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L M 8–1

1. � V #ST [−1, 1]2UVWX*Y(�Z[�\u\T. 01:

ψ : V −→ R
f(x) 7−→ R1

−1 f(x)dx

# V 2�jk\uY(.

NO: ]^ ψ# V _R�jk`a. b@cd� f(x), g(x) ∈ V , k ∈ R, &

ψ(f(x) + g(x)) =
Z1
−1

(f(x) + g(x))dx =
Z1
−1

f(x)dx +
Z1
−1

g(x)dx = ψ(f(x)) + ψ(g(x)),

ψ(kf(x)) =
Z1
−1

kf(x)dx = k
Z1
−1

f(x)dx = kψ(f(x)).

�H ψ# V 2�jk\uY(.

2. � V #()K2�jk 3e\u\T, η1, η2, η3#m�jkf, f # V 2�jk\uY(, b

f(η1 − 2η2 + η3) = 2, f(η1 + η3) = 2, f(−η1 + η2 + η3) = −1.

� f(x1η1 + x2η2 + x3η3).

P: g 



α1 = η1 − 2η2 + η3

α2 = η1 + η3

α3 = −η1 + η2 + η3

= (α1, α2, α3) = (η1, η2, η3)A, hw

A =




1 1 −1
−2 0 1
1 1 1


 .

= (η1, η2, η3) = (α1, α2, α3)A−1, �H

f(x1η1 + x2η2 + x3η3) = (f(η1), f(η2), f(η3))




x1

x2

x3


 = (f(α1), f(α2), f(α3))A−1




x1

x2

x3




= (2, 2,−1) · 1
4



−1 −2 1
3 2 1
−2 0 2







x1

x2

x3


 =

3
2

x1 +
1
2

x3.

3. V I η1, η2, η3 �2i. >�j\uY( g, <

g(3η1 + η2) = 2, g(η2 − η3) = 1, g(2η1 + η3) = 2.

P: �

g(η1) = a, g(η2) = b, g(η3) = c,

=�� N 



3a + b = 2

b− c = 1

2a + c = 2.
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/N a = −1, b = 5, c = 4. jk���\uY(l

g(x1η1 + x2η2 + x3η3) = −x1 + 5x2 + 4x3.

4. � V #()K2� ne\u\T, η1, · · · , ηn#m�jkf, a1, · · · , an#Kwcd nk(. 0

1: m% V 2nj�\uY( f , <

f(ηi) = ai, i = 1, · · · , n.

NO: (m%u) � α = x1η1 + x2η2 + · · ·+ xnηn ∈ V . g

f : V −→ K

α 7−→ f(α) =
n∑

i=1

aixi

op01 f # V 2\uY(, b���qFG.

(nju) � g l V �\uY(, <

g(ηi) = ai, i = 1, · · · , n.

=@cd� α = x1η1 + x2η2 + · · ·+ xnηn ∈ V &

g(α) =
n∑

i=1

xig(ηi) =
n∑

i=1

xiai = f(α).

_r01snju.

5. � V = K3, α = (x1, x2, x3), β = (y1, y2, y3), 
tiuUvY( f #�l V 2�w\uY(:

(1) f(α, β) = 2x1y1 + x1y2 − 3x2y1 + x2y2;

(2) f(α, β) = (x1 − y2)2 + x2y1;

(3) f(α, β) = c, c ∈ K;

(4) f(α, β) = (2x1 + x2 − 3x3)(y1 − y2 + y3).

P: (1) #.

(2) �.

(3) � c 6= 0R, �; � c = 0R, #.

(4) #.

6. � f l ne\u\T V 2�w\uY(, g

W1 = {α ∈ V | f(α, β) = 0, ∀β ∈ V },
W2 = {α ∈ V | f(β, α) = 0, ∀β ∈ V }.

01: W1�W2 x# V �\u�\T, b dim W1 = dim W2.

NO: (1) �L@cd� β ∈ V & f(0, β) = 0, �a 0 ∈ W1, W1 n\. y@cd� α1, α2 ∈ W1,

k ∈ KHIcd� β ∈ V &

f(α1 + α2, β) = f(α1, β) + f(α2, β) = 0,

f(kα1, β) = kf(α1, β) = 0,

�a

α1 + α2 ∈ W1, kα1 ∈ W1.

�HW1# V �\u�\T. �'30W2 �# V �\u�\T.
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(2) � η1, · · · , ηn l V �f, f %f η1, · · · , ηni�z�!"lB. =@cd���

α = (x1 · · · xn)




η1
...

ηn


 , β = (y1 · · · yn)




η1
...

ηn


 ,

f(α, β) = (x1 · · · xn)B




y1
...

yn


 .

jk

α =
n∑

i=1

xiηi ∈ W1 ⇐⇒ (x1 · · · xn)B




y1
...

yn


 = 0 ∀(y1, · · · , yn) ∈ Kn ⇐⇒ (x1 · · · xn)B =

0 ⇐⇒ (x1 · · · xn)l{V\u?]ZXB = 0�/.

�H dim W1 ={V\u?]ZXB = 0�/\T�e(= n− rankB.

�'30 dim W2 = n− rankB, �H dim W1 = dim W2.

7. � f l Kn 2�jkUvY(, 01: f l Kn 2�w\uY(�C�DEFG#m%!"

A ∈ Mn(K), <

f(X, Y ) = XTAY, X, Y ∈ Kn.

NO: (⇒) � f lKn2w\uY(, O f �z�!"A, =A ∈ Mn(K), b

f(X,Y ) = XTAY, ∀X, Y ∈ Kn.

(⇐) 9UvY(��

f(X,Y ) = XTAY, ∀X, Y ∈ Kn,

= f ]^#Kn2w\uY(.

8. @L| 5iw�w\uY(, >�
}�z�!".

P: (1)




2 1 0
−3 1 0
0 0 0


.

(3) � c = 0R, z�!"= 0.

(4)




2 −2 2
1 −1 1
−3 3 −3


.

9. � V = K4, 9iY� V �UvY( f :

f(α, β) = x1y1 + x2y2 − x3y3 − x4y4,

hw

α = (x1, x2, x3, x4), β = (y1, y2, y3, y4).

(1) 01: f # V 2�jkw\uY(;

(2) � f %f

η1 = (2, 1,−1, 1), η2 = (0, 2, 1, 0),

η3 = (1, 1,−2, 1), η4 = (0, 0, 1, 2)

i�z�!";

(3) ~�jk�� f(α, α) = 0��� α 6= 0.

· 3 ·



P: (1) �.�0�3. 0�.

(2) �r&

(η1 η2 η3 η4) = (ε1 ε2 ε3 ε4)




2 0 1 0
1 2 1 0
−1 1 −2 1
1 0 1 2




k f %f ε1, ε2, ε3, ε4i�z�!"l 


1
1

−1
−1


 ,

�a f %f η1, η2, η3, η4i�z�!"l


2 1 −1 1
0 2 1 0
1 1 −2 1
0 0 1 2







1
1

−1
−1







2 0 1 0
1 2 1 0
−1 1 −2 1
1 0 1 2


 =




3 3 0 −1
3 3 4 −1
0 4 −3 0
−1 −1 0 −5


 .

(3) O α = (1, 1, 1, 1), ]^& f(α, α) = 0.

10. � V = K4, α = (x1, x2, x3, x4), β = (y1, y2, y3, y4),

f(α, β) = 3x1y2 − 5x2y1 + x3y4 − 4x4y3.

(1) � f %f

η1 = (2, 1,−1, 1), η2 = (1, 2, 1,−1),

η3 = (−1, 1, 2, 1), η4 = (1,−1, 1, 2)

i�z�!";

(2) �O V �f ε1, ε2, ε3, ε4:

(ε1, ε2, ε3, ε4) = (η1, η2, η3, η4)T,

hw

T =




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 ,

� f % ε1, ε2, ε3, ε4i�z�!".

P: (1) � f %�^fi�z�!"�lB, ���^f_f η1, η2, η3, η4��	!"�lA, =

B =




0 3 0 0
−5 0 0 0
0 0 0 1
0 0 −4 0


 , A =




2 1 −1 1
1 2 1 −1
−1 −1 2 1
1 −1 1 2


 ,

L# f %f η1, η2, η3, η4i�z�!"l

C = ATBA =




−1 4 2 −17
−20 −1 22 −7
−7 −17 −4 −2
22 2 −17 −4


 .
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(2) f %f ε1, ε2, ε3, ε4i�z�!"l

D = TTCT =




−45 9 39 −27
9 −45 9 −117
−39 −9 5 3
27 117 3 45


 .

