M A REER LA U Z 2.
FRRA BB AN, % ARATRERTER, B cynoo(A) < 1, #AR ik 7T AR 2 AR 84 4
A F, RIGHEBMEMNE. XD e, RTMEMHE.

12 eykioo(A) > 1 B, R THRRE, FRIETRE.

http://math.ecnu.edu.cn/jypan 95/98



KB Rt ek )i REA i Lk

AR R A

© MMk, F TR LIRAL Y B fi
© LU/Cholesky 4HTCHIRFF I 4 MRHENE, FTREIUA AL 0, SEUAE BRI, B A7
AR, It T2 R A 5



Example sparse matrices from THE SUITESPARSE MATRIX COLLECTION

A Barrier Hessian Matrix from Convex Quadratic Programming The structural loading of an exhibition hall in Beijing
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https://people.engr.tamu.edu/davis/matrices.html

H Rijit kg
(1) XA REBEITE AT, SEA9HT 4R #) LU/Cholesky 43 H AT S8 &F B A i k.
(2) A FHMBLAE MRS EEE 45 8: Supernodal, Frontal, Multifrontal, Hierarchical
(3) FIHATHHE, GPU ik, {KA%iE 1, update/downdate methods

& Davis, Rajamanickam and Sid-Lakhdar, A survey of direct methods for sparse linear systems, Acta Numerica, 2016.
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