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1. ��	
�� [O; η1, η2] [O; η′1, η
′
2]�����. ��
�� [O; η1, η2]�, �
������

�:

η′1 =

( √
2

2√
2

2

)
, η′2 =

(−
√

2
2√
2

2

)
.

(1) ��
�����;

(2) ���
�� ���� η1 =
(

1
0

)
, η2 =

(
0
1

)
��
����
�!�;

(3) "#��−→v � [O; η1, η2]�!��
(

1
−1

)
, $%��
�� [O; η′1, η

′
2]��!�.

�: (1) &� (η′1, η
′
2) = (η1, η2)T , ' T =

( √
2

2 −
√

2
2√

2
2

√
2

2

)
, ()
������

(
x

y

)
= T

(
x′

y′

)
=

( √
2

2 −
√

2
2√

2
2

√
2

2

)(
x′

y′

)
.

(2) * (1) #: (η1, η2) = (η′1, η
′
2)T

−1, ' T−1 =

( √
2

2

√
2

2
−
√

2
2

√
2

2

)
, () η1 =

√
2

2 η′1 −
√

2
2 η′2,

η2 =
√

2
2 η′1 +

√
2

2 η′2, +: η1 =

( √
2

2
−
√

2
2

)
, η2 =

( √
2

2√
2

2

)
.

(3) ,
(

x

y

)
= T

(
x′

y′

)
-.#

(
x′

y′

)
= T−1

(
x

y

)
. /�−→v = η1 − η2, ()

(
x′

y′

)
=

( √
2

2

√
2

2
−
√

2
2

√
2

2

) (
1
−1

)
=

(
0

−√2

)
,

012−→v ��
����!�.

2. �34�	
�� [O; η1, η2] , "#���	
�� [O′; η′1, η
′
2]��� O′�
�� (3, 2), �

M(5, 3)��
��� x′56, 7�M ��
� x′ > 0. 89:;<���, [O; η1, η2]= [O′; η′1, η
′
2]�


�����.

�: &�X0 =
(

3
2

)
, 7*>?#

−−→
O′M =

(
5
3

)
−

(
3
2

)
=

(
2
1

)
, @

−−→
O′M �AB��2

( 2
√

5
5√
5

5

)
,

+ cos θ = 2
√

5
5 , sin θ =

√
5

5 . () T =

( 2
√

5
5 −

√
5

5√
5

5
2
√

5
5

)
. &C�����




x

y

1


 =




2
√

5
5 −

√
5

5 3√
5

5
2
√

5
5 2

0 0 1







x′

y′

1


 .
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3. DEFGHC��	
�� [O; η1, η2] �IJ2:

x2 − xy + y2 + 2x− 4y + 1 = 0.

(1) K���	
�� [O′; η′1, η
′
2], LO′�M
����
�� (0, 2), 7�





η′1 =
√

2
2 η1 +

√
2

2 η2

η′2 = −
√

2
2 η1 +

√
2

2 η2,

89:;<���
�����;

(2) $GHC��
����IJ.

�: (1) N>D, X0 =
(

0
2

)
, T =

( √
2

2 −
√

2
2√

2
2

√
2

2

)
, 7OP� |T | = 1. ()
������:




x

y

1


 =




√
2

2 −
√

2
2 0√

2
2

√
2

2 2
0 0 1







x′

y′

1


 .

(2) C�IJ� x′2
6 + y′2

2 = 1.

4. D�34�	
�� [O; η1, η2], Q���	
�� [O′; η′1, η
′
2]RS: x′5T y′5�M
�� 

�IJ!U2 x− 2y + 2 = 0T 2x + y + 4 = 0.

(1) $,M
��=�
�������;

(2) $�H x− y + 2 = 0��
�� �IJ;

(3) $�H 3x′ + y′ + 1 = 0�M
�� �IJ.

�: (1) &O′��
� (x0, y0)2IJV

{
x− 2y + 2 = 0

2x + y + 4 = 0
�W, +X0 =

(
x0

y0

)
=

(−2
0

)
.

XYx−2y+2 = 0�I��Z�2 : 1, 2x+y+4 = 0�I��Z�−1 : 2. ()η′1 = 2
√

5
5 η1+

√
5

5 η2,

η′2 = −
√

5
5 η1 + 2

√
5

5 η2, + (η′1, η
′
2) = (η1, η2)

( 2
√

5
5 −

√
5

5√
5

5
2
√

5
5

)
. *[

∣∣∣∣∣
2
√

5
5 −

√
5

5√
5

5
2
√

5
5

∣∣∣∣∣ = 1, η′1, η
′
2\]

^_�. ()
������




x

y

1


 =




2
√

5
5 −

√
5

5 −2√
5

5
2
√

5
5 0

0 0 1







x′

y′

1


 .

(2) x− y + 2 = 0��
�� �IJ�:
(

2
√

5
5

x′ −
√

5
5

y′ − 2

)
−

( √
5

5
x′ +

2
√

5
5

y′
)

+ 2 = 0,

+ x′ − 3y′ = 0.

(3) * (1)�
�����-)`=



x′

y′

1


 =




2
√

5
5

√
5

5
4
√

5
5

−
√

5
5

2
√

5
5 − 2

√
5

5
0 0 1







x

y

1


 ,

· 2 ·



@ 3x′ + y′ + 1 = 0�M
����IJ�:

3

(
2
√

5
5

x +
√

5
5

y +
4
√

5
5

)
+

(
−
√

5
5

x +
2
√

5
5

y − 2
√

5
5

)
+ 1 = 0,

+ 5x + 5y + 10 +
√

5 = 0.