11. � f # ne\u\T V 2�w\uY(, 01: f n
B�C�DEFG#: j

f(α, β) = 0, @�&� α ∈ V,

3HJ� β = 0.

NO: (⇒) g

W1 = {α ∈ V | f(α, β) = 0, ∀β ∈ V },
W2 = {α ∈ V | f(β, α) = 0, ∀β ∈ V }.

9 f n
B, =�Y� 1.3IW1�Y� W1 = 0, jk��i 6NW2 = 0. �a� f(α, β) = 0∀α ∈ V

3HJ� α = 0.

(⇐) 9 f(α, β) = 0 ∀α ∈ V 3HJ� α = 0, =W2 = 0, �'3NW1 = 0, =�Y� 1.3IW1�

Y� f n
B.

12. �A ∈ Mm(K), V = Mm,n(K). Y� V 2�UvY( f 9i:

f(X, Y ) = Tr(XTAY ), X, Y ∈ V.

(1) 01: f # V 2�jkw\uY(;

(2) � f %fE11, E12, · · · , E1n, · · · , Em1, · · · , Emn i�z�!";

(3) %PQFGi, f #n
B�.

P: (1) �X = (xij)m×n, Y = (yij)m×n, A = (aij)m, =

f(X,Y ) =
n∑

i=1

m∑

l=1

m∑

k=1

xlialkyki,

jk f #w\u�.

(2) �L f(Est, Euv) = δtvasu, �a f %fE11, E12, · · · , E1n, · · · , Em1, · · · , Emni�z�!"l

B =




a11E · · · a1mE
...

. . .
...

am1E · · · ammE


 ,

hwE# n��
?".

(3) �L |B| = |A|n, �H f n
B ⇐⇒ |B| 6= 0 ⇐⇒ |A| 6= 0. � f n
B�C�DEFG#A

#3M!".

13. 01: Mn(K)2�w\uY(

f(A,B) = Tr AB, A, B ∈ Mn(K)

#n
B�.

NO: �A = (aij) ∈ Mn(K). 9:

f(A,B) = Tr AB = 0 ∀B ∈ Mn(K)

= f(A,Eij) = 0 ∀i, j = 1, · · · , n. k

f(A,Eij) = TrAEij = aji,

· 5 ·



�H aji = 0@ i, j = 1, · · · , n, �A = 0. �a f n
B.

�0: �l

f(A, B) = Tr AB = Tr((AT)TB) = Tr((AT)TEB),

��i 12(3)3 f n
B.

L M 8–2

1. � f #\u\T V 2�@g��gw\uY(, W # V ���\T.

01: @ ξ /∈ W , D&no�� η ∈ W + L(ξ), <@�&� α ∈ W , x& f(η, α) = 0.

NO: 9W = 0, =��]^[�. ��W 6= 0. �α1, · · · , αs lW �f, =� ξ /∈ W , ξ, α1, · · · , αs

\u7v. ��\u?]Z




x0f(ξ, α1) + x1f(α1, α1) + · · ·+ xsf(αs, α1) = 0

x0f(ξ, α2) + x1f(α1, α2) + · · ·+ xsf(αs, α2) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x0f(ξ, αs) + x1f(α1, αs) + · · ·+ xsf(αs, αs) = 0

(*)

a{V\u?]Z�?]k( s�L� �k( s + 1, � (*)&no/ (a0, a1, · · · , as). g

η = a0ξ + a1α1 + · · ·+ asαs,

= η ∈ W + L(ξ), b η 6= 0 (� α1, · · · , αs\u7v, b a0, a1, · · · , as
Ulo). b� (*) 

f(η, αi) = 0, i = 1, 2, · · · , s.

y� α1, · · · , αs lW �f, �@cd� α ∈ W x& f(η, α) = 0.

2. V � f �2i, W # V �\u�\T, g

W⊥ = {α ∈ V | f(α, β) = 0,∀β ∈ W}.

01: (1) W⊥# V �\u�\T;

(2) 9:W ∩W⊥ = {0}, = V = W ⊕W⊥.

NO: (1) � f(0, β) = 0 ∀β ∈ W , 3N 0 ∈ W⊥, �aW⊥n\.

@cd� α1, α2 ∈ W⊥, k ∈ K, = ∀β ∈ W , &

f(α1 + α2, β) = f(α1, β) + f(α2, β) = 0,

f(kα1, β) = kf(α1, β) = 0,

�a α1 + α2 ∈ W⊥, kα1 ∈ W⊥, �W⊥# V �\u�\T.

(2) @cd� ξ /∈ W , �2i�0, m% η 6= 0 ∈ W + L(ξ), <N f(η, α) = 0 ∀α ∈ W , � η ∈ W⊥.

� η = α + aξ, =�W ∩W⊥ = 0, D& a 6= 0. �H

ξ = a−1η − a−1α ∈ W⊥ + W.

0N V ⊆ W⊥ + W .

3. �3M!" T , < TTAT l@A�. hwAliu!":

(1)




1 1 0
1 2 2
0 2 5


; (2)




1 −2 1
−2 4 2
1 2 1


;

· 6 ·



(3)




0 1 1
1 0 1
1 1 0


; (4)




1 1 1
1 1 1
1 1 1


;

P: (1) O T =




1 −1 2
0 1 −2
0 0 1


, = TTAT =




1 0 0
0 1 0
0 0 1


.

(2) O T =




1 0 −1
0 1

4 − 1
4

0 1
2

1
2


, = TTAT =




1 0 0
0 1 0
0 0 −1


.

(3) O T =




1 −1 1
0 1 0
1 −1 −1


, = TTAT =




2 0 0
0 −2 0
0 0 −2


.

(4) O T =




1 −1 −1
0 1 0
0 0 1


, = TTAT =




1 0 0
0 0 0
0 0 0


.

4. 01:



λ1

λ2

. . .

λn


 �




λi1

λi2

. . .

λin





�, hw i1, · · · , in# 1, · · · , n�jk�u.

NO: �� ne\u\T V . � f l V 2�@gw\uY(, m%f η1, · · · , ηni�z�!"l



λ1

λ2

. . .

λn


 ,

p ηi1 , · · · , ηin �# V �f, b f % ηi1 , · · · , ηin i�z�!"l



λi1

λi2

. . .

λin


 ,

�a_Ik!"
�.

5. 01: ��L r�@g!"3H�l rk��L 1�@g!"?�.

NO: �A#�l r�@g!", =m%3M!" T , <N

TTAT =




a1

. . .

ar

0
. . .

0




, ai 6= 0.

· 7 ·



g

Ai = T−T




0
. . .

ai

0
. . .

0




T−1,

=Ai �#@g!", rank Ai = 1bA = A1 + A2 + · · ·+ Ar.

6. �Al*!", 01: ATA�A��
�.

NO: p , ATA#*@g!". ��*()2�{V\u?]Z

ATAX = 0 (1)

�

AX = 0. (2)

]^ (2)�/x# (1)�/.

�X ∈ Rn l (1)�jk/. g

Y = AX =




y1
...

yn


 .

=

Y TY = XTATAX = 0,

jk

y2
1 + y2

2 + · · ·+ y2
n = 0.

�L yi�l*(, �a y1 = y2 = · · · = yn = 0, Y = 0, �

AX = 0.

jk (1)�/�x# (2)�/. (1)� (2)�/. �{V\u?]Z/�u  

rankATA = rank A.

7. �AlXY!", 01: A−1�A∗x#XY!".

NO: p A−1 � A∗ x#*@g!". b A∗ = |A| · A−1. � A XY, m%3M*!" C <

CTC = A. jkA−1 = C−TC−1 �XY. � |A| > 03 A∗ = |A| ·A−1 �XY.

8. 01: cdjkw\uY(x3nj�ljk@gw\uY(�jk�gw\uY(?�.

NO: (1) � f(α, β)#jkw\uY(, p 

g(α, β) =
1
2

[f(α, β) + f(β, α)]

#@gw\uY(,

h(α, β) =
1
2

[f(α, β)− f(β, α)]

l�gw\uY(, b

f(α, β) = g(α, β) + h(α, β).