� � 9–2

1. abEFGH�IJ

5x2 + 4xy + 2y2 − 24x− 12y + 12 = 0,

cd�%�e<)f��
�5.

�: :; A =
(

5 2
2 2

)
, B =

(−12
−6

)
, &C I1 = Tr(A) = 7 > 0, I2 = |A| = 6 > 0, I3 =

∣∣∣∣∣∣

5 2 −12
2 2 −6
−12 −6 12

∣∣∣∣∣∣
= −108 < 0. CGH2gh. A�ijk2IJ λ2 − 7λ + 6 = 0�l, W` λ1 = 6,

λ2 = 1. @bam�IJ� 6x′2 + y′2 − 108
6 = 0, + x′2

3 + y′2
18 = 1.

�d�'noe<, pq$�
�����. rs[ijl 6  1 �ABij��!U2
(

2
√

5
5 ,

√
5

5

)


(
−
√

5
5 , 2

√
5

5

)
, () T =

( 2
√

5
5 −

√
5

5√
5

5
2
√

5
5

)
, 7 |T | = 1. t$GH� u (+�


�����) O′(x0, y0), WHvIJV{
5x0 + 2y0 − 12 = 0

2x0 + 2y0 − 6 = 0

`X0 =
(

x0

y0

)
=

(
2
1

)
. &C
�����2




x

y

1


 =




2
√

5
5 −

√
5

5 2√
5

5
2
√

5
5 1

0 0 1







x′

y′

1


 .

$��
�� x′ 5 y′ 5�M
�� �IJ!U2 x − 2y = 0 (+ y′ = 0) 2x + y − 5 = 0 (+

x′ = 0).
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2. abEFGHIJ

x2 − 4xy − 2y2 + 10x + 4y = 0,

cd�%�e<)f��
�5.

�: :; A =
(

1 −2
−2 −2

)
, B =

(
5
2

)
, &C I1 = Tr(A) = −1 < 0, I2 = |A| = −6 < 0, I3 =

∣∣∣∣∣∣

1 −2 5
−2 −2 2
5 2 0

∣∣∣∣∣∣
= 6 > 0. CGH2wGH. A�ijk2IJ λ2 + λ− 6 = 0�l, W` λ1 = 2, λ2 = −3.

@bam�IJ� 2x′2 − 3y′2 − 1 = 0, + x′2
1
2
− y′2

1
3

= 1.

�d�'noe<, pq$�
�����. rs[ijl 2  −3 �ABij��!U2
(

2
√

5
5 ,−

√
5

5

)


( √
5

5 , 2
√

5
5

)
, () T =

( 2
√

5
5

√
5

5
−
√

5
5

2
√

5
5

)
, 7 |T | = 1. t$GH� u (+�


�����) O′(x0, y0), WHvIJV{
x0 − 2y0 + 5 = 0

−2x0 − 2y0 + 2 = 0

`X0 =
(

x0

y0

)
=

(−1
2

)
. &C
�����2




x

y

1


 =




2
√

5
5

√
5

5 −1

−
√

5
5

2
√

5
5 2

0 0 1







x′

y′

1


 .

$��
�� x′5 y′5�M
�� �IJ!U2 x + 2y − 3 = 0 2x− y + 4 = 0.
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3. abEFGHIJ

x2 − 3xy + y2 + 10x− 10y + 21 = 0,

cx�%�e<)f��
�5.

�: :; A =

(
1 − 3

2
− 3

2 1

)
, B =

(
5
−5

)
, &C I1 = Tr(A) = 2 > 0, I2 = |A| = − 5

4 < 0,

I3 =

∣∣∣∣∣∣∣

1 − 3
2 5

− 3
2 1 −5

5 −5 21

∣∣∣∣∣∣∣
= − 5

4 < 0. CGH2wGH. A�ijk2IJ λ2 − 2λ − 5
4 = 0�l, W`

· 4 ·



λ1 = 5
2 , λ2 = − 1

2 . @bam�IJ� 5
2 x′2 − 1

2 y′2 + 1 = 0, + y′2
2 − x′2

2
5

= 1.

�d�'noe<, pq$�
�����. rs[ijl 5
2  − 1

2 �ABij��!U2

( √
2

2 ,−
√

2
2

)


( √
2

2 ,

√
2

2

)
, () T =

( √
2

2

√
2

2
−
√

2
2

√
2

2

)
, 7 |T | = 1. t$GH� u (+�
���

��) O′(x0, y0), WHvIJV {
x0 − 3

2 y0 + 5 = 0

− 3
2 x0 + y0 − 5 = 0

`X0 =
(

x0

y0

)
=

(−2
2

)
. &C
�����2




x

y

1


 =




√
2

2

√
2

2 −2

−
√

2
2

√
2

2 2
0 0 1







x′

y′

1


 .

$��
�� x′5 y′5�M
�� �IJ!U2 x + y = 0 x− y + 4 = 0.
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4. abEFGHIJ

4x2 − 4xy + y2 + 6x− 8y + 3 = 0,

cd�%�e<)f��
�5.