(2) y�

f(α, β) = g′(α, β) + h′(α, β),

· 8 ·



hw g′(α, β)#@gw\uY(, h′(α, β)#�gw\uY(, =

f(β, α) = g′(β, α) + h′(β, α) = g′(α, β)− h′(α, β).

jk

g′(α, β) =
1
2

[f(α, β) + f(β, α)] = g(α, β),

h′(α, β) =
1
2

[f(α, β)− f(β, α)] = h(α, β).
∗9. 01: w\uY( f !&X	@gu�C�DEFG# f l@g��gw\uY(.

NO: C�u#]^�. iq0DEu.

(1) 9@cd� α ∈ V x& f(α, α) = 0, =@cd� α, β ∈ V ,

0 = f(α + β, α + β) = f(α, α) + f(α, β) + f(β, β) + f(β, β) = f(α, β) + f(β, α).

�a f(α, β) = −f(β, α), f #�gw\uY(.

(2) 9:m% γ ∈ V < f(γ, γ) 6= 0. =@cd� α ∈ V , �L

f

(
α− f(α, γ)

f(γ, γ)
γ, γ

)
= f(α, γ)− f(α, γ) = 0,

�H f

(
γ, α− f(α, γ)

f(γ, γ) γ

)
= 0. �a

f(α, γ) = f(γ, α). (*)

@Lcd� α, β ∈ V , Hi"�I#$%&�:

(a) 9: f(α, γ) 6= 0, =

f

(
α, β − f(α, β)

f(α, γ)
γ

)
= f(α, β)− f(α, β) = 0,

�a f

(
β − f(α, β)

f(α, γ) γ, α

)
= 0, jk

0 = f(β, α)− f(α, β)
f(α, γ)

f(γ, α)

= f(β, α)− f(α, β)
f(α, γ)

f(α, γ) � (*)

= f(β, α)− f(α, β),

� f(α, β) = f(β, α).

(b) 9: f(α, γ) = 0, =

f

(
α + γ, β − f(α, β) + f(γ, β)

f(γ, γ)
γ

)
= f(α, β) + f(γ, β)− f(α, β)− f(γ, β) = 0,

�a f

(
β − f(α, β) + f(γ, β)

f(γ, γ) γ, α + γ

)
= 0. jk

f(β, α) + f(β, γ)− f(α, β)− f(γ, β) = 0.

� (*) f(β, γ) = f(γ, β), �a f(α, β) = f(β, α).

� (a)� (b)3N f l@gw\uY(.
∗10. � V #+()2�\u\T, he( n > 2, f # V 2�jk@gw\uY(. 01:

(1) V w&no�� ξ, < f(ξ, ξ) = 0;

(2) � f #n
BR, D&\u7v��� ξ, η, ��:

f(ξ, η) = 1,

f(ξ, ξ) = f(η, η) = 0.

· 9 ·



NO: (1) �L dim V > 2. cO V �Ik\u7v��� α, β. 9: f(α, α) = 0, = ξ = α�l�

�. �� f(α, α) 6= 0. = 2V?]

t2f(α, α) + 2tf(α, β) + f(β, β) = 0 (*)

%+(�',&/. � t0 ∈ C# t�jk/. g

ξ = t0α + β,

= ξ 6= 0 (� α, β\u7v), b

f(ξ, ξ) = t20f(α, α) + 2t0f(α, β) + f(β, β) = 0.

jk ξ = t0α + β�l��.

(2) � (1)�0, m% ξ 6= 0 ∈ V < f(ξ, ξ) = 0. y� f n
B, �m% α ∈ V < f(ξ, α) 6= 0.

(a) 9 f(α, α) = 0, =g η = 1
f(ξ, α) α, �&

f(ξ, ξ) = f(η, η) = 0, f(ξ, η) = 1.

(b) 9 f(α, α) 6= 0, =O

η =
1

f(α, ξ)
α− f(α, α)

2(f(α, ξ))2
ξ,

~(�03 f(η, η) = 0, f(ξ, η) = 1, k ξ, η�\u7vu#]^�. � ξ, η�l��.
∗11. 01: 9:\u\T V 2�@gw\uY( f T�/lIk\uY(?):

f(α, β) = f1(α)f2(β), ∀α, β ∈ V,

=m%no( λI\uY( g, <

f(α, β) = λg(α)g(β).

NO: 9: f = 0, =���^[�. �� f 6= 0. �am% α0, β0 ∈ V , <N f(α0, β0) 6= 0. Y�

g : V −→ K
γ 7−→ f(α0, γ)

= g l V 2\uY(, b g 6= 0. @cd� β ∈ V ,

g(β) = f(α0, β) = f1(α0)f2(β)

g(β) = f(α0, β) = f(β, α0) = f1(β)f2(α0)

]^ f1(α0) 6= 0, f2(α0) 6= 0 (�= g 6= 0). �a ,

f1(β) = 1
f2(α0)

g(β)

f2(β) = 1
f1(α0)

g(β)
∀β ∈ V.

g λ = 1
f1(α0)f2(α0)

, =

f(α, β) = f1(α)f2(β) =
1

f2(α0)
g(α) · 1

f1(α0)
g(β) = λg(α)g(β).

∗12. �Al*XY!", 01: A∗�#*XY!".

NO: 9: rank A = n, =A#XY!", �i 7�01sA∗XY. 9: rankA 6 n− 2, =A∗ = 0,

jk A∗*XY. +,�- rankA = n− 1�$�. aR rankA∗ = 1, jk A∗��(> 2�H�	x#

0, k A∗� 1 �H�	= Aii (i = 1, · · · , n) = A� aii��(.�	 (i = 1, · · · , n) = A� aii�.�	

(i = 1, · · · , n) = A� n− 1�H�	> 0 (�A*XY). �HA∗*XY.

· 10 ·



∗13. 01Y' 2.12.

NO: (1)⇒ (2) �A*XY, =m%3M*!" T , <

TTAT =




a1

. . .

ar

0
. . .

0




, ai 6= 0.

�LA*XY, TTAT �*XY, � ai > 0. �HA�X/u^( p = r = rank A;

(2)⇒ (3) �0�, m%3M*!" T1, <

TT
1 AT1 =




a1

. . .

ar

0
. . .

0




, ai > 0.

g

T2 =




1√
A1

. . .
1√
Ar

1
. . .

1




, T = T1T2,

=

TTAT =




1
. . .

1
0

. . .

0




=
(

Er 0
0 0

)
.

(3)⇒ (4) �0�, m%3M*!" T , <

TTAT =
(

Er 0
0 0

)
.

g

S =
(

Er 0
0 0

)
T,

=

A = STS.

(4)⇒ (1) @cd�X 6= 0 ∈ Rn, g Y = SX, = Y ∈ Rn. �H

XTAX = XTSTSX = Y TY > 0,

A*XY.

· 11 ·



(1)⇒ (5) �Bk = A(i1, · · · , ik; i1, · · · , ik)#A�jkH�	. =@cd�

Xk =




x1
...

xk


 ∈ Rk,

3H1jku��X ∈ Rn, <Nm�| ij u�v;�L xj , kh.v;��L 0. =

0 6 XTAX = XT
k BkXk,

�aBr#*XY�. 82 (4), 3N*XY!"�3u	n4, � |Bk| > 0.

(5)⇒ (1) @Lcd�X*( λ > 0, �� λE + A� k �H�" λEk + Ak. _k�!"�3u	l

fk(λ) = |λEk + Ak| = λk + a1λ
k−1 + · · ·+ ak.

=82�i 7–3.8, (−1)iai�L−Ak�U5 i�H�	?�. k−Ak�6k i�H�	�LAk�
} i

�H�	� (−1)i7. �a ai�LAk��& i�H�	?�, �0�, ai > 0. jk

fk(λ) > 0 ∀λ > 0, i = 1, · · · , k.

82Y' 2.11, λE + A (λ > 0)#XY!".

cOX 6= 0 ∈ Rn, 2XYu, λ�jV	

g(λ) = XT(λE + A)X = λXTX + XTAX > 0, ∀λ > 0.

�aXTAX > 0 (�=� λC��R8& g(λ) < 0), jkA*XY.
∗14. H@A\2U# 1�29A�!"gl:;29A�!".

(1) �A#jk@g!", T l:;29A�!", 01: TTAT �A�@}FGH�	&
��

�;

(2) 9:@g!"�FGH�	U
lo, =m%j:;29A�!" T , < TTAT l@A�.

NO: (1) �Ar lA� r �FGH�	 (1 6 r 6 n),

A =
(

Ar ∗
∗ ∗

)
.

� T l:;29A�!",

T =
(

T11 ∗
0 T22

)
, hw T11 =




1 ∗
. . .

0 1




r

,

=

TTAT =
(

TT
11 0
∗ TT

22

)(
Ar ∗
∗ ∗

)(
T11 ∗
0 T22

)
=

(
TT

11ArT11 ∗
∗ ∗

)
.

jk TTAT � r �FGH�	�L (<d_ |T11| = 1)

|TT
11AT11| = |TT

11||A||T11| = |Ar|.
(2) @A��(=>?@. O

T1 =
(

En−1 −A−1
n−1B

0 1

)
, An−1 = A(1, · · · , n− 1; 1, · · · , n− 1), B =




a1n
...

an−1,n


 .

_#:;29A�!". =

TT
1 AT1 =

(
E 0

−BTA−1
n−1 1

)(
An−1 B

BT ann

)(
E −A−1

n−1B

0 1

)
=

(
An−1 0

0 bn

)
,

· 12 ·



hw bn = ann − BTAn−1B. �L A�FGH�	U
l 0, � An−1�FGH�	U
l 0, �>?0

�, m% n− 1�:;29A�!" T2<

TT
2 An−1T2 =




b1

. . .

bn−1


 .

g

T = T1

(
T2 0
0 1

)
,

= T l:;29A�!", b

TTAT =




b1

. . .

bn


 .

L M 8–3

1. =n
B\uA�BiuUVWly?�:

(1) x2
1 + 5x2

2 − 4x2
3 + 2x1x2 − 4x1x3;

(2) 4x2
1 + x2

2 + x2
3 − 4x1x2 + 4x1x3 − 3x2x3;

(3) x1x2 + x1x3 + x2x3;

(4) 2x2
1 + 18x2

2 + 8x2
3 − 12x1x2 + 8x1x3 − 27x2x3;

(5) x2
1 − 2x1x2 + 2x1x3 − 2x1x4 + x2

2 + 2x2x3 − 4x2x4 + x2
3 − 2x2

4;

(6) x2
1 + x1x2 + x2x4.

P: (1) x2
1 + 5x2

2 − 4x2
3 + 2x1x2 − 4x1x3 = (x1 + x2 − 2x3)2 + (2x2 + x3)2 − (3x3)2. g





y1 = x1 + x2 − 2x3

y2 = 2x2 + x3

y3 = 3x3

�





x1 = y1 − 1
2 y2 + 5

6 y3

x2 = 1
2 y2 − 1

6 y3

x3 = 1
3 y3

&

f(x1, x2, x3) = y2
1 + y2

2 − y2
3 .

(2) h	= (2x1 − x2 + x3)2 +
(

x2 − x3
2

)2

−
(

x2 + x3
2

)2

. g




y1 = 2x1 − x2 + x3

y2 = x2 − x3
2

y3 = x2 + x3
2

�





x1 = 1
2 y1 + y2

x2 = y2 + y3

x3 = −y2 + y3

=

f(x1, x2, x3) = y2
1 + y2

2 − y2
3 .

(3) g 



x1 = y1 − y2 − y3

x2 = y1 + y2 − y3

x3 = y3

&

f(x1, x2, x3) = y2
1 − y2

2 − y2
3 .

· 13 ·



(4) h	= 2(x1 − 3x2 + 2x3)2 +
(

3x2 − x3
2

)2

−
(

3x2 + x3
2

)2

. g




y1 = x1 − 3x2 + 2x3

y2 = 3x2 − x3
2

y3 = 3x2 + x3
2

�





x1 = y1 + 3y2 − y3

x2 = 1
3 y2 + 1

3 y3

x3 = −y2 + y3

=

f(x1, x2, x3) = 2y2
1 + y2

2 − y2
3 .

(5) g 



x1 = y1 − y3 − y4

x2 = 1
2 y2 − 1

2 y3 − 1
2 y4

x3 = 1
2 y2 + 1

2 y3 + 3
2 y4

x4 = y4

=&

f(x1, x2, x3, x4) = y2
1 + y2

2 − y2
3 .

(6) h	= x2
1 +

(
x2 + x1 + x4

2

)2

−
(

x2 − x1 − x4
2

)2

. g




y1 = x1

y2 = x2 + x1 + x4
2

y3 = x2 − x1 − x4
2

y4 = x3

�





x1 = y1

x2 = y2 + y3

x3 = y4

x4 = −y1 + y2 − y3

=

f(x1, x2, x3, x4) = y2
1 + y2

2 − y2
3 .

2. λOB�R, iuUVW#XY�:

(1) 5x2
1 + x2

2 + λx2
3 + 4x1x2 − 2x1x3 − 2x2x3;

(2) 2x2
1 + x2

2 + 3x2
3 + 2λx1x2 + 2x1x3;

(3) 2x2
1 + 2x2

2 + x2
3 + 2λx1x2 + 6x1x3 + 2x2x3.

P: (1) A =




5 2 −1
2 1 −1
−1 −1 λ


, m�FGH�	 D1 = 5 > 0, D2 = 1 > 0, D3 = λ − 2. �H�

λ > 2RhUVWXY.

(2) UVW!"�FGH�	D1 = 2 > 0, D2 = 2− λ2, D3 = 5− 3λ2.

�D2 > 0, N |λ| < √
2;

�D3 > 0, N |λ| <
√

5
3 .

�H�−
√

15
3 < λ <

√
15
3 RhUVWXY.

(3) UVW!"�FGH�	D1 = 2, D2 = 4− λ2, D3 = −λ2 + 6λ− 16 = −(λ− 3)2 − 7 < 0, �


� λOB*(x
T<aUVWXY.

3. iuUVW#�XY�*XY:

(1)
n∑

i=1

x2
i +

∑
16i<j6n

xixj ; (2)
n∑

i=1

x2
i +

n−1∑
i=1

xixi+1;

(3) n
n∑

i=1

x2
i −

(
n∑

i=1

xi

)2

.

· 14 ·



P: (1) UVW!"A =




1 1
2 · · · 1

2
1
2 1 · · · 1

2
...

...
. . .

...
1
2

1
2 · · · 1




, m�FGH�	

Dr = |Ar| =

∣∣∣∣∣∣∣∣∣∣

1 1
2 · · · 1

2
1
2 1 · · · 1

2
...

...
. . .

...
1
2

1
2 · · · 1

∣∣∣∣∣∣∣∣∣∣
r

=
1
2r (r + 1) > 0, r = 1, · · · , n.

�hUVWXY.

(2) h	 f = 1
2 x2

1 + 1
2 (x1 + x2)2 + 1

2 (x2 + x3)2 + · · · + 1
2 (xn−1 + xn)2 + 1

2 x2
n > 0. �a

f = 0 ⇐⇒ x1 = 0, x1 + x2 = 0, x2 + x3 = 0, · · · , xn−1 + xn = 0, xn = 0 ⇐⇒ x1 = x2 = · · · = xn = 0.

�hUVWXY.

(3) h	= (−1)
n∑

i=1

x2
i − 2

∑
16i,j6n

xixj =
∑

16i,j6n

(xi − xj)2 > 0. O x1 = x2 = · · · = xn 6= 03<a

UVWOo�. �ahUVW*XY.

4. �Al*@g!", 01:

(1) �*( λC�p?,, λE + A #XY�;

(2) A*XY�bC�@cB� λ > 0, λE + AxXY.

NO: (1) ��A(λ) = λE + A, m� r �FGH�	

Dr(λ) = |λEr + Ar| = λr + a1λ
r−1 + · · ·+ ar.

�H� λC�pR, &Dr(λ) > 0, r = 1, · · · , n. jk� λC�pR, λE + AXY.

(2) (⇒) �A*XY, =@cd�X 6= 0 ∈ Rn, XTAX > 0. jk@cd� λ > 0&

XT(λE + A)X = λXTX + XTAX > 0.

� λE + AXY.

(⇐) @cd� λ > 0IX 6= 0 ∈ Rn, &

XT(λE + A)X = λXTX + XTAX > 0,

jkXTAX > 0. �A*XY.

5. �A, B, C l9A��9k,A, 01: @cd*( x, y, z&

x2 + y2 + z2 > 2xy cosA + 2xz cosB + 2yz cosC.

NO: ��UVW f(x, y, z) = x2 + y2 + z2 − 2xy cos A− 2xz cos B − 2yz cos C.

f(x, y, z) = (x− y cosA− z cos B)2 + y2 sin2 A + z2 sin2 B − 2yz cosA cos B − 2yz cosC

= (x− y cosA− z cos B)2 + y2 sin2 A + z2 sin2 B − 2yz sin A sinB

= (x− y cosA− z cos B)2 + (y sin A− z sin B)2.

jk f *XY, �a ��[�.