�: :; A =
(

4 −2
−2 1

)
, B =

(
3
−4

)
, &C I1 = Tr(A) = 5 > 0, I2 = |A| = 0, I3 =

∣∣∣∣∣∣

4 −2 3
−2 1 −4
3 −4 3

∣∣∣∣∣∣
= −25 < 0. CGH2yzH. A�ijk2IJλ2−5λ = 0�l,W`λ1 = 0, λ2 = 5. r

s[ijl05�ABij��!U2
( √

5
5 , 2

√
5

5

)


(
− 2

√
5

5 ,

√
5

5

)
,()T =

( √
5

5 − 2
√

5
5

2
√

5
5

√
5

5

)
,

7 |T | = 1.

· 5 ·



{9 T x|}
���, -`
(

TT 0
0 1

) (
A B

BT 3

)(
T 0
0 1

)
=




0 0 −√5
0 5 −2

√
5

−√5 −2
√

5 3


 .

+ b′1 = −√5, b′2 = −2
√

5. K

X0 =




b′22 − λ2c
2b′1λ2

− b′2
λ2


 =

(−
√

5
10

2
√

5
5

)
,

9X0x3~
��� (
X ′

1

)
=

(
E X0

0 1

)(
X ′′

1

)
,

-`
(

E 0
XT

0 1

) 


0 0 −√5
0 5 −2

√
5

−√5 −2
√

5 −2




(
E X0

0 1

)
=




0 0 −√5
0 5 0

−√5 0 0


 ,

+IJab� 5y′′2 − 2
√

5x′′ = 0. 'baIJ� y′′2 = 2
√

5
5 x′′. ��
������

(
X

1

)
=

(
T TX0

0 1

)(
X ′′

1

)
=




√
5

5 − 2
√

5
5 − 9

10
2
√

5
5

√
5

5
1
5

0 0 1







x′′

y′′

1


 .

0�yzH���
�2 TX0 =
(
− 9

10 , 1
5

)T

. �
�� x′ 5 y′ 5�M
�� �IJ!U2

2x− y + 2 = 0 2x + 4y + 1 = 0.
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5. ab�PEFGH�IJ, c��%�2��GH:

(1) 4x2 − 4xy + y2 + 4x− 2y = 0;

(2) x2 − 2xy + y2 + 2x− 2y − 3 = 0.

�: (1) :; A =
(

4 −2
−2 1

)
, B =

(
2
−1

)
, &C I1 = Tr(A) = 5 > 0, I2 = |A| = 0, I3 =

∣∣∣∣∣∣

4 −2 2
−2 1 −1
2 −1 0

∣∣∣∣∣∣
= 0. ���GH��	pq
���. A�ijk2IJ λ2 − 5λ = 0�l, W`

λ1 = 0, λ2 = 5. rs[ijl 0 5�ABij��!U2
( √

5
5 , 2

√
5

5

)


(
− 2

√
5

5 ,

√
5

5

)
, ()

· 6 ·



T =

( √
5

5 − 2
√

5
5

2
√

5
5

√
5

5

)
, 7 |T | = 1.

{9 T x|}
���, -`
(

TT 0
0 1

)(
A B

BT 0

)(
T 0
0 1

)
=




0 0 0
0 5 −√5
0 −√5 0


 .

+ b′1 = 0, b′2 = −√5. K X0 =
(

0
− b′2

λ2

)
=

(
0√
5

5

)
, 9X0x3~
���, -`

(
E 0

XT
0 1

) 


0 0 0
0 5 −√5
0 −√5 0




(
E X0

0 1

)
=




0 0 0
0 5 0
0 0 −1


 ,

+IJab� 5y′′2 − 1 = 0, + y′′ = ±
√

5
5 , 02�r3O�H. ��
������

(
X

1

)
=

(
T TX0

0 1

)(
X ′′

1

)
=




√
5

5 − 2
√

5
5 − 2

5
2
√

5
5

√
5

5
1
5

0 0 1







x′′

y′′

1


 .

(2) :; A =
(

1 −1
−1 1

)
, B =

(
1
−1

)
, &C I1 = Tr(A) = 2 > 0, I2 = |A| = 0, I3 =

∣∣∣∣∣∣

1 −1 1
−1 1 −1
1 −1 −3

∣∣∣∣∣∣
= 0. ���GH��	pq
���. A �ijk2IJ λ2 − 2λ = 0 �l, W

` λ1 = 0, λ2 = 2. rs[ijl 0 2�ABij��!U2
( √

2
2 ,

√
2

2

)


(
−
√

2
2 ,

√
2

2

)
, ()

T =

( √
2

2 −
√

2
2√

2
2

√
2

2

)
, 7 |T | = 1.

{9 T x|}
���, -`
(

TT 0
0 1

)(
A B

BT −3

)(
T 0
0 1

)
=




0 0 0
0 2 −√2
0 −√2 −3


 .

+ b′1 = 0, b′2 = −√2. K X0 =
(

0
− b′2

λ2

)
=

(
0√
2

2

)
, 9X0x3~
���, -`

(
E 0

XT
0 1

) 


0 0 0
0 2 −√2
0 −√2 −3




(
E X0

0 1

)
=




0 0 0
0 2 0
0 0 −4


 ,

IJab� 2y′′2 − 4 = 0, + y′′ = ±√2, 02�r3O�H. ��
������

(
X

1

)
=

(
T TX0

0 1

)(
X ′′

1

)
=




√
2

2 −
√

2
2 − 1

2√
2

2

√
2

2
1
2

0 0 1







x′′

y′′

1


 .

6. $�PEFGH���H:

(1) 6x2 − xy − y2 + 3x + y − 1 = 0;

(2) 2xy − 4x− 2y + 3 = 0.

· 7 ·



�: (1):;A =

(
6 − 1

2
− 1

2 −1

)
, B =

( 3
2
1
2

)
,&CI2 = |A| = − 25

4 < 0, I3 =

∣∣∣∣∣∣∣

6 − 1
2

3
2

− 1
2 −1 1

2
3
2

1
2 −1

∣∣∣∣∣∣∣
=

25
4 > 0. CGH2wGH. GH� u (x0, y0)RSHvIJV

{
6x0 − 1

2 y0 + 3
2 = 0

− 1
2 x0 − y0 + 1

2 = 0

`X0 =
(

x0

y0

)
=

(− 1
5

3
5

)
. ��HIJ�

6
(

x +
1
5

)2

−
(

x +
1
5

)(
y − 3

5

)
−

(
y − 3

5

)2

= 0.

6�-!W� (
3

(
x +

1
5

)
+

(
y − 3

5

))(
2

(
x +

1
5

)
−

(
y − 3

5

))
= 0,

()��HIJ� 3x + y = 0T 2x− y + 1 = 0.

(2) :;A =
(

0 1
1 0

)
, B =

(−2
−1

)
, &C I2 = |A| = −1 < 0, I3 =

∣∣∣∣∣∣

0 1 −2
1 0 −1
−2 −1 3

∣∣∣∣∣∣
= 1 > 0. CG

H2wGH. GH� u (x0, y0)RSHvIJV{
y0 − 2 = 0

x0 − 1 = 0

`X0 =
(

x0

y0

)
=

(
1
2

)
. ��HIJ� 2(x− 1)(y − 2) = 0, + x = 1T y = 2.

7. 1 λ�k��IJ

λx2 − 2xy + λy2 − 2x + 2y + 5 = 0

(���GH<�.

�: :;A =
(

λ −1
−1 λ

)
, B =

(−1
1

)
, &C I1 = Tr(A) = 2λ, I2 = |A| = λ2 − 1 = (λ− 1)(λ + 1),

I3 =

∣∣∣∣∣∣

λ −1 −1
−1 λ 1
−1 1 5

∣∣∣∣∣∣
= (5λ + 3)(λ− 1). !�������.

(i) � λ 6= ±1�, I2 6= 0. �-!�����. (a) λ > 1� λ < −1, C� I2 > 0. � λ > 1�, I1 I3

� , GH2!gh; � λ < −1�, I1 I3" , GH2gh. (b) −1 < λ < 1, C� I2 < 0. � λ = − 3
5

�, I3 = 0, GH��r#$�H; %� λ 6= − 3
5 �, GH�2wGH.

(ii) � λ = −1�, I2 = 0, I3 6= 0, GH2yzH.

(iii) � λ = 1�, I2 = I3 = 0, &9'(��K1 =
∣∣∣∣

λ −1
−1 5

∣∣∣∣ +
∣∣∣∣
λ 1
1 5

∣∣∣∣ = 10λ− 2 = 8 > 0, -#G

H2�r!3O�H.

8. 1 λ�k��IJ

λx2 + 2λxy + y2 − 2x− 2λy + λ = 0

(��GH�<�.

�: :; A =
(

λ λ

λ 1

)
, B =

(−1
−λ

)
, &C I1 = Tr(A) = 1 + λ, I2 = |A| = λ(1 − λ), I3 =

· 8 ·



∣∣∣∣∣∣

λ λ −1
λ 1 −λ

−1 −λ λ

∣∣∣∣∣∣
= −(λ− 1)2(2λ + 1). !�������.

(i) � λ 6= 1, 0�, I2 6= 0. �-!�����. (a) 0 < λ < 1, C� I2 > 0, I1 > 0, I3 < 0, GH2g

h; (b) λ < 0� λ > 1, C� I2 < 0. )� λ = − 1
2 �, I3 = 0, GH��r#$�H; %� λ 6= − 1

2 �, G

H�2wGH.

(ii) � λ = 0�, I2 = 0, I3 6= 0, GH2yzH.

(iii) � λ = 1�, I2 = I3 = 0, &9'(��K1 =
∣∣∣∣

1 −1
−1 1

∣∣∣∣ +
∣∣∣∣

1 −1
−1 1

∣∣∣∣ = 0, -#GH2�r*

+�H.

9. "#IJ (A1x+B1y+C1)2 +2(A2x+B2y+C2) = 0,' A1B2−A2B1 6= 0, A1A2 +B1B2 = 0.

(1) ,-CIJ����yzH;

(2) $�r.5�IJ.

�: (1) DCGHIJ2/[�	
�� [O; η1, η2] �. *[ A1A2 + B1B2 = 0, &C�H L1 :

A1x + B1y + C1 = 0 �H L2 : A2x + B2y + C2 = 0 0#1$. (2D A1B2 − A2B1 > 0, 3

∆1 =
√

A2
1 + B2

1 , ∆2 =
√

A2
2 + B2

2 , 4 L1, L2�ABI��� η′1 =
(

A1
∆1

, B1
∆1

)
 η′2 =

(
A2
∆2

, B2
∆2

)
\

]�5671$V. 3 T =

( A1
∆1

A2
∆2

B1
∆1

B2
∆2

)
, 4� (η′1, η

′
2) = (η1, η2)T , T 2�51$:;, 7 |T | = 1. &

C η′1, η
′
2\]�5^_�.