· 15 ·



6. 01: �
n∑

i=1

n∑
j=1

aijxixj (aij = aji) #XYUVW, =

f(y1, y2, · · · , yn) =

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n y1

a21 a22 · · · a2n y2

. . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 · · · ann yn

y1 y2 · · · yn 0

∣∣∣∣∣∣∣∣∣∣∣

#4YUVW.

NO: � 
(

E 0
−Y TA−1 1

)(
A Y

Y T 0

)
=

(
A Y

0 −Y TA−1Y

)
. �H

f(y1, · · · , yn) =
∣∣∣∣

A Y

Y T 0

∣∣∣∣ =
∣∣∣∣
A Y

0 −Y TA−1Y

∣∣∣∣
= |A|(−Y TA−1Y ) = Y T(−A∗)Y.

�AXY3NA∗XY, L#−A∗4Y. �a f(y1, · · · , yn) = Y T(−A∗)Y #4YUVW.

∗7. �&*6(UVY(

f(x1, x2, · · · , xn) =
n∑

i=1

n∑

j=1

aijxixj +
n∑

i=1

2bixi + c, aij = aji.

g

A =




a11 a12 · · · a1n

a21 a22 · · · a2n

. . . . . . . . . . . . . . . . . . . .

an1 an2 · · · ann


 , D =




a11 a12 · · · a1n b1

a21 a22 · · · a2n b2

. . . . . . . . . . . . . . . . . . . . . . . .

an1 an2 · · · ann bn

b1 b2 · · · bn c




.

(1) 01: �A4YR, f &+p�, b fmax = |D|
|A| ;

(2) �A4Y, >DY� x1, · · · , xn lB�R, f ON+p�.

P: (1) O

T =
(

En −A−1B

0 1

)
, B =




b1
...

bn


 ,

g



y1
...

yn

yn+1


 = T−1




x1
...

xn

1


 , (*)

· 16 ·



p yn+1 = 1. =

f(x1, · · · , xn) = (x1 · · · xn 1)D




x1
...

xn

1




= (y1 · · · yn 1)TTDT




y1
...

yn

1




= (y1 · · · yn 1)
(

A 0
0 d

)



y1
...

yn

1




= Y TAY + d.

�LA4Y, �@cd� Y ∈ Rn& Y TAY 6 0, �H f 6 d. 3E f &�p� d, b� Y = 0R f O�p

�. _F

d =
|A|d
|A| =

|TTDT |
|A| =

|D|
|A| .

(2) � (*), 


x1
...

xn

1


 = T




y1
...

yn

1


 =

(
En −A−1B

0 1

)



y1
...

yn

1


 ,

NX = Y −A−1B. � Y = 0RX = −A−1B, ��


x1
...

xn


 = −A−1




b1
...

bn




R, f O+p�.

8. GHIJKA#KL x (M)k�B#KL y (M)k�N[OY(l:

C(x, y) = x2 + 2xy + y2 + 100 (Pv).

QRI#KL�q�Y(l:

x = 26− pA, y = 10− 1
4
pB ,

hw pA, pB lKL
}�ST (Pv/Mk). �UV+pRKL�(��UV.

P: 2id, UVY(l

p(x, y) = xpa + ypb − C(x, y)

= x(26− x) + y(40− 4y)− C(x, y)

= −2x2 − 2xy − 5y2 + 26x + 40y − 100.

Oir#�UVY(�+p�. �

A =
(−2 −1
−1 −5

)
, D =



−2 −1 13
−1 −5 20
13 20 −100


 , B =

(
13
20

)
.
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_FA#4Y!". 82�i 7, �(
x

y

)
= −A−1B = −A−1

(
13
20

)
= − 1

9

(−5 1
1 −2

)(
13
20

)
=

(
5
3

)

R, UV+p, b+pUVl

pmax =
|D|
|A| = 25Pv.

��I#KL�$S� 500k� 300kR, 3W+pUV 25Pv.

L M 8–4

1. �X	!" T , < T−1AT l@A�, �Aliu!":

(1)




2 −2 0
−2 1 −2
0 −2 0


; (2)




2 2 −2
2 5 −4
−2 −4 5


;

(3)




2 −2 0 1
−2 2 1 0
0 1 2 −2
1 0 −2 2


; (4)




1 −1 3 −2
−1 1 −2 3
3 −2 1 −1
−2 3 −1 1


;

(5)




−1 −3 3 −3
−3 −1 −3 3
3 −3 −1 −3
−3 3 −3 −1


; (6)




1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1


.

P: (1) T = 1
3




2 2 1
1 −2 2
−2 1 2


, T−1AT =




1 0 0
0 4 0
0 0 −2


.

(2) T = 1
3



−2 2 1
2 1 2
1 2 −2


, T−1AT =




1 0 0
0 1 0
0 0 10


.

(3) T = 1
2




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


, T−1AT =




1 0 0 0
0 −1 0 0
0 0 3 0
0 0 0 5


.

(4) T = 1
2




1 1 1 1
1 1 −1 −1
1 −1 −1 1
1 −1 1 −1


, T−1AT =




1 0 0 0
0 −1 0 0
0 0 −3 0
0 0 0 7


.

(5) T = 1
2




1 1 1 1
1 −1 1 −1
1 −1 −1 1
1 1 −1 −1


, T−1AT =




−4 0 0 0
0 −4 0 0
0 0 −4 0
0 0 0 8


.

(6) T = 1
2




1 1 1 1
1 −1 1 −1
1 −1 −1 1
1 1 −1 −1


, T−1AT =




4 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


.

2. =X	\uA�Biu*UVWl���:

(1) x2
1 + 2x2

2 + 3x2
3 − 4x1x2 − 4x2x3;

(2) x2
1 − 2x2

2 − 2x2
3 − 4x1x2 + 4x1x3 + 8x2x3;
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(3) 3x2
1 + 6x2

2 + 3x2
3 − 4x1x2 − 8x1x3 − 4x2x3;

(4) 2x1x2 + 2x3x4;

(5) x2
1 + x2

2 + x2
3 + x2

4 + 2x1x2 − 2x1x4 − 2x2x3 + 2x3x4;

(6) 2x1x2 + 2x1x3 + 2x1x4 + 2x2x3 + 2x2x4 + 2x3x4.

P: (1) 1X	\uA� 



x1 = 2
3 y1 − 2

3 y2 + 1
3 y3

x2 = 2
3 y1 + 1

3 y2 − 2
3 y3

x3 = 1
3 y1 + 2

3 y2 + 2
3 y3

3XUVWBl���

−y2
1 + 2y2

2 + 5y2
3 .

(2) 1X	\uA� 



x1 = − 2
√

5
5 y1 − 2

√
5

15 y2 + 1
3 y3

x2 =
√

5
5 y1 − 4

√
5

15 y2 + 2
3 y3

x3 =
√

5
3 y2 + 2

3 y3

3XUVWBl���

2y2
1 + 2y2

2 − 7y2
3 .

(3) 1X	\uA� 



x1 = 2
3 y1 − 2

3 y2 + 1
3 y3

x2 = 1
3 y1 + 2

3 y2 + 2
3 y3

x3 = 2
3 y1 + 1

3 y2 − 2
3 y3

3XUVWBl���

−2y2
1 + 7y2

2 + 7y2
3 .

(4) 1X	\uA� 



x1 = 1
2 y1 + 1

2 y2 + 1
2 y3 + 1

2 y4

x2 = 1
2 y1 + 1

2 y2 − 1
2 y3 − 1

2 y4

x3 = 1
2 y1 − 1

2 y2 + 1
2 y3 − 1

2 y4

x4 = 1
2 y1 − 1

2 y2 − 1
2 y3 + 1

2 y4

3XUVWBl���

y2
1 + y2

2 − y2
3 − y2

4 .

(5) 1X	\uA� 



x1 = 1
2 y1 + 1

2 y2 + 1
2 y3 + 1

2 y4

x2 = 1
2 y1 − 1

2 y2 − 1
2 y3 + 1

2 y4

x3 = 1
2 y1 + 1

2 y2 − 1
2 y3 − 1

2 y4

x4 = 1
2 y1 − 1

2 y2 + 1
2 y3 − 1

2 y4

3XUVWBl���

y2
1 + y2

2 − y2
3 + 3y2

4 .
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(6) 1X	\uA� 



x1 = 1
2 y1 + 1

2 y2 + 1
2 y3 + 1

2 y4

x2 = 1
2 y1 + 1

2 y2 − 1
2 y3 − 1

2 y4

x3 = 1
2 y1 − 1

2 y2 + 1
2 y3 − 1

2 y4

x4 = 1
2 y1 − 1

2 y2 − 1
2 y3 + 1

2 y4

3XUVWBl���

3y2
1 − y2

2 − y2
3 − y2

4 .

3. �Aljk n�*!", b |A| 6= 0. 01: A3�/[

A = QT,

hwQ#X	!", T #29A�!".

NO: O neYZFN\T V , � η1, · · · , ηn#m�jk[�X	f. g

(α1, · · · , αn) = (η1, · · · , ηn)A (*)

�L |A| 6= 0, A3M, �aα1, · · · , αn# V �f. }=\]^–_`�X	B?@, 3N V �jk[�X

	f β1, · · · , βn. g

(α1, · · · , αn) = (β1, · · · , βn)T,

�|abY' 3.4�013 , T l29A�!". g

(β1, · · · , βn) = (η1, · · · , ηn)Q,

=QlX	!". b

(α1, · · · , αn) = (β1, · · · , βn)T = (η1, · · · , ηn)QT,

� (*)cd, NA = QT .

4. �Aljk n�XY!", 01: m%29A�!" T , <

A = TTT.

NO: �AXY3 m%3M*!"B<NA = BTB. �2i, m%X	!"Q�29A�!"

T , <N

B = QT.

jk

A = BTB = TTQTQT = TTT.

5. �Al*@g!", 01: AXY (*XY)�C�DEFG#A����UpL (pL�L)o.

NO: m%X	!" T , <N

T−1AT = TTAT =




λ1

λ2

. . .

λn


 ,

hw λ1, λ2, · · · , λn l A�U5���. L# AXY (*XY) ⇐⇒ TTAT XY (*XY) ⇐⇒ λi >

0 (λi > 0), i = 1, · · · , n.

6. 01: Ik*@g!"
��C�DEFG#mr&
������	.

· 20 ·



NO: DEu]^. i0C�u. �*@g!" A,B&
������	, jkmr&
���

�� λ1, λ2, · · · , λn. L#m%X	!" T �Q, <N

T−1AT = TTAT =




λ1

λ2

. . .

λn


 ,

Q−1BQ = QTBQ =




λ1

λ2

. . .

λn


 .

]^A�B 
�.

7. �Al n�*!", 01: m%X	!" T , < T−1AT l9A�!"�C�DEFG#A��

��U#*(.

NO: (⇒) �&X	!" T <

T−1AT =




λ1 ∗
λ2

. . .

0 λn


 ,

= λ1, · · · , λnelA� nk���. �LA, T �l*!", T−1AT �#*!", ���� λ1, · · · , λn x

#*(.

(⇐) @ n=>?@. n = 1R��]^[�. �%0���@ n− 1 ���FG�*!"[�. �

� n�*!"A.

� V l neYZFN\T, η1, · · · , ηn l V �[�X	f. gA ∈ End(V ), <N

(A η1, · · · ,A ηn) = (η1, · · · , ηn)A.

� λ1 ∈ Rl A �cd���, = λ1 �# A ����. g α1 l A �fL��� λ1��
����, =

α13gCl V �[�X	f α1, α2, · · · , αn. g

(Aα1, · · · ,Aαn) = (α1, · · · , αn)




λ1 ∗
0
... A1

0


 ,

(α1, · · · , αn) = (η1, · · · , ηn)T1,

= T1 lX	!", b (
λ1 ∗
0 A1

)
= T−1

1 AT1.

p A1 l n− 1 �*!", bh���U#A����, jk�x#*(. �>?0�, m%X	!"

T2, <

T−1
2 A1T2 =




λ2 ∗
. . .

0 λn


 ,

g

T = T1

(
1 0
0 T2

)
,
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= T lX	!", b

T−1AT =




λ1 ∗
λ2

. . .

0 λn


 ,

�>?@h' ��[�.

8. 01: ���U#*(�X	"D#@g!".

NO: �Al���U#*(�X	", �2i, m%X	!" T , <

TTAT = T−1AT = D

l29A�". y�l D#X	", �D−1 = DT �#29A�!", hmy#i9A�", �D#@

A". jkD l@g!". �

A = TDTT

�l@g!".
∗9. �A,B#Ik n�*@g!", bBXY, 01: m%3M!" T , <

TTAT � TTBT

�Rl@A�.

NO: �LBXY, �am%3M!" S<N

STBS = E.

k STAS�l*@g!", �m%X	!"Q<D = QT(STAS)Ql@A". g T = SQ, = T 3M, b

TTAT = D, TTBT = E,

�l@A".
∗10. �AlXY!", 01: m%XY!"B, <B2 = A.

NO: m%X	" T , <

A = T−1




λ1

λ2

. . .

λn


 T = TT




λ1

λ2

. . .

λn


 T.

�lAXY, � λi > 0. g

B = TT




√
λ1 √

λ2

. . . √
λn


 T,

=BXY, b

B2 = A.

∗11. � A = (aij)� B = (bij) x# n �XY (*XY)!", g C = (aijbij), 01: C �#XY (*

XY)!".

NO: m%*!" P , <

PTP = B.
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� P = (pij), =

bij =
n∑

k=1

pkipkj .

L#@cd�X = (xi) ∈ Rn,

XTCX =
n∑

i=1

n∑

j=1

aijbijxixj

=
n∑

i=1

n∑

j=1

aij

(
n∑

k=1

pkipkj

)
xixj

=
n∑

k=1




n∑

i=1

n∑

j=1

aij(pkixi)(pkjxj)


 .

�LAXY (*XY), �H
n∑

i=1

n∑

j=1

aij(pkixi)(pkjxj) > 0,

jkXTCX > 0, �C*XY. y�A�BiXY, = P 3M. gXTCX > 0, =
n∑

i=1

n∑

j=1

aij(pkixi)(pkjxj) = 0,

kAXY, �

pk1x1 = pk2x2 = · · · = pknxn = 0, k = 1, 2, · · · , n.

y� P 3M, P �cBju2�v;
3TUlo. �

pijj 6= 0, j = 1, 2, · · · , n,

= xj = 0, j = 1, 2, · · · , n. ��XTCX = 03J�X = 0, jkCXY.

L M 8–5

1. 01: *�g!"����U#o�jk(.

NO: �Al*�g!", λ#A�jk���. p −λ2#−A2�jk���. k−A2 = ATA,

�−A2*XY, 3 −λ2 6= 0 (�i 8–4.5), jk λlo�jk(.

2. 01: 9:A#jk*�g!", =B = (E −A)(E + A)−1#jkX	!".

NO: �2i , E + A3M, jk

BTB = [(E −A)(E + A)−1]T[(E −A)(E + A)−1]

= (E −A)−1(E + A)(E −A)(E + A)−1

= (E −A)−1(E −A)(E + A)(E + A)−1 = E,

�B#X	!".
∗3. � f # neYZFN\T V �no�gw\uY(. 01: m%no�� α, β ∈ V I a > 0, <

N@cd� ξ ∈ V &

f(α, ξ) = a(β, ξ), f(β, ξ) = −a(α, ξ).

NO: � η1, · · · , ηn# V �jk[�X	f, f%afi�z�!"lA, =Al*�g!", b@

cd� ξ =
n∑

i=1

xiηi, η =
n∑

i=1

yiηi, &

f(ξ, η) = XTAY.
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�A#*�g!", �ATAl*XY!". k f 6= 0, �A 6= 0, jkATA 6= 0, �HATA&no���.

cOATA�jkno��� λ, = λ > 0. g a =
√

λ. �


a1
...

an




lATA�fL��� λ�����, �


b1
...

bn


 = − 1

a
A




a1
...

an


 .

g

α =
n∑

i=1

aiηi, β =
n∑

i=1

biηi,

= α 6= 0.i0 α, β, a��E�.

@cd� ξ =
n∑

i=1

xiηi, &

f(α, ξ) = (a1 · · · an)A




x1
...

xn


 = −


A




a1
...

an







T 


x1
...

xn




= a(b1 · · · bn)




x1
...

xn


 = a(β, ξ),

f(β, ξ) = (b1 · · · bn)A




x1
...

xn


 = − 1

a
(a1 · · · an)ATA




x1
...

xn




= − 1
a


ATA




a1
...

an







T 


x1
...

xn


 = −a(a1 · · · an)




x1
...

xn




= −a(α, ξ),

y f(β, α) = −a(α, α) 6= 0, �H β 6= 0.
∗4. � f # neYl\T V 2��gw\uY(.