893 



x′ = A1
∆1

x + B1
∆1

y + C1
∆1

y′ = A2
∆2

x + B2
∆2

y + C2
∆2

,

1�



x′

y′

1


 =




A1
∆1

B1
∆1

C1
∆1

A2
∆2

B2
∆2

C2
∆2

0 0 1







x

y

1


 ,

02�5�	
�����. ���
�� [O′; η′1, η
′
2] , GH�IJab�∆2

1x
′2 + 2∆2Y

′ = 0. XY

∆1 6= 0, &C x′2 + 2∆2

∆2
1

y′ = 0, 02��yzH.

(2) CyzH�r.52 y′5, IJ� x′ = 0, +A1x + B1y + C1 = 0.

10. DEFGHIJ�

a11x
2 + 2a12xy + a22y

2 + 2b1x + 2b2y + c = 0.

,-:

(1) EFGH���:5wGH���#0;���H�<!=q�>2 I1 = 0;

(2) EFGH�h�<!=q�>2 I2
1 = 4I2, I1I3 < 0;

(3) EFGHQ���5gh, 8$?gh4@.

��: (1) QCEFGH�:5wGH, 4*[ I1 21$(��, ,:5wGH��AIJB#

I1 = 0; Q2��0#;���H, 4'�AIJ� λ1x
′2 + λ2y

′2 = 0, 7 λ1λ2 < 0, + y′ = ±
√
−λ1
λ2

x′

����0#;���H, &C
√
−λ1
λ2

·
(
−

√
−λ1
λ2

)
= −1, .` −λ1

λ2
= 1, + I1 = 0.

· 9 ·



CD, Q I1 = 0, 4& I1 = λ1 + λ2 = 0, -# λ2 = −λ1( 6= 0), c7 I2 = −λ2
1 < 0. *baIJ

λ1(x′2 − y′2) + I3
I2

= 0-#, � I3 6= 0�GH2:5wGH; � I3 = 0�GH2��0#;���H.

(2) QCEFGH2h, 4=� I2 > 0, I1 · I3 < 0 (gh	), EFG�HI�	
��#baIJ

� λ1x
′2 + λ2y

′2 + I3
I2

= 0. &�2h, () λ1 = λ2, [2 I1 = 2λ1, I2 = λ2
1, () I2

1 = 4I2.

CD, Q I1 · I3 < 0, I2
1 = 4I2, -# I2 > 0, GH2gh. �& I1 = λ1 + λ2, I2 = λ1λ2, * I2

1 = 4I2

-` λ1 = λ2, @CGH2h.

(3) ��AghIJ x2

a2 + y2

b2 = 1 (a > 0, b > 0) , gh�4@ S = πab. QGH���5gh,

4G�HI
��Dm-`%�baIJ� λ1x
′2 + λ2y

′2 + I3
I2

= 0, + x′2
−I3
I2

· 1
λ1

+ y′2
−I3
I2

· 1
λ2

= 1.

()4@ S = π

√
I2
3

I2
2
· 1

λ1λ2
= π|I3|

√
I2

I2
2

.

11. "#ghJ5TK5!U��H x + y − 1 = 0T x− y + 1 = 06, 7JK5J!U� 4 2.

$Cgh�IJ.

�: (2DJ5� x′5 (+ y′ = 0)6, K5� y′5 (+ x′ = 0)6, x��



x′ =
√

2
2 x−

√
2

2 y +
√

2
2

y′ =
√

2
2 x +

√
2

2 y −
√

2
2 ,

�]:;<��



x′

y′

1


 =




√
2

2 −
√

2
2

√
2

2√
2

2

√
2

2 −
√

2
2

0 0 1







x

y

1


 ,

'L6	�M:;

( √
2

2 −
√

2
2√

2
2

√
2

2

)
2OP�:[ 1�1$:;, &C02^_�	
��N�
��

�. ���
��OGH�IJs� x′2
4 + y′2

1 = 1. &9
�����, -`�M
����IJ:

1
4

( √
2

2 x−
√

2
2 y +

√
2

2

)2

+
( √

2
2 x +

√
2

2 y −
√

2
2

)2

= 1, +� 5x2 + 6xy + 5y2 − 6x− 10y − 3 = 0.

� � 9–3

1. PU�PrsQ42R�SZTR=UV�WX, c��YZ2AX? RX?

(1) x 7→ x2; (2) x 7→ x3; (3) x 7→ |x|;
(4) x 7→ 2x; (5) x 7→ sin(x2); (6) x 7→ tanx.

�: (1)–(5)[2R=UV�WX, ' (2), (4)2AX, (2)2RX, (6)(2WX.

2. DS��346(��V]�\+. L2���H, ]346^5�P (x, y)rs=%/[L�

r.� P ′(x′, y′), 02 S=UV��5��, .�/[�HL�CX, .L2CX5.

(1) $�34/[�H y = x�CX��;

(2) DCX5�Ax + By + C = 0. $�0��CX��;

(3) DS 1,S 22/[346��3O�HL1, L2�CX. ,-S 2S 12�53~.

�: (1) "# P (x, y)/[�H y = x�r.�� P ′(x′, y′). 4



x + x′
2 = y + y′

2
y − y′
x− x′ = −1,

· 10 ·



W`CX��� {
x′ = y

y′ = x.

(2) � P (x, y)/[�HAx + By + C = 0�r.�� P ′(x′y′). 4



A
(

x + x′
2

)
+ B

(
y + y′

2

)
+ C = 0

A(y − y′) = B(x− x′),

W`CX��� {
x′ = 1

A2 + B2

(
(B2 −A2)x− 2ABy − 2AC

)

y′ = 1
A2 + B2

(−2ABx + (A2 −B2)y − 2BC
)
.

(3) ) L1 x� x 5_`
��, 4 L1, L2 �IJ!U� y = 0  y + C = 0, ' C 6= 0. a

S 1(P ) = P ′(x′, y′), S 2(P ′) = P ′′(x′′, y′′). * (2)#,{
x′ = x

y′ = −y,

{
x′′ = x′

y′′ = −y′ − 2C.

bcm�` {
x′′ = x

y′′ = y − 2C.

-dS 2S 12�53~.

3. DM 2�� (x, y) 7→ (x′, y′): {
x′ = 2x + 3y + 2

y′ = −x + 2y − 3

e:

(1) � (−1, 1)f�]g���?

(2) �H y = 2f�]g��e<?

(3) � (9,−3)2*Y5��F��?

�: (1) � (−1, 1)f�� (3, 0).

(2) �H y = 26��2 (t, 2) (t ∈ R). %M ((t, 2)) = (2t + 8,−t + 1), &C��m��]���H,

'hZIJ�

{
x = 8 + 2t

y = 1− t,
, � x + 2y − 10 = 0.

(3) WIJV

{
2x + 3y + 2 = 9

−x + 2y − 3 = −3
` x = 2, y = 1. @M ((2, 1)) = (9,−3).

4. ��	
�� [O; η1, η2] , $�34i�M0(x0, y0)|} θ0	�����.

�: )M0(x0, y0)���_`��	
�� [M0; η1, η2], 4i�M0|} θ0	�����
���

����� {
x̃′ = cos θ0x̃− sin θ0ỹ

ỹ′ = sin θ0x̃ + cos θ0ỹ.

D� P (x, y)E|}�� P ′(x′, y′), lN3~
������, P, P ′ ���
�s� (x − x0, y − y0),

(x′ − x0, y
′ − y0). bc64���+`{

x′ = cos θ0(x− x0)− sin θ0(y − y0) + x0

y′ = sin θ0(x− x0) + cos θ0(y − y0) + y0.

5. Q]GH 2xy = a2i��|} π
4 , $��GHIJ.

· 11 ·



�: Q P (x, y)�|}=g P ′(x′, y′)�, 4 P �-* P ′�E|}− π
4 `=. &C





x = cos
(
− π

4

)
x′ − sin

(
− π

4

)
y′ =

√
2

2 (x′ + y′)

y = sin
(
− π

4

)
x′ + cos

(
− π

4

)
y′ =

√
2

2 (−x′ + y′),

bc�IJ 2xy = a2+` y′2 − x′2 = a2.

6. 34�:j��M Q��5(k�A,B. 4�HAB6^5�[2(k�.

�: D C ���H AB 6, 4lN C 2RB[Hl AB 6, � d(A,C) + d(C,B) = d(A,B) �

|d(C, A)−d(C, B)| = d(A,B). 3M (C) = C ′, 4&A,B2M �(k�, � d(A,C ′)+d(C ′, B) = d(A, B)

� |d(C ′, A)− d(C ′, B)| = d(A,B). 89A,B, C ′(�H, 4%�\]�5m	<, %m	<�nDTn

[omn, �nDpq[omn, 6r:�st.

7. $�ruX���(k�: {
x′ = 3x− y − 5

y′ = 2x + y + 1.

�: WIJV

{
x = 3x− y − 5

y = 2x + y + 1,
` x = − 1

2 , y = −6, +(k�)�
(
− 1

2 ,−6
)
�5.

8. Q�uX��A ����H�v'UV*+, 4.0��H�A �(��H. $�ruX�

��(��H: {
x′ = 7x− y + 1

y′ = 4x + 2y + 4.

�: uX��]�H�]�H. D(��H�L : Ax + By + C = 0. Q P (x, y) ∈ L, 4 P ′(x′, y′) =

A (P ) ∈ L, +Ax′ + By′ + C = 0. bcabm`

(7A + 4B)x + (2B −A)y + (A + 4B + C) = 0.

&�L6�w?�[RSCIJ, x-05IJy2L�IJ. &C�
7A + 4B

A
=

2B −A

B
=

A + 4B + C

C
= k.

W` k = 6� k = 3. () {
A = −4B

C = 0
≡

{
A = −B

C = 3
2 B,

@(��H���: −4x + y = 0T−2x + 2y + 3 = 0.

9. D�346z�g�5m	<ABCTDEF . e��5uX��]4ABC�]4DEF?

�: *{> 3.3(9)-#� 3! = 65(��uX��.

10. ,-: 346wz�5�	�| (I)T (II), �}�~��:j��] (I)�] (II).