01: m%[�X	f η1, ξ1, η2, ξ2, · · · , ηr, ξr, ζ1, · · · , ζn−2r, < fvL_kf�z�!"!&9i

�m!"��	:

diag
((

0 a1

−a1 0

)
, · · · ,

(
0 ar

−ar 0

)
, 0, · · · , 0

)
, ai > 0.

NO: @ V �e( n=(n>?@. � n = 1R, f = 0, ��]^[�. �0���@m < n x[

�, 01� dim V = n�[�.

9 f = 0, ��]^[�. 9 f 6= 0, ��i 3, m%no�� η1, ξ1I( a1 > 0, <@cd� ξ ∈ V &

f(η1, ξ) = a1(ξ1, ξ), f(ξ1, ξ) = −a1(η1, ξ).

�L η1, ξ1�cj7( kη1, kξ1 ���2��	, �3� η1, ξ1 x# V w�
��.

y, 0 = f(ξ1, ξ1) = −a(η1, ξ1), � η1, ξ1X	, jk η1, ξ1 l V �[�X	��Z.

g

L = L(η1, ξ1), W = L⊥,
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= V = L ⊥ W , dim L = 2, dim W = n − 2. f 3o1#W 2��gw\uY(. �>?0�, m%W

�[�X	f

η2, ξ2, · · · , ηr, ξr, ζ1, · · · , ζn−2r

I ai > 0, i = 2, · · · , r, < f |W vL_kf�z�!"l�m@A":

diag
((

0 a2

−a2 0

)
, · · · ,

(
0 ar

−ar 0

)
, 0, · · · , 0

)
.

p η1, ξ1, · · · , ηr, ξr, ζ1, · · · , ζn−2rp[ V �[�X	f. �L� i > 2R&

f(η1, ξi) = a(ξ1, ξi) = 0, f(η1, ηi) = a(ξ1, ηi) = 0,

f(ξ1, ξi) = −a(η1, ξi) = 0, f(ξ1, ηi) = −a(η1, ηi) = 0,

�k f %f η1, ξ1, · · · , ηr, ξr, ζ1, · · · , ζn−2ri�z�!"l

diag
((

0 a1

−a1 0

)
, · · · ,

(
0 ar

−ar 0

)
, 0, · · · , 0

)
.

jk�(n>?@h' ��[�.

L M 8–6

1. �q!"

A =
1
9




4 + 3i 4i −6− 2i
−4 ⊂ 4− 3 ⊂ −2− 6 ⊂

6 + 2 ⊂ −2− 6 ⊂ 1


 ,

�@A!"BIq!"U , <

B = U−1AU.

P: A����l λ1 = 1, λ2 = i, λ3 = −i. 
}�����l



i
1
− 1

2


 ,




i
− 1

2
1


 ,



− 1

2 i
1
1


 .

mrr
X	. �
B,N

α1 =
1
3




2i
2
−1


 , α2 =

1
3




2i
−1
2


 , α3 =

1
3



−i
2
2


 .

g

U =
1
3




2i 2i −i
2 −1 2
−1 2 2


 ,

=U lq!", b

B = U−1AU =




1 0 0
0 i 0
0 0 −i


 .

2. �s�t�!"

A =




3 −i 0
i 3 0
0 0 4


 ,

�@A!"BIq!"U , <

B = U−1AU.
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P: A����l λ1 = 2, λ2 = λ3 = 4. fL��� 2�����l

α1 =




i
1
0


 ,

fL��� 4�����l

α2 =



−i
1
0


 , α3 =




0
0
1


 .

mrr
X	. �
B,N

η1 =
1√
2




i
1
0


 , η2 =

1√
2



−i
1
0


 , η3 =




0
0
1


 .

g

U =




√
2

2 i −
√

2
2 i 0√

2
2

√
2

2 0
0 0 1


 ,

=U lq!", b

B = U−1AU =




2 0 0
0 4 0
0 0 4


 .

3. 01: q!"�����ul 1.

NO: � λ0 lq!"Acj���,

α =




a1
...

an


 ∈ Cn

lA�fL��� λ0�����. =

Aα = λ0α.

jk

αTα = αT(A
T
A)α = (Aα)T(Aα) = λ0α

T · λ0α = λ0λ0α
Tα,

�L α 6= 0, αTα > 0, � λ0λ0 = 1.

4. �Aljk3M+!", 01: A3�/l

A = UT,

hw, U #q!", T #jk@A\2v;UlX*(�29A�!". f01_k�/#nj�.

NO: (a) vw=>?@01:

9B lj n× r u��!", =m%@A\2v;UlX� r �29A�" T , <C = BT �u�

�ZlCnw�
X	��Z.

@ r=>?@. � r = 1R��]^[�. �0Y��@u(< r�u��!"[�. �� n× r u

��!".
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�B�ul α1, · · · , αr, = α1, · · · , αr\u7v. g a1 = 1
|α1| , a1i = − (αi, α1)

|α1| , i = 2, · · · , r,

T1 =




a1 a12 · · · a1r

1 0
. . .

0 1


 ,

C1 = BT1 = (β1, β2, · · · , βr),

=C1�lu��, b

|β1| = 1, (β1, βi) = 0, i = 2, · · · , r.

g

B1 = (β2, · · · , βr).

=B1 l n× (r − 1)�u��!", �>?@0�, m% r − 1�29A�!"

T2 =




a2 ∗
. . .

0 ar


 , ai > 0, i > 2,

<B1T2�u��l�
X	��Z. g

T = T1

(
1 0
0 T2

)
,

=

T =




a1 ∗
a2

. . .

0 an




l29A��, b ai > 0. gC = BT = (β1 | B1T1), =C��ux#�
��, y� β1�B1��uX

	, kB1T ��ulB1�\uZ�, �C�u��Zl�
X	��Z.

(b) �Al n�3M+!", =� (a) , m%@A\2v;UlX�29A�!" S, <AS�u

��Zl�
X	��Z. jk

U = AS

lq!". g T = S−1, = T l29A�!", y� S�@A\2v;UX, � T �@A\2v;UX,

b

A = UT.

(c) ��&q!"U1I@A\2v;UX�29A�!" T1, <A = U1T1. =

UT = U1T1,

jk

TT−1
1 = U−1U1.

2	xy#29A�", zylX	", jk U−1U1 l@A". y�a!"�@A\2v;UX, �

U−1U1 = E. L#

U = U1, T = T1.

njuN0.

5. 01: @cj+!"A, Dm%q!"U , <U−1AU l29A�!".
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NO: @A��( n=>?@. n = 1R��]^[�. �0Y��@�(�L n�!"[�. �

� n�!"A.

� λ1 lA�cj���, α1 ∈ Cn lA�fL��� λ1��
����. X α1gClq\TCn

�[�X	f α1, · · · , αn. g

U1 = (α1, α2, · · · , αn),

=U1 lq!", b

AU1 = U1

(
λ1 ∗
0 A1

)
,

=

U−1
1 AU1 =

(
λ1 ∗
0 A1

)
.

�>?0�, m% n− 1�q!"U2, <

U−1
2 A1U2 =




λ2 ∗
. . .

0 λn


 .

g

U = U1

(
1 0
0 U2

)
,

=U lq!", b

U−1AU =




λ1 ∗
λ2

. . .

0 λn


 .

6. 01: @cjq!"A, D&q!"U , <U−1AU l@A".

NO: �2i, m%q!"U <

U−1AU = B

l29A�!". �2	xylq!", �B lq!". L#B{#q!"y#29A�!", Dl@

A".

7. 01: s�t�!"����U#*(, bm�fL
���������
rX	.

NO: (a) � λls�t�!"H�jk���, α ∈ Cn lH�fL��� λ�����. =

λαTα = αTAα = αTA
T
α = Aα

T
α = λαTα.

�L αTα > 0, �H λ = λ, λ ∈ R.

(b) � α, β�$lH�fL
���� λ1, λ2�����, =

λ2α
Tβ = αTAβ = αTA

T
β = Aα

T
β = λ1α

Tβ.

(<d: λ1 ∈ R) L# (λ1 − λ2)αTβ = 0. � λ1 6= λ23N αTβ = 0, � α ⊥ β.

8. 01: @cjs�t�!"H, D&q!"U , <U−1HU l@A�.

NO: ��i 5, m%q!"U , < T = U−1HU #29A�!". y

T
T

= (U−1HU)
T

= U
T
HU

T

= U
T
HU = U−1HU = T.

�a T #@A".
∗9. �A l+!", 9:A

T
A = AA

T
, =gA l[�?". 01: @cj[�?", D&q!" U ,

<U−1AU l@A�.
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NO: ��i 5, m%q!"U , < T = U−1AU #29A�!". y

T
T
T = (U−1AU)

T · U−1AU = U
T
AU

T

· UT
AU

= U
T
A

T
AU = U

T
AA

T
U

= U−1AU · (U−1AU)
T

= TT
T
.

�a T �#[�?". �!"�|@op01: 29A��[�?"Dl@A", �a��[�.

L M 8–7

1. %K3w, �f (1, 0, 2), (1, 2, 1), (0, 2, 1)�@}f.

P: � K3 ��^fl ε1 = (1, 0, 0), ε2 = (0, 1, 0), ε3 = (0, 0, 1), f1, f2, f3 l ε1, ε2, ε3 �@}f,

g1, g2, g3 l α1 = (1, 0, 2), α2 = (1, 2, 1), α3 = (0, 2, 1)�@}f, g (α1, α2, α3) = (ε1, ε2, ε3)A, =

A =




1 1 0
0 2 2
2 1 1


 .

�~i 7.1 ,

(g1, g2, g3) = (f1, f2, f3)A−T,

_F

A−T =
1
4




0 4 −4
−1 1 1
2 −2 2


 .

�a@cd� α = (x, y, z) ∈ K3, &

g1(x, y, z) =
1
4

(−f2 + 2f3)(x, y, z) = − 1
2

y +
1
2

z,

g2(x, y, z) =
1
4

(4f1 + f2 − 2f3)(x, y, z) = x +
1
4

y − 1
2

z,

g3(x, y, z) =
1
4

(−4f1 + f2 + 2f3)(x, y, z) = −x +
1
4

y +
1
2

z.

2. � η1, η2, η3#\u\T V �jkf, f1, f2, f3#m�@}f,

α1 = η1 + 2η2 + 3η2, α2 = η1 + η2 − η3, α3 = η1 + η2.

>0 α1, α2, α3#m�jkff�h@}f (= f1, f2, f3��).

P: �

(α1, α2, α3) = (η1, η2, η3)A,

=

A =




1 1 1
2 1 1
3 −1 0


 .

p A3M, b

A−1 =



−1 1 0
−3 3 −1
5 −4 1


 .

�a α1, α2, α3# V �jkf. � f ′1, f
′
2, f

′
3# α1, α2, α3�@}f, g

(f ′1, f
′
2, f

′
3) = (f1, f2, f3)S,
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=�~i 7.1N

S = A−T =



−1 −3 5
1 3 −4
0 −1 1


 ,

(f ′1, f
′
2, f

′
3) = (f1, f2, f3)



−1 −3 5
1 3 −4
0 −1 1


 .

3. � V #()K2�jk\u\T, f1, · · · , fs# V � skno\uY(, 01: m%��α ∈ V ,

<

fi(α) 6= 0, i = 1, · · · , s.

NO: �

Wi = {α ∈ V | f(α) = 0}, i = 1, 2, · · · , s.

=Wi# V ��\T, y�l fi 6= 0, Wi 6= V . g

W = W1 ∪W2 ∪ · · · ∪Ws,

=W 
# V �\u�\T (|9b�i 3–4.4). �aW 6= V . yW ⊂ V , D&α ∈ V , α 6∈ W , L#@�

&� i = 1, · · · , s& α 6∈ Wi, � fi(α) 6= 0.

4. � α1, · · · , αs#\u\T V w� skno��, 01: m% V 2�\uY( f , <

f(αi) 6= 0, i = 1, · · · , s.

NO: ��@}\T V ∗, = α1, · · · , αs3o1 V ∗2� sk\uY(, ��2i, m% f ∈ V ∗, <

α∗i (f) = f(αi) 6= 0, i = 1, · · · , s.

5. � V #()K2�jk\u\T, f1, · · · , fs# V � sk\uY(. ��

W = {α ∈ V | fi(α) = 0, i = 1, · · · , s}.
01: (1) W # V �jk\u�\T (gl\uY( f1, · · · , fs�oB�\T);

(2) V �cd\u�\Tx#Gt\uY(�oB�\T.

NO: (1) � fi(0) = 0, i = 1, · · · , s, N 0 ∈ W , W n\. � α, β ∈ W , k ∈ K, =@ i = 1, · · · , s,

fi(α + β) = fi(α) + fi(β) = 0,

fi(kα) = kfi(α) = 0,

�H α + β ∈ W , kα ∈ W , W # V �\u�\T.

(2) �W l V �jk\u�\T. �α1, · · · , αr#W �f, XmgCl V �fα1, · · · , αn. @cd

�

α = x1α1 + · · ·+ xrαr + xr+1αr+1 + · · ·+ xnαn,

Y�

f1(α) = xr+1, f2(α) = xr+2, · · · fn−r(α) = xr+n,

=p f1, · · · , fn−r x# V �\uY(. ]^@cd� α ∈ W & fi(α) = 0, i = 1, · · · , n − r. y�

α =
n∑

i=1

xiαi��

fi(α) = 0, i = 1, · · · , n− r,

=& xr+1 = · · · = xn = 0, jk

α = x1α1 + · · ·+ xrαr ∈ W.
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�aW # f1, · · · , fn−r�oB�\T.

6. � f l ne\u\T V 2�no\uY(, 01: m% V �f η1, · · · , ηn, <

∀α =
n∑

i=1

xiηi, x& f(α) = x1.

NO: �L f no, �m% γ ∈ V <N

f(γ) = c 6= 0 ∈ K.

g α = γ
c

, = α 6= 0, b f(α) = 1. X αgCl V �f α1 = α, α2, · · · , αn. g

η1 = α1, η2 = α2 − f(α2)α1, · · · , ηi = αi − f(αi)α1, · · · , ηn = αn − f(αn)α1,

= η1, · · · , ηn �# V �f, b

f(η1) = 1, f(ηi) = 0, i = 2, · · · , n.

jk@cd� α =
n∑

i=1

xiηi, &

f(α) =
n∑

i=1

xif(ηi) = x1.

7. �A l()K2 ne\u\T V �\u��, η1, · · · , ηn l V �f. f1, · · · , fn l η1, · · · , ηn�

@}f.

(1) 01: @ V �cj\uY( f , fA �# V �\uY(;

(2) Y� V ∗_���`aA ∗l:

A ∗ : f 7−→ fA
01: A ∗# V ∗�\u��;

(3) 9A %f η1, · · · , ηni�!"#A, >�A ∗%f f1, · · · , fni�!".

NO: (1) ]^ fA # V _K�`a. @cd� α, β ∈ V , k ∈ K, &

(fA )(α + β) = f(A (α + β)) = f(Aα + Aβ) = f(Aα) + f(Aβ) = (fA )(α) + (fA )(β),

(fA )(kα) = f(A (kα)) = f(kAα) = kf(Aα) = k(fA )(α),

�H fA # V 2�\uY(.

(2) � (1) , A ∗# V ∗�jk��. @cd� f, g ∈ V ∗, k ∈ K, α ∈ V , &

(A ∗(f + g))(α) = (f + g)(Aα) = f(Aα) + g(Aα) = (fA )(α) + (gA )(α) = (A ∗f)(α) + (A ∗g)(α),

� α�cdu3N

A ∗(f + g) = A ∗f + A ∗g.

y�

(A ∗(kf))(α) = (kf)(Aα) = k(fA )(α) = k(A ∗f)(α),

� α�cdu3N

A ∗(kf) = kA ∗f.

�aA ∗# V ∗�\u��.

(3) �� ,

(A η1, · · · ,A ηn) = (η1, · · · , ηn)A,

�

(A ∗f1, · · · ,A ∗fn) = (f1, · · · , fn)S,
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=

A ∗fj =
n∑

k=1

skjfk, j = 1, · · · , n.

jk

(A ∗fj)(ηi) =
n∑

k=1

skjfk(ηi) = sij , i, j = 1, · · · , n.

�j?q,

(A ∗fj)(ηi) = fj(A ηi) = fj

(
n∑

l=1

aljηl

)
=

n∑

l=1

aljfj(ηl) = aji, i, j = 1, · · · , n.

L#

aji = sij , i, j = 1, · · · , n.

�aN

S = AT.
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