��: {>3.2(6)"E��gRS�>�:j���~�v. D��	�| [O; η1, η2] [O′; η′1, η
′
2],

4671$� η1, η2 η′1, η
′
2-)��~��1$�� A L` A (ηi) = η′i, i = 1, 2. D�� δ =

−−→
OO′, �

-���53~��T δ. [2�+��T δA 2�5:j��,%]�	�| [O; η1, η2]W= [O′; η′1, η
′
2].

}�v�,.

� � 9–4

1. ,-: 346i�5���} 90◦� 180◦� 270◦�m5|}R1� R2� R3T����E V]�
5���.

· 12 ·



��: aR0 = E, 4&RiRj =

{
Ri+j Q i + j 6 3,

Ri+j−4 Q i + j > 4,
��v� (1)fRS; v� (2)42XY

�; �&R−1
i = R4−i, v� (3)yfRS, ()02�5�.

2. � a, bK�w?�(	�
�Z�. �P(��uX��V]�\+2R��5�?{
x′ = ax + by

y′ = bx + ay.

�: 05uX��rs�:;2A =
(

a b

b a

)
. DA1 =

(
a1 b1

b1 a1

)
, A2 =

(
a2 b2

b2 a2

)
, 4A1A2 =

(
a1a2 + b1b2 a1b2 + b1a2

a1b2 + b1a2 a1a2 + b1b2

)
y205\+���, &Cv� (1)fRS; � a = 1, b = 0�12���

�, &C (2)yRS; A−1 =

( a
a2 − b2 − b

a2 − b2

− b
a2 − b2

a
a2 − b2

)
y2\+���, &C (3)yRS. 05\+�S

2�.

� � 9–5

1. $EFGH x2 + 2y2 − 4x− 2y − 6 = 0F� (8, 0)���IJ, c$�'�����IJ.

�: ?EFGHIJ-�]

(x− 2)2

21
2

+

(
y − 1

2

)2

21
4

= 1,

2gh.

x�� 



x′ =
√

42
21 (x− 2)

y′ = 2
√

21
21

(
y − 1

2

)
,

+:





x =
√

42
2 x′ + 2

y =
√

21
2 y′ + 1

2 .

4C���h x′2 + y′2 = 1��gh

(x− 2)2

21
2

+

(
y − 1

2

)2

21
4

= 1,

7��
(

2
√

42
7 ,−

√
21

21

)
�] (8, 0). ()C���h��� y′ = −

√
2

12 x′��gh�F� (8, 0)��

�: x + 12y − 8 = 0.

h�� y′ = −
√

2
12 x′;���� y′ = 6

√
2x′fC���]gh��� x + 12y− 8 = 0���

�� 12x− 2y − 23 = 0.

2. DwGH��AIJ�
x2

a2 − y2

b2 = 1,

8$�� y = kb
a

x (|k| < 1)����� ((z���3O�� ��H).

�: lNr.v,wGH� u2(�F%��� �,&C(������F%� u. ��

�����,�pt��5�. x��3O�y = kb
a

x+t,%wGH�$�RS x2

a2 −
(

kb
a

x + t
)2

b2 =

1, ab� b2(1− k2)x2 − 2abktx− a2(b2 + t2). &C3O�� ���
�2 x1 + x2
2 = akt

b(1− k2)
. �

· 13 ·




�� kb
a
· akt

b(1− k2)
+ t = t

1− k2 . `=�������� t
1− k2 · b(1− k2)

akt
= b

ak
, �����I

J� y = b
ak

x. -dwGH������������@:[�Z b2

a2 .

3. "#GH xy− y2 − 2x + 3y− 1 = 0��� y53O, $%�IJ, c$�0�������.

�: &� I2 =

∣∣∣∣∣
0 1

2
1
2 −1

∣∣∣∣∣ = − 1
4 < 0, I3 =

∣∣∣∣∣∣∣

0 1
2 −1

1
2 −1 3

2
−1 3

2 −1

∣∣∣∣∣∣∣
6= 0, ()?GH2wGH. �$%� 

u, W)�IJV: { 1
2 y0 − 1 = 0

1
2 x0 − y0 + 3

2 = 0,

` x0 = 1, y0 = 2. *["z�� y53O, %�IJ2 x = 1.

x��3O� x = t, %wGH�$�
�sRS ty − y2 − 2t + 3y − 1 = 0, &C$�� ��

�
�:[ t + 3
2 , %�
�� t. @�����IJ� y =

3 + t
2 − 2
t− 1 (x− 1) + 2, + x− 2y + 3 = 0.

4. 8,-: yzH�(���\]r.53O��H�.

��: DCyzH��AIJ2 y2 = 2px (p > 0). DyzH���2*3O[ y = kx�3O�

� �\]�. D3O��IJ2 y = kx + t, 4%yzH$���
�RSIJ (kx + t)2 = 2px, +

k2x2 + 2(kt− p)x + t2 = 0. *C-` ���
�� x1 + x2
2 = p− kt

k2 , �
�� k · p− kt
k2 + t = p

k
,

2�5�Z. +��3O[ x5.

� � 9–6

1. "# 3534:
Π1 : x + 2y − 2z + 3 = 0,
Π2 : 2x + y + 2z − 1 = 0,
Π3 : 2x− 2y − z − 3 = 0,

!UK�O′x′y′, O′y′z′, O′x′z′34. $�	
�����, c������M
�M����
�.

�: D P (x, y, z)��
����
�2 (x′, y′, z′), 4 P = 35
�34�j�:[0 35
��

�rk, + 



|x′| = |2x + y + 2z − 1|
3

|y′| = |2x− 2y − z − 3|
3

|z′| = |x + 2y − 2z + 3|
3 .

D T =




2
3

1
3

2
3

2
3 − 2

3 − 1
3

1
3

2
3 − 2

3


, *[ T21$:;7 |T | = 1, ��-)]
�����K�:




x′

y′

z′

1


 =




2
3

1
3

2
3 − 1

3
2
3 − 2

3 − 1
3 −1

1
3

2
3 − 2

3 1
0 0 0 1







x

y

z

1


 .

02^_�DN��	
���. XYM
���O��
�2
(
− 1

3 ,−1, 1
)
.

· 14 ·



M
�9�
�������:



x

y

z

1


 =




2
3

2
3

1
3

5
9

1
3 − 2

3
2
3 − 11

9
2
3 − 1

3 − 2
3

5
9

0 0 0 1







x′

y′

z′

1


 ,

&C�
���O′�M
�2
(

5
9 ,− 11

9 , 5
9

)
.

2. abEFG4�IJ:

x2 + y2 + 5z2 − 6xy − 2xz + 2yz − 6x + 6y − 6z + 10 = 0,

c��02��G4.

�: *>D,

A =




1 −3 −1
−3 1 1
−1 1 5


 , B =



−3
3
−3


 ,

:; A �ij� �2 χA(λ) = λ3 − 7λ2 + 36, A �ijk� λ1 = 6, λ2 = 3, λ3 = −2. 0 3

5ijkrs�ABij�� (&ijk(�, %�0#1$)!U2 ξ1 =
(
−
√

6
6 ,

√
6

6 ,

√
6

3

)
, ξ2 =

( √
3

3 ,−
√

3
3 ,

√
3

3

)
, ξ3 =

( √
2

2 ,

√
2

2 , 0
)

.

)0 35ij���
�x�P��\!:;

T =




−
√

6
6

√
3

3

√
2

2√
6

6 −
√

3
3

√
2

2√
6

3

√
3

3 0


 ,

4 T ��21$:;, �& |T | = 1, T RS���q$. +� TTAT = diag(6, 3,−2).

t$AX + B = 0�W∆, #�[WHvIJV




x− 3y − z = 3

−3x + y + z = −3

−x + y + 5z = 3

`∆ = (1 − 1 1)T. &Cx�	
���



x

y

z

1


 =




−
√

6
6

√
3

3

√
2

2 1√
6

6 −
√

3
3

√
2

2 −1√
6

3

√
3

3 0 1
0 0 0 1







x′

y′

z′

1




-L�IJab�:

6x′2 + 3y′2 − 2z′2 + 1 = 0.

02�5w"wG4.

3. abEFG4�IJ:

2x2 + 2y2 + 3z2 + 4xy + 2xz + 2yz − 4x + 6y − 2z + 3 = 0,

c��02��G4.
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�: *>D,

A =




2 2 1
2 2 1
1 1 3


 , B =



−2
3
−1


 ,

:; A �ij� �2 χA(λ) = λ3 − 7λ2 + 10λ, A �ijk� λ1 = 5, λ2 = 2, λ3 = 0. 0 3

5ijkrs�ABij�� (&ijk(�, %�0#1$) !U2 ξ1 =
( √

3
3 ,

√
3

3 ,

√
3

3

)
, ξ2 =

( √
6

6 ,

√
6

6 ,−
√

6
3

)
, ξ3 =

( √
2

2 ,−
√

2
2 , 0

)
.

)0 35ij���
�x�P��\!:;

T =




√
3

3

√
6

6

√
2

2√
3

3

√
6

6 −
√

2
2√

3
3 −

√
6

3 0


 ,

4 T ��21$:;, -2 |T | = −1, &C=#L' $�P� , *K

T =




√
3

3

√
6

6 −
√

2
2√

3
3

√
6

6

√
2

2√
3

3 −
√

6
3 0


 ,

T RS���q$. +� TTAT = diag(5, 2, 0).

*[A%a, c7 2 = rank A < rank(A B) = 3, ��{x|}
���
(

X

1

)(
T 0
0 1

)(
X ′

1

)
`

=:

(
TT 0
0 1

)(
A B

BT 3

)(
T 0
0 1

)
=




5 0 0 0
0 2 0

√
6

2
0 0 0 5

√
2

2
0

√
6

2
5
√

2
2 3




.

+ 5x′2 + 2y′2 +
√

6y′ + 5
√

2z′ + 3 = 0. &I� 5x′2 + 2
(

y′ +
√

6
4

)2

+ 5
√

2
(

z′ + 9
√

2
40

)
= 0. &Ctx

3~
��� 


x′

y′

z′

1


 =




1 0 0 0
0 1 0 −

√
6

4
0 0 1 − 9

√
2

40
0 0 0 1







x′′

y′′

z′′

1




-]IJab�

5x′′2 + 2y′′2 + 5
√

2z′′ = 0.

02�5ghyz4.

#s�
������



x

y

z

1


 =




√
3

3

√
6

6 −
√

2
2 − 1

40√
3

3

√
6

6

√
2

2 − 19
40√

3
3 −

√
6

3 0 1
2

0 0 0 1







x′′

y′′

z′′

1


 .
